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MODELING THE IMPACT OF TREATMENT, VACCINATION AND STERILE

MOSQUITO RELEASE ON MALARIA TRANSMISSION

ERIC NUMFOR

Abstract. In this study, we develop and analyze a mathematical model to investigate the effects of

treatment, vaccination, and sterile male mosquito release on malaria transmission. The model incorpo-

rates different levels of immunity, distinguishing between non-immune and semi-immune populations

to better capture the dynamics of malaria spread and control. Using the next-generation matrix

method, we compute the control reproduction number and establish the local asymptotic stability of

the disease-free equilibrium when RC < 1. A global sensitivity analysis with the reproduction number

as the outcome variable is conducted to determine key parameters influencing malaria transmission.

Additionally, we formulate and analyze an optimal control problem incorporating vaccination, treat-

ment, and sterile male mosquito release as controls, and carry out a cost-effectiveness analysis to assess

the economic feasibility of various intervention strategies. Our results suggest that a comprehensive

intervention strategy that integrates treatment, vaccination, and sterile mosquito release is the most

effective approach for reducing malaria transmission. However, from a cost-effectiveness perspective,

prioritizing vaccination and treatment is the most feasible option in resource-limited settings.

1. Introduction

Malaria is a vector-borne disease caused by the parasite called Plasmodium, which is primarily transmit-

ted to humans via bites by infected female anopheles mosquitoes. There are five species of Plasmodium

parasites: Plasmodium falciparum, Plasmodium vivax, Plasmodium malariae, Plasmodium ovale, and

Plasmodium knowlesi [45]. Two of the five species pose devastating threat to humans, namely, P.

falciparum and P. vivax. Plasmodium falciparum is prevalent in sub-Saharan Africa and P. vivax is

prevalent in Southeast Asia and South America. According to the World Health Organization (WHO),

there were 263 million cases of malaria globally, resulting in an estimated 597 thousand deaths by the

end of 2023 [45]. A disproportionate share of the malaria cases were observed in the African Region,

with 94% of cases and 95% of deaths [45]. The symptoms of malaria can be mild or life-threatening.

Mild symptoms are fever, chills, and headache, whereas severe symptoms include fatigue, confusion,

seizures, difficulty breathing, jaundice, and abnormal bleeding. Pregnant women, children under five,

and individuals with HIV or AIDS are at higher risk of contracting malaria. Malaria (in humans) can be

controlled through treating infected individuals, vaccination of susceptible individuals and vector con-

trol. Several medications are used to treat malaria, the most common being chloroquine, primaquine,

and artemisinin, with the specific medicine used depending on the individual and the species of Plas-

modium [45]. On the other hand, vaccination is a safe and effective method of protecting individuals

against harmful diseases. In 2021, WHO recommended the use of the vaccine RTS,S/AS01 among

children in regions with moderate to high P. falciparum, and in 2023, WHO recommended a second

malaria vaccine R21/Matrix-M [45]. The R21/Matrix-M vaccine represents a major milestone in the
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global fight against malaria and has the potential to transform public health efforts in regions most

affected by the disease. Finally, one of the most effective means for controlling malaria is vector con-

trol. Several methods have been used in controlling the mosquito (vector) population, some of which

are the use of insecticide-treated nets (ITNs) and indoor residual spraying (IRS). However, these two

methods face challenges in their implementation, such as insufficient access to and difficulty maintain-

ing insecticide-treated nets. However, the emergence of insecticide resistance in mosquitoes and drug

resistance in Plasmodium species has underscored the need for innovative control strategies.

The Sterile Insect Technique (SIT) is a biological control method that involves the release of sterile

male mosquitoes into wild populations. This technique is an environmentally-friendly insect pest control

method that involves sterilization, using radiation of a target pest, followed by systematic release of

the sterile males, where they mate with wild females, resulting in no offspring [23]. It is assumed

that when females mate with sterile males, their eggs do not hatch, leading to a reduction in the

mosquito population over time. This method, when implemented effectively, offers a species-specific,

environmentally friendly, and sustainable solution to malaria control. SIT has been used since the 1950s

to control a variety of insecticide pests, including fruit flies, screwworm flies, and different species of

mosquitoes [14]. In the United States, SIT has been used to control Aedes aegypti mosquitoes which

cause dengue, Zika, and chikungunya.

In recent years, there has been a growing trend in the formulation of various models that incorporate

a range of control strategies, such as the sterile insect techniques (SIT), treatment, and vaccination, to

assess the effectiveness in managing the spread of malaria. These models vary in their approaches, with

some focusing on individual control strategies, while others explore the outcomes of combining multiple

interventions in the fight against malaria transmission. Ducrot et al. [18] developed a deterministic

model that examines malaria transmission by considering two distinct human hosts (non-immune and

semi-immune individuals). Their model proposed that in regions with low to moderate levels of malaria

transmission, targeting control measures towards specific host types could be effective in eradicating

the disease. Additionally, their results suggest that in high transmission areas where the majority of

individuals originate from non-malarial regions, malaria could be eliminated by focusing on the non-

immune population. In endemic areas with a low per capita birth rate or constant influx of individuals,

sustained malaria control could be achieved by targeting the non-immune group. Ibrahim and Dénes

[22] developed a mathematical model to study the dynamics of malaria transmission, taking into account

factors such as partial immunity in humans and seasonal variations in the environment. Their model

divides the human population into non-immune and semi-immune categories to account for differing

levels of susceptibility. It also considers seasonal changes in mosquito birth, death, and biting rates to

account for seasonal variations on transmission dynamics. On the other hand, Cai et al. [11] developed

a mathematical model to assess the effectiveness of using a combination of sterile insect technique

(SIT) and insecticide-treated nets (ITNs) in controlling malaria transmission. Their model comprises

different sub-models for humans (SEIR) and mosquitoes (SEI), with an additional class for sterile male

mosquitoes (M). Tchoumi et al.[39] formulated a two-group malaria transmission model structured by

age with vaccination of individuals aged 5 and younger. Building on the work of Ibrahim and Dénes [22],

Tchoumi et al. [39], and Cai et al. [11], we formulate a model for malaria in humans and mosquitoes

that considers varying susceptibility levels, while incorporating vaccination against malaria, treatment

and the introduction of sterile male mosquitoes into the mosquito population. This model will allow

for a more comprehensive assessment of the impact of different control strategies on the dynamics of

malaria transmission.

This paper is organized as follows: in Section 2, we propose a model that accounts for different levels

of susceptibility, while incorporating vaccination, treatment and sterile male mosquitoes release. The
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analysis of the model is presented in Section 3. The global sensitivity analysis is presented in Section 3.3,

and the numerical simulations of the model are presented in Section 3.4. We formulate and analyze an

optimal control problem of vaccination, treatment and sterile male mosquito release in Section 4. The

numerical results of our control problem are presented in Section 4.1, and a cost-effectiveness analysis

is presented in Section 5. The conclusions of our work are presented in Section 6.

2. Model Formulation

We formulate a model of malaria in humans and mosquitoes which incorporates sterile male mosquitoes,

vaccination and malaria treatment. In humans, we formulate an SVEIR-type model with S, V,E, I,R

representing susceptible, vaccinated, exposed, infectious and recovered humans, respectively. Based

on the level of immunity, we divide the human population into two groups, namely, non-immune (i.e.

those who have not developed any immunity against malaria) and semi-immune (i.e. those who have

some partial immunity against malaria), denoted by the subscripts n and s, respectively. The total

population of humans is

Nh(t) = Sn(t) + Ss(t) + En(t) + Es(t) + In(t) + Is(t) + V (t) +Rs(t),

where Sn, En and In are non-immune susceptible, exposed and infectious individuals, respectively.

Similarly, Ss, Es and Is are semi-immune susceptible, exposed and infectious individuals, respectively,

and Rs are the immune individuals. Individuals in the Rs class are partially immune to malaria,

and so they harbor a small number of parasites in their bloodstream, which enables them to transmit

the infection to susceptible mosquitoes [11, 16, 22, 31]. Due to vaccination of susceptible humans

with malaria vaccine, we incorporate a compartment for vaccinated individuals, denoted by V . In the

mosquito population, we formulate an SEIM model of malaria, where Sv, Ev and Iv represent wild

(non-sterile) female mosquito populations, with Sv being those who are susceptible to malaria, Ev are

individuals exposed to malaria from humans and Iv are individuals infected with malaria. We assume

that M represents the sterile male mosquito population, and denote the total wild mosquito population

as Nv and the total population of mosquitoes as Nvm, so that

Nv(t) = Sv(t) + Ev(t) + Iv(t) and Nvm(t) = Nv(t) +M(t).

We assume that individuals are recruited into the population through the non-immune and semi-immune

susceptible classes at rate pΛh and (1 − p)Λh, respectively, where p ∈ [0, 1] is the proportion of non-

immune susceptible humans recruited. When non-immune infectious humans receive malaria treatment

at rate u, a fraction σ of them recovery without immunity and move to the Sn class, while the remaining

individuals recover with partial immunity and move to the Rs class. Similarly, when semi-immune

infectious humans receive malaria treatment at rate u, a fraction σ of them recovery with a low level of

immunity and move to the Ss class, while the remaining individuals recover with partial immunity and

move to the Rs. In the human population, non-immune exposed individuals progress to the infectious

class at rate ψn, semi-immune exposed individuals progress to the infectious class at rate ψs, and all

individuals experience a background mortality at rate µh. It is assumed that non-immune and semi-

immune infectious humans suffer an additional disease-induced death at rates δn and δs, respectively.



