Mathematics in Applied Sciences and Engineering https://ojs.lib.uwo.ca/mase
Online First, pp.1-23 https://doi.org/10.5206 /mase/22978

SPATIAL DYNAMICS FOR A NON-MONOTONE REACTION-DIFFUSION
SYSTEM WITH SPATIO-TEMPORAL DELAY

GE TIAN AND NA LIANG

ABSTRACT. In this paper, we study the spreading speed and traveling wave solutions of a non-
monotone reaction-diffusion system with spatio-temporal delay. By constructing a pair of auxiliary
systems and using the Schauder ’s fixed point theorem, the existence of the spreading speed is proved,
which is consistent with the minimum wave speed of the traveling wave solution. The results show
that the spreading speed and the traveling wave solution are convergent upward.

1. INTRODUCTION

Reaction-diffusion systems can be used to describe the dynamic behavior of many mathematical
models, such as disease transmission, population diffusion and biological invasion [20]. A classical
reaction-diffusion equation is

Ui = DU,, + F(U(z,t)), (1.1)
where (z,t) € R x [0,400) and D > 0 is the diffusion coefficient. The traveling wave solution ¢(z + ct)
represents a special class of solutions invariant under spatial translation, with ¢ denoting the wave speed.
Closely related is the notion of spreading speed, first introduced by Aronson and Weinberger [1], which
describes the asymptotic rate at which the leading edge of an initially localized population advances into
unoccupied space. In population dynamics, it quantifies the range expansion driven by the interplay
between local growth and spatial dispersal. Mathematically, the spreading speed corresponds to the
minimal wave speed of traveling fronts or the asymptotic propagation speed of population level sets.

In natural plant communities, many species rely on the formation of a seed bank to buffer envi-
ronmental fluctuations and resist external disturbances, thereby enhancing long-term population per-
sistence. Dormant individuals, typically in the form of seeds stored in the soil, do not participate in
immediate ecological processes but can germinate and return to the active population when conditions
become favorable. This dormancy—activation mechanism plays a vital ecological role in maintaining
multi-generational continuity, avoiding short-term extinction, and enhancing ecosystem resilience. To
investigate the spatiotemporal dynamics associated with the seed bank mechanism, we consider a local
reaction-diffusion model, which was presented by Hadeler and Lewis [13],

Vi = ’le(l‘, t) - ’YQV(‘T7 t)’
where U(x,t) denotes the density of active individuals (e.g., growing plants) at position = and time ¢,
while V(x,t) represents the density of dormant seeds in the seed bank. Active individuals can diffuse
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through space with diffusion coefficient D, and their local growth is governed by a nonlinear function
F(U). The parameters y; and 2 represent the transition rates from active to dormant states and vice
versa, respectively. The asymptotic behavior of system (1) in both unbounded and bounded domains
was first investigated by Zhang and Zhao [34]. Subsequently, Zhang and Li [35] proved the monotonicity
and uniqueness of traveling wave solutions for the same system.

To further capture time delays inherent in plant life cycles, such as seed germination lag or delayed
environmental responses, model (1) is extended to the following delay reaction-diffusion system|[15, 23]:

{Ut = DU,y + F(U(z,t),V(2,t — 7)) — mU(2, 1) + 12V (2, 1), 13)

‘/;5 = ’le('/I"a t) - ’YzV(.ﬁ,t)

In system (1.3), the growth function F' depends on the current density of active individuals U and the
delayed density of dormant individuals V' evaluated at ¢ — 7, thereby incorporating physiological lags
associated with activation, germination, and reproduction. The inclusion of this delay term provides
a more faithful representation of the temporal influence exerted by the seed bank on active popula-
tion dynamics. Wu and Zhao [29] established the existence of the minimal wave speed, monotonicity
and uniqueness (up to translation) of the traveling wave fronts under the assumption that F(U, V) is
monotone with respect to V. By using comparison arguments, Schauder’s fixed-point theorem and a
limiting process, Zhao and Liu [37] obtained the spreading speed and its coincidence with the minimal
wave speed of traveling wave solutions of system (1.3) in non-quasi-monotone case. Using the weighted-
energy method and comparison principle, Zhou et al. [36] discussed the stability of traveling wavefronts
for a spatially nonlocal population model with quasi-monotonicity and delay of the system (1.3), it was
shown that all monostable wavefronts were exponentially stable for large speeds.

