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SINGLE SERVER MARKOVIAN QUEUEING SYSTEM WITH WORKING
VACATION, IMPATIENT CUSTOMERS AND DISASTERS

R. S. YOHAPRIYADHARSINI AND V. SUVITHA

ABSTRACT. This paper examines the single server Markovian queueing system that incorporates work-
ing vacations, disasters, and impatient customers. The server initiates a Vacation when no customers
are present in the system, during which it continues to serve arriving customers at a reduced rate.
Disasters occurs while the main server is either busy or on a working vacation; leading to the removal
of all customers from the system and causing the server to break down. When the main server is
down, it is sent for repairs, and a substitute server provides service at a reduced rate until the main
server is restored. When a customer arrives while the server is busy, undergoing repairs, or on Working
Vacation, an impatience timer is activated. Additionally, arriving customers activate an impatience
timer if the server is busy, under repair, or on a working vacation. If service is not completed before
the timer expires, the customer abandons the system. The paper further presents a cost analysis and
numerical illustrations to evaluate system performance.

1. INTRODUCTION

Queueing system with disasters and impatient customers are occur in our routine life. The WV
period, when the system has no customers then the server takes a vacation in order to attend secondary
jobs through this period with various rates.

Zhang and Shan [17] study the M/M/1 queue with disasters and impatient customers. Swathi
and Kumar [14] describes for single and multiple vacation models during variant states like as busy,
breakdown and repair periods is presented. Manoharan and Ashok [10] analyse an infinite capacity
of single server queueing model with WV and customer’s impatience. Gupta and Kumar [3] analyse
an M/M/1 retrial model with a waiting server subject to repair and breakdown under WV. Sudhesh
and Azhagappan [12] study an M/M/1 queueing model with server vacation and impatient customers.
Sudesh et al. [13] study an single server vacation queueing system with a system disaster. Karthick
and Suvitha [6] investigates the M /M /3 queueing system with multiple vacation using Bessel functions.
Yohapriyadharsini and Suvitha [16] deals with M/M/c queueing system with two kinds of working
vacation and impatient customers using Probability Generating Functions. Ibe and Isijola [4] discussed
the differentiated vacation queueing model with dependent service rate.

Parimala [11] study the M /M (a,b)/(2,1) bulk service queueing system of two heterogeneous servers
with different service rates. Bounkhel et al. [2] analyse flexible single-server queueing system. Kumar
and Sharma [8] analyse the transient solution of a Markovian queuing system with two heterogeneous
servers and retention of reneging customers. Jain et al. [5] examine the characteristics to M/M/1
queueing model possessing infinite capacity with functioning vacation. Kumar and Shinde [9] deals with
bulk arrival and service under vacation and its interruption. Laxmi et al. [15] analyse an M /M /1 queue
with infinite capacity, WV and customer’s impatience during WV period. Baby Saroja and Suvitha
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[1] examines M /M/1 queueing model with three service types, where customers arrive according to a
Poisson process and the service time of each customer follows a Hyper-Erlang distribution. Kumar and
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Arivudainambi [7] discussed a M /M /1 queue with catastrophes.

A comparison table of existing queueing model and our model are discussed below.

TABLE 1. Comparison with the existing queueing models

S. No | Model Author Methodology

1 M/M/1 queue with disasters and | Zhang and Shan [17] Probability Generating
impatient customers Function

2 Single and multiple vacation mod- | Swathi and Kumar [14] | Recursive method
els during busy, breakdown and
repair

3 Infinite capacity of M/M/1 | Manoharan and Ashok | Probability Generating
queueing model with WV and | [10] Function
customer’s impatience

4 M /M/1 retrial model with a wait- | Gupta and Kumar [3] Probability Generating
ing server, repair and breakdown Function
under WV

5 M/M/1 queue with server vaca- | Sudhesh and Azhagap- | Bessel functions and
tion and impatient customers pan [12] confluent hyper geo-

metric functions

6 Feedback multiple vacation queue- | Sudesh et al. [13] Laplace transform and
ing system with differentiated va- Recursive method
cations, and impatient customers.