4 E. NUMFOR

Sn En In

IvV Ev Sv Rs

M

EsSs Is

ξSn

ξSs

(1− ε)λsV

γ
n I

n

γ s
I s

(1− σ)uIs

θR
s

λvSvαv

σuIn

(1− σ)uIn

σuIs

f(Nv,M)Nv

λnSn ψnEn

λsSs ψsEs

(δn + µh)In

(δs + µh)IS

pΛh

(1− p)Λh

µv(Nv,M)
B(Nv)

µhV
µv(Nv,M)

µv(Nv,M)

µv(Nv,M)

µhSs µhEs

µhSn µhEn

µhRs

1

Figure 1. Schematic diagram of the malaria model with vaccination, treatment, and

sterile male mosquito release.

When vaccinated humans come in contact with infectious mosquitoes, they become semi-immune ex-

posed at rate (1− ε)λs, where λs is the force of infection and ε represents the efficacy of the vaccine.

In the mosquito population, we assume that all new susceptible mosquitoes are recruited at rate

fv(Nv,M) ≡ f(Nv,M)Nv =
aNv

Nv +M
Nv,

where a is the average number of mosquito offspring per unit time [26, 46]. In the absence of sterile

mosquitoes, the birth rate fv is proportional to Nv; the birth rate is reduced for nonzero sterile mosquito

as a result of mating with wild mosquitoes. It is assumed that exposed mosquitoes become infectious at

rate αv. Furthermore, we assume that sterile mosquitoes are released at rate b proportional to the total

wild population (that is, B(Nv) = bNV ), and that all mosquitoes (wild and sterile) suffer a background

mortality at rate

µv(Nv,M) = µ1v + µ2v(Nv +M),
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where µ1v represents density independent death, while µ2v represents density-dependent death as a

result of competition, overcrowding or other ecological factors. The force of infections in the non-

immune population (λn), the semi-immune population (λs), and in the mosquito population (λv) are

defined as:

λn =
ρvhIv
Nh

, λs =
ρ̃vhIv
Nh

, λv =
ρhvIn
Nh

+
ρ̃hvIs
Nh

+
ρ̂hvRs
Nh

, (2.1)

where ρvh is the transmission probability from infectious mosquitoes to non-immune susceptible hu-

mans and ρ̃vh is the transmission probability from infectious mosquitoes to semi-immune susceptible

humans. Similarly, ρhv is the transmission probability from non-immune infectious humans to sus-

ceptible mosquitoes, ρ̃hv is the transmission probability from semi-immune infectious humans to sus-

ceptible mosquitoes, and ρ̂hv is transmission probability from the immune humans (Rs) to susceptible

mosquitoes. The transition rates in human and mosquito populations are represented in the schematic

diagram in Figure 1. From the schematic diagram in Figure 1, we obtain the following system of

nonlinear ordinary differential equations:

dSn
dt

= pΛh + σuIn −
ρvhIvSn
Nh

− (µh + ξ)Sn,

dEn
dt

=
ρvhIv
Nh

Sn − (ψn + µh)En,

dIn
dt

= ψnEn − (δn + γn + µh + u)In,

dSs
dt

= (1− p)Λh + σuIs + θRs −
ρ̃vhIvSs
Nh

− (µh + ξ)Ss,

dEs
dt

=
ρ̃vhIv
Nh

Ss + (1− ε) ρ̃vhIv
Nh

V − (ψs + µh)Es,

dIs
dt

= ψsEs − (δs + γs + µh + u)Is,

dV

dt
= ξ(Sn + Ss)− (1− ε) ρ̃vhIv

Nh
V − µhV, (2.2)

dRs
dt

= (γn + (1− σ)u)In + (γs + (1− σ)u)Is − (θ + µh)Rs,

dSv
dt

=
aNv

Nv +M
Nv −

(
ρhvIn
Nh

+
ρ̃hvIs
Nh

+
ρ̂hvRs
Nh

)
Sv − (µ1v + µ2v(Nv +M))Sv,

dEv
dt

=

(
ρhvIn
Nh

+
ρ̃hvIs
Nh

+
ρ̂hvRs
Nh

)
Sv − αvEv − (µ1v + µ2v(Nv +M))Ev,

dIv
dt

= αvEv − (µ1v + µ2v(Nv +M))Iv,

dM

dt
= bNv − (µ1v + µ2v(Nv +M))M,

with initial population

Sn(0) = S0
n, En(0) = E0

n, In(0) = I0
n,

Ss(0) = S0
s , Es(0) = E0

s , Is(0) = I0
s ,

Rs(0) = R0
s, V (0) = V 0, M(0) = M0,

Sv(0) = S0
v , Ev(0) = E0

v , Iv(0) = I0
v .

(2.3)
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A summary of the description of the parameters of model (2.2) and their values is given in Table 1.

Table 1: Description of parameters of model (2.2). The sterile

mosquito release rate satisfies a > b + µ1v, based on biological

feasibility of the disease-free equilibrium in equation (3.2).

Para Description Value(s) Source(s)

Λh Recruitment rate of humans 104/(55× 365) [30, 34]

µh Background mortality of humans 1/(55 ∗ 365) [30, 34]

δn Malaria-induced death rate of non-immune humans 0.00009 [11]

δs Malaria-induced death rate of semi-immune humans 0.00009 [11]

γn, γs Recovery rate of non-immune and semi-immune humans

from malaria

0.0035 - 0.005 [11]

ψn Progression rate of non-immune humans from exposed

to infectious

0.1033 [39]

ψs Progression rate of semi-immune humans from exposed

to infectious

0.0833 [5]

µ1v Density-independent death rate of mosquitoes 0.033 [11]

µ2v Density-dependent death rate of mosquitoes 0.00002 [11]

a Birth rate of wild mosquitoes 0.13 [11]

b Release rate of sterile male mosquitoes [0, 0.097) Calculation

σ Proportion of treated infectious humans who recover

without immunity

0.4 [30, 34]

u Rate of treatment of malaria in humans [0,1) Vary

ξ Rate of vaccination against malaria [0,1) Vary

θ Rate of loss of immunity 0.00055 [11, 18]

ε Vaccine efficacy [0, 1] Vary

p Proportion of non-immune susceptible humans 0.5 [18]

recruited

ρvh Transmission probability from infectious mosquitoes to

non-immune susceptible humans

0.022 [11, 30, 34]

ρ̃vh Transmission probability from infectious mosquitoes to

semi-immune susceptible humans

0.011 Estimation

ρhv Transmission probability from non-immune infectious

humans to susceptible mosquitoes

0.48 [11, 30, 34]

ρ̃hv Transmission probability from semi-immune infectious

humans to susceptible mosquitoes

0.048 Estimation

ρ̂hv Transmission probability from immune (Rs) humans to

susceptible mosquitoes

0.048 [11]

αv Progression rate from exposed to infectious mosquitoes 0.091 [5, 39]
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3. Mathematical Analysis

In this section, we establish the positivity and boundedness of solutions of system (2.2), compute

the control reproduction number, and establish the existence and local stability of the disease-free

equilibrium.

3.1. Positivity and Boundedness. It is important to establish the positivity and boundedness of

solutions of system (2.2), since the state variables in our model represent populations.

Theorem 3.1. Given the positive initial conditions in equation (2.3), the solutions (Sn, En, In, Ss, Es, Is, V,Rs) ∈
R8

+ and (Sv, Ev, Iv,M) ∈ R4
+ of model (2.2) remain positive for all t ≥ 0.

Proof. Considering our state equations in (2.2), we have:

dSn
dt

∣∣∣∣
Sn=0

= Λh + σuIn > 0,
dV

dt

∣∣∣∣
V=0

= ξ(Sn + Ss) > 0,

dEn
dt

∣∣∣∣
En=0

= λnSn > 0,
dRs
dt

∣∣∣∣
Rs=0

= (γn + (1− σ)u)In + (γs + (1− σ)u)Is > 0,

dIn
dt

∣∣∣∣
In=0

= ψnEn > 0,
dSv
dt

∣∣∣∣
Sv=0

=
a(Ev + Iv)

2

Ev + Iv +M
> 0,

dSs
dt

∣∣∣∣
Ss=0

= (1− p)Λh + σuIs + θRs > 0,
dEv
dt

∣∣∣∣
Ev=0

= λvSv > 0,

dEs
dt

∣∣∣∣
Es=0

= λsSs + (1− ε)λsV > 0,
dIv
dt

∣∣∣∣
Iv=0

= αvEv > 0,

dIs
dt

∣∣∣∣
Is=0

= ψsEs > 0,
dM

dt

∣∣∣∣
M=0

= bNv > 0.