In certain situations, incorporating only a discrete delay or a finite delay into a population model
proves to be insufficient. Britton [4, 5] first introduced the notion of a nonlocal delay, which has
since stimulated extensive research on the spatial dynamics of reaction-diffusion systems with nonlocal
delays [2, 6, 7, 9, 18, 20, 21, 22, 26, 27, 28, 30]. Recently, Bai and Zhao [3] considered the following
model:

{Ut = DUy, + F (U(2,t), [ G)B(U(z — y,t — 7))dy) — U (x,t) + 72V (2, 1), 14

Vi = ’YlU(xv t) - VQV(xv t),
they studied the spreading speed and traveling wave solutions of system (1.4) without quasi-monotonicity.
For a detailed discussion of the spatial dynamics of the nonlocal diffusion version of model , please refer
to [17, 39].
Motivated by the above, we consider the following reaction-diffusion equations with spatio-temporal
delay,

{Ut =DUyz + F (U(x’t)r (G * *B(U)) (‘rvt)) - ’YlU(x?t) + ’72V(‘T7t)’ (15)

Vi = ’le(ﬂC,t) - 72V($7t)»

where € R, ¢t > 0, and the convolution term is defined by

“+o00
@Bt = [ [ 6.5 BUG =yt = 9)dyds

which represents the cumulative influence of previously existing individuals at past times t — s and
spatial positions & — y on the current dynamics at (z,¢). The kernel function G(y,s) describes the
spatial and temporal weighting of these influences, while B(U) captures the biological contribution
(e.g., fecundity) of active individuals. Note that, when G(x,t) = §(x)d(t — 7) (where §(-) is the Dirac
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delta function), (1.5) degenerates to (1.3). When G(z,t) = k(x)d(t — 7), (1.5) degenerates to (1.4).
Hence, model (1.5) is applicable in a broader context, making it more general.

The purpose of this paper is to study the spreading speed and traveling wave solutions of (1.5)
without quasi-monotonicity. In particular, we investigate the effect of spatio-temporal delay on the
propagation speed and traveling wave solutions. Two auxiliary quasi-monotone systems are introduced,
and a comparison principle is established between the Cauchy problems of the original system and the
auxiliary systems. The proof method of this paper is inspired by [3, 37], but the analysis is much more
complicated. In particular, the primary difficulty lies in the coupling of time-delay terms with spatial
variables, which yields a particularly intricate integrand. The following is the assumptions:

(Al) G(—y,s) =G(y,s) >0for y e R and s > 0, G *xx1 = 1, that is to say,

+o00
/ / G(y,s)dyds = 1;
0 R

in addition, there is a positive real number A\g € (0, +00) such that when A € [0, \g) (here Ao
may be +00), for any wave speed ¢ > 0, there holds

—+oo
/ / G(y, s)ef)‘(ercs) dyds < +o0.
0 R

(A2) F(-) € C*(R%,R) and B(-) € C*(R4,R4) have 9, F(0,0) < 0, with B(0) = 0 and B(U) > 0 for
U >0, F(0,B(0)) = F(K, B(K)) = 0 and F(U, B(U)) > 0 for U € (0, K), F(U, B(U)) < 0 for
U>K.

(A3) F(-) and B(-) are strictly subhomogeneous, that is F(6U,0V) > §F(U,V) and B(6U,8V) >
0B(U,V) for any 6 € (0,1),U,V > 0.

(A4) There exist K T and K with 0 < K~ < K < K1 and twice piecewise consitinuously differen-
tiable functions B* : [0, K*] — Ry and F* : T — R such that

(i) F*(0,B%(0)) =0, F¥(K*, B*(K%*)) =0, (B*)(0) = B'(0) and 9; F*(0,0) = 9;F(0,0),i =
1,2 and 6, F* € C(I,R).

(ii) B*(U) are non-decreasing on [0, K*], B¥(0) = 0and 0 < B~ (U) < B(U) < BT (U)for U €
(0, K*]. F%(U,V) are non-decreasing with respect to V on I and F~(U,V) < F(U,V) <
FT(U,V), Y(U,V) € I, so we also have F£(0,0) = F(0,0) = 0.