7 M/M(a,b)/(2,1) bulk service | Parimala [11] Recursive method
queue of two servers with differ-
ent service rates

8 Flexible single-server queueing | Bounkhel et al. [2] Probability Generating
system Function

9 Markovian queue with two hetero- | Kumar and Sharma [8] | Probability Generating
geneous servers and retention of Function and Bessel
reneging customers. function

10 M/M/1 queueing model possess- | Jain et al. [5] Probability Generating
ing infinite capacity with function- Function
ing vacation

11 Bulk arrival and service under va- | Kumar and Shinde [9] | Probability Generating
cation and its interruption Function

12 M/M/1 queue with infinite ca- | Laxmi et al. [15] Probability Generating
pacity, WV and customer’s impa- Function
tience

13 M/Ph/1 working vacation queue | Baby Saroja and Su- | Matrix Geometric
with breakdown and standby | vitha. [1] Method
server
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Table 1 Continued
14 M/M/1 differentiated multiple | Ibe and Isijola. [4] Recursive Method
vacation queue with vacation

15 Time-dependent behaviour of an | Karthick and Suvitha. | Bessel function
M/M/3 queueing system with | [6]
multiple vacations and disaster

16 M/M/c queue with two kinds of | Yohapriyadharsini and | Probability Generating
WYV and impatient customers Suvitha. [16] Function

17 Transient solution of an M/M/1 | Kumar and Arivu- | Probability Generating
queue with catastrophes dainambi. [7] Function

18 M/M/1 queue with Working Va- | Proposed Model Probability Generating
cation, Impatient Customers and Function
Disasters

Based on Table 1, the majority of the authors used the PGF approach. In engineering, the PGF
approach serves as the formal foundation for uncertainty analysis. Risk assessment, reliability analysis,
and cost analysis are frequently used techniques in civil engineering.

Consider a system like a mobile or laptop, which receives notifications(emails and messages) from
somewhere consequently. The notifications form a queue and router providing the network connection.
Here, the notifications are customers, and the router is a server. For some network issues, the notifica-
tions are not received by the system. We assumed that the network issue was a disaster here. If the
network is a little slow, the notifications are received slowly, which means the server is in WV. When
the router provides the network properly, then the notifications are correctly received, which implies
that the server is in a busy state.

The structure of the paper is as follows: Section 2 defines the model and analysis. Section 3 presents
the solutions of differential equations, Section 4 describes performance measures, Section 5 gives cost
analysis. Section 6 provides numerical analysis and Section 7 presents conclusion.

2. THE MODEL AND ANALYSIS

We consider the multiple WV in M/M/1 queueing system with customer’s impatient due to the
server’s vacation and disasters. We assume the following:

e The arrival of customers according to a Poisson process with heterogeneous arrival rate \;, (i =
1,2,3) where

A1, arrival rate during busy period;
Ai = < Ao, arrival rate during WV;
A3, arrival rate during repair.

e The service times are exponentially distributed with rates p1, o and pg which are described as
for busy, WV and repair state respectively.

e If no customers are waiting in the system, then the server begins the working vacation and the
server serves in a vacation period with slow service rates. After the WV completion, the server
will continue the service in busy period. The WV time is exponentially distributed with rate ~.

e When a customer arrives and finds the server is busy or vacation, then the server activates a
timer, which is exponentially distributed with parameter ¢y for repair state e; for busy state
and ey for WV.
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e The system suffers disasters, occurring when the server is in busy or WV, at a Poisson rate
7. When the system fails, all present customers are rejected and lost. Upon failure, a repair
process starts immediately. The repair time is exponentially distributed with rate « for busy
period.

Let N(t) be the number of customers in the system at the time ¢ and let

1,system is in WV
J(t) = < 2,system is in busy state

3, system is in repair

The process {N(t), J(t);t > 0} is defined as a continuous-time Markov process with the state space,
Q= {(nv])7] =1,2,3;n > 0}~

The balance equations are given below:

(M +n)Po1 =alys (2.1)

MApwm+na+n)Poi=MProi1+aPs+ (i +(n+1)e)Poii1+vPa2,n>1 (2.2)

(A +n)Po2= (1 +e€1)Pr1+ (p2 +€2)Pro (2.3)

(Ao +po+nea+n+7)Poo= MNPy 12+ (2 +(n+1)e2)Prg12,mn > 1 (2.4)

(A\s+@)Pos = (s +es)Prg+n(1— Y Pus) (2.5)
n=0

(/\3 + (,U3 + n€3) + Oé)ng = )\3Pn_1,3 + (M3 + (n + 1)63)Pn+173,’n, > 1 (26)

