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DYNAMICAL ANALYSIS OF A MONKEYPOX SPREAD MODEL WITH HUMAN
TO HUMAN SATURATED INCIDENCE RATE AND ENVIRONMENTAL
TRANSMISSION

BRAZIL VARGAS JUNIOR POSSUMAH, WURYANSARI MUHARINI KUSUMAWINAHYU, AND TRISILOWATI

ABSTRACT. In this paper, we study the behavior of monkeypox spread by constructing a compartmen-
tal model describing virus transmission between humans, animals, and the environment. The model
incorporates vaccination on susceptible humans, quarantine on exposed humans, and hospitalization
on infected humans. A saturated incidence rate is applied to obtain a more realistic model. The
model’s basic reproduction number (Rp) is obtained by applying the next-generation matrix method.
The analysis shows that the local stability of the equilibrium points depends on the value of Rp, and
it is also shown that the model undergoes forward bifurcation. Furthermore, sensitivity analysis and
numerical simulations were conducted to illustrate the analytical results.

1. INTRODUCTION

Monkeypox, caused by the monkeypox virus, is primarily zoonotic. Transmission to humans com-
monly originates from wild animal reservoirs such as rodents and primates. However, human-to-human
transmission is also prevalent [9]. Human transmission occurs via direct contact with bodily fluids,
contaminated surfaces, or infectious lesions of infected individuals [2, 9]. Symptoms include fever,
headache, muscle aches, back pain, fatigue, skin lesions, and swollen lymph nodes [2]. The incubation
period ranges from 5-21 days, usually around 6-16 days [17]. As of August 2024, there have been 103,446
confirmed cases and 225 deaths globally [13].

Mathematical models play a crucial role in analyzing the spread of infectious diseases and their
impact on populations. Bhunu and Mushayabasa [4] proposed a model to describe the transmission dy-
namics of monkeypox in humans and animals. Usman and Adamu [20] added an exposed compartment
and assumed permanent immunity from vaccination, while Peter et al. [17] introduced a quarantine
compartment for exposed humans. Madubueze et al. [11] combined these models, assuming vaccines
do not provide permanent immunity and include environmental transmission. Alshehri and Ullah [1]
conducted a similar study, considering the spread of the virus through human interaction with a con-
taminated environment and the quarantine of exposed humans. Majee et al. [12] added a compartment
for the hospitalization of infected humans and vaccination. Okongo et al. [16] categorized infected
humans into symptomatic and asymptomatic cases, with hospitalization for symptomatic cases. These
models apply bilinear and standard incidence rates for human-to-human transmission. However, as the
infected population grows, these rates become less realistic, as they fail to take into account the behav-
ioral responses of susceptible individuals—such as self-isolation, improved hygiene, and other preventive
actions—that can reduce transmission of the disease [22].
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The saturated incidence rate, introduced by Capasso and Serio [5], considers behavioral changes in
susceptibles as the infected population increases. Few existing monkeypox models incorporate saturated
incidence rates, with many focusing separately on specific interventions such as vaccination, quarantine,
or treatment. In contrast, this study presents a more comprehensive framework that not only integrates
environmental transmission and saturated incidence rate for human-to-human transmission but also
considers all these interventions within a single model. By incorporating vaccination for susceptible
individuals, quarantine for exposed cases, and hospitalization for infected individuals, our model offers
a more realistic representation of disease dynamics and the effectiveness of intervention strategies.

This study employs dynamical analysis to establish the positivity and boundedness of the solutions,
determine the equilibrium point, and analyze its local stability. The possibility of forward bifurcation
is also investigated, as well as the parameter sensitivity analysis. Finally, numerical simulations are
performed to illustrate the analytical results.

2. MODEL FORMULATION

This model considers three populations: the human population, the animal population, and the
virus population within a contaminated environment. The human population is divided into seven
compartments: susceptible humans (S}), vaccinated humans (V4), exposed humans (Ep), quarantined
humans (@), infected humans (), hospitalized humans (Hj), and recovered humans (Rp). The
animal population is categorized into two compartments: susceptible animals (S,.) and infected animals
(I.). There is a single compartment for the virus population in the environment, C. The sizes of all
three populations—humans, animals, and the virus in the environment—are considered in terms of
population density. The model is constructed under the following assumptions:

(1) Vaccines given to susceptible humans do not provide permanent immunity [11, 8].

(2) Saturated incidence rate is used for human-to-human virus transmission.

(3) Virus transmission for human-to-animal, human-to-environment, and animal-to-animal follows
a bilinear incidence rate.

(4) Quarantined humans may become infected or recover naturally [17].

(5) Infected humans must be hospitalized to recover fully [16].

(6) Viruses in contaminated environment increase due to the shedding of viruses by infected humans
and animals [11].

Based on these assumptions, the spread of monkeypox is illustrated as a compartmental diagram
in Fig. 1 and is modeled as a system of nonlinear differential equations (2.1), with the parameters
described in Table 1.