(iii) F*(-) is strictly subhomogeneous on I and B*(-) is strictly subhomogeneous on [0, K*].
Together with (ii) of (A4) imply that for any § € (0,1),

+ +
FE(6K*,BX(6KF)) > 6F= (Ki, B(‘;K>> > §FE(K*, BX(K*)) =0,

so with F*(U, B*(U)) > 0 for U € (0, K*), and hence there is no other positive zeros of
F* on [0, K*] x [0, ST (K*)].
Here, and in what follows, we define I := [0, K*] x [0, BT (K™T)].

Remark 1.1. In view of (A2)-(A4), it follows from [38, Lemma 2.3.2] that

0 < B(U) < B'(0)U, YU € (0, K),

0< F(U,B(U)) <0 F(0,0)U 4+ 0,F(0,0)B"(0)U, V U € (0, K),
which imply that B’(0) > 0 and 9, F(0,0) + 92 F(0,0)B’(0) > 0.

The rest of this paper is organized as follows. In section 2, we present preliminaries. In section 3,
the existence of the spreading speed ¢* of system (1.5) in the non-monotonic case is proved by using
the method of fluctuation and comparative argument. In section 4, we obtain the existence of traveling
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wave solutions(c > ¢*) by using the fixed point theorem and the method of limit argument. In section
5, we provide an ecological interpretation of the results.

2. PRELIMINARIES

In this section, we study the spreading speed and traveling wave solutions of (1.5) in the quasi-
monotone case. For this reason, we make the following assumptions:

(A5) O F(U,V) > 0 for all (U,V) € [0, K] x [0, B(K)] and B(U) is non-decreasing on [0, K].

Note that if (A5) holds, then we can replace F*(U,V), B¥(U), K* with F(U,V),B(U), K. By as-
sumption (A2), we can deduce that system (1.5) has two equilibrium points 0 := (0,0) and K := (K, K)
with K = (y2/71)K. It follows from [3] that we get the following results.

2.1. The spatially homogeneous system. We start with the global dynamics of the following spa-
tially homogeneous system:

{‘ifi — F(U(t), B(t — 7)) = nU(t) + 1V (t), o)

G =mnU®E) —nVE),
we define N := C([—7,0], [0, K] x [0, K]). Then we have the following result.

Lemma 2.1. [3] Let (A2)-(A3) and (A5) hold. For any ¢ € N, system (2.1) has a unique solution
W (t, ) with Wo = ¢, and Wi(¢p) := (Ue(¢),V (¢, ¢)) € N for allt > 0.

Through [3, Lemma 2.1] and [12, Theorems 2.2.1 and 2.2.3] and [33, Theorem 3.2], we can get the
conclusion that K = (K, K) is globally asymptotically stable for system (2.1) in N\{0}.

2.2. Results for monotone delayed system. Since system (1.5) is cooperative and its solution maps
are monotone, we can use the general theory developed in [16] to study the spreading speeds for (1.5).
We start with some basic notations.

Let X :=BUC (R, RQ) be the Banach space of all bounded and uniformly continuous functions from
R into R? with the usual supremum norm || - ||x, and X+ := {¢ € X : ¢(x) > 0,Vz € R}. The space
BUC(R,R) is defined similarly. Clearly, any vector in R? can be regarded as a function in X.

Let Y be the space of all continuous functions from [—7,0] to R? with the usual supremum norm
|-y, ie., Y =C([-7,0],R?), and Yy = C([-7,0],R2). Then (Y,Y,) is an ordered Banach space. For
UVeY, wewriteU>VitU-VeY, , U>ViHU-VeY,\{0},andU >V ifU -V € Int(Y,).
Let C be the set of all bounded and continuous functions from R to Y equipped with the compact
open topology, that is, U, — U in C means that the sequence of U,,(x) converges to U(z) in Y as
m — oo uniformly for  in any compact subset of R. For U,V € C, we write U >V (U > V) provided
U(x) > V(z) (U(z) > V(z)), YV € Rand U > V provided U > V but U # V. Clearly, any element
in Y can be regarded as a constant function in C. Moreover, for each r € Y with r > 0, we define
Y, ={UeY:0<U<r}andC, :={U €C:U(z) € Y,,Vz € R}. As usual, we identify an element
¢ € C as a function from R x [—7,0] into R? by ¢(z,0) = ¢(z)(0).

Define the reflection operator R by R[U](x,0) = U(—=x,0), and the translation operator T, by
Ty[U)(z,0) = U(z —y,0) for each y € R. Let Q : C, — C, be a given map. The following assumptions
on map @ will be referred to:

1) Q[R[U]] = R[Q[U], T,[Q[U]] = Q[T,[U]],VU € Cr,y € R.
C2 C, — C, is continuous with respect to the compact open topology.

