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STUDY ON MULTIDIMENSIONAL FUZZY GRAPHS THROUGH MODIFIED
PARTIAL ORDERING

JOMAL JOSEN, SUNIL JACOB JOHN, SOVAN SAMANTA, TOFIGH ALLAHVIRANLOO, AND T. BAIJU

ABSTRACT. This paper introduces the concepts of multidimensional fuzzy graphs and edge-powered
multidimensional fuzzy graphs, which employ a hybrid structure that combines multidimensional fuzzy
sets and graphs. This study redefines the axioms of multidimensional t— norms and t— conorms by
providing a more general partial order that can link more components of the range set Joo([O, 1])
More studies on various operations such as direct product, composition, tensor product, join, etc. are
conducted with relevant illustrations. A novel complement operator approach is also investigated to
link the multidimensional fuzzy graph and the edge-powered multidimensional fuzzy graph. Finally,
defining the infimum and supremum of an arbitrary family in Jeo ([O, 1]) introduces many notions such
as vertex degree, min— vertex degree, max— vertex degree, path strength, etc.

1. INTRODUCTION

The introduction of fuzzy sets by Zadeh [30, 6] was a significant milestone in dealing with uncertainty
and imprecision in problem-solving approaches. Although fuzzy sets are useful in dealing with specific
real-world circumstances, their ability to accurately represent complex scenarios with changing levels of
ambiguity and vagueness is restricted. As a result, several mathematical models have been developed
to encompass a wide range of phenomena, building upon the fundamental idea of fuzziness. The
main expansions of Zadeh’s fuzzy model include interval-valued fuzzy sets [31], hesitant fuzzy sets [29],
intuitionistic fuzzy sets [3], n-dimensional fuzzy sets [27], and m-polar fuzzy sets [1]. Nevertheless, m-
polar, intuitionistic, and n-dimensional fuzzy sets, among others, fail to provide sufficient membership
values for individual attributes, and models like interval-valued and hesitant fuzzy sets, with their
intricate operations, make real-world problem-solving difficult and less meaningful. The above fuzzy
models have the major drawback of providing a simple presentation of data with variable ambiguity.

The n-dimensional fuzzy sets and m-polar fuzzy sets were created to provide greater flexibility in por-
traying the overall vagueness and ambiguity of the material. However, it later encountered a significant
limitation in its ability to give personalized attention to each data member while taking into account the
uncertainty associated with them. [14]Annaxsuel and Palmeira were driven by this challenge to propose
a new model called multidimensional fuzzy sets (MDFs). This model allows for individual attention to
each element by allowing the usage of any number of membership values ranging from 0 to 1. The
elements in MDFS gain independence and freedom, which enhances the simplicity and accuracy of data
display. MDFS is an encompassing model that includes interval-valued fuzzy sets, intuitionistic fuzzy
sets, n-dimensional fuzzy sets, m-polar fuzzy sets, and other similar models. Consequently, any findings
produced in MDFs may be readily applied to these models and their respective application processes.
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In MDFs each element in the data can choose any number of values from [0, 1] based on the vagueness
that lies with them. This presentation can be easily modeled as a function from the underlying set to
J([0,1]) that contains all the members from [0, 1], n € N arranged in ascending order. The supremacy
of MDFS can be seen by considering instances where elements need individual attention. For instance,
let’s imagine a situation where an interviewer assesses candidates’ proficiency in several disciplines and
uses MDF'S to analyze their scores. Then the interviewer can represent the overall individual score using
membership vectors such as (0.30,0.35,0.40)/(0.29,0.33,0.35,0.39)/(0.40,0.45). However, we need to
limit the presentation to a fixed dimension m in an m-polar fuzzy set. If we represent the above data
using a 3-polar fuzzy set or a 3-dimensional fuzzy set, all the data members must have membership
values such as (0.30,0.32,0.33)/(0.35,0.36, 0.38). This negatively impacts the natural representation of
the data according to the interviewer’s perception.

The multidimensional fuzzy framework provides a flexible solution to a range of practical problems,
such as decision-making, granular computing, and image processing, while maintaining the accuracy of
the data. Moreover, substantial progress in MDFS research has produced vital knowledge on aggregation
operators, De Morgan’s rule, and other fundamental features. A complete grasp of the fundamental
processes driving mdfs operations may be obtained by referring to the work of Josen and John [13],
where detailed explanations of these important features can be found. Multiattribute decision-making
algorithms through MDFS can be seen in [26]. Some novel approaches to a rough approximation of MDFs
using distance measures and aggregation operators are studied by Josen, Sunil, and Jobish in [12]. For
more hybrid structures in multidimensional fuzzy sets the reader may refer to [11, 10]

Graph theory is a significant field of applied mathematics with wide-ranging applications in various
disciplines such as analysis of systems, artificial neural networks, electrical engineering, management
theory, mode of transport, building design, and communication [17]. Even though graph theory was
able to demonstrate and handle many real-life problems, it failed to deal with problems that contained
ambiguity and uncertainty. Hence, in 1975 Rosenfeld [25] defined a new hybrid branch called fuzzy
graphs, in which fuzzy sets were used to handle the uncertainty part. Later, Bhattacharya [4] and
Bhutani [5] studied connectedness and automorphism-related concepts of fuzzy graphs. In [19] Mordeson
introduced various operators in a fuzzy graph and discussed their properties. The hybrid fuzzy graph
has been extended to many other structures, such as intuitionistic fuzzy graphs [9], Pythagorean fuzzy
graphs [16], Bi-polar fuzzy graphs [24], m—polar fuzzy graphs [20, 24], and so on.

This work offers a more generalized form of a fuzzy graph called Multidimensional Fuzzy Graph
(MDFG) and Edge-Powered Multidimensional Fuzzy Graph (EPMDFG), which use multidimensional
t—norms and t—conorms respectively, to interconnect the ideas of the graph and MDFS.. Following
the preliminary Section 2, we redefine the partial ordering of 7 ([0, 1]) in Section 3 so that many more
elements in the latter set can be interrelated and the monotonicity of t—norms and t—conorms can
be obtained without any conditions on the cardinality of membership vectors. We define MDFG and
EPMDFG using the redefined aggregation operations, with suitable demonstrations in Section 4. Various
operators of MDFG and EPMDFG, including direct product, composition, tensor product, and normal
product, are defined, and their properties are explored. Multidimensional fuzzy complements are used
to examine various relationships between MDFG and EPMDFG. In Section 5, the supremum and infimum
of an arbitrary family of elements in J7,,([0,1]) are defined. Using them, more properties of MDFG
and EPMDFG such as vertex degree, min—vertex degree, max—vertex degree, path strength, etc. are
introduced, and their specialist in connection with the above operators are studied. Finally, in Section
6, the investigations conducted in this study are completed, and ideas for future efforts are presented.
vertex degree, path strength, etc. are introduced, and their specialties in connection with the above
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operators are studied. Finally, in Section 6, the studies made in this paper are concluded, and ideas
regarding future works of this paper are provided.

2. PRELIMINARIES

2.1. Multidimensional fuzzy sets. First of all, we will establish the basic notions that are required
to present a MDFS as a function to Ju ([0,1])

Definition 2.1. [14]
Let 7,,([0,1]) = { (w1, -, yn) €[0,1]" |1 < y2 < -+ < yn} where n € N and let

JOO([O» 1]) = U jn([ov 1])

n=1

Then a multidimensional fuzzy set on a set U is defined as a function ¢ : U — Jw ([0, 1])

Let W € Jx([0,1]) then [W)| denote the n € N such that W € 7, ([0, 1]) named as the cardinality of
W. From the definition of MDFS, it can be seen that each member of the set U can have a membership
value of any cardinality independent of other elements. This a great benefit that MDFS has when we
compare it with m—polar fuzzy sets or n—dimensional fuzzy sets.