Sh=An+ ¢Vi — (B +m1)Sh
Vh = ESh — mQVh
Ey, = BSy —m3E),
Qn = 1B, — maQp,
In = 02Ep + 02Qn — ms I,
i (2.1)
Hy, = I, —meHp
Ry = 01Qp, + vHy, — unRy,
Sr =A, - (/8417" + )U’T‘)ST‘
jr = B4S7“Ir - m7Ir
C = pdy + prIy — pcC,
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where 8 = 2+ Bo1, + B3C, my = € + pin, ma = ¢+ 1, M3 = 01 + 03 + un, M = 01 + O3 + 1,
my =y + pp + Op, mg = vV + pp, + O, and my = p, + .. These terms are introduced to simplify the
expressions in model (2.1). The initial conditions of model (2.1) are S;(0) > 0,V;(0) > 0, Ex(0) >

0,Qn(0) > 0,1,(0) > 0, Hy(0) > 0, Ry (0) > 0, S,(0) > 0,1,(0) > 0, and C(0) > 0.
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FiGUure 1. Compartmental diagram of the proposed monkeypox model

TABLE 1. Model parameters descriptions and estimations

Parameter Description Value Source
Ap Recruitment rate of susceptible humans 800 11
A Recruitment rate of susceptible animals 0.2 11
Lh Natural mortality rate of human population 0.2 11
W Natural mortality rate of animal population 0.3 11
Sn Monkeypox-induced mortality rate of human population 0.02 16
or Monkeypox-induced mortality rate of animal population 0.4 16
51 Effective contact rate between susceptible and infected humans 0.000063 11
B2 Effective contact rate between susceptible humans and infected animals 0.0027 16
B3 Effective contact rate between susceptible humans and virus in 3.08x10~7 [1]

contaminated environments
Ba Effective contact rate between susceptible and infected animals 0.027 [16]
ay Inhibition rate in human-to human transmission (0,1] Assumed*
€ Vaccination rate of susceptible humans [0.1,1] 11
Immunity waning rate of vaccinated humans 0.095 11
o1 Quarantine rate of exposed humans 0.481 16
lop) Infection rate of exposed humans 0.2 11
61 Recovery rate of quarantined humans 0.52 12
62 Infection rate of quarantined humans 0.52 11
ot Hospitalization rate of infected humans 0.03 16
v Recovery rate of hospitalized humans 0.036 16
Ph Virus shedding rate by infected humans 0.04 11
pPr Virus shedding rate by infected animals 0.02 11
ne Natural disappearance rate of viruses in the environment 0.003 11

*Due to the limited literature on monkeypox models incorporating a saturated human-to-human incidence rate, the assumption
for the value of a1 is based on [18, 3], which explore epidemic models in general by applying a saturated incidence rate.
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3. POSITIVITY AND BOUNDEDNESS OF THE SOLUTIONS

Theorem 3.1. For non-negative initial conditions, the solution of model (2.1) is non-negative, for all
t > 0, and ultimately bounded on the invariant region
A Ar 1 A rAr
r= {(Sh,vh,Eh,Qh,Ih,Hh,Rh,sr,Ir,m ERY:Ny< = N, <L, 0<— (p“ + p) }
[ih o pe \ tn o
where Ny, = S, + Vi + En + Qn + I, + Hy, + Ry, and N, = S, + I,..

Proof. Suppose Sp,(t) < 0 and V;,(¢) < 0 for some ¢ > 0. Then there exist t; > 0 and t3 > 0 such
that: Sp(t) > 0 for ¢ < t; and Sp(t) < 0 for t > t1; Vi (t) > 0 for ¢ < t3 and V3 (t) < 0 for t > t9; and
Sh(tl) = Vh(tQ) = 0. If t; < t9, then Vh(tl) >0, and

Shlt=t, = A + @V (t1) > 0. (3.1)

Thus, Sy, (t) > 0 for t € (¢1,t1 + 1) for some &7 > 0. This leads to a contradiction. Hence, Sy, (t) > 0
for all ¢ > 0. Consequently,

Vili=t, = €Sh(tz) > 0. (3.2)

This implies V3 (t) > 0 for t € (ta,ts + 1) for some €1 > 0. This is a contradiction, so Vj,(t) > 0 for all
t>0.

For t1 > tg, since Si(t2) > 0, (3.2) holds, leading to Vi (¢) > 0 in (t2,t2 +€1), again a contradiction.
Thus, V3 (t) > 0 for all ¢ > 0, and subsequently, (3.1) follows, ensuring Sp(¢t) > 0 in (¢1,¢; + &1), which
also leads to contradiction. Therefore, Sy (¢t) > 0 for all ¢ > 0. Based on both cases, Sp,(t) > 0 and
Vi(t) > 0 for all ¢ > 0. Applying the similar way, the positivity for the variables Ey, Qy,, In, Hp, Ry,
Sy, I, and C' can be obtained.