The normalizing condition as follows,

9 S o)
ZPn,O+ZPn,1+ZP7L,2: 1.
n=0 n=1 n=0

We define the Probability Generating Function as follows,
Gi(z) = > Pp12",Ga(z) = > P,22" and G3(2) = Y, P, 32"
n=0

= n=0 n=0
Multiplying equation (2.3) by 2", using equation (2.2) and summing all possible values of n, we get

e1z2(z — DG (2) + [)\12(1 —2)+mz—1)+ 772} Gi(z) =mPoa(z—1)
+ OlZGg(Z) + ’YZGQ(Z) — "YZPO,Q — ([Ll + 61)2P171 (27)
In a similar way, we get from equations (2.4) to (2.6)
e22(z = DGh(=) + [Aaz(1 = 2) 4+ pa(z = 1) + (n+7)2] Ga(2)
= p2Poa(z — 1) +v2Py2 + (11 + €1)2P1 1 (2.8)

e32(z — 1)G5(2) + [A32(1 — 2) + ps(z — 1) + @z] G3(2) = ps(z — 1) Pos + nz(1 — Z P,3) (2.9)
n=0
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3. THE SOLUTIONS OF DIFFERENTIAL EQUATIONS

For z # 0 and z # 1, equation (2.7) can be written as follows

—/\1 M1 n o 1
€1 + Z€1 + 61(2 — ].) GI(Z) o 61(2’ — ].)

—(m+e)Pa]+

Gh(2) + [aG3(2) —vPo2 +7G2(2)

11 FPo 1
€12
To solve the first order linear differential equation (2.7), we get an Integrating Factor (IF) as

eijllzz%l(l — z)ll

Multiplying by IF on both sides of equation (2.7), we get

“Mzop —vFPy 2 — P
41 )] < [0 s = )P
dz e1(z—1)

—&-LPO’I e_jllzz%ll(l—z)%

€12

Integrating both sides of above from 0 to z, we get

Az —m —n —vF, — P,
Gi(z)=ea za (1—z)= [_ (aGs(z) +7G2(26)1(17 2)2 (1 +e)Pra)

67:\11225711(1 - z)ll

+ M1P0,1
€12

From equation (2.8),

A2 p2 . (nt+9) pePo2 | vPo2+ (1 +e)Pria

G! _e ~e IASULENVES e/ _ { , > ) }
2(2) + [ €9 * Z€9 + ea(z—1) 2(2) €22 + ea(z — 1)

To solve the first order linear differential equation (2.8), we obtain an IF as

—A2z  po (n+v)
e 2 z2(l—2z) =

Multiplying by IF on both sides of equation (2.8), we get

d [ Xz g (n+) poPoo  yPo2+ (u1 +e€1)Pry
— € e (] — € G :| — |: i > 5 j|
prl T (1—2)"=2 Ga(z) e ol —2)

—Agz  pg (n+v)
xe 2 z2(l—z) <

Integrating both sides of above from 0 to z, we get

z

Aoz —pg () Py o /o ~y (1 +€1)Prs
G = ‘ ‘ 1 h ‘ [77 (7 h ) - ,
2(z) =e2z2 (1-2) = / €5 \ s (1—5) ea(l—s)
0
—Xos  po (n+v)

xe 2 se2(l—s) =2 ds

Xpz —ug e 1
Ga(z) =e2 22 (1-2) = . [(paK1(2) — vK2(2))Po2 — (11 + €1) P11 Ka(2)]
where

_22s pa g (n+ _A2s  po (ty) 4

)
Ki(z) = /e 252 (1—s) <2 ds and Ky(z) = /e 2 g2 (l—s) = ds.
0 0

(3.1)

(3.2)

(3.4)
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Substitute z = 1 in equation (3.4), we get

(2 K1 (1) — vKo(1)] Po 2

P =
b (1 + €1)K>(1)

From equation (2.9),

Gs(2) +

—A3 | p3 a _ [#sPos | n(l—Gs(1))
€3 + ZE€3 + 63(2 - 1):| G?,(Z) o [ €32 63(2’ - 1)

To solve the first order linear differential equation (2.9), we get an IF as

eij;zz/‘%(l fz)%.