Further let T = {/1/n,n € N},0 = {/0/n,n € N},where /p/ = (p,p...p) € Jn([0,1]) , 1 and 0
denote arbitrary element of 1 and 0 respectively.

The extension of partial ordering of n—dimensional fuzzy sets to MDFS is defined as follows,

For VW € Jw([0,1]), V <oc W & [V| = [W| =n and V <2 W where <P is the partial order on
TIn([0,1]), n e Ngiven by V<EW &t < 51,0ty <8, (V= (t1...tn) , W=(51...58,)). Also, if V]
and N, are two MDFS we say that N7 C Ny if MVq(y) <oo Na(y) for every y.

2.2. Operators on mdfs. After creating a strong framework for storing and displaying data, the next
important step is to incorporate aggregation operators that can link different data structures together
for thorough analysis. The influential study, [13], extensively examined t-norms and t-conorms in the
context of multidimensional frameworks. This investigation was conducted using two separate functions,

referred to as J; and Js, as described below.
J1 1 T ([0,1]) x Tso([0,1]) — N by

[W|if Ip € N s ti=s;foralli=1,2,...,p—1andt, <s,
T (W, V)= [V|if 3p € N : o ti=s;foralli=1,2,...,p—1and t, > s,
min{|W|, |V|} : if there is no such p exists.

J2 1 T ([0, 1]) x Toe([0,1]) — N by

W] if 3p € N Yo tptl—i = Smag1—g foralli=1,2,... p—1
and th411—p > Smt1—p

To(W, V)= [V|if 3p e N © tpg1—i =Sma1-gforalli=1,2,....p—1

and tp+1—p < Smt1—p

min{\W\, \V|} : if there is no such p exists.
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where W= (t1...t,) and V = (s1...5m) n,m € N.

Definition 2.2. [13]
Multidimensional t-norm is a function R : J ([0,1]) x Jx ([0,1]) = T ([0,1]) satisfying following
axioms:

(R1) |[ROW, V)| = J1(W,V)

(R2) ROW,V) =RV, W)

(R3) IfV <o Z then R( W, V) <oo RO, Z), given [W| = |V| = |Z|
(R4) RW, 1)=w,we¢T\{i}

(R5) R(W,R(V,Z)) = R(R(W, v),z), whenever [W| = |V| = |Z]|

Let W = (t1,...tn),V = (81,..-8m) € J([0, 1]) and let J;(W, V) = I. then standard multidimen-
sional t—norm is given by, min(W,V) = (t; A s1...t; A s;), where t; = s; = 1Vi > [.

Definition 2.3. [13]
Multidimensional t-conorm is a function S : T ([0,1]) X Js ([0,1]) = T ([0, 1]) satisfying following
axioms:

105)
=

ISW, V)| = Jo(W, V)

S(W, V) =S(V, W)

If V <o Z then SW,V) <o SW, 2), given |W| = V| = |Z]|
S(W, 0)=w,w¢0\ {0}

S(W,S(V,Z)) - S(S(W,V),z), whenever [W| = |V| = | 2|
where W, V, Z € J.([0,1])

The standard multidimensional t—conorm is given by: max(W, V) = (t,—1—1)VSpm—(i=1)s- - -, tnVSm),
where t,_; = sp,—; = 0¥i > n and j > m where Jo(W, V) =1.

n
[\

nn
Ny

—~ o~ o~~~
n n
ot 99
= ==

Definition 2.4. A multidimensional complement is a function O : J([0,1]) = Jxo([0,1]) satisfying
the following conditions,

Ol : |OW) |=|W|forall We Jx([0,1])
02 :0(0)=1andO(i)=0forall0€0andicT
03 :If W<V then O(V) <o COW),for al W,V € J([0, 1])

Os(by,bo, - ,bp) = (1 — by, 1 —by_q,---,1—0yp) is called standard multidimensional complement.

2.3. Fuzzy Graphs. Even though we can see different kinds of definitions for fuzzy graphs, we follow
the definition given below to extend the work on MDFS.

Definition 2.5. [18] Let X be a non-empty set and Y be a subset of X x X, such that (X,Y) is a
simple graph. Then a fuzzy graph on X is a quadruple G = (X,Y, 4, ¢), where 1 is a fuzzy set on X
and ¢ is a fuzzy set on Y satisfying ¢(x,y) < min (¢(x), ¢ (y)) for all z,y € X.

There are several types of products and operators, such as union and join, that may be utilized to
represent diverse real-life data and their interconnections. The subsequent section provides fundamental
definitions of these terms, which may be subsequently referenced in MDFS works.
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Definition 2.6. [18] Let G1 = (Z1, Wi, 91, ¢1) and Go = (Zg, Wa, 12, ¢2) be two fuzzy graphs, then
their direct product is given by G = (X,Y,¥, ), where X = Z; x Z3, ¢ is a fuzzy set defined on
X by 9(z1,22) = min (¢(z1),v%(22)) and ¢ is a fuzzy set defined on Y where Y = {(v,tl), (v,t2),v €
Z1,t1ty € Wg} U {(sl,w), (82,10),8182 e Wi,w e Zg} and (b((’l),tl), (U,tg)) = min{¢1(v),¢2(t1t2)} and
¢((s1,w), (s2,w)) = min{eps(w), 1 (s152)}

Definition 2.7. [18] Let G = (Z1, W1, 91, ¢1) and Go = (Zg, Wa, 12, ¢p2) be two fuzzy graphs, then
their Composition is given by G = (X, Y 9, ¢), where X = Z1 X Zy, ¥ is a fuzzy set defined on X by
Y(z1,22) = min (¥(z1),¥(22)) and ¢ is a fuzzy set defined on Y where

Y = {(v,tl)(v,tg),v € Zq,t1ts € Wg} U {(81711})(82,“}),8182 e Wi,w € Zg} U
U {(s1,t1)(s2t2), 5150 € W1, W1 # 12},

¢((U7 tl)ﬂ (’U, t2)) = min{wl (’U)7 ¢2(t1t2)}7

o((s1,0), (82, w)) = min{y2(w), P1(s152)},

d((s1,t1)(s2,t2)) = min{eha(t1), Pa(t2), d1(s152)}-

Definition 2.8. [8] Let G = (X,Y, v, ¢) be a fuzzy graph. Then the vertex degree of a vertex v € X
is given by

~_ —

3(v) = Y d(vu)

vu€eY

Definition 2.9. [15] The path strength of a path P = ryrqe...r,, in G = (X, Y, 4, ¢) is given by
B(P) = min{¢(ririt1)}

Definition 2.10. [15] Let v and v be two vertices in G = (X,Y, 1, ¢), then path strength between
them is given by
max{B(F;)}

where P; is a path joining v and v.

For more such operators, products, and results, refer to [18, 21, 8, 15]

3. A NovEL PARTIAL ORDER FOR Ju([0,1])

One of the main problems that we face when dealing with real-life application problems through MDFS
is that, only a subcollection of elements having the same cardinality from 7. ([0, 1]) are connected by
the natural partial ordering. In this section, we redefine the natural partial ordering of J([0,1]) ob-
tained from n— dimensional fuzzy sets in order to relate more elements from the same set. We use the
functions J; and J, defined on [13] for defining the new partial order <a as an extension of <.

Let X,V € J»([0,1]) and |X]| = |Y| then X <A Y if and only if X <, V.