The boundedness of the solutions is proven by noting that

Ni < Ap — N,
N, <A, — u,N,.
Based on the comparison theory [10],
Ni(0) < N(0)e e 2 (1 ),
N, (t) < Ny (0)errt 4+ 2 (1= en).

fir
Observe that lim; oo Np(t) < Ap/pp and limy_yoo Np-(t) < A./p,. Based on these results, I, < Ap/un
and I, < A,./p,, thus

C = pny + prd, — pcC
A A,

< ph (h> + pr <> — pcC.
Mh Mo

C(t) < C’(O)e_“Ct + i (phAh + pTAT) (1 — e—uct) ’
e Hh Hor

Hence,

and

1 A r Ay
i C() < - (2084 220,
oo He \ Hh Hor
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4. EQUILIBRIUM POINTS AND BASIC REPRODUCTION NUMBER

Model (2.1) has three equilibrium points. The first equilibrium point is the monkeypox-free equilib-
rium point, which is when F, = Qn = I, = Hy, = R, = I, = C = 0. This equilibrium point can be
expressed as

Eo = (S),V?,0,0,0,0,0,5°,0,0),

where

Anma Vho:ﬁ go _ A

mimsg — €¢7 ma Mo
and myms — € = pp (e + @) + p3 > 0. Ep always exists and represents the condition where there is no

50 =

disease in the populations.

The basic reproduction number (Ry) is the average number of secondary infections generated by a sin-
gle infected individual in a fully susceptible population throughout their infectious period [15]. The Ry
of model (2.1) is obtained using the next-generation matrix method [14]. Let Z = (En, Qn, In, Hp, I, C)
be a vector containing infected individual compartments. Based on model (2.1), we get

dZ
— =F =V
dt v
where
BSh msEp
0 —o1Ep +maQp
0 —ooEp — 02Qn +mslp
Fi= d V=
0 a I, + meHp,
6457‘17‘ m7IT
0 —prly — prln + pcC
The Jacobian matrices of F; and V; around Ey, F' and V', are as follows.
0 0 6182 0 6252 ﬁ352 ms 0 0 0 0 0
0 0 0 0 0 0 —01 My 0 0 0 0
0 0 0 0 0 0 —0og —0 ms5 O 0 0
F= d V=
oo o o o o | ™ 0 0 - mg 0 0
0 0 0 0 [45°0 0 0 0 0 0 my O
0 0 0 0 0 0 0 0 —pn 0 —p. uc

Hence, we obtained the next-generation matrix

R Sp(Bipc+Bspn)  Sp(Bipc+Bspn) 0 Sy (Bapc+Bspr)  BsSy
0H mamspc mspc mrpc o

0 0 0 0 0 0
K — Fv—l _ 0 0 O 0 0 0 ,
0 0 0 0 0 0
0 0 0 0 Ror 0
0 0 0 0 0 0
where
Rops = B1SP(maos + 0102) n B35} pr(maos + 0192)7 (41)
mamqms mamqmspc
SO
Ror = b -
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Since Ry defined as the maximum of the modulus of the eigenvalues (spectral radius) of K, we get
R() = max(RoH, ROR)-

Rop represents the basic reproduction number for virus transmission involving humans and the environ-
ment, while Ryr corresponds to virus transmission among animals. Furthermore, in (4.1), the first term
of Ropr, denoted as Ry, , quantifies the basic reproduction number for human-to-human transmission.
Meanwhile, the second term, Rom,, accounts for transmission resulting from human interaction with
viruses in a contaminated environment. Therefore, (4.1) can be written as

Ror = Rom, + Rom,,

where ROH1 = hy + ha, R0H2 = hg + hy with
59 S99 S9 S99,6

hlzﬂl hCTz’ h2:51 h 2017 h3=53 h/J'h('fz7 and  hy = B3 nPh 201.

msms ms3maqms m3amspc m3mamspc

The second equilibrium point is infected animal-free equilibrium point, where I,. = 0, meaning there
is no disease in the animal population. This equilibrium point can be expressed as

Ey = (Sllzv Vhl’EilwQflmlileilzvR}lwsgvoacl)a

where
o twme g BB gy Shop 08
m2ﬁ+m1m2—€¢’ 1+CV1[;1L ' my’ mg’
0! — OBy g 1 Qv o _pedy o —be — b3+ dbibs
h my 9 h m6’ h /th ) ,LLC ) h —2b1 9
with

b1 = mafBsppaa,
by = arpc(mimse — €)(Rom, — 1) — ma(Bipc + B3pn),
bs = po(mime — ed)(Rog — 1).

Note that I} > 0 if b3 > 0, i.e. Ry > 1. So, F; exists when Roy > 1.