It follows from Manisha and Anuj [32], and Smith [37] that the state solutions are non-negative for all

t ≥ 0. �

Theorem 3.2. The set

Ω =

{
(Sn, En, In, Ss, Es, Is, V,Rs, Sv, Ev, Iv,M) ∈ R12

+

∣∣∣∣0 ≤ Nh(t) ≤ D1, 0 ≤ Nv(t) +M(t) ≤ D2

}
is positively invariant for system (2.2), where D1 = max

{
Nh(0), Λv

µh

}
and D2 = a+b

µ2v
.

Proof. Since the total human population at time t is Nh(t) = Sn(t) + Ss(t) + En(t) + Es(t) + In(t) +

Is(t) + V (t) +Rs(t), it follows that the dynamics of the total human population satisfies

dNh
dt

= Λh − µhNh − δnIn − δsIs ≤ Λh − µhNh, (3.1)

by Theorem 3.1. Since the total population is endowed with the initial condition Nh(0) = N0
h from

equation (2.3), it follows that the differential inequality (3.1) satisfies

0 ≤ Nh(t) ≤ N0
he
−µht +

Λh
µh

(
1− e−µht

)
≤ max

{
N0
h ,

Λh
µh

}
:= D1,

by convexity. Taking into account the total population of wild mosquitoes, Nv = Sv +Ev + Iv, and the

total population of wild and sterile mosquitoes, Nvm = Nv + M , we have 0 < Nv ≤ Nvm. It follows

that
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dNvm
dt

= bNv +
aN2

v

Nvm
− (µ1v + µ2vNvm)Nvm

≤ (a+ b)Nvm

(
1− Nvm

D2

)
,

where D2 = a+b
µ2v

. Given that Nvm(0) = N0
vm, it follows from the differential inequality that

Nvm(t) ≤ D2N
0
vm

N0
vm + (D2 −N0

vm)e−(a+b)t
→ D2,

as t→∞. Thus, lim sup
t→∞

Nvm(t) ≤ D2, and hence, the set Ω is positively invariant for system (2.2). �

3.2. Equilibria and Reproduction Number. We determine the disease-free equilibrium (DFE) for

our malaria model, which will be used in computing the reproduction number. In the absence of

malaria in the population, En = Es = Ev = In = Is = Iv = 0. Thus, the disease-free equilibrium is

E0 = (S∗n, E
∗
n, I
∗
n, S

∗
s , E

∗
s , I
∗
s , V

∗, R∗s , S
∗
v , E

∗
v , I
∗
v ,M

∗), where

E0 =

(
pΛh
µh + ξ

, 0, 0,
(1− p)Λh
µh + ξ

, 0, 0,
ξΛh

µh(µh + ξ)
, 0,

(a− b)(a− b− µ1v)

aµ2v
, 0, 0,

b(a− b− µ1v)

aµ2v

)
, (3.2)

with a > b+ µ1v. In the absence of sterile mosquitoes in the population, the disease-free equilibrium is

Ẽ0 = E0|b=0. In the computation of the reproduction number, we determine the vector of appearance

of new infections (F), and the vector of other transitions (V) in the population, where we have ordered

the “disease compartments” as (En, In, Es, Is, Rs, Ev, Iv). Thus,

F =



λnSn
0

λsSs + (1− ε)λsV
0

0

λvSv
0


, V =



(ψn + µh)En
(δn + γn + µh + u)In − ψnEn

(ψs + µh)Es
(δs + γs + µh + u)Is − ψsEs

(θ + µh)Rs − (γn + (1− σ)u)In − (γs + (1− σ)u)Is
αvEv + (µ1v + µ2v(Nv +M))Ev
(µ1v + µ2v(Nv +M))Iv − αvEv


.

For the sake of simplicity, we introduce the notation K1 = δn + γn + µh + u, K2 = δs + γs + µh + u,

K3 = γn+(1−σ)u , K4 = γs+(1−σ)u and µv(N
∗
v ,M

∗) = µ1v +µ2v(N
∗
v +M∗). The matrices F and V

are obtained from the vectors F and V by taking the partial derivatives of F and V with respect to each

“disease compartment” and evaluating at the disease-free equilibrium E0. Thus, the next-generation

matrix is

FV−1 =



0 0 0 0 0
αvρvhS

∗
n

µv(N∗
v ,M

∗)(αv+µv(N∗
v ,M

∗))N∗
h

ρvhS
∗
n

µv(N∗
v ,M

∗)N∗
h

0 0 0 0 0 0 0

0 0 0 0 0
αv ρ̃vh(S∗

s +(1−ε)V ∗)
µv(N∗

v ,M
∗)(αv+µv(N∗

v ,M
∗))N∗

h

ρ̃vh(S∗
s +(1−ε)V ∗)

µv(N∗
v ,M

∗)N∗
h

0 0 0 0 0 0 0

0 0 0 0 0 0 0

A1 A2 A3 A4 A5 0 0

0 0 0 0 0 0 0


,
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where

A1 =
S∗v
N∗h

[
ρhvψn

K1(ψn + µh)
+

ρ̂hvK3ψn
K1(ψn + µh)(θ + µh)

]
, A2 =

S∗v
N∗h

[
ρhv
K1

+
ρ̂hvK3

K1(θ + µh)

]
,

A3 =
S∗v
N∗h

[
ρ̃hvψs

K2(ψs + µh)
+

ρ̂hvK4ψs
K2(ψs + µh)(θ + µh)

]
, A4 =

S∗v
N∗h

[
ρ̃hv
K2

+
ρ̂hvK4

K2(θ + µh)

]
,

A5 =
ρ̂hvS

∗
v

(θ + µh)N∗h
.

The control reproduction number is

RC = ρ(FV−1) =

√
R̃0n + R̂0s, (3.3)

where R̃0n and R̂0s are

R̃0n =
αvρvhpµ

2
hψn(a− b− µ1v)

aΛhµ2v(µh + ξ)(ψn + µh)(αv + a− b)(δn + γn + µh + u)

[
ρhv +

ρ̂hvK3

θ + µh

]
,

R̂0s =
αvρ̃vhµhψs(a− b− µ1v)[(1− p)µh + (1− ε)ξ]

aΛhµ2v(µh + ξ)(ψs + µh)(αv + a− b)(δs + γs + µh + u)

[
ρ̃hv +

ρ̂hvK4

θ + µh

]
.

The term, R̃0n, in the control reproduction number represents the number of secondary infections

obtained when one infected non-immune human is introduced in a completely susceptible population

during individual’s entire period of infectiousness. Similarly, R̃0s represents the number of secondary

infections obtained when one infected semi-immune human is introduced in a completely susceptible

population during the individual’s entire period of infectiousness.

Theorem 3.3. The disease-free equilibrium E0 is locally asymptotically stable if RC < 1 and unstable

if RC > 1.

Proof. The Jacobian matrix J = J(E0) of system (2.2) at the disease-free equilibrium, E0 given by



−B0 0 σu 0 0 0 0 0 0 0 −µhpρvh

µh+ξ 0

0 −B2 0 0 0 0 0 0 0 0 µhpρvh

µh+ξ 0

0 ψn −K1 0 0 0 0 0 0 0 0 0

0 0 0 −B0 0 σu 0 θ 0 0 −B6 0

0 0 0 0 −B3 0 0 0 0 0 B1 0

0 0 0 0 ψs −K2 0 0 0 0 0 0

ξ 0 0 ξ 0 0 −µh 0 0 0 −B7 0

0 0 K3 0 0 K4 0 −B4 0 0 0 0

0 0 −ρhvB8 0 0 −ρ̃hvB8 0 −ρ̂hvB8 −B9 B10 B10 −B11

0 0 ρhvB8 0 0 ρ̃hvB8 0 ρ̂hvB8 0 −B12 0 0

0 0 0 0 0 0 0 0 0 αv b− a 0

0 0 0 0 0 0 0 0 B5 B5 B5 B5 − a



,
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with

B0 = µh + ξ, B1 =
ρ̃vh[(1− p)µh + (1− ε)ξ]

µh + ξ
, B2 = ψn + µh, B3 = ψs + µh,

B4 = θ + µh, B5 =
b(b+ µ1v)

a
, B6 =

(1− p)µhρ̃vh
µh + ξ

,

B7 =
ρ̃vh(1− ε)ξ
µh + ξ

, B8 =
µh
Λh

S∗V , B9 =
(a− b)(a− 2b− µ1v)

a
,

B10 =
(a− b)(2b+ µ1v)

a
, B11 =

(a− b)(2a− 2b− µ1v)

a
, B12 = a− b+ αv.

It follows from a > b + µ1v that Bi > 0, for i = 1, 2, · · · , 12, except for B9. Now, we determine the

eigenvalues of the Jacobian matrix, J(E0). Clearly, λ1 = −µh < 0 and λ2,3 = −B0 < 0 (of multiplicity

2) are eigenvalues of J . The remaining eigenvalues are obtained from the 2× 2 block matrix

H =

[
D E

F G

]
,

where

D =


−B2 0 0 0 0

ψn −K1 0 0 0

0 0 −B3 0 0

0 0 ψs −K2 0

0 K3 0 K4 −B4

 , E =


0 0 µhpρvh

µh+ξ 0

0 0 0 0

0 0 B1 0

0 0 0 0

0 0 0 0

 ,

F =


0 −ρhvB8 0 −ρ̃hvB8 −ρ̂hvB8

0 ρhvB8 0 ρ̃hvB8 ρ̂hvB8

0 0 0 0 0

0 0 0 0 0

 , G =


−B9 B10 B10 −B11

0 −B12 0 0

0 αv b− a 0

B5 B5 B5 B5 − a

 .