Now, if X = (z1,z2,...x,) and Y = (Y1, Y2, ---Ym) (n # m), with

JU(X, D) # Jo(X, V) (3.1)

then we say that

X <aYifandonly if 1 < y1, 22 < yo...r < yr and T, < Y, Tn1 < Yn—1y - Tn_k—1 < Yn_k_1 Where
k = min{n, m}. It is easy to verify that < reflexive and (3.1) makes <, asymmetric. Transitivity of
< can also be proved from the definition of <A . We denote X > Y if and only if Y <A X.
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3.1. Redefinition of Multidimensional t-norms and t-conorms. One of the main drawbacks of
multidimensional {—norms and t—conorms is that, it is not generally true that, for a multidimensional
t—norm R, R(X,Y) <o X or R(X,Y) < Y (true only for the case |X| = |Y|). This drawback affects
MDFS in handling many real-life problems. It can be seen that from the application part of [13] using
the min operation. The newly introduced partial order is capable of solving such problems as we have
for any X,Y € Joo([0,1]), min(X,)) <A X and min(X,Y) <A Y. Similarly, for the maz operator also
we have X < max(X,)Y) and Y <a max(X,)). Thus, we can redefine the axioms R3 and S5 by, for
V,Z,W e Jx([0,1])

Ry :If V <A Z then R( W, V) <A ROW, 2),
Sy :If V <A Z then SOV, V) <a S(W, Z),

Thus, for a t — norm R and ¢t — conorm S using the axioms R3, R4 and S3, S4 respectively, we have
Proposition 3.1. R(X,)) < X and X <, S(X,Y)

Proposition 3.2. Let R be an idempotent multidimensional t—norm and W <A X and W <a Y then
w SA R(Xv y)

Proof. From the axiom R3 we have,

W =ROW,W) <a RX,W) <a R(X,))

4. MULTIDIMENSIONAL Fuzzy GRAPHS

From the definition of the fuzzy graph G = (X,Y, %, $), we can see that for any edge zy, ¢(zy) <
min((z),1¥(y)). One of the major motivations and applications that fuzzy graphs have is in the field
of transportation. Consider a scenario where a number of cities are connected by bridges, and the
membership function corresponding to the number of vehicles that each city can accommodate at a
time is given by v. Similarly, let ¢(zy) denote the membership function corresponding to the number
of vehicles that can travel through bridge xy connecting cities x and y, then clearly it is obvious that
we should take ¢(zy) < min(y(x), ¥ (y)).

We can find some other occasions in which another form of fuzzy graphs has very practical applications.
For example, consider a case where some industries were connected by bridges and (), 1¥(y) denote
the membership values corresponding to the weights in tons of the material formed at x and y at a time.
Let ¢(zy) denote the membership function corresponding to the weight capacity of bridge xy joining
and y. Then, from the scenario, it is clear that we should have ¢(zy) > max(¢(z), ¥ (y)).

Thus, different types of practical problems require different types of fuzzy graph models. Hence, in this
paper, we will introduce two types of fuzzy graphs. The first one is called the multidimensional fuzzy
graph(MDFG) and the second one is the edge-powered multidimensional fuzzy graph(EPMDFG).

Definition 4.1. Let (X,Y) be a graph and R be a multidimensional {—norm, then a multidimensional
fuzzy graph is quadruple (X,Y,v,¢) where ¢ and ¢ are MDFS on X and Y respectively satisfying
d(zy) <a R(W(z),¥(y)), where zy € Y and z,y € X.

Example 1. In figure (1) and figure (2) we can see illustrations for MDFG using standard multidimen-
stonal t—norm.
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(0.6,0.65,0.7,0.8)

. (01,0203 (0.2,0.25)
(0.5,0.6,0.75) (0.3,0.35) (0.25,0.3)

FIGURE 1. MDFG 1

z (0.3,0.4) Y
(0.5,0.55,0.6) (0.7,0.8)

FIGURE 2. MDFG 2

When we compare MDFG with other recent fuzzy graph extensions, such as m—polar fuzzy graph we
have,

Definition 4.2. [2] Let (X,Y) be a graph, then an m—polar fuzzy graph is a pair of m-polar fuzzy
sets A, B defined on X and Y respectively, such that for each projection function P;,i = 1,2,...m we
have

Pi(A(zy)) < min(P;(B(z)), Pi(B(y)))
,Vi=1,2,..m

Thus, if we restrict the dimension of membership values of each element in our MDFG to a fixed
number m and if we use the standard multidimensional ¢—norm min operators as R, then the m—polar
fuzzy graph is nothing but a special case of MDFG.

Next, we define the second kind of multidimensional graph, called edge-powered multidimensional
fuzzy graph as follows,

Definition 4.3. Let (X,Y) be a graph and S be a multidimensional t—conorm, then an edge-powered
multidimensional fuzzy graph is quadruple (X, Y, v, ¢) where ¢ and ¢ are MDFS on X and Y respectively
satisfying S(v¥(x),¥(y)) <a o¢(xy), where zy € Y and z,y € X.

Example 2. In figure (3) and figure (4) we can see illustrations for EPMDFG using standard multidi-
mensional t—conorm.

It is very obvious from the definitions of MDFG and EPMDFG that they have a wide scope in many ap-
plication fields, as we only use aggregation operators and multidimensional fuzzy sets for the definitions
of MDFG and EPMDFG.
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(0.6,0.65,0.7,0.8)

(0.5,0.6,0.75) (0.3,0.35) (0.25,0.3)
FIGURE 3. EPMDFG 1

z (0.8,0.85) Y
(0.5,0.55,0.6) (0.7,0.8)

FIGURE 4. EPMDFG 2

4.1. Operators on Multidimensional Fuzzy Graphs. In this section, we will discuss and study
the properties of various operators on multidimensional fuzzy graphs such as direct product, tensor
product, composition, union, etc. These operators have a wide range of applications in areas such as
modeling, chemical engineering, etc.

Direct Product A model for concurrency in multiprocessor systems is one of many possible uses for
the direct product. Additionally, direct product is utilized for research that combines data from two
separate graphs. Here is the formal way to define the direct product of MDFG:

Definition 4.4. Let Gy = (Z1,W1,¢1,¢1) and Gy = (Za, Wa, )2, ¢2) be two MDFG and R be a
multidimensional t—norm, then their direct product is given by G = (X, Y, v, ¢), where X = Z; x Zs,
1 is a MDFS defined on X by (z1,22) = R(¥1(21),%2(22)) and ¢ is a MDFS defined on Y where
Y = {(v,tl),(v,tg),v S Zl,tltg € WQ}U{(sl,w),(SQ,w),slsz € Wl,w S ZQ} and ¢(('U,t1),(1)7t2)) =
R{y1(v), d2(t1t2)} and ¢((s1,w), (s2,w)) = R{t2(w), ¢1(s152)}

Theorem 4.1. The direct product of two MDFG with the same multidimensional t—norm R again a
MDFG with the same multidimensional t—norm, provided R is idempotent.

Proof. Let Gy = (Z1,Wh,¢1,¢1) and Go = (Za, Wa, 12, ¢2) be two MDFG with respect to a multidi-
mensional t—norm R and let G = (X, Y, 1, ¢) be the direct product of G; and Gs.
Now for (v,t1), (v,t2) € Y, we have

O((v,t1), (v.82)) = R{t1 (v), da(tita)} = R{w1 (0), R(a(t1). va(t2)) } <o 1 (v)

by proposition (3.1). By using the same proposition we have,

¢((U7f1)a (U,t2)) <A Ya(tr), a(tz)
Thus we have, ¢((v,t1), ('U,tQ)) <A R(z/)l(v),z/)z(h)) and ¢((U,t1), (Uﬂfz)) <a R<7/)1(U)77r/)2(t2)>
= 6((0,11), (v,12)) <& R(R(@1(0), ba(t2)), R(1(0), va(t2) ) )
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= RO, 1), (0. 1)

Similarly, we can show that,

<Z)((sl,w), (52711))) <a R(w(sl,w),z/)(SQ,w))
Thus G = (X,Y, 9, ¢) is again a MDFG. a
Example 3. Figure 5 gives the illustration of the direct product of MDFG in figure 1 and figure 2.