The third equilibrium point is the endemic equilibrium point which indicates that infection is present
in all populations. This equilibrium point can be expressed as

E. = (S, Vy, E;,, Q. I, Hy, Ry, Sy I, CF),

where
Ahmg ﬁlI}t ES;: B*Sz O'lE;:
S*: , * + I:+ C*,V*:i,E*:i, o ,
" maBt 4+ mima — ¢ =1 + ol P O P my T my Qh my
I 0,Q; H A, r(Rog — 1 I+ peIr:
H;:M,R*: 1Qh+y h,S:: ,I::M(OR )70*:phh+p 7*7
me Hh Bal? + iy Ba pe
and I} is a solution of the following equation.
— bi I} 4+ b3I7 + b5, + b =0, (4.2)
where

bl = momamamsf3ppo,
by = mgmams {poar(mimse — €9)(Rom, — 1) — ma [Biuc + Bspn + Lar (Bapc + B3pr)]}
by = magmamspc(mima — €d)(Romg — 1) + (Bapc + Bapr)maly [Apo (maos + 01602) — mamams] ,

by = Aymo L (Bapic + Bapr)(maoa + 0162).
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Note that if Ror > 1, then I > 0, consequently b} > 0. Note also that b7 > 0, so that, using Descartes’
Sign Rule [21], whatever the sign of b3 and b3, (4.2) will have at least one positive real root. Thus,
model (2.1) has at least one endemic equilibrium point F, if Rog > 1.

5. STABILITY ANALYSIS OF Fy AND F,

To determine the local stability of Fy and E,, we linearized the model and obtained the eigenvalues
of the Jacobian matrices around the equilibrium point. We then found the Jacobian matrices of the
model (2.1) to be as follows.

—(B+m) ¢ 0 0 -2 0 0 0 ~B28,  —P3Sh

€ —mo 0 0 0 0 0 0 0 0

ﬁ 0 —ms3 0 % 0 0 0 ﬁQSh ﬁ3Sh

0 0 o1 —my 0 0 0 0 0 0
J= 0 0 g2 92 —ms 0 0 0 0 0

0 0 0 0 v —mg 0 0 0 0

0 0 0 6, 0 v —up 0 0 0

0 0 0 0 0 0 0  —(Balr+pr)  —BaS» 0

0 0 0 0 0 0 0 Bal, B4S, — my 0

0 0 0 0 POh 0 0 0 Or —lc

Theorem 5.1. If Ry < 1, then Ey is locally asymptotically stable, and unstable if Ry > 1.

Proof. The characteristic equation of J around Ey (J(Ey)) is obtained as follows (the derivation of
(5.1) can be seen in the Appendix).

(=t = M) (=pn = A)(=me = N[mzpr(Ror — 1) = A]

(5.1)
A2+ (my 4 mo) X +myma — €d](A* + e A\% + ead® +esA +e4) =0,
where
e1 =m3+my +ms + pc,
ea = mams (1 — hy) +mapc + (my + pe)(ms +ms),
es = mamyms (1 — Rog, ) + mamspc [1 — (b1 + h3)] + mapc(ms + ms),
es = magmamspc(l — Rom).
From (5.1) we get Ay = —p, < 0, Ay = —pup < 0, A3 = —mg < 0, Ay = mrp,(Rog — 1),
A+ (my +mo)A+mimg —ep =0, or (5.2)
M4 e A3 +ead? Fesh+eq =0. (5.3)

Note that when Ror < 1, Ay < 0. Furthermore, because m; + mo > 0 and mymso — €¢ > 0, based on
the Routh-Hurwitz criterion [19], all roots of (5.2) are negative or have negative real parts. If Roy < 1,
then e; > 0, e3 > 0, e3 > 0, and e4 > 0, and it can be shown that ejesez > €% +e2eq, so by [19], all roots
of (5.3) are also negative or have negative real parts. If Rog > 1, then Ay > 0, and if Roy > 1, then
eq4 < 0, and by [21], (5.3) will have at least one positive real root. Thus, Ey is locally asymptotically
stable if Ry < 1, and unstable if Ry > 1. O

The local stability of endemic equilibrium FE, is determined using a similar approach to that in
Theorem 5.1. Suppose Rgr > 1 such that there exist an endemic equailibrium E,. The characteristic
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equation of J(E,) is obtained as follows.