Multiplying by IF on both sides of equation (2.9), we get

d —A3z p3

e zes(l—z)%Gg(z)] = [

a
e s za(l—2z)es

psPos  n(l *Gs(l))} az ug
€32 es(z—1)

Integrating both sides of above from 0 to z, we get
z

A3z —ug _a P 1—-Ga(1 “X3s pg o
Gs(z)=e=s 2z (1—2)" = / [uisz’g + 77(63(8 _35))):|€ 3 s (l—s)sds

Substitute z = 1 in equation (2.9), we get

A3z =m3

Gs(z) =€ z 5 (1—2)

—a 1 an
€3 — PysKs5(z) — K4z

e [Ms 0,3 3( ) atn 4( )]
where

z
Ags M3 g _23s K3

) :/67 5% (1—s)9ds and Ky(2) :/e s s (1—s5)5 'ds.
0 0

Substitute z = 1 in equation (3.7), we get

anKy(1)
Fos = (a+n)usKs3(1)

Substitute the equations (3.4), (3.6), (3.7)and (3.8) in equation (3.2), we get

Az —w -n 1
Gi(z)=¢e T (1-2)=a —

€1

poPysKs(z) o
(A1 +n) €3

a—+n

-2 (KS(Z)Po,z — (p1 + 61)P1,1K9(2)) + (vPo2 + (11 + 61)P1,1)K10(Z)1

€2

(H3P0,3K6(2)— Rl K?(Z))

87
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where

A1s n M

Ks(z)= [ e = (1—s)sa 'ds,

K1 K3

Kr(2) = /K4(S)e( 2 615)(1 - s)?f%*ls(a—a)d&

Ags  Aqs

n _(m+y) 4 K1 K2

Ks(z) = /[M2K1(S) - ’YK2(8)}6( 2 )(1 — )T 8(61 52)(13,

Kg(z) = /K2(8)6<)\52;71115)(1 — 3)%_("6727)_18(%7%2)d8,

_Ms no_1 B1L
Kip(2) z/e a (1—s)a "sads.
0

Substitute z = 1 in equation (2.8), we get

_ YPoo2+ (1 +€1)Pia

Go(1 3.10
Substitute z = 1 in equation (2.7), we get
o YPo2 + (11 +€1) P11
G1(1) = - ’ : 3.11
11 a+n ( n+- ) ( )

Substitute z = 1 in equation (3.9) and using (3.11) we get,

FPoz = {;ajnna}{(H2K1(1) - ’YKz(l))<%K9(1) + Klo(l)) +’Y(K10(1) - KS(I))}_l

where

Ki(1) (mKs(1) Ke(1)y , Kz(1)
:[M3;31(1)(M/\1+;_M3651)+ 231]'

Lemma 3.1. The stability condition of our model is
0< (a + 77)()\1 + n)ﬂ3€263K2(1)K3(1) < 1.

Proof. For finding the stability, we use the condition 0 < Py 2 < 1. Using the value of P, 5 into the above
condition and after some algebraic manipulations, we get 0 < (a+mn)(A1+71)uzeaes Ko (1) K3(1) < 1. O

4. PERFORMANCE MEASURES

By calculations, we obtain the following
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e Mean size of the system when the server is on busy

E; = lim G (2)

z—1
s (e (et G ra)P)y
—(ex+1) a+mn N+
pioPy 3 vy [(—/\2 + p2)(vPo2 + (1 +€1)Pr1) Py 2}
A+n o —(e2++7)) n+y )
o (A3 + p3)n
+ { - P}.
—(e3 + @) at H3£0,3
e Mean size of the system when the server is on WV
1 - P, P
By = lim Gj(2) = {(2+MWWJHM+Q1Q_M%%
z1 —(e2+(n+7)) N+~

e Mean size of the system when the server is on repair state

1 —A3 +
{( 3 M?’)n—ugpo}g .

Es = lim G, =
3= 10 5(2) —(e3 + ) a+y

E=FE+E;+ E3
3 oo
T=5% > wbo;

j=1n=0

E
MDT = =
y T

5. COST ANALYSIS (NUMERICALLY)

In this subsection, we develop a model for the costs obtained in this queueing system. Let us consider
the below notations.