(0.5,0.6,0.75)
ay
@

(0.3,0.4)

(0.4,0.5,0.6)

0.6,0.6,0.7,0.8
(0.6, o by )

(0.3,0.4)

(0.1,0.2,0.3)
(0.1,0.2,0.3)

(0.2,0.3)

(0.3,0.35)

(0.2,0.25)
(0.2,0.25)

dr @ ® dy
(0.25,0.3)  (0.25,0.3)  (0.25,0.3)

Fi1Gure 5. Direcrt product
Edge-Powered Direct Product

Next, we define the direct product for the EPMDFG in such a way that the resulting one is also a
EPMDFG.

Definition 4.5. Let Gy = (Z1,W1,91,¢1) and Gy = (Z2, Wa, ¢, ¢3) be two EPMDFG and S be
a multidimensional t—conorm, then their edge-powered direct product is given by G = (X,Y, 4, ¢),
where X = Z; x Zy, ¢ is a MDFS defined on X by (21, 22) = S(w(zl),w(zQ)) and ¢ is a MDFS
defined on Y where Y = {(v,tl), (v,t2),v € Zy,t1ls € WQ} U {(sl,w)7 (s2,w), 8180 € Wi, w € Z2} and
¢<(U7 t1)7 (Ua t2)) = S{¢1 (U)7 ¢2(t1t2)} and ¢((817 ’LU), (827 ’LU)) = S{¢2(w)7 ¢1 (8182)}

Theorem 4.2. The edge-powered direct product of two EPMDFG with the same multidimensional t— conorm
is again a EPMDFG with the same multidimensional t—conorm(idempotent).
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Proof. Let G1 = (Z1,W1,v¢1,¢1) and Go = (Za, Wa, 19, ¢2) be two MDFG with respect to a multi-
dimensional t—conorm S and let G = (X,Y,%,¢) be the direct product of G; and G3. Now for

(v,t1), (v,t2) € Y we have, ¢((v,t1), (v,t2)) = S{t1(v), d2(t1t2)} = 5{1/)1(”)7S<¢2(t1),¢2(t2)>} EN
Y1(v), ¥a(t1),a(t2) by proposition (3.1). Now by using proposition (3.2), in a similar way that of
theorem (4.1) we have,

(011, (0,12)) 2o S(SW1(0),va(t1), S (), ¥a(t2)) ) = S(V(w, 1), (0, 12) )
Similarly, we have,
& ((s1,w), (52,0)) 24 8(9(s1,0), 6 (52, 0))
Hence, the edge—powered direct product of two EPMDFG with the same multidimensional ¢t—conorm is

again a EPMDFG. O

Tensor Product

Tensor products are important tools in classical mechanics, quantum mechanics, graph theory, and
image processing[7, 28, 23]. Now we define the tensor product of MDFG and EPMDFG.

Definition 4.6. Let Gy = (Z1,W1,¢1,¢1) and Gy = (Za, Wa, 12, d2) be two MDFG and R be a
multidimensional t—norm, then their tensor product is given by G = (X, Y, 9, ¢), where X = Z; X Zs,
¢ is a MDFS defined on X by 9(z1,22) = R{(v¥(21),%(22))} and ¢ is a MDFS on Y, where ¥ =
{(Sl,tl)(SQ,tQ),Sl$2 € Wl,tth € WQ} and ¢((51,t1)(82,t2)) = R<¢1($182),¢2(t1t2))

Theorem 4.3. The tensor product of two MDFG with the same multidimensional t—norm R again a
MDFG with the same multidimensional t—norm, provided R is idempotent.

Proof. Let G = (X,Y,4¢,¢) be the tensor product of two MDFG Gy = (Z1,Wi,¢1,¢1) and Go =
(ZQ,W27'(/J2,¢2). Let (Sl,tl)(SQ,tQ) €Y, then

d((s1,t1)(s2,t2)) = R(1(s152), pa(tat2))
<a d1(s152) <A R(11(s1)),¥1(52))) <a 1(s1), ¥1(s2) (4.1)
Similarly, we have
d((s1,t1)(s2,t2)) <a t2(t1), a(t2) (4.2)
From (4.1) and (4.2), we have
d((s1,t1)(s2,t2)) <a R(¥1(s1),v2(t1)), R(¢1(s2), ¥a(t2))
= ((s1,t1)(s2,12)) <a R(R(W1(51),¥2(t1)), R(¥1(s2), 2 (t2)))
= R(Z/J(Sl,tl)ad)(smtz))
Thus, the tensor product of two MDFG with the same multidimensional t—norm R again a MDFG. [

Example 4. Figure 6 is the tensor product of MDFG figure 1 and figure 1.

Edge Powered Tensor Product

Definition 4.7. Let G; = (Z1, W1,¢1,¢1) and Gy = (Za, Wa, 19, ¢2) be two EPMDFG and S be a
multidimensional ¢—conorm, then their edge powered tensor product is given by G = (X,Y, 4, ¢),
where X = Z; x Zy, 1 is a MDFS defined on X by (21, 22) = S(¥(21),1(22)) and ¢ is a MDFs on Y,
where Y = {(81,t1)(82,t2),8182 e Wi, tits € WQ} and ¢((51,t1)(827t2)) = S(¢1(8182),¢2(t1t2))
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(0.5,0.55, 0.6) (0.5,0.6,0.75)
T ay

a

(0.25,0.3) (0.25,0.3)

FI1GURE 6. Tensor product

Theorem 4.4. The edge-powered tensor product of two MDFG with the same multidimensional t—conorm
S again a MDFG with the same multidimensional t—conorm, provided S is idempotent.

Proof. The proof is similar to that of Theorem (4.3). O

Composition

The composition of graphs is very helpful in many number theoretical aspects, such as the partition
of numbers. Next, we define the composition of MDFG and EPMDFG as follows.

Definition 4.8. Let G = (Z1,W1,¢1,¢1) and Go = (Za, Wa, 12, ¢2) be two MDFG and R be a
multidimensional t—norm, then their composition G = G10G3 is given by G = (X,Y, 1, ¢), where

X =71 X Zy, ¢ is a MDFS defined on X by ¥(z1, 22) = R(zﬁ(zl),w(@)) and ¢ is a MDFS defined on Y
where

Y = {(U,tl), (’U,tg),v S Zl,tth S WQ} U {(81,10), (Sg,w),slsg S Wl,’LU S ZQ} U

U {(s1,t1), (s2,t2), 5152 € Wi, t1 # t € Wa},
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and
¢((U7t1), (U,tz)) = R{¢1(0)7¢2(t1t2)}7
¢((31,w), (32,11))) = R{¢2(w), ¢1(8132)}7
¢((81,t1)7 (Sz,tz)) = R(¢1(3182), R(wz(tl)awz(h)))

Theorem 4.5. The composition of two MDFG with the same multidimensional t—norm R again a MDFG
with the same multidimensional t—norm, provided R is idempotent.

Proof. From the proof theorem (4.1), it remains only to prove that for (s1,t1), (s2,t2) € Y with s185 €
Wity # ta € Wa, ¢((s1,t1), (52,t2)) <a R((s1,11),%(s2,t2)). Now

Bl(s1,11), (s2,2)) = R(91(s152), R(va(t2). ¥a(t2)))

<o R(R(61(51), ¥a(52) ), R(0(t1), ¥(t2)) )
Now by applying the proposition (3.1) repeatedly, we have,
¢((81,t1)7 (52,152)) <a Y1(s1),¥1(s2), Pa(te), ¥a(t2))

Thus, by proposition (3.2)

¢<(317t1)a (32’t2)) <a R(¢1(S1)7wz(tl))»R(%(Sz),@z(?ﬁz))
= 6((s1,02), (52,12) ) <o R(R(w1(s0),v2(t0) ) B (1(52), vnt2))
= R(w(sl,tl),w(@,tz))

Hence, the composition of two MDFG with the same multidimensional t—norm R again a MDFG. O
Example 5. Figure 7, gives the composition of EPMDFG figure 1 and figure 2.
Edge-Powered Composition

Definition 4.9. Let G1 = (Z1, W1, 91, ¢1) and Go = (Za, Wa, 12, ¢2) be two EPMDFG and S be a multi-
dimensional t—conorm, then their edge-powered direct product is given by G = (X,Y, ¢, ¢), where X =
71X Zo, v is a MDFS defined on X by (21, 22) = S(¥(21),1¢(22)) and ¢ is a MDFS defined on Y where Y =
{(U,tl), (U,tz),’U € Zl,tth € WQ} U {(81, U))7 (82, ’LU)7 S$189 € Wl,w € Z2} U {(Sl,tl), (SQ,tQ), S189 €
Wi, t1 # ty € Wa}

and ¢((v,t1), (v,t2)) = S{Y1(v), Pa(trt2) }, ¢((s1,w), (s2,w)) = S{ha(w), P1(s152)}

and ¢((s1,t1), (s2,t2)) = S(¢1(s152), S (2(t1), ¥2(t2)))

Theorem 4.6. The composition of two EPMDFG with the same multidimensional t—conorm S again a
EPMDFG with the same multidimensional t—conorm, provided S is idempotent.