(—ptn = N)(=mg — NP (A P(A) = 0, (5.4)
where
A,
Pl()\) = )\2 —+ %A + m’?ﬂr(ROR - 1)>
7
Py(A) = X%+ 1A% + oAt + 3N + @u A + g5\ + g,
and

g1 =m1+ mae +m3+mqg +ms+ uc,

_ m3M5SZ _ hl
q2 = Sg (90 (1_'_0(1];)2) +(m1 +m2)(m3+m4+m5+,uc)
+ ms(ma + pe) + ma(ms + pe) + mspce + B (mz2 + ms + ma + ms + pc) + mims — €,
m3m5S;*l h1 ROH] hl
— M3M59n My ___ftom - m
TS {”C (“” (I +ail;)? ) I (“” Araup?) "M\ ey

+ (B ma + mima — e€d)(ma + ma + ms + pc) +maB* (ma + ms + pc)
+ ms(m1 + ma)(ma + pe) + ma(B8* + mi1 + ma)(ms + pe),

_ mamsSh _ h1 _ _ Rom,

h1 Rom,
— St S— M R
womms ) (o~ (e )+ mae (o~ oy~ o )|
+ B"ma [ms(ma + ms + pc) + ma(ms + pe) + mspc] + B mama(ms + pe) + B mspc(ms + my)

+ (mima — €p)(mama + mams + mapic + mapc + msuc) + (m1 + me)(ms + ms)mapc,

_ mamsSy _ __ Rom, I S
“ =g {(m”’” 6@[’”“(“” Tranri) TH\P ™ Ty ™

R
ﬁ — ROH2> } + (mim2 — €¢)(ma + ms)mapic
h

+ B mamama(ms + pc) + B mamspc(ms + ma) + B msmamspc,

+(ma + ma)mapc (so -

_ (m1m2 — 6¢)m3m4m5li05; - R _ ﬂ
@ 5 # = fom — o e
Brma

mims — €p’

) + B mamamamspc,
p=1+

From (5.4), we get AT = —up, < 0 and A5 = —mg < 0. Therefore, the stability of F, is governed by
the roots of P1(A) and Pa2(\). Since all roots of P;(A) have negative real parts due to the conditions
Bal,/m7 > 0 and mzp,(Ror — 1) > 0, it remains to establish conditions for Py(A). According to the
Routh-Hurwitz criterion [19], the roots of P>(\) will have negative real parts if the following conditions
hold:

R
B1. ﬁ + ]%()}'—]2 < ®.
B2. qiq2 — g3 > 0.

B3. q1q2q3 + 195 — ¢3qs — ¢3 > 0.

B4. qi(q1q2q3 + 9195 — ¢iqa — ¢3) + (0106 — 4205) (0192 — q3) + ¢5(q1qa — g5) > 0.

B5. (405 — 4396) (019203 + 195 — G394 — 43) + (2010596 — 9242) (9192 — q3) + 42 (q194 — g5) — G5 & > 0.

Condition B1 ensures all coefficients of P,(\) are positive. When all these conditions are satisfied,

the equilibrium F, is locally asymptotically stable.
The local stability of F; is investigated by proving the existence of forward bifurcation at Roy = 1.
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6. FORWARD BIFURCATION AT Roy =1

Forward bifurcation is characterized by the stability transition of the disease-free equilibrium point
from stable to unstable as Ry passes one from below, and the appearance of an asymptotically stable
equilibrium point. In this section, we will show the occurrence of forward bifurcation in model (2.1)
based on general center manifold theory [6].

Theorem 6.1. When Ror < 1, model (2.1) undergoes forward bifurcation at Rog = 1.

Proof. Suppose [ is the bifurcation parameter, then when Rogyg = 1,

B = = f.

(1 — R0H2)m3m4m5
Sg(m402 =+ 02(71)

Looking again at the characteristic equation of J(Ep) (5.1), when Rogy = 1, e4 = 0. So, from (5.3), we
get

A=0 or M 4e N +eirter=0,
where
e5 = mams (h1 + Rom,) + mapc + (ma + peo)(ms +ms)  and
e3 = mamymsRom, + mamspc (hy + ha) + mapc(ms +ms).

Furthermore, it can be shown that eje} > e}, so according to [19], the characteristic equation of J(Ey)
when 81 = 8} (J(Fy), 57) has one zero root and the other roots are negative or have negative real parts.
Let W = (w; wy ws wy ws we wr wsg we wig)l be the right eigenvector corresponding
to eigenvalue zero of J(Ey, 57). By solving the system
J(E()?ﬂi()w = 6a
it is obtained that

e — m2SY (maos + 0201) (B e + Bspn) e SPe(myos + O201) (Bt e + B3pn)
1 — ) 2 — = )
mamsfic(mims — €g) mamspic(mims — €g)
- 01 _ myo3 + a0 _ y(myoz + 0201)
w3*1, Wg = —, Wsp=——", We=—"
my myms m4msme
0 0 0
wy = MsMethon + vy(maos + 201)7 ws = wy = 0, and wyg — pn(mgos + 201).
mamsme i Mamspic

Let V.=(v1 wa w3 vy v5 vg vy vg Vg v1g) be the left eigenvector corresponding to eigen-
value zero of J(FEy, f7). By solving the system

VJ(Eo, ) =0,
it is obtained that

myos + 05071 my
vp=vy=vg=vr=v8=0, v3=—T-—-"—, wvy=1, wvs=—_—,
m302 02
- S (Bapc + Papy)(maos 4 O201) - B3Sp(myoy + O201)
vg = — 5 , and v = .
msbapc(Bayg — mr) mabapic

Suppose X = (Shy Vi, En, Qn, In, Hp, Ry, Sy, I, C) and X = f, where f} is the kth component of X.
Note that since v; = vo = vg = v; = vg = 0, multiplying by these components of V will result in zero.
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So we get the bifurcation coefficients, a and b, as follows.