Cy - Cost per unit time whenever a customer joins the queue and waits for service;

C,. - Cost per unit time whenever a customer reneges, either during busy, WV or repair;

Cs, - Service cost per unit time whenever the server is on busy;

Cs, - Service cost per unit time whenever the server is on WV,

Cs, - Service cost per unit time whenever the server is on repair;

R, - Average rate of reneging;

TC =Cy,E+C.R, + MlcslGl(l) + p2Cs, Go(1) + MgCSSGg(l) where R, = €1 F1 + eoFy + o 3.
The performance of the proposed model is analyzed numerically using MATLAB. For this analysis,

the parameter values are fixed as follows:

C,=8,C5, =5,05, =4,C5, =3,C, =6.
and other parameters as
A=1,A1 =6\ 2 =3\ A3 =5.5\e=1,e; =0.8¢,e2 = 0.7¢,e3 = 0.5¢,
w=1p1 = 8u, o = du, 3 = 3u,n =04, =0.8,v=0.9.

From Figures 1 and 2, the impact of A on F with the variation of p and e. We observe that if A
increases, F increases for lowering the values of p and e. From Figures 3 and 4, the impact of p on F
with the variation of A and e. We noticed that if p increases, E decreases for lowering the values of A
and increasing the value of e.
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When the arrival rate increases, the mean system size increase, which means that if more customers
arrive, the queue grows as the system needs to manage more demand. When the service rate increases,
the mean system size lowers, which means that customers are processed more quickly. This reduces the
customers waiting time.

Figure 5 shows T'C on various values of p; and €;. It is observed that, TC decreases when €; and fi;
increases. Figure 6 shows TC on various values of ps and €s. It is observed that, TC decreases when €5
and po increases. Figure 7 shows TC on various values of pug and e3. It is observed that, TC decreases
when €3 and p3 increases.

In Table 2, the parameters varies as A, u, € varies, T and MDT are obtained. When the values of A, u
and € are increase then the 7" increase. Also, MDT increases for increasing A value but decrease for
and e. From Table 3, the effect of A\, and a on probabilities and TC are presented. We achieve the
optimal cost values for varying p from 0.22 to 0.30 at the different values of A are given in Table 4.

—— =06 | —6—=0.6
—o—;=0.7

i 1.05 1.1 1.15 1.2 1.05 1.1 1.15 1.2

FIGURE 1. A Vs E by varying FIGURE 2. A Vs E by varying
1 €

6. CONCLUSION

In this paper, we analyzed a single-server queueing system incorporating disasters, WV, and impatient
customers. Using the probability generating function (PGF) technique, we derived key performance
measures and conducted a cost analysis to assess system efficiency. Numerical results obtained through
MATLAB illustrate the impact of system parameters on performance. The results highlight the practical
applicability of the model in diverse real-world scenarios, such as service centers, industrial systems,
telecommunications, and transportation networks. These insights can help optimize queueing systems
where service interruptions and customer impatience are significant factors. These insights contribute
to the effective design and management of queueing systems, particularly in environments where service
interruptions and customer impatience play a crucial role.
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A 1.2 1.3 14 1.5 1.6
T 6.3328 6.3330 6.3332 6.3333 6.3334
MDT 0.0183 0.0761 0.1346 0.1937 0.2534
" 0.1 0.2 0.3 0.4 0.5
T 0.6389 1.2667 1.9000 3.1463 3.8460
MDT 5.8044 2.4986 1.4040 0.5395 0.3167
€ 1.3 1.4 1.5 1.6 1.7
T 5.1807 5.1818 5.1840 5.2809 5.4638
MDT 0.0404 0.0397 0.0382 0.0287 0.0130
TABLE 2. Effect of A, 4, e on T and MDT
P2 Foa Fo.3 TC
0.5 0.0002 0.0384 0.1241 8.5794
A 0.6 0.0008 0.0280 0.1338 14.1392
0.7 0.0013 0.0209 0.1510 20.0180
0.30 0.1745 0.0054 0.05096 34.7054
n 0.31 0.3575 0.0056 0.0521 31.3453
0.32 0.4571 0.0057 0.0533 28.8736
0.81 0.0017 0.0066 0.0622 31.8077
e’ 0.82 0.0069 0.0067 0.0622 32.2288
0.83 0.0280 0.0068 0.0622 32.3411
TABLE 3. Effect of A\,n and a on probabilities and TC
: 1.06 1.07 1.08 1.09 1.10
A
1.10 36.6676 36.2933 35.9662 36.5766 37.0508
1.11 37.2977 36.9275 36.1251 37.3826 37.8931
1.12 37.9830 37.4126 37.2226 37.8314 38.4072
1.13 38.7381 38.2298 37.7780 38.5234 39.2104
1.14 39.2404 38.8921 38.5747 39.2144 39.7924
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