Proof. The proof is similar to the proof of the Theorem (4.5). O

Normal Product

The normal product of MDFG is a combined operation of directproduct and tensor product and they
are usually used in networking and image processing [22].
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(0.3,0.35) iz (0.3,0.35)

dx (0.25,0.3)
(0.25,0.3) (0.25,0.3)

F1GURE 7. Composition

Definition 4.10. Let Gi = (Z1,Wi,¢1,¢1) and Gy = (Zo, Wa, 109, ¢2) be two MDFG and R be a
multidimensional t—norm, then their normal product is given by G = (X, Y, v, ¢), where X = Z; X
Zsy, ¥ is a MDFS defined on X by ¢(z1,22) = R(qp(zl),d)(zg)) and ¢ is a MDFS on Y, where Y =
{(U,tl),(’l)ﬂfg)ﬂ) € Zi,tity € WQ}U{(Sl,w),(SQ,w)78182 e Wi,w € ZQ}U{(Sl,tl)(SQ,tQ),Slsg €
Wi, tits € WQ} and ¢(<U7t1), (U,tg)) = R{wl(v),(f)g(tltg)} and ¢((81,w>, (Sg,’w))

= R{z(w), d1(s152) }, d((s1,t1)(s2,t2)) = R(d1(s152), p2(t1ta))

Theorem 4.7. The normal product of two MDFG with the same multidimensional t—morm R again a
MDFG with the same multidimensional t—norm, provided R is idempotent.

Proof. The proof follows from the Theorem 4.1 and Theorem 4.3. |

Edge-powered Normal Product

Definition 4.11. Let G1 = (Z1, W1, 41, ¢1) and Gy = (Za, Wa, 99, ¢2) be two EPMDFG and s be a mul-
tidimensional t—conorm, then their edge-powerd normal product is given by G = (X,Y, 4, ¢), where
X = 71 X Zy, ¢ is a MDFS defined on X by (21, 22) = S(¢(21),%¥(22)) and ¢ is a MDFS on Y, where
Y = {(v,tl), (v,t2),v € Z1,t1ts € Wg} U {(sl,w), (s2,w), 8180 € Wi, w € ZQ}U {(sl,tl)(SQ,tQ),slsQ €
Wi, tits € Wa} and ¢((v, 1), (v,t2)) = S{1h1(v), ¢2(t1t2)} and ¢((s1, w), (s2,w)) = S{tha(w), ¢1(s152) },
d((s1,t1)(s2,t2)) = S(1(s152), 2(t1t2))

Theorem 4.8. The edge-powered normal product of two EPMDFG with the same multidimensional
t—conorm S again a EPMDFG with the same multidimensional t—conorm, provided S is idempotent.



58 J. JOSEN, S. J. JOHN, S. SAMANTA, T. ALLAHVIRANLOO, AND T. BAIJU

Proof. The proof follows from the Theorem 4.2 and Theorem 4.4. O

Union

A fuzzy graph union is an operation that is used to combine the information from two different fuzzy
graphs.

Definition 4.12. Let S be a multidimensional t—conorm and let Gi = (Z1, W1,9¢1,¢1) and Gy =
(Z3, Wa, 12, d2) be two MDFG with respect to the multidimensional t—norm R, then their union with
respect S is given by G = (X, Y, 9, ¢), where X = Z1UZ5, Y = W UW; and v, ¢ are defined as follows,

Vi(2) if 2 € Z1\ Z2
P(z) = (¥2(2) if 2 € Z2\ 21
S (2),12(2)) if z € Z1 N Zy
d1(zw) if zw € Wy \ Wy
d(zw) = § ga(zw) if 2w € Wy \ Wi
S(qbl(zw),(bg(zw)) if zwe Wy NWs

Theorem 4.9. Union of two MDFG is again a MDFG.

Proof. First, assume that zw € Wi \ Wa,if z,w € Z; then nothing to prove. Hence without loss of
generality assume that z € Z; and w € Z; N Z5. Then we have

P(2w) = ¢1(zw) <a R(P1(2),¢1(w)) = R(P(2), ¥1(w))
<a R((2), S(¢1(w), 2(w))) = R(Y(2), ¥ (w))
Now it is enough to prove the case where zw € W7 N Ws. In that case, we have,
p(zw) = S(d1(zw), P2 (zw)) <a S(R(1(2), Y1(w)), R(12(2), Ya(w)))
<a S(P1(2),¥a(2)) = ¥(2) (4.3)

Similarly, we have

Pzw) <a S(vr(w), da(w)) = P(w) (4.4)
Thus from (4.3), (4.4) and Proposition 3.2, we have

p(zw) <a R(¥(2),¥(w))
Edge-powered Union

Definition 4.13. Let S; be a multidimensional t—conorm and let G1 = (Z1, W1,91,¢1) and Go =
(Z3, Wa, 19, d2) be two EPMDFG with respect to the multidimensional ¢—conorm Ss, then their union
with respect S is given by G = (X, Y, v, ¢), where X = Z,; U Zy, Y = Wy UW, and ¢, ¢ are defined as
follows,

(Z ifZGZl\ZQ

¥1(2)
P(2) = ha(2) if 2 € Z2\ Zy
S1 (wl(Z),’L/JQ(Z)) Zf z € 1N 2Ly
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d1(zw) if 2w e Wi\ Wo
pzw) = { po(zw) if 2w € Wo \ Wy
S1 (¢1(zw),¢2(zw)) if zw e Wi NWy
Theorem 4.10. Union of two EPMDFG is again a EPMDFG.

Proof. The proof is similar to the proof of Theorem (4.9). |

Join

Join is an operator that is an extension of the union and it can connect vertices that are not joined
in both of the graphs. All the information that is in two graphs G; and G2 are also available in their
join and some extra information is also available.

Definition 4.14. Let S be a multidimensional t—conorm, R; be a multidimensional t—norm and let
G1 = (Z1,Wy,41,¢1) and Go = (Za, Wa, 19, ¢2) be two MDFG with respect to the multidimensional
t—norm Ry, then their join with respect S, R; is given by G = (X,Y,4,¢), where X = Z; U Z5,
Y =W, UWyU {(zw),z € Zy,w € Zy,zw ¢ Wi U Wz} and v, ¢ are defined as follows:

Y1(2) if 2 € Z1\ Z2
Y(2) = § ¥a(2) zf z € Za\ Zh

Sl(z/) )) if 2 € Z1NZy,
d1(zw) if 2w e Wi\ Wa
p2(zw) if zw € Wo \ Wy
S(p1(zw), po(zw)) if zw € W1 N Wy
Ry (wl(z),wg(w)) if zw ¢ Wy U W,

Theorem 4.11. Join of two MDFG is again a MDFG.