The eigenvalues of D are λ4 = −B2 < 0, λ5 = −K1 < 0, λ6 = −B3 < 0, λ7 = −K2 < 0, and

λ8 = −B4 < 0, since B2, B3, B4,K1 and K2 are positive. Due to the invertibility of D (as det(D) =

−B2B3B4K1K2 6= 0), the local stability of E0 is determined by the eigenvalues of the Schur complement

of D, denoted by SD and defined as SD = G− FD−1E [3, 33, 38], where

SD =


−B9 B10 B10 − B8µhpψnρvh

B2K1(µh+ξ)

[
K3ρ̂hv

B4
+ ρhv

]
− B1B8ψs

B3K2

[
ρ̃hv + ρ̂hvK4

B4

]
−B11

0 −B12
B8µhpψnρvh

B2K1(µh+ξ)

[
K3ρ̂hv

B4
+ ρhv

]
+ B1B8ψs

B3K2

[
ρ̃hv + ρ̂hvK4

B4

]
0

0 αv b− a 0

B5 B5 B5 B5 − a

 .

Thus, we study the characteristic polynomial q(λ) = det(λI4 − SD). To do this, we introduce the

notation

X =
B8µhpψnρvh
B2K1(µh + ξ)

[
K3ρ̂hv
B4

+ ρhv

]
, W = (a−B5)B9 +B5B11,

Y =
B1B8ψs
B3K2

[
ρ̃hv +

ρ̂hvK4

B4

]
, Z = (a− b)B12 − αv(X + Y ),

where by direct substitution, W := (a−B5)B9 +B5B11 = (a−b)2
a [a− b− µ1v] > 0 and Z = (a−b)(αv+

a− b)(1−R2
C). Thus, the characteristic polynomial of SD is

q(λ) = det(λI4 − SD) ≡ λ4 + a1λ
3 + a2λ

2 + a3λ+ a4,
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where

a1 = −tr(SD) = a− b+B12 + a−B5 +B9,

a2 = (a− b+B12)(a−B5 +B9) +W + Z,

a3 = (a− b+B12)W + (a−B5 +B9)Z,

a4 = det(SD) = WZ.

The coefficient a4 := WZ = (a− b)(αv + a− b)W (1−R2
C) and the term

a−B5 +B9 =
a2 − b(b+ µ1v) + (a− b)(a− b− µ1v)− b(a− b)

a
>
b(a− b− µ1v)

a
> 0,

since a > b > 0. Thus, the coefficients a1, a2, a3 and a4 are positive whenever RC < 1. Now, D1 =

a1 > 0,

D2 = a1a2 − a3

= [(a− b+B12) + (a−B5 +B9)][(a− b+B12)(a−B5 +B9) +W + Z]

−[(a− b+B12)W + (a−B5 +B9)Z]

= (a− b+B12)[Z + (a−B5 +B9)2] + (a−B5 +B9)[W + (a− b+B12)2] > 0,

whenever RC < 1. Finally, if RC < 1,

D3 = a1a2a3 − a2
1a4 − a2

3

= [(a− b+B12) + (a−B5 +B9)] · [(a− b+B12)(a−B5 +B9) +W + Z] ·
· [(a− b+B12)W + (a−B5 +B9)Z]

−[(a− b+B12) + (a−B5 +B9)]2WZ − [(a− b+B12)W + (a−B5 +B9)Z]2

= (a− b+B12)3(a−B5 +B9)W

+(a− b+B12)2(a−B5 +B9)2(W + Z) + (a− b+B12)(a−B5 +B9)3Z

+(a− b+B12)(a−B5 +B9)3(Z −W )2 > 0.

Thus, the Routh-Hurwitz conditions hold and hence the disease-free equilibrium is locally asymptotically

stable when RC < 1 [28, 29]. When RC > 1, the coefficient a4 < 0, resulting in a change of sign in

the coefficients of the polynomial q. This depicts the existence of a positive root, by Descartes Rule of

Signs [2, 35]. Thus, E0 is unstable when RC > 1. �

3.3. Sensitivity Analysis. Partial Rank Correlation Coefficients (PRCCs) are widely used in sensi-

tivity analysis, especially within the realm of mathematical and computational modeling. These coeffi-

cients quantify the magnitude and direction of the relationship between model inputs (parameters) and

outputs (variables), while accounting for the effects of other variables. PRCCs are especially useful in

models with nonlinear and monotonic relationships, making them a preferred technique in biological,

epidemiological, and engineering studies. Thus, we carry out sensitivity analysis of our parameters us-

ing the latin hypercube sampling (LHS) technique. Uncertainty in model parameters can be identified

through the latin hypercube sampling technique, coupled with Partial Rank Correlation Coefficients

(PRCCs). Latin hypercube sampling is a scheme for simulating random parameter sets that adequately

cover the parameter space [4, 10, 27, 34, 44].

In order to assess the relationship between our model parameters and the number of secondary cases

(RC), we assume that each uncertain parameter is uniformly distributed within 25% of the respective

baseline parameter values, and perform a latin hypercube sampling analysis by generating 5000 random

samples from the chosen parameter distributions. Scatter plots of each parameter against the output
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variable above were generated to ascertain the assumption of monotonicity, which is necessary when

using PRCCs. PRCCs were then calculated between each of the following parameters: a, b, αv, ξ, p, θ, σ,

γn, γs, u, ε, Λh, µh, δn, δs, ψn, ψs, µ1v, µ2v, ρvh, ρhv, ρ̃vh, ρ̃hv and ρ̂hv. The sign of the PRCCs indicates

whether or not variations in the input parameter has a positive or negative effect on the corresponding

output variable [42, 43]. The most influential parameters of the model are those that have PRCC values

that satisfy |PRCC| > 0.4, where a negative sign indicates an inverse relationship. The correlation

between the output variable and the input parameters is moderate if 0.2 < |PRCC| < 0.4, and is weak

otherwise [4, 13].

PRCCs
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Figure 2. Sensitivity analysis depicting the PRCC values of the control reproduction

number RC . In this figure, we used the following notation: ρtvh = ρ̃vh, ρthv = ρ̃hv and

ρhhv = ρ̂hv.

In Figure 2, besides the natural death rate µh, the parameters αv, p, µh, ρvh, ρ̃vh and ρ̂vh have the

greatest impact on increasing the control reproduction number, whereas a is moderately impactful. On

the other hand, besides Λ, the parameters ξ, θ, σ, ε, µ1v, and µ2v have the greatest impact on reducing

the reproduction number, and the sterile release rate (b), treatment rate (u) and efficacy of the vaccine

(ε) are moderately impactful.

3.4. Numerical Simulations. In this section, we explore the effects of sterile male mosquitoes release,

vaccination and treatment on the spread of malaria in humans and mosquitoes. For the baseline

parameter values in Table 1, and in the absence of treatment, vaccination and sterile male mosquito

release, the reproduction number is RC = 2.2.

3.4.1. Effect of Sterile Male Mosquito Release. We investigate the effect of sterile male mosquitoes

release under different scenarios, namely, the absence of both treatment and vaccination, presence of

treatment but the absence of vaccination, presence of vaccination but the absence of treatment, and in

the presence of both treatment and vaccination.
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Figure 3. Surface plots of the control reproduction number as a function of the trans-

mission probability from infectious mosquitoes to susceptible humans and the sterile

male mosquito release rate, when (i) u = 0 and ξ = 0, (ii) u > 0 and ξ = 0, (iii) ξ > 0

and u = 0, (iv) u > 0 and ξ > 0.

Figure 3 is a surface plot for the control reproduction number as a function of the sterile male mosquito

release rate (b) and the transmission probability (ρvh) from infectious mosquitoes to susceptible humans.

Simulations in the absence of both treatment and vaccination are depicted in Figure 3 (i), and they

suggest that the control reproduction number is below one for a very small transmission probability

from infectious mosquitoes to susceptible humans, irrespective of the release rate b ∈ [0, 0.08]. When

individuals receive malaria treatment, but in the absence of vaccination against malaria, the surface plot

indicates that the reproduction number is above one when ρvh > 0.02 and b < 0.04, and when b > 0.05,

RC > 1 whenever ρvh > 0.04 as in Figure 3 (ii). In the presence of vaccination, but with no treatment of

malaria in humans, the surface plot of the reproduction number suggests that the control reproduction

number is between 0.2 and 0.4, irrespective of the release rate b ∈ [0, 0.08] and transmission probability

ρvh, as shown in Figure 3 (iii). Finally, when humans receive malaria treatment and are vaccinated,

the reproduction number is below 0.3 as shown in Figure 3 (iv). Thus, a combination of vaccination

and treatment in the presence of sterile male mosquito release is more impactful at reducing malaria

prevalence than vaccination-only in the presence of sterile male mosquito release as depicted in Figure

3 (iii) & (iv).