10 agf
a= Y RO s -(Eo, B7)
k,i,j=1
2, 2, 2
=U3w1w5m( 0,51)+U3w5w1m( 0’51)+U3w1w1085 8C< Eo, 57)
82
+U3w1ow18085 (Eo, BY)
= vawiws By + vawswi B + vawiwioB3 + vawiow: B3
o _2m2m3(m402+0201) < O
o 5092(m1m2 — 6(]5) ’
va ( BY) = vsw 62f( BY) = vswsSY > 0
KOS 0, 51 T Ey, B 3ws Sy, > 0.

kyi,j=1
Based on [6], since a < 0 and b > 0, when Ror < 1, model (2.1) undergoes a forward bifurcation at

Rog = 1. That is, if Rog < 1 then Ejy is locally asymptotically stable, and if Ry > 1 then Ey becomes
unstable and F; is locally asymptotically stable. (Il

Using the parameter values in Table 1, with € = 0.5, and allowing /31 to exceed 0.000063, we varied
B1 € 10,0.0008] such that Rop € [0.01,2.15]. The resulting forward bifurcation diagram is presented in
Fig. 2.

Stable E 1

0.8
0.6
04

0.2

Stable E 0 Unstable E, 0

0.2 0.4 0.6 0.8 1 1.2 14 16 1.8 2

FIGURE 2. Forward bifurcation diagram of model (2.1) at Ry = 1 when Rog < 1

7. SENSITIVITY ANALYSIS

Sensitivity analysis is performed to evaluate the effect of variations in parameter values on the value
of Ry. Note that Ry of the model (2.1) consists of Ryy and Rgr, so the sensitivity index can be
calculated separately with the following formula [7].

T%OH _ L % 8R0H L % 3R0R’
Ron dp Ror dq

where p € (81, 83, An, €, ¢, 01,02,01, 02, un, thes Y, Pny 0n) and q € (Bg, Ar, pir, 6,) are parameters in Ry

and Rggr, respectively. Using the parameter values in Table 1 and setting the values of ¢ = 0.5,

Bs = 0.00005 and p,- = 0.003, the sensitivity index is presented in Fig. 3. These value of f3 and pu, are

chosen such that the values of Rog = 1.97 > 1 and Rog = 4.47 > 1.

¢  _
and TROR_
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FI1GURE 3. The sensitivity index of the parameter in Ryy and Ryg.

Parameters with a positive sensitivity index indicate that higher values increase Ry, while those with
a negative sensitivity index mean that increasing the parameter value reduces Ry. In Fig. 3, there
are two parameters with a negative sensitivity index for Ryg, namely §, and p,., and two parameters
with a positive sensitivity index, namely A, and f4. This means that the basic reproduction number
for animal-to-animal transmission can be reduced by increasing the mortality rate of animals, §, and
-, and by decreasing the animal-to-animal transmission rate (54) and recruitment rate of susceptible
animals (A,.).
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FIGURE 4. 3D plots of Roy of the model (2.1) by varying fs, €, v, and o71.

For human infections, the interaction between humans and the virus in a contaminated environment
(B3) is one of the most sensitive parameters in Rog, with a strong positive sensitivity index. Reducing
B3 through improved sanitation, decontamination efforts, and public awareness could significantly lower
Rop. Conversely, the vaccination rate (€), quarantine rate (oy), and treatment rate () have negative
sensitivity indices, signifying that increasing these efforts helps push Roy below one, thereby controlling
human-to-human transmission. Fig. 4 further supports these findings through a 3D visualization of Ry
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with respect to fs, €, o1, and «y. The figure clearly shows that higher values of €, o1, and 7 contribute
to a decrease in Ryy, reinforcing the effectiveness of these intervention strategies. Meanwhile, an
increase in B3 results in a rise in Ryy, emphasizing the need to mitigate environmental transmission
pathways. These sensitivity analysis highlight key intervention points: targeting animal mortality
rates, reducing transmission between animals, and implementing effective vaccination, quarantine, and
treatment strategies for humans. Controlling the contaminated environment also emerges as a critical
measure in minimizing the spread of the disease.

8. NUMERICAL SIMULATIONS

This section presents numerical simulations using the fourth-order Runge-Kutta method with pa-
rameters from Table 1 to verify the analytical results. All initial conditions used in this simulation are
selected based on several criteria: they must lie within the feasible region of the model, represent solu-
tion orbits from various perspectives in the phase portrait, and be sufficiently close to the equilibrium
points to effectively illustrate local stability. The first simulation shows the case where Ryr < 1 and
Ropg < 1. The phase potrait in Fig. 5 is obtained by setting ¢ = 0.5 and a; = 0.5. Note that the
solution will converge to Ey, meaning that the disease will eventually disappear from the population.
This simulation is consistent with Theorem 5.1, that when Ry < 1, Fjy is locally asymptotically stable.