¢(zw) =

Proof. From Theorem (4.9), it is enough to prove the case where zw ¢ Wy UWa(z € Z1,w € Z3). In
that case, we have,

P(2w) = Ry (¢1(2),¥2(w)) <a Ry (¢(2), ¥ (w))

Hence, the join of two MDFG is again a MDFG. |

Edge-powered Join

Definition 4.15. Let S; be a multidimensional ¢—conorm, R be a multidimensional {—norm and let
Gy = (Z1,W1,¢1,¢1) and Go = (Za, Wa, 19, ¢2) be two EPMDFG with respect to the multidimensional
t—conorm S, then their join with respect Si, R is given by G = (X,Y, v, ¢), where X = Z; U Zs,
Y =W UWyu {(zw),z €Zi,weY,zw¢ WU Wg} and 1, ¢ are defined as follows

01(2) if z€ Z1\ Zs
U(z) = a(2) if 2 € 22\ Z)
S1 (1/11(2),1/)2(2)) if 2z € Z1N 2oy,
d1(zw) if zw € Wy \ Wy
p2(zw) if zw € Wo \ Wy
S1 ((bl(zw),(bg(zw)) if zwe Wi NWs
(¢1(z),w2(w)) if zw ¢ Wy UWs.
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Theorem 4.12. Join of two EPMDFG s again a EPMDFG.

Intersection

The intersection of two fuzzy graphs was used to get combined information in which both graphs
agree with each other in membership values.

Definition 4.16. Let Ry be a multidimensional t—norm and let Gy = (Z1, W1,91,¢1) and Gy =
(Zo, Wa, b9, o) be two MDFG with respect to the multidimensional ¢—norm Rs, then their intersection
with respect Ry, Rs is given by G = (X, Y, ¢, ¢), where X = Z1NZ5, Y = W1 NW; and v, ¢ are defined
as ¥(z) = Ry (1/11 (z),wg(z)) and ¢(zw) = Ry (¢1(zw), qbg(zw)).

Theorem 4.13. Intersection of two MDFG is again a MDFG.

P?”OOf. Let G = (X, Y, 1, QZS) be the intersection of two MDFG G1 = (Zl, Wi, 11, ¢1), Gy = (ZQ, Wa, s, d)g)
with respect to the multidimensional t—norm Ry. Then
d(zw) = Ry (¢1(2w), ¢2(2w)) <a Ri(Ro(¥1(2), 1 (w)), Ra(va(z), the(w)))
<a P1(2), Y1(w), ¥2(2), 2 (w))

= ¢(zw) <a Ry(11(2),¥2(2)), Ra (¥1(w), 1ha(w))
= ¢(zw) <A Ri(Ra(v1(2),¥2(2)), Ra(1(w), 1ha(w))) = R (¥(2),1(w)).

Hence the intersection of two MDFG is again a MDFG. ]

Edge-powered Intersection

Definition 4.17. Let R; be a multidimensional t—norm and let Gy = (Z1, Wq,91,¢1) and Gy =
(Z, Wa, b9, o) be two EPMDFG with respect to the multidimensional t—conorm S, then their intersec-
tion with respect R, S is given by G = (X,Y, v, ¢), where X = Z1 N Z5, Y = Wi N Wy and ¢, ¢ are
defined as ¢(z2) = R(ﬂ’l(z)v%(z)) and ¢(zw) = R(¢1(zw), ¢2(zw))

Theorem 4.14. Intersection of two EPMDFG is again a EPMDFG.

4.2. Complement of multidimensional fuzzy graphs. In this section, we define and study a novel
complement operator for multidimensional fuzzy graphs that can connect several properties of MDFG
and EPMDFG. In the following studies, we can see that most of the operators are related by De Morgan’s
triple [13]. (That is a triplet (R, S, C) of multidimensional t—norm, multidimensional {—conorm, and
multidimensional complement, respectively, that satisfies De Morgan’s law.)

Definition 4.18. Let G = (X,Y, 4, ¢) be a MDFG, then multidimensional fuzzy complement (MDFC)
of G is defined as G¢ = (X*,Y*,¢*, ¢*) where X* = X, Y* =Y, 9* = 4%, ¢* = ¢© where ¢ and ¢¢
are complements of 1) and ¢ respectively.

Theorem 4.15. multidimensional fuzzy complement of a MDFG is a EPMDFG provided the corresponding
multidimensional t—norm (R), multidimensional t—conorm (S) and multidimensional complement (C')
form a De Morgan’s triple. The converse is also true.

Proof. Let G = (X,Y,4,¢) be a MDFG then we have G¢ = (X,Y, 4%, ¢“). Now, For 2y € Y we have,
o(zy) <a R(v(2),9(y)) = ¢ (xy) =a RY(d(x), ¥ (y))

— 0% (xy) >a S (¢ (@), ¢ (v))-
Thus, G° = (X, Y, Y, ¢%) is a EPMDFG. Similarly, we can prove the converse as well. (Il
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Example 6. Complement of the MDFG figure 1 is given in 8 using the standard multidimensional
complement.

(0.2,0.3,0.35,0.4)

(0.7,0.8,0.9) (0.75,0.8)

C
.25,0.4,0.1 .65, 0. .7,0.75
0.25,0.4,0.5 0.65,0.7 0.7,0.75

FiGUure 8. Complement of MDFG 1

Next, we will study the relationship between several multidimensional fuzzy operators and edge-
powered multidimensional fuzzy operators with respect to their complements.

Theorem 4.16. Let G be the direct product of two MDFG G and Gg, then the EPMDFG G€ is the
edge-powered direct product of EPMDFG, G and GS .

Proof. Let G1 = (Z1, W1, 11, ¢1) and Go = (Z2, Wa, 12, ¢2) be the two EPMDFG and let G = (X, Y, ¥, ¢),
G° = (X,Y,9% ¢%). Then

U(z122) = R(¥1(21), 92(22)) = ¥ (2122) = RE (¢1(21), ¥2(22)) = S (¥ (21), 95 (22)) (4.5)
Now, ¢((v,t1), (v,t2)) = R(¢1(v), da(tit2))
= ¢%((v,t1), (v,t2)) = RY (¢1(v), a(trta)) = S(4F (v), ¢ (tat2)). (4.6)
Similarly, we can show that,
6% ((s1,w), (s2,w)) = S(vF (w), ¢F (s152))- (4.7)
Thus, from (4.5), (4.6), (4.7) it is clear that G© is the edge-powered direct product of G and G§. 0O

Theorem 4.17. Let G be the composition of two MDFG Gy and G, then the EPMDFG G is the
edge-powered composition of EPMDFG, G and GS'.

Proof. From the Theorem (4.16), it is enough to prove the edges of the form (s1,t1)(s2,t2),8182 €
Wi,t1 # ta. We have

¢((Slat1), (Szytz)) = R(¢1(8182)’ R(¢2(t1)71/}2(t2)))

— ¢C((817t1)7 (82,152)) = S(¢1C(8152)7RC (¢2(t1)7¢2(t2))) = 5(</>?(8182)75'(1/120@1),%0(??2)))-
Thus, G¢ is the edge-powered composition of G and G . |

Theorem 4.18. Let G be the tensor-product of two MDFG G1 and G, then the EPMDFG G is the
edge-powered tensor-product of EPMDFG, G{ and G .



62 J. JOSEN, S. J. JOHN, S. SAMANTA, T. ALLAHVIRANLOO, AND T. BAIJU

Proof. We have, ¢((81,t1)(52,t2)) = R(¢1(8182),¢2(t1t2))
— ¢“ ((Slvtl)(smb)) = R¢ (¢1(3182)7 ¢2(t1f2)> = S(¢1C(8182), ¢zc(f1t2))-

Thus from the definition of edge-powered tensor-product we have, G¢ as the edge-powered tensor-
product of EPMDFG, GY, and G O

Theorem 4.19. Let G be the normal-product of two MDFG G and G, then the EPMDFG GC is the
edge-powered normal-product of EPMDFG, G and GY .