Figure 4 delineates the control reproduction number for different values of the sterile release rate.

When b = 0 and for significantly small transmission probability from infectious mosquitoes to susceptible

humans (ρvh), the control reproduction is below one and immediately exceeds one with an increase in

the transmission probabilities (ρvh > 0.0015) as shown in Figure 4. As the sterile release rate increases,
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the control reproduction number decreases, and it requires a higher transmission rate for malaria to

persist in the population. This highlights the importance of sterile male mosquitoes in curbing the

spread of malaria in the population.
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Figure 4. A plot of the control reproduction number for different values of the sterile

release rate and the transmission probability from mosquitoes to humans.

A surface plot for the control reproduction number as a function of the sterile male mosquito release and

the transmission probability from infectious humans to susceptible mosquitoes is delineated in Figure

5. In the absence of both treatment and vaccination, malaria persists in the population if the sterile

male mosquito release rate is below 0.07 (that is, b < 0.07) as shown in Figure 5 (i). In the presence of

treatment but without vaccination, Figure 5 (ii) suggests that malaria will persists if the sterile male

mosquito release rate is below 0.04 (that is, b < 0.04). This can be attributed to the reduction in the

number of infectious humans for susceptible mosquitoes to feed on due to malaria treatment in humans.

In the presence of vaccination but without malaria treatment, the control reproduction number lies

between 0.2 and 0.4 (that is, 0.2 < RC < 0.4), but in the presence of both vaccination and malaria

treatment, RC < 0.3 as shown in Figures 5 (iii) and (iv).

3.4.2. Effect of Treatment,Vaccination and Male Mosquito Release. We investigate the combined effects

of malaria treatment in humans, vaccination and sterile mosquito release on the spread of malaria by

generating a surface plot of RC as a function of treatment and sterile release rate while altering the

vaccination rate as shown in Figure 6. In the absence of vaccination (ξ = 0), the control reproduction

number is above one when the male mosquito release rate is below 0.04 (b < 0.04) as shown in Figure

6 (i), and in the presence of vaccination, the control reproduction number as a function of b and u

is below 0.37 as shown in Figure 6 (ii). This is attributed to the fact that vaccination and malaria
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Figure 5. Surface plots of the control reproduction number as a function of the trans-

mission probability from infectious humans to susceptible mosquitoes and the sterile

male mosquito release rate, when (i) u = 0 and ξ = 0, (ii) u > 0 and ξ = 0, (iii) ξ > 0

and u = 0, (iv) u > 0 and ξ > 0.

Figure 6. Surface plots of the control reproduction number as a function of the rate

of malaria treatment in humans and the sterile male mosquito release rate, when (i)

ξ = 0, (ii) ξ > 0.
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treatment lower the parasite reservoir thereby increasing the impact on mosquito reduction, and hence

a reduction in malaria prevalence.

4. Optimal Control of Vaccination, Treatment, and Sterile Male Mosquito Release

Current strategies for malaria control in humans encompass the use of insecticide-treated bed nets,

indoor residual spraying, antimalarial medications, and more recently, vaccines such as RTS,S/AS01

and R21/Matrix-M. Although these interventions have demonstrated efficacy in reducing malaria trans-

mission, complete eradication of the disease remains challenging due to factors such as the emergence

of drug-resistant parasites, insecticide-resistant mosquitoes, and logistical barriers. A promising inte-

grated approach combines sterile insect technique (SIT) with traditional malaria control measures like

treatment and vaccination. SIT involves the release of sterilized male mosquitoes into the environment,

where they mate with females, leading to the production of non-viable offspring. This biological con-

trol strategy diminishes the mosquito population without causing harm to the surrounding ecosystem.

When combined with antimalarial treatment and vaccination, this approach has the potential to gener-

ate synergistic effects in the management and potential elimination of malaria. We introduce optimal

control in our model by assuming that the rate of malaria treatment (u), sterile male mosquito release

rate (b) and the malaria vaccination rate in humans (ξ) are functions of time. That is, u = u(t), b = b(t)

and ξ = ξ(t). We define the objective functional J(b, u, ξ) of our optimal control problem as

J(b, u, ξ) =

∫ T

0

[A1En(t) +A2Es(t) +A3In(t) +A4Is(t) +A5Nv(t))] dt

+

∫ T

0

[B0ξ(t)(Sn(t) + Ss(t)) +B1b(t)M(t) +B2u(t)(In(t) + Is(t))

+C1b
2(t) + C2u

2(t) + C3ξ
2(t)

]
dt,

(4.1)

where the weight constants A1, A2, A3, A4, A5, B0, B1, B2, C1, C2, and C3 are positive. In the

objective functional, ξ(t)(Sn(t) + Ss(t)) is the number of humans vaccinated and B0 is the cost per

individual vaccinated. Thus, the term B0ξ(t)(Sn(t) + Ss(t)) + C3ξ
2(t) represents the non-linear cost

that arises from vaccination and difficulties faced when implementing a successful vaccination program.

Similarly, u(t)(In(t) + Is(t)) is the number of infectious humans treated and B2 is the unit cost of

treatment, so that the term B2u(t)(In(t) + Is(t)) + C2u
2(t) represents the non-linear cost associated

with malaria treatment and the difficulties faced when implementing a successful treatment program.

Finally, b(t)M(t) is the number of sterile male mosquitoes introduced and B1 is the cost of introducing

a single sterile male mosquito, so that the term B1b(t)M(t) + C1b
2(t) represents a non-linear cost

associated with sterile male mosquito release. Thus, our optimal control problem is to find a control

triple (b, u, ξ) ∈ U such that

J(b∗, u∗, ξ∗) = min
(b,u,ξ)∈U

J(b, u, ξ)

subject to the state system for humans

dSn
dt

= pΛh + σu(t)In − λnSn − (µh + ξ(t))Sn,

dEn
dt

= λnSn − (ψn + µh)En,

dIn
dt

= ψnEn − (δn + γn + µh + u(t))In,

dSs
dt

= (1− p)Λh + σu(t)Is + θRs − λsSs − (µh + ξ(t))Ss, (4.2)
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dEs
dt

= λsSs + (1− ε)λsV − (ψs + µh)Es,

dIs
dt

= ψsEs − (δs + γs + µh + u(t))Is,

dV

dt
= ξ(t)(Sn + Ss)− (1− ε)λsV − µhV,

dRs
dt

= (γn + (1− σ)u(t))In + (γs + (1− σ)u(t))Is − (θ + µh)Rs,

and state system for both the fertile and sterile mosquitoes

dSv
dt

=
aNv

Nv +M
Nv − λvSv − (µ1v + µ2v(Nv +M))Sv,

dEv
dt

= λvSv − αvEv − (µ1v + µ2v(Nv +M))Ev, (4.3)

dIv
dt

= αvEv − (µ1v + µ2v(Nv +M))Iv,

dM

dt
= b(t)Nv − (µ1v + µ2v(Nv +M))M,

where the set of all admissible controls is

U =

{
(b, u, ξ) ∈ (L∞(0, T ))3

∣∣∣∣0 ≤ b(t) ≤ bmax, 0 ≤ u(t) ≤ umax, 0 ≤ ξ(t) ≤ ξmax

}
.

In the case where b = 0, no sterile male mosquitoes are released, and b = bmax represents the highest

possible rate of sterile mosquito release. Similarly, u = 0 shows the absence of malaria treatment for

humans, while u = umax indicates the maximum rate of malaria treatment for humans. Lastly, ξ = 0

represents the case where no susceptible humans receive the malaria vaccine, while ξ = ξmax delineates

the maximum vaccination rate.

Theorem 4.1. There exists an optimal control triple (b∗, u∗, ξ∗) ∈ U which minimizes the objective

functional J subject to the state system (4.2) - (4.3).

Proof. Follows as in Mohammed-Awel and Numfor [30, 34]. �

We characterize the control triple by using the Pontryagin’s Minimum Principle [36]. To do this, we

introduce adjoint functions λj , j = 1, 2, · · · , 12, and append the integrand of the objective functional in

equation (4.1) to the right-hand side of the state system (4.2) - (4.3). To characterize the optimal control

triple, we construct the HamiltonianH = H(Sn, En, In, Ss, Es, Is, V,Rs, Sv, Ev, Iv,M, λ1, λ2, λ3, · · · , λ12),

where

H = A1En +A2ES +A3In +A4Is +A5Nv +B0ξ(Sn + Ss) +B1bM +B2u(In + Is)

+C1b
2 + C2u

2 + C3ξ
2 + λ1Ṡn + λ2Ėn + λ3İn + λ4Ṡs + λ5Ės + λ6İs + λ7V̇

+λ8Ṙs + λ9Ṡv + λ10Ėv + λ11İv + λ12Ṁ,

where Ṁ denotes the rate of change of M with respect to time t.