IC, = (1400,2400,5) 184

IC, = (1450,2450,10) 16
IC, = (1460,2500,15) 14
E, = (1484.28, 2515.72, 0.67) 1
0 12

e o 0 ©

e IC, =(510,10)
5 e IC,=(355)
4- e IC;=(25%)
£ ¢ o E,=(000)
0 _—
Dq}—\,*\ T 10

0 T T T T T T — T
2520 2500 2480 2460 2440 2420 2400 23801a0p 1450 1500

1€, = (10.10,10)
1€, = (10,15.8)

I(‘; = (5,10,6)
E,=(0.0.0)

e o o o

FIGURE 5. Phase portrait of model (2.1) when Rog = 0.18 and Ror = 0.02 with
several initial conditions (IC), shows that Ej is locally asymptotically stable.

The second simulation illustrates the effect of €, 01, and « in reducing disease in the human popula-
tion. Therefore, from previous simulation, we increased 33 to 83 = 0.00009 so that Ror > 1. This choice
of B3 is based on sensitivity analysis, which shows that increasing (3 leads to a higher Ryy. We also
increased the vaccination rate e (from 0.5 to 0.7) and the quarantine rate oy (from 0.481 to 0.8). This
adjustment aims to bring Roz below one, in line with the sensitivity analysis indicating that increasing
€, 01, and -y can reduce Ryg. Next, with the increased values of € and o1, the treatment rate v was varied
until Rop < 1 was achieved. Using the initial conditions IC' = (1200, 2500, 15, 30, 100, 15, 70, 5, 5, 100),
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the numerical solution of model (2.1) are obtained and shown in Fig. 6. It can be observed that when
v = 0.03 or v = 0.3 such that Roy > 1, the solution converges to E;. However, when v = 0.6, the
value of Ry manages to reach less than one, making Fy locally asymptotically stable. This simulation
corresponds to the result in Theorem 6.1 that when Rgy < 1, Ey is the only equilibrium point that
exists, and it is locally asymptotically stable. Furthermore, this simulation suggests that simultaneously
increasing the vaccination rate (¢€), quarantine of exposed humans (1), and hospitalization of infected
humans () can reduce and eventually eliminate the disease from the population.
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OH

F1GURE 6. The numerical solution of Sy, Vi, En, Qn, I, Hp, Ry, and C when Rog =
0.02, e = 0.7, and o1 = 0.8, shows that when Ry > 1, the solution converges to F1,
while when Rypg < 1, the solution converges to Ej.

The third simulation is the case where Rgr > 1. Using the parameter values in Table 1, and setting
e = 0.5, ag = 0.5, and p, = 0.003 (from 0.3), we get Ropy = 0.18 and Ror = 4.47. The choice of p, is
based on the sensitivity analysis that smaller u, increasing Ryr. The existing equilibrium points are
Ey and E,, and the Routh-Hurwitz criteria B1-B5 are satisfied. The phase portrait in Fig. 7 shows
E, is locally asymptotically stable, and Fy is unstable. This result is consistent with Theorem 5.1
that when Ry < 1, Ey is unstable. Furthermore, the effect of the saturation constant «; is simulated.
The value of o is chosen so that the conditions B1-B5 are satisfied. Therefore, with initial condition
I1C = (1480, 2500,2,1,2,1,0,12,1,40), Fig. 8 shows that the solution converges to E,. This simulation
can be interpreted as the condition when Ryr > 1, by setting the rate of inhibition in human-to-human
transmission (1) large enough, it will reduce the number of infected individuals when the disease
persists in the population.

9. CONCLUSIONS

A compartmental model was developed to describe the behavior of monkeypox spread in human
and animal populations and virus persistence in contaminated environments. While previous models
have incorporated various factors such as vaccination, quarantine, and hospitalization, they have pri-
marily relied on bilinear or standard incidence rates for human-to-human transmission. Our model
advances this work by incorporating a saturated incidence rate, which better reflects the impact of be-
havioral adaptations as infection levels rise. Additionally, unlike existing models, we integrate both en-
vironmental transmission and behavioral-dependent transmission dynamics within a unified framework.
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FIGURE 7. Phase portrait of model (2.1) when Roy = 0.55, Rgg = 4.14, and B1-B5
are satisfied, shows that F, is locally asymptotically stable, while Ej is unstable.
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FIGURE 8. The numerical solution of model (2.1) when Ryy = 0.18, Ror = 4.47, and
by varying a1, shows that the solution converges to F,.
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This approach provides a more realistic understanding of monkeypox spread and potential intervention
strategies, particularly in outbreak scenarios where individual behaviors play a crucial role in mitigating
transmission.