Proof. The proof follows from the theorem (4.16) and the theorem (4.18). O

Note: In a similar way, we can prove that the union, intersection, and join also follow the same
properties with the multidimensional fuzzy complement.

5. INFIMUM AND SUPREMUM ON J.([0, 1])

This section will define the infimum and supremum for a finite family of elements from J[0, 1] so
that these definitions can be used for studying further properties of multidimensional fuzzy sets. We
define the supremum and infimum as a generalization of the standard multidimensional {—norm and
multidimensional ¢—conorm as follows,

Definition 5.1. Let {s;}7; C Jx[0,1] where s; = (s}, s? ...sl-c(si)) and k : {s;} — N be the function

(A 7

that gives the cardinality of s; as the output, then we define two functions K7 and K» as follows.

o Ki({si}) =|s;|, if either of the following is satisfied:
(1-1): there exist [ € N such that s; = s}, s? = s7,...s". < sl for every i # j;

(1-2): k(s;) < k(s;) for every i = 1,2,..n and s} = s{,57 = s7, ...sf(sj) = sf(si).

o Ky({si}) = |s;|, if either of the following is satisfied:

(2-1): there exist ¢ € N such that sf(s") = s?(sj),sf(si)_l = sy(‘gj)_l,...sf(si)_q < ss(sj)_l for
every i # j;

(2-2): k(sj) < k(si) for every i = 1,2..n and s} = s, 57 = 57 sh ) = gh(s0)

i7°j 7 i i

Now using K7 and K3, we define the infimum and supremum of the family {s;} respectively as follows,

Definition 5.2. For the family {s;} in Definition (5.1), their infimum is given by,
inf{s;} = (min{s%}?zl, min{s?}7" ,, ... min{sf(sj) ?:1)
where we take s =1, for all m < k(s;) for all s, with k(s;) > k(s;).

Definition 5.3. For the family {s;} the supremum is given by,

sup{s;} = ({mao({Si-c(si)716(8]%r1 ),

where we take s = 0, for all m > k(s;) for all s; with k(s;) > k(s;).

...Inax{si-c(si)f1 ?:1)7max{sf(si) )

Basic Properties of Infimum and Supremum

Next, we study some basic properties of the infimum and supremum defined above, so they can be
used for further studies of MDFG and EPMDFG. The first two results explain why the infimum and
supremum are called the generalization of multidimensional t—norms and ¢t—conorms.
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Theorem 5.1.

1. For any two X,Y € Jx[0,1] inf(X,Y) = R(X,Y), where R is the standard multidimensional
t—norm.

2. For any two X,Y € Jx[0,1] sup(X,Y) = S(X,)), where S is the standard multidimensional
t—norm.

3. For any finite family, {s;} we have

inf{s;} <A s; <A sup{s;}.

4. inf{s;} = sup{s®} , where C is the standard multidimensional complement.

5. For any finite family, {s;}74

inf{s;}1 1 <a inf { inf{si}i-c;l,inf{si}filirl, inf{si}?:karl}.
where 1 < ky < ko, ...k, <n
6. For any finite family, {s;}7—,
sup{s;}i_q > sup { sup{si}f;p SUp{si}fikﬁv SUP{Si}?:ka}

where 1 < k1 < ko, ...kyy < n
7. If 11 <A 8; <A 1o for every i, then

1 <a inf(s;) <A sup(s;) <a 1.

Using the infimum and supremum of elements in J[0, 1], we can define the infimum and supremum
of a finite collection of MDFG and EPMDFG as follows.

Definition 5.4. Let G; = (X;,Y;, ¢, ¢:),i = 1,2,3...n be a finite family of MDFG. Then inf(G;)

is defined as the MDFG G = (X,Y,9,¢), where X = | Xi,Y = () Vi, ¢/(z) = inf (wi(x)),qs(x) =
i=1 i=1

inf (qi)l(x))

Theorem 5.2. Let G; = (X;,Yi, i, ¢:),1 = 1,2,3...n be a finite family of MDFG, then inf(G;) is again

a MDFG (where we take the multidimensional t—norm as the standard one.)

Proof. The proof is similar to the proof of the Theorem (4.13) by using the properties in Theorem
(5.1). O

Now the finite union of MDFG can be defined as follows.

Definition 5.5. Let G; = (X;,Y;,¥i,6:),i = 1,2,3..n be a finite family of MDFG with respect to
standard multidimensional t—norm. Then sup(G;) is defined as the MDFG G = (X,Y,, ¢), where

X=U X;,Y =Y and ¢, ¢ defined as follows,
i=1 i=1

V() if ze X;\ U X,
v(a) = %
sup(v;(z)) if x € Xy;
bi(ay) if ay € V;\ U Vi,
P(zy) = . i
sup(¢;(zy)) if zy € Y;.
Theorem 5.3. Let G; = (X;, Y5, ¢, ¢;),i = 1,2,3...n be a finite family of MDFQ, then sup(G;) is again
a MDFG.
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Remark 5.1. In a similar way to the intersection and union of EPMDFG, we can define the infimum and
supremum of EPMDFG also. Then it is easy to see that the resulting infimum and supremum are again
EPMDFG and for a finite family {G;} of MDFG we have
C . C .C C
sup(G;) = inf(G;") and inf(G;) = sup(Gy').
where C' is the standard multidimensional complement.

5.1. Vertex Degree and Path Strength. Defining vertex degree, path length, and other related
concepts will be challenging since we need to consider the summation of membership values for both
vertices and edges, which can be complicated owing to the varying cardinality of these variables. One
of the simplest and most effective ways to solve this problem is to take the sum after computing the
averages in each membership vector and it can be done in the following way,

Definition 5.6. G = (X,Y, 1, ¢) be a MDFG/EPMDFG and v € X, then vertex degree of v is given by

TOEDY A(w(u)). (5.1)

uveY

where A(y(u)) is the function that gives average of membership values in ¢ (u) as the output.
Example 7. A(0.2,0.3,0.6) = 0.55 and A(0.4,0.6,0.9) = 0.55
Next, we define the path length in a similar way as follows,

Definition 5.7. Let P = s1s2...5, be a path in the graph (X,Y’) of MDFG G = (X,Y, v, ¢). then the
path length is given by

L) = Y Aésisin)).

8isi+1€EP

Example 8. In figure 1 the length of the path abcd is 0.975

Using the notion of path length, we can now define the distance between two vertices u and v as
follows,

Definition 5.8. Let u, v be two vertices in a MDFG, G = (X, Y, 1, ¢) then the distance between u and
v is given by,
d(uv) = n})in{L(Pi)}.
where P; is a path joining v and v.
Example 9. In figure 1 the length between the vertices a and d is 0.425

Next, we define, the notions like min degree,max degree, path strength, strength of vertices, etc.
using the infimum and supremum as follows,

Definition 5.9. G = (X,Y, 4, ¢) be a MDFG/EPMDFG and v € X, then min degree of v is given by

B(v) = inf {(b(vu)}

IS

Now the max degree of v is given by

Y(v) = sup {o(vu) }.

vuUEY
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Definition 5.10. P = s1s9...5, be a path in the graph (X,Y) of MDFG G = (X,Y, 9, ¢). Then path
strength is given by the pair (Vp, Ep) where

n n—1
Ve = inf {(s) } and Ep = inf {o(sisi11) }-
Example 10. In figure 1 the strenth of the path abed is ((0.25,0.3), (0.2,0.25)>
Definition 5.11. Let u, v be two vertices in a MDFG/EPMDFG, G = (X, Y, 1, ¢) then the edge strength
between u and v is given by,
s(uv) = sup{Ep,}
P;

where P; is a path joining u and v.