Theorem 4.2. Given optimal controls b∗, u∗ and ξ∗ with corresponding states S∗n, E∗n, I∗n, S∗s , E∗s ,

I∗s , V ∗, R∗s, S∗v , E∗v , I∗v , and M∗, there exist adjoint functions λj, j = 1, 2, · · · , 12 satisfying equations
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(4.2) - (4.3). Furthermore, the optimal controls are characterized as

b∗(t) = min
{
bmax,max

{
0,−B1M +Nvλ12

2C1

}}
,

u∗(t) = min
{
umax,max

{
0,
−B2(In + Is)− σInλ1 + Inλ3 − σIsλ4 + Isλ6 − ((1− σ)In + (1− σ)Is)λ8

2C2

}}
,

ξ∗(t) = min
{
umax,max

{
0,
Snλ1 + Ssλ4 −B1(Sn + Ss)

2C3

}}
. (4.4)

Proof. We derive the adjoint system by taking the partial derivative of the Hamiltonian with respect

to each of the state functions. That is,

dλ1

dt
= − ∂H

∂Sn
,

dλ2

dt
= − ∂H

∂En
,

dλ3

dt
= −∂H

∂In
, · · · , dλ12

dt
= − ∂H

∂M
. (4.5)

Using the relationship in equation (4.5), we obtain the following adjoint system:

dλ1

dt
=

(
λn + µh + ξ − λnSn

Nh

)
λ1 +

(
Sn
Nh
− 1

)
λnλ2 −

Ssλs
Nh

λ4 + (Ss + (1− ε)V )
λs
Nh

λ

−
(
ξ +

(1− ε)V λs
Nh

)
λ7 +

λvSv
Nh

(λ10 − λ9)−B0ξ,

dλ2

dt
= −λnSn

Nh
λ1 +

(
λnSn
Nh

+ ψn + µh

)
λ2 − ψnλ3 −

λsSs
Nh

λ4 + (Ss + (1− ε)V )
λs
Nh

λ5

− (1− ε)V λs
Nh

λ7 +
λvSv
Nh

(λ10 − λ9)−A1,

dλ3

dt
= −

(
σu+

λnSn
Nh

)
λ1 +

λnSn
Nh

λ2 +K1λ3 −
λsSs
Nh

λ4 + (Ss + (1− ε)V )
λs
Nh

λ5

− (1− ε)V λs
Nh

λ7 −K3λ8 +

(
λv
Nh
− ρhv
Nh

)
Sv(λ10 − λ9)−B2u−A3,

dλ4

dt
=

λnSn
Nh

(λ2 − λ1) +

(
λs + µh + ξ − λsSs

Nh

)
λ4 +

(
Ss
Nh
− 1 +

(1− ε)V
Nh

)
λsλ5

−
(
ξ +

(1− ε)V λs
Nh

)
λ7 +

λvSv
Nh

(λ10 − λ9)−B0ξ,

dλ5

dt
=

λnSn
Nh

(λ2 − λ1)− λsSs
Nh

λ4 +

(
ψs + µh + (Ss + (1− ε)V )

λs
Nh

)
λ5 − ψsλ6

− (1− ε)V λs
Nh

λ7 +
λvSv
Nh

(λ10 − λ9)−A2,

dλ6

dt
=

λnSn
Nh

(λ2 − λ1)−
(
σu+

λsSs
Nh

)
λ4 + (Ss + (1− ε)V )

λs
Nh

λ5

+K2λ6 −
(1− ε)V λs

Nh
λ7 −K4λ8 +

(
λv
Nh
− ρ̃hv
Nh

)
Sv(λ10 − λ9)−B2u−A4,

dλ7

dt
=

λnSn
Nh

(λ2 − λ1)− λsSs
Nh

λ4 +

(
Ss + (1− ε)V

Nh
− (1− ε)

)
λsλ5

+

(
µh + (1− ε)λs

[
1− V

Nh

])
λ7 +

λvSv
Nh

(λ10 − λ9), (4.6)
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dλ8

dt
=

λnSn
Nh

(λ2 − λ1)−
(
θ +

λsSs
Nh

)
λ4 + (Ss + (1− ε)V )

λs
Nh

λ5 −
(1− ε)V λs

Nh
λ7

+(θ + µh)λ8 +

(
λv
Nh
− ρ̂hv
Nh

)
Sv(λ10 − λ9),

dλ9

dt
= (λv + µv(Nv,M) + µ2vSv −

(
aN2

v + 2aNvM

(Nv +M)2

)
)λ9 + (µ2vEv − λv)λ10 + µ2vIvλ11

+(µ2vM − b)λ12 −A5,

dλ10

dt
= (µ2vSv −

(
aN2

v + 2aNvM

(Nv +M)2

)
)λ9 + (αv + µv(Nv,M) + µ2vEv)λ10

+(µ2vIv − αv)λ11 + (µ2vM − b)λ12 −A5,

dλ11

dt
=

ρvhSn
Nh

(λ1 − λ2) +
ρ̃vhSs
Nh

λ4 − (Ss + (1− ε)V )
ρ̃vh
Nh

λ5 +
(1− ε)V ρ̃vh

Nh
λ7 + µ2vEvλ10

+(µ2vSv −
(
aN2

v + 2aNvM

(Nv +M)2

)
)λ9 + (µv(Nv,M) + µ2vIv)λ11 + (µ2vM − b)λ12 −A5,

dλ12

dt
=

(
aN2

v

(Nv +M)2
+ µ2vSv

)
λ9 + µ2vEvλ10 + µ2vIvλ11 + (µv(Nv,M) + µ2vM)λ12 −B1b,

with transversality conditions

λ1(T ) = λ2(T ) = λ3(T ) = λ4(T ) = · · · = λ12(T ) = 0.

To characterize the optimal control triple (b, u, ξ) ∈ U , the partial derivatives of the Hamiltonian H

with respect to each control are computed. This process yields the following:

∂H

∂b
= 2C1b+B1M +Nvλ12,

∂H

∂u
= B2(In + Is) + 2C2u+ σInλ1 − Inλ3 + σIsλ4 − Isλ6 + ((1− σ)In + (1− σ)Is)λ8,

∂H

∂ξ
= B0(Sn + Ss) + 2C3ξ − Snλ1 − Ssλ4.

In the interior of the control set U , we set ∂H
∂b = ∂H

∂u = ∂H
∂ξ = 0. Since our controls are bounded and the

second derivatives satisfy ∂2H
∂b2 = 2C1 > 0, ∂2H

∂u2 = 2C2 > 0 and ∂2H
∂ξ2 = 2C3 > 0, we obtain the optimal

control characterization in equation (4.4). �

4.1. Numerical Simulations. We determine some of the values of the weight constants from the lit-

erature and use the parameter values in Table 1 to approximate the solutions of the optimality system.

In the Unicef fact sheet on malaria vaccine [40], it is estimated that the cost per person per dose of

the vaccine RTS,S/AS01 is e9.30 (approximately $9.76) and $3.90 per dose of R21/MatrixM. Thus,

we set the unit cost of vaccinating non-immune and semi-immune susceptible humans to B1 = 6.83.

Additionally, in the Unicef fact sheet on malaria treatment [41], it is estimated that the cost per person

of malaria treatment is between $0.65 and $96.90, depending on the type of medication. Therefore, we

set the unit cost of treating non-immune and semi-immune infectious humans to B2 = 48.78. Finally,

the cost associated with the introduction of sterile male mosquitoes into a particular population through

the Sterile Insect Technique (SIT) is contingent upon the size of the initiative, typically averaging at

$110.12 for every 10,000 sterile male mosquitoes released [9]. Thus, we set B1 = 110.12/10000 ≈ 0.011,

and summarize the values of the weight constants in Table 2
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Table 2: Weight constants of the objective functional (4.1).

Weight constant A1 A2 A3 A4 A5 B0 B1 B2 C1 C2 C3

Value 1 1 1 1 1 6.83 0.011 48.78 10 10 10

Using the Forward-Backward Sweep Method [25], the parameter values in Table 1 and the weight

constants in Table 2, we explore different intervention strategies. For our numerical simulations, we use

the initial condition Sn(0) = 500, Ss(0) = 200, En(0) = Es(0) = 0, In(0) = 30, Is(0) = 15, V (0) = 0,

Rs(0) = 0, Sv(0) = 5000, Ev(0) = 0, Iv(0) = 300, and M(0) = 5 to investigate the following optimal

control strategies:

(A) Optimal vaccination in the absence of malaria treatment and sterile male mosquito release (i.e.

ξ(t) > 0, b(t) = 0 & u(t) = 0).

(B) Optimal treatment in the absence of sterile male mosquito release and vaccination (i.e. u(t) > 0,

b(t) = 0 & ξ(t) = 0).

(C) Optimal sterile mosquito release in the absence of treatment and vaccination (i.e. b(t) > 0,

u(t) = 0 & ξ(t) = 0).

(D) A combination of optimal malaria treatment and the sterile male mosquitoes in the absence of

vaccination (i.e. u(t) > 0, b(t) > 0 & ξ(t) = 0).

(E) A combination of optimal vaccination and the release of sterile male mosquitoes but in the

absence of malaria treatment (i.e. b(t) > 0, ξ(t) > 0 & u(t) = 0).

(F) A combination of optimal malaria treatment and vaccination in the absence of sterile male

mosquito release (i.e. u(t) > 0, ξ(t) > 0 & b(t) = 0).

(G) A combination of optimal malaria treatment, vaccination and the release of sterile male mosquito

release (i.e. u(t) > 0, b(t) > 0 & ξ(t) > 0).