(C

(C2) Q:

(C3) {QU](x,): U € Cy,x € R} is precompact in Y.

(C4) @ is monotone (order preserving) in the sense that Q[U] > Q[V] whenever U > V in C,.
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(C5) @ :Y, — Y, admits exactly two fixed points 0 and r and lim,,_, o Q"[y] = r for any y € Y,. with
y > 0.

Define a family of linear operators T'(t) = diag (T1(¢), T»(t)) with T'(0) = I for ¢t > 0 and

Ty (1)) = / T'ix — 3,)6(y)dy, ¥ ¢ € BUC(R,R),¢ > 0,

where

m?
Di(x,t) = e"api Mt Dy(z,t) = e 1215(x)

1
Van Dt
and 4(+) is the Dirac function. Define T = (11,Y3): C — X by

+oo
Y1 (¢1,02) (z) == F <¢1(x,0),/0 /RG(?J, s)B (¢1(x —y,—5)) dyds) +72¢2(x,0), ¥V x € R,
Yo (f1,¢2) () := 11¢1(2,0), Vz eR.

For convenience, we express (1.5) as the following integral form
t
W(x,t) =TE)W(-,0)(x) —|—/ T(t—38)Y (Ws) (x)ds, V (z,t) € R x (0,00), (2.2)
0

where W (z,t) := (U(z,t), V(z,t)).
By using the theory of abstract functional differential equations proposed in [19], we can establish
the following conclusions :

Lemma 2.2. Assume that (A1)-(A3) and (A5) hold. For any ¢ = (¢1,¢2) € Ck, the system (1.5)
admits a unique solution W(z,t;¢) = (U(x,t;¢),V(x,t;¢)) which exists globally in time t > —71
and satisfies the initial condition Wy = ¢, moreover, it ensures that Wy € Ck for all t > 0, where
Wi(z,0; ) = W(x,t +0;¢) foranyt >0, z €R, 6 € [-7,0],

Now we let W(x,t; ¢) be the solution of (1.5) with initial value ¢ € Ck. Define @Q; : Ck — Ck by
[Qi(9)] (z,0) = Wi(x,0;¢), Vt >0,z € R0 € [-7,0].

It is easy to see that Qo = I, and Q15 = Q¢ 0 Qs for all £,§ > 0. By arguments similar to those
in [10, Lemma 4.3], we can show that {Q:},, is a monotone semiflow on Cx with time-one map @,
satisfying (A1)-(A5). It then follows from [16, Theorems 2.11 and 2.15] that @, admits a spreading
speed ¢* > 0. The following result shows that ¢* is also the spreading speed of (4).

Theorem 2.3. Assume (A1)-(A3) and (A5) hold. Then the following statements are valid:
(i) For any ¢ > c*, if 0 < ¢ < K and ¢(z,-) = 0 for x outside a bounded interval, then

lim  Wi(x,t;¢) =0.

t—o00,|z|>ct
(ii) For any c € (0,c*), if ¢ := (¢1,92) € Ck and either ¢1 Z 0 or ¢2(-,0) Z 0 holds, then
lim  Wi(a,t;¢) = K.

t—o0,|z|<ct

Proof. We use the similar arguments in the proof of [32, Theorem 4.1]. Statement(i) follows from [16,
Theorem 2.17(i)]. To prove statement (ii), we first make the following proposition:

Proposition 2.4. For any ¢ = (¢1,¢2) € Ck, if either ¢1 Z 0 or ¢o(-,0) £ 0, then W(x,t;¢) >
0 for allz € R, t > 7, and hence, Q(¢) > 0 for t > 27.
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If ¢1 # 0, then there exists a number § > 0 and an interval [a;, az] X [b1,b2] C R x [—7,0] such that
¢)1($70) Z B? v (J"?a) S [al,ClQ} X [blabQ]-

By Lemma 2.2, W(xz,t;¢) > 0 for all z € R and ¢ > 0. Let M = maxy,v)e[0,k]x[o,B(K)] [O1F (U, V)],
then the first equation of (1.5) satisfies

Ui =DU, + J1 (2, 0)U (2, t) + Jo(2,t) — 11U (2, t) + 2V (x,t)
ZDUII + (Jl(x,t) - 71)U