5.2. Vertex Degree and Operations. In this section, we will discuss the min and max degrees of
MDFG after doing operations like direct product, tensor product, normal product, etc. For further stud-
ies, we only use standard multidimensional t—norm and ¢-conorm.

Theorem 5.4. Let Gl = (Z17W17w13¢1) and G2 = (ZQ,WQ,wg,d)Q) be two MDFG, where Z1 =
{r1,re,..tn} and Zy = {s1,82,...8m}. Let G = (X,Y,9,¢) be the multidimensional direct product
of G1 and Ga. Then for r;s; € X, there holds

B(ris;) = inf {wl(ﬁ),wz(sg‘), Qf)l(rirk)rkezla¢2(5j3k)skez2}-

Proof. From the definition of direct product, we have,

Blrisy) = it {R(vr(r).balsys0)) _ R(talsy).dnrire) (5:2)

Sk

> inf {1#1(7‘2')»1#2(53')7¢1(7’i7”k)mezl»¢2(Sj8k)skezz} (Using Theorem (5.1)). (5.3)

Now, from (5.2) we have,

5(7“2'8]‘) <A Y1(ri), Y2(s)), o1(rire), d2(s55k)

B(risj) < inf {wl(ri),1/}2(5]-)7¢1(ri7"k)rkezl,¢2(sjsk)8kezz} (Using Theorem (5.1)). (5.4)
From (5.3) and (5.4), we have

B(risj) = inf {1/11(7"1‘)71/)2(%‘), le(rirk)rkezlv¢2(5j5k)5k622}- (5.5)
]

Corollary 5.5. Let G1 = (Z1,W1,¢1,¢1) and Go = (Za, Wa, 19, ¢2) be two EPMDFG, where Z, =
{r1,re,..tn} and Zy = {51, 2, ...8m }. Let G = (X, Y, 1, @) be the edge-powered multidimensional direct
product of G1 and Ga. Then for r;s; € X,

v(ris;) = sup {7/)1(7"1‘)71/)2(53‘), ¢1(7'i7'k)rkgzlv¢2(3j5k)skezz}~

Theorem 5.6. Let G = (Zl,W1,¢1,¢1) and Gy = (ZQ,W2,¢2,¢2) be two MDFG, where Z7 =
{r1,ra, ..t} and Zy = {s1,s2,...sm}. Let G = (X,Y, ¥, ) be the multidimensional composition of
G1 and Ga. Then for risj € X,

Brisy) = inf {1(12), 01(7i70) 7,1 02(3550) 7,0 V2 (5K) e, |-
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Proof. From the definition of multidimensional composition of MDFG, we have

Blrisy) = mf {R(va(ri).dalsysn) _ R(Walsy). 61 (rir))
R(¢1(Tirk)rkezl ; R(%(Sj), %(Sk))skg%) }

= B(ris;) > Ainf {1/)1(7"1)7 (bl(rirk)rkezla¢2(5j5k)5k6227¢2(3k)skez2}- (5.6)

b
TRE€ZL

Now
B(ris;) <a ¥1(ri), a(sk), d1(rire), d2(s;sk)
— Blrssg) < inf {1(2), 01 (ri74) 1, e, 02(5550) s 7, V258 e 2, |- (5.7)
From (5.6) and (5.7), we have

B(risj) = inf {%(ﬁ% OUTiTk) e 200 P2(SiSk) 5, e 2,0 ¢2(8k)skezz}-

Corollary 5.7. Let G = (Z1,W1,¢1,¢1) and Go = (Za, Wa, 19, ¢2) be two EPMDFG, where Z, =
{r1,re,..rn} and Zy = {s1,82,..sm}. Let G = (X,Y,¢, ) be the edge-powered multidimensional
composition of G1 and Ga. Then for ris; € X,

Y(ris;) = sup {1/)1(7"1‘)7 ¢>1(Ti7"k)rkezl’¢2(5j5k)skezz’¢2(Sk)skezz}~

Theorem 5.8. Let Gi = (Z1,W1,¢1,¢1) and Gy = (Za, Wa, 2, ¢2) be two MDFG, where Z; =
{r1,re,..tn} and Zy = {s1,82,...8m}. Let G = (X,Y,1,d) be the multidimensional tensor product
of G1 and Go. Then for ris; € X,
B(ris;) = inf {¢1(T¢Tk)mkewl,¢2(5j5k)5jskewz}-
Proof. We have,
B(r;sj) = inf {R<¢1(rirk)7‘i’rkewl’¢2(8j8k)sjsk€W2)}

> inf {¢1(Tﬂ”k)rmewl,¢2(5j8k)sjskewz}~ (5.8)

But we have,
B(ris;) <o 1(ritk)y mew,» 92(5i5k) 5, ew,
— B(ris;) <n inf {R(qﬁl(rirk)”mewl,¢2(Sjsk)sjskew2>}. (5.9)
Hence, from (5.8) and (5.9) we have

B(ris;) = inf {¢1(Tirk)rimewlv¢2(3j5k)sjskew2}'

Corollary 5.9. Let G = (Z1,W1,¢1,¢1) and Ga = (Zay, Wa,1s, ¢2) be two EPMDFG, where Zy =
{r1,ra, ..t} and Zy = {s1, 82, ...sm}. Let G = (X, Y, 9, ®) be the edge-powered multidimensional tensor
product of G1 and Ga. Then for ris; € X,

1(risg) = sup { D1 (k) e G2(5550), e, J-

In a similar manner, we can prove the following properties also,

Theorem 5.10. Let G1 = (Z1,W1,¢1,01) and Go = (Z3, Wa, 19, ¢2) be two MDFG, where Z; =
{r1,re,..rn} and Zy = {s1, 52, ...sm} and let G = (X, Y, 9, ¢).
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If G is the normal product of G1 and G, then

B(Tisj) = inf {wl(ri)va(sj)a ¢1(Tirk)rkezla¢2(3j8k)sk622}-
If G is the intersection of G1 and G3, then

ﬁ(/rz) = 1nf {(bl (rirk)mrk eWinNWsy» ¢2 (Tisk)riskeW10W2 }

If G is the union of Gy and Go, then

sup ¢1(Tirk)rkezla¢2(Ti3k>skezg} if i € 21N Za,
sup qﬁl(rirk)rkezl} if ri € Z1\ Za.
If G is the join of G1 and G2 then

v(ri) =

sup ¢1(Tirk)rk6217¢2(7’z’5k)sk622} if ri € Z10 Za,

V(ri) = ‘
sup 1/11(7'@');¢2(sj)risjgwlmwz¢1(Tirk)rkezl} if ri € Z1\ Zs.

6. CONCLUSION

This study aims to develop a hybrid framework that integrates multidimensional fuzzy sets and
graphs in two unique techniques to handle a variety of real-world challenges. The natural partial
ordering of J[0,1] is extended to connect more members within the same set. This new partial
ordering is then applied to the axioms of multidimensional t— norms and t— conorms. The operators
described in this paper are important for tackling real-world difficulties, such as combining data from two
distinct MDFG/EPMDFG sources. Given that operator and multidimensional fuzzy graphs are exclusively
characterized using multidimensional {— norms and ¢t— conorms, the results can be used in a variety of
ways. The idea of multidimensional complements determines the complements of MDFG and EPMDFG,
allowing us to define their link with the previously stated operators. The supremum and infimum
of elements in J[0,1] are extensions of normal multidimensional t— norms and ¢t— conorms. These
definitions are used to investigate important concepts like vertex degree and path strength and can be
used for many other types of research in MDFS later. The work focuses on calculating the lowest and
maximum degrees of vertices in multidimensional fuzzy graphs following specific operations. The explicit
forms of these degrees are also defined. The lack of a systematic approach to assign multidimensional
membership values to edges and vertices can be viewed as a drawback of the proposed method. To
further examine multidimensional fuzzy graphs, we intend to broaden our research to include a variety
of factors such as connectivity index, path connectedness, domination number, and so on.
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