4.1.1. Optimal Vaccination in the Absence of Malaria Treatment and Sterile Male Mosquito Release.

Strategy A depicts the optimal effect of implementing vaccination-only in the population. Figure 7 (i)

suggests a 66.59% decrease in the peak of prevalence for non-immune infectious individuals and 75.85%

decrease in the number of semi-immune infectious humans at the end of the control period as shown in

Figure 7 (ii). As depicted in Figure 7 (iii), the mosquito population experiences a 59.32% decrease in

prevalence at the end of the control period. The control profile in Figure 7 (vi) suggests a maximum

vaccination for a short period, followed by a decrease and a slight increase for the remainder of the

control period, except for a few days prior to the end of the control.

4.1.2. Optimal Treatment in the Absence of Sterile Male Mosquito Release and Vaccination. Strategy

B depicts the optimal effect of implementing treatment-only in the human population. Figure 8 (i)

suggests a 48.27% decrease in the peak of prevalence for non-immune infectious individuals and a

77.69% decrease in the number of non-immune infectious individuals at the end of the control period.

On the other hand, strategy B depicts a 27.83% decrease in the peak of prevalence for semi-immune

infectious individuals and a 31.39% decrease in the number of non-immune infectious individuals at the

end of the control period. There is a 17.65% decrease in the peak of malaria prevalence in mosquitoes

and a 39.46% decrease in the number of infectious mosquitoes at the end of the control period. The

control profile depicts constant treatment at the maximum level for about 344 days followed by a

decrease in treatment until day 348, and eventually no treatment is recommended for the remainder of

the time period.
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Figure 7. Simulations for the effect of optimal vaccination in the absence of malaria

treatment and the sterile male mosquitoes when bmax = 0, umax = 0 and ξmax = 0.6.
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Figure 8. Simulations for the effect of optimal treatment in the absence of vaccination

and the sterile male mosquitoes when bmax = 0, umax = 0.02 and ξmax = 0.

4.1.3. Optimal Sterile Mosquito Release in the Absence of Treatment and Vaccination. The introduction

of sterile male mosquito release in the absence of malaria treatment and vaccination (Strategy C)
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suggests a minimal effect on malaria prevalence in humans, but with about 32.4% decrease in prevalence

for the mosquito population throughout the entire time horizon as shown in Figure 9 (i) - (iii). The

control profile indicates a maximum release of sterile male mosquitoes for about 326 days, followed by

a decrease for the remainder of the time horizon.

0 200 400
Time (in days)

0

100

200

300

400

500

600
(i)

No control
Control

0 200 400
Time (in days)

10

20

30

40

50

60

70
(ii)

0 200 400
Time (in days)

200

400

600

800

1000

1200

1400

1600
(iii)

0 200 400
Time (in days)

0

0.005

0.01

0.015

0.02

0.025

0.03

C
on

tro
l p

ro
fil

e

(iv)

0 200 400
Time (in days)

-1

-0.5

0

0.5

1

C
on

tro
l p

ro
fil

e

(v)

0 200 400
Time (in days)

-1

-0.5

0

0.5

1

C
on

tro
l p

ro
fil

e

(vi)

Figure 9. Simulations for the effect of optimal sterile male mosquito release in the

absence of malaria treatment and vaccination when bmax = 0.03, umax = 0 and ξmax =

0.

4.1.4. Combined Effect of Optimal Malaria Treatment and Sterile Male Mosquito Release in the Absence

of Vaccination. Figure 10 depicts the combined effect of treatment and sterile male mosquito release.

In Figure 10 (i), there a 54.21% decrease in the peak of non-immune infectious humans and a 72.48%

decrease in the number of semi-immune infectious humans at the end of the control period. Moreover,

there is a 68.24% decrease in malaria prevalence (In+Is) in humans. In the mosquito population, there

is 51.85% decrease in malaria prevalence in the mosquito population. The control profiles suggest that

malaria treatment should be administered at the maximum level for 334 days, followed by a decrease

until day 348 as shown in Figure 10 (v), but sterile male mosquitoes should be released for 322 days at

the maximum level followed by a decrease afterwards as represented in Figure 10 (iv).

4.1.5. Combined Effect of Optimal Malaria Vaccination and Sterile Male Mosquito Release in the Ab-

sence of Malaria Treatment. Simulations of the model in the presence of sterile male mosquito release

and malaria vaccination are depicted in Figure 11. In Figure 11 (i), there is 66.68% decrease in the peak
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Figure 10. Simulations for the combined effect of optimal malaria treatment and the

sterile male mosquitoes in the absence of vaccination when bmax = 0.03, umax = 0.02

and ξmax = 0.

of non-immune infectious humans when sterile mosquitoes and malaria vaccine are applied compared

to the case in the absence of any form of control.
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Figure 11. Simulations for the combined effect of optimal vaccination and sterile male

mosquitoes, but in the absence of treatment when bmax = 0.03, ξmax = 0.6 and umax =

0.
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On the other hand, there is a 79.01% decrease in the number of infectious semi-immune humans at the

end of the control period in the presence of both forms of control relative to the absence of control.

The infectious mosquitoes experience a 54.44% decrease in the presence of both controls as represented

in Figure 11 (iii). The control profiles suggest the release of sterile male mosquitoes at the maximum

level for 306 days, followed by a decrease for the remainder of the control period.

4.1.6. Combined Effect of Optimal Malaria Vaccination and Malaria Treatment in the Absence of Sterile

Male Mosquito Release. Figure 12 delineates the effect of pharmaceutical interventions where malaria

treatment and vaccination are administered but in the absence of the sterile male mosquito release.

With vaccination and treatment, simulations portray a 93.37% decrease in malaria prevalence in humans

(In + Is) and a 78.85% decrease in malaria prevalence in the mosquito population. Additionally, there

is a 75.91% decrease in the peak of prevalence of the non-immune infectious humans. The vaccination

and treatment profiles suggest an optimal treatment for about 164 days, followed by a decrease until

day 348, and maximum vaccination for about 44 days, followed by a decrease between days 45 and 382

as shown in Figure 12 (vi).
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Figure 12. Simulations for the combined effect of optimal malaria treatment and

vaccination, but in the absence of sterile male mosquitoes when umax = 0.02, ξmax = 0.6

and bmax = 0.

4.1.7. Combined Effect of Optimal Malaria Vaccination, Malaria Treatment, and Sterile Male Mosquito

Release. The results of simulations for strategy G (malaria treatment, vaccination and sterile male

mosquito release) are represented in Figure 13. In the presence of all three forms of control, there is an

93.45% decrease in malaria prevalence humans (In + Is), and approximately a 75.86% decrease in the
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peak of malaria prevalence in the non-immune infectious class. In the infectious mosquito population,

there is 83.01% decrease in malaria prevalence and a 89.81% decrease in the peak of prevalence. The

application of all three forms of controls suggest that sterile male mosquitoes should be released at

the maximum level for 306 days followed by a decrease afterwards, but malaria treatment should be

administered at the maximum level for 154 days, followed by a decrease. The vaccination program

suggests a maximum vaccination about 42 days, followed by a decrease between days 43 and 376 as

shown in Figure 12 (iv) - (vi).
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Figure 13. Simulations for the combined effect of optimal malaria treatment, vacci-

nation, and the sterile male mosquitoes when bmax = 0.03, umax = 0.02, and ξmax = 0.6.

The results in Figures 10 - 13 suggest that there is a synergy between the interventions, such that

sterile release technique reduces the number of infected mosquitoes, enhancing the effectiveness of

vaccines and treatments. Moreover, vaccination and treatment lower the parasite reservoir, thereby

increasing the impact of mosquito population reduction.

5. Cost-effectiveness Analysis

Cost-effectiveness analysis is a crucial tool for optimizing resource allocation in disease control

and ecological management. By integrating mathematical models with economic principles, cost-

effectiveness analysis helps policymakers choose interventions that maximize health benefits while mini-

mizing costs, ensuring sustainable and effective decision-making. Some key metrics in cost-effectiveness

analysis are the infection averted ratio (IAR) and the incremental cost-effectiveness ratio (ICER). The

IAR is a measure used to assess the effectiveness of an intervention in reducing the number of infections.

It represents the proportion of infections prevented due to the intervention. A higher IAR value indi-

cates a more effective intervention in controlling disease spread. The infection averted ratio is computed

as [7]

IAR =
Number of infections averted

Number of recovered
,
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where the number of infections averted is the difference between the total infected individuals without

control and the total infected individuals with control. The IAR for strategies A −G are displayed in

Table 3 in an increasing order of effectiveness, based on infection averted ratio.

Table 3: Total infections and infection averted ratios.