It is identified that the model has three equilibrium points: disease-free, infected animal-free, and
endemic. The basic reproduction number of the model consists of the basic reproduction number for
virus transmission in human (Roz) and animal (Ror) populations. The local stability criteria of the
equilibrium points were obtained, which depend on the basic reproduction number. The analysis also
shows that the proposed model exhibits forward bifurcation.

Sensitivity analysis indicates that the effective contact rate between susceptible humans and the virus
in a contaminated environment (f3) is one of the most sensitive parameters in the spread of monkeypox.
A smaller S5 value results in a smaller Rgg, eventually reducing it to less than one. As a result,
with a particular parameter values such that Ryr < 1, the disease will disappear in the population.
Numerical simulations further suggest that if Rgp < 1, increasing vaccination on susceptible humans
(¢), quarantine for exposed humans (o), and hospitalization for infected cases () can eliminate the
disease. Conversely, if Rygg > 1, the disease will persist in the population, and increasing the saturation
rate in human-to-human transmission («;)—for instance, through public health campaigns promoting
hygiene practices to reduce exposure to infected individuals—can help decrease the number of infected
individuals and the viruses in the contaminated environment.

APPENDIX

The characteristic equation of J(Ep) (5.1) is obtained by computing |J(Ep) — AI| = 0 where
|J(Eo) — M| =

—m1 — A 1) 0 0 —B152 0 0 0 —B25? —B35?
€ —ma — A 0 0 0 0 0 0 0 0
0 0 —m3 — A 0 B1SY 0 0 0 B25Y B3SY
0 0 o1 —mg — A 0 0 0 0 0 0
0 0 o9 02 —ms — A 0 0 0 0 0
0 0 0 0 5 —me — A 0 0 0 0
0 0 0 61 0 v —pp — A 0 0 0
0 0 0 0 0 0 0 —fr — A —B459 0
0 0 0 0 0 0 0 0 B4S2 —m7 — A 0
0 0 0 0 Ph 0 0 0 Dr —puo — A
By doing expansion along the eighth column of |J(Ep) — M|, we obtain
[J(Eo) = M| = (—pr — A):
—my — A ¢ 0 0 —5159 0 0 —B25 —B3S),
€ —maz — X 0 0 0 0 0 0 0
0 0 —m3 — A 0 B1SY 0 0 B2S? B3SY
0 0 o1 —mg — A 0 0 0 0 0
0 0 o2 62 —m5 — A 0 0 0 0 . (A1)
0 0 0 0 v —mg — A 0 0 0
0 0 0 61 0 v —pp — A 0 0
0 0 0 0 0 0 0 BaS2 —mz — A 0
0 0 0 0 Ph 0 0 pPr —pc — A
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Next, we expand along the seventh column of (A.1), resulting in
[J(Eo) = M| = (—pr — A)(—pr — A):

—m1— A ¢ 0 0 8189 0 —B259 —B3S}
€ —ma — A 0 0 0 0 0 0
0 0 —m3 — A 0 B1SY 0 B2SY B3SY
0 0 o1 —mg — A 0 0 0 0 (A.2)
0 0 o9 62 —ms5 — A 0 0 0
0 0 0 0 v —mg — A 0 0
0 0 0 0 0 0 B4S2 —m7 — A 0
0 0 0 0 Ph 0 pr —pe — A
Continuing with an expansion along the sixth column of (A.2) gives
[J(Eo) = M| = (—pr = M) (=pn — A)(—=me — A)-
—m1 — A ¢ 0 0 -1}, —B2S)) —B3S))
€ —maz — A 0 0 0 0 0
0 0 —m3 — A 0 ,315'2 ,3252 ,335'2
0 0 o1 —mg — A 0 0 0 . (A.3)
0 0 o2 0> —ms — A 0 0
0 0 0 0 0 BaS2 —m7 — A 0
0 0 0 0 Ph pr —HCe — A
Finally, by performing an expansion along the sixth row of (A.3), we get
|J(Eo) = M| = (=pr = N)(=pn = A)(=me — A)(B1Sy — m7 = A)M, (A4)
where
—m1 — A ¢ 0 0 —B15) —B3S})
¢ —mg — A 0 0 0 0
M= 0 0 —m3 — A 0 B1SY B3SY
0 0 o1 —mg4 — A 0 0
0 0 o9 62 —ms — A 0
0 0 0 0 Ph —po — A

After simplification, we get

M = [)\2 + (m1 + ma2)X + mimg — e¢]()\4 Fed® +ead? - e+ €s).
n (A.4), 8450 — my = my (Bfn—‘ig - 1) = my(Ror — 1).Therefore, the characteristic equation of J(Ej)
is obtained as follows.

(=pr = XN (=pn = A)(=me — A) [m7(Ror — 1) — A]
(A% 4 (m1 +ma) X+ mima — ed)(A* + e A® + eaA? + e3X + e4) = 0.
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