Strategy Total infections averted Total cost IAR

C: b > 0, u = 0, ξ = 0 3.931× 103 3.0823× 106 0.2409

B: u > 0, b = 0, ξ = 0 1.1031× 105 5.2021× 104 0.5383

D: b > 0, u > 0, ξ = 0 1.1329× 105 3.1091× 106 0.5891

A: ξ > 0, b = 0, u = 0 5.3251× 104 3.8866× 103 0.6141

E: b > 0, ξ > 0, u = 0 5.8908× 104 3.1944× 106 0.7101

F: u > 0, ξ > 0, b = 0 1.344× 105 3.8388× 104 0.9487

G: b > 0, u > 0, ξ > 0 1.3913× 105 3.1948× 106 1.0732

In Table 3, the total cost is obtained from

Cost =

∫ T

0

[B0ξ(t)(Sn(t) +Ss(t)) +B1b(t)M(t) +B2u(t)(In(t) + Is(t)) +C1b
2(t) +C2u

2(t) +C3ξ
2(t)]dt.

This cost will be used in the computation of the incremental cost-effectiveness ratio. A bar graph

representation for the IAR is represented in Figure 14.
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Figure 14. Infection averted ratios for strategies A - G.
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Figure 14 suggests that strategy G, which consists of all three controls, is the best strategy at averting

infections, followed strategy F (treatment and vaccination, but in the absence of sterile male mosquito

release), and strategy C is the least at averting infections. Strategy C consists of releasing sterile male

mosquitoes in the absence of treatment and vaccination. We consider the ICER which compares the

cost and effectiveness of two competing strategies. Using the total number of averted infections in Table

14, we compute the ICER as the difference between the total number of infected individuals without

control and those with control, determined within the entire time horizon [1, 7, 8, 20, 21, 24]. That is,

ICER =
Difference in total costs by strategies i and j

Difference in total cost of averted infections by strategies i and j
.

A lower ICER indicates a more cost-effective intervention and higher ICER signifies that the inter-

vention is relatively expensive compared to the health benefits it provides. Starting with the strategy

with the smallest IAR, the ICER for strategies B (Malaria treatment in the absence of sterile male

mosquito release and vaccination) and C (sterile male mosquito release in the absence of treatment and

vaccination) are computed as follows:

ICER(C) =
3.0823× 106

3.931× 103
= 748.101,

ICER(B) =
5.2021× 104 − 3.0823× 106

1.1031× 105 − 3.931× 103
= −28.4857.

Since ICER(C) > ICER(B), it follows that strategy C is more costly and less effective that strategy B.

Thus, strategy C is removed from further analysis, based on the ICER computation. Next, we compare

strategies B and D, where strategy D consists of sterile male mosquito release and treatment, but in

the absence of malaria treatment. Now,

ICER(B) =
5.2021× 104

1.1031× 105
= 0.471589,

ICER(D) =
3.1091× 106 − 5.2021× 104

1.1329× 105 − 1.1031× 105
= 1024.89.

The value of ICER(D) is greater than than of ICER(B). Thus, based on ICER computation, strategy

D is more costly and less effective than strategy B. Consequently, we eliminate strategy D from further

consideration, and compare strategies B and A, where strategy A consists of malaria vaccination in the

absence of sterile male mosquito release and treatment. Computing the ICER for strategies A and B,

we obtain

ICER(B) =
5.2021× 104

1.1031× 105
= 0.471589,

ICER(A) =
3.8866× 103 − 5.2021× 104

5.3251× 104 − 1.1031× 105
= 0.84359.

The value of ICER(A) is greater than than of ICER(B). Thus, based on ICER computation, strategy

A is more costly and less effective that strategy B. Consequently, we eliminate strategy A from further

consideration, and compare strategies B and E, where strategy E consists of a combination of sterile

male mosquito release and vaccination, but in the absence of malaria treatment. Computing the ICER

for strategies B and E, we obtain
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ICER(B) =
5.2021× 104

1.1031× 105
= 0.471589,

ICER(E) =
3.1944× 106 − 5.2021× 104

5.8908× 104 − 1.1031× 105
= −61.1334.

The value of ICER(B) is greater than than of ICER(E). Thus, based on ICER computation, strategy

B is more costly and less effective that strategy E. Consequently, we eliminate strategy B from further

consideration, and compare strategies E and F, where strategy F consists of a combination of malaria

treatment and vaccination, but in the absence of sterile male mosquito release. Computing the ICER

for strategies E and F, we obtain

ICER(E) =
3.1944× 106

5.8908× 104
= 54.2269,

ICER(F) =
3.8388× 104 − 3.1944× 106

1.344× 105 − 5.8908× 104
= −41.8059.

The value of ICER(E) is greater than than of ICER(F). Thus, based on ICER computation, strategy

E is more costly and less effective that strategy F. Consequently, we eliminate strategy E from further

consideration, and compare strategies F and G, where strategy G consists of a combination of malaria

treatment, sterile male mosquito release and vaccination. Computing the ICER for strategies F and G,

we obtain

ICER(F) =
3.8388× 104

1.344× 105
= 0.285625,

ICER(G) =
3.1948× 106 − 3.8388× 104

1.3913× 105 − 1.344× 105
= 667.318.

We observe from the ICER computation that ICER(G) is greater than than of ICER(F). Thus, based

on the ICER computation, we conclude that strategy F (vaccination and treatment in the absence of

sterile male mosquito release) is the most cost-effective in reducing malaria cases in humans, followed

by strategy G (all three controls). On the other hand, strategy C (sterile male mosquito release in

the absence of treatment and vaccination) is the least cost-effective strategy at reducing the number of

malaria cases in humans.

6. Conclusion

In this study, we developed and analyzed a mathematical model to investigate the effects of treatment,

vaccination, and sterile male mosquito release on malaria transmission. The model incorporates dif-

ferent levels of human immunity, distinguishing between non-immune and semi-immune populations to

better capture the dynamics of malaria spread and control. Our results provide important insights into

the effectiveness of various intervention strategies in reducing malaria prevalence in both human and

mosquito populations.

We determined the control reproduction number, using the next-generation method and established

the local asymptotic stability of the disease-free equilibrium when RC < 1. This stability condition

implies that malaria can be eliminated from the population if effective intervention strategies are im-

plemented to maintain RC below unity. By generating a plot of the control reproduction number RC
as a function of the transmission probability from infectious mosquitoes to non-immune susceptible

humans (ρvh) but at different levels of sterile male mosquito release rate (b) as shown in Figure 4, we

observed significant variations in malaria transmission dynamics. As the sterile release rate increases,
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the control reproduction number decreases, and it requires a higher transmission rate for malaria to

persist in the population. This highlights the importance of sterile male mosquitoes in curbing the

spread of malaria in the population. A global sensitivity analysis with the reproduction number as

the outcome variable was conducted to determine the key parameters influencing malaria transmission.

Our analysis identified vaccination coverage, treatment efficacy, and the sterile mosquito release rate

as some of the critical factors in controlling the spread of the disease. This highlights the necessity of

a multi-faceted approach that combines pharmaceutical and vector-targeted interventions to effectively

curb malaria transmission.

Furthermore, focusing on vaccination, treatment, and the sterile mosquito release rate, we formu-

lated and analyzed an optimal control problem incorporating vaccination, treatment, and sterile male

mosquito release as control functions. Our findings indicate that the simultaneous implementation of

all three control strategies is the most effective in reducing malaria prevalence among both humans

and mosquitoes. This underscores the importance of integrating multiple control measures to achieve

maximum impact in malaria eradication efforts. A cost-effectiveness analysis was carried out to assess

the economic feasibility of various intervention strategies. Based on the Infection Averted Ratio (IAR),

the most cost-effective strategy was Strategy G, which combined treatment, vaccination, and sterile

mosquito release. However, based on the Incremental Cost-Effectiveness Ratio (ICER), Strategy F,

which comprises vaccination and treatment, but without sterile male mosquito release, emerged as the

most cost-effective strategy for reducing malaria cases in humans, followed by strategy G. Strategy C,

which relied solely on sterile mosquito release, was found to be the least cost-effective in reducing human

malaria cases.

This research offers valuable insights into the complex dynamics of malaria transmission, emphasizing

the importance of accounting for varying levels of immunity within human populations when developing

effective control measures. The optimal control results suggest synergy between interventions whereby

sterile insect technique (SIT) reduces the number of infected mosquitoes, enhancing the effectiveness of

vaccines and treatments. Our findings suggest that a comprehensive intervention strategy that integrates

treatment, vaccination, and sterile mosquito release is the most effective approach for reducing malaria

transmission. However, from a cost-effectiveness perspective, prioritizing vaccination and treatment is

the most feasible option in resource-limited settings.
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[18] A. Ducrot, S. B. Sirima, B. Somé and P. Zongo, A mathematical model for malaria involving differential susceptibility,

exposedness and infectivity of human host, J. Biol. Dyn. 3(2009), 574-598.

[19] A. A. El-Moamly and M. A. El-Sweify, Malaria vaccines: the 60-year journey of hope and final success-lessons

learned and future prospects, Trop.Med. Health. 51(1)(2023): 29.

[20] H. A. Engida, D. M. Theuri, D. K. Gathungu and J. Gachochi, Optimal control and cost-effective analysis for

leptospirosis epidemic, J. Biol. Dyn. 17(2023): 2248178.

[21] Fatmawata, C. W. Chukwu, R. T. Alqahtani, C. Alfiniyah, F. F. Herdicho and Tasmi, A Pontryagin’s maximum

principle and optimal control model with cost-effectiveness analysis of the COVID-19 epidemic,. Decis. Anal. 8(2023):

100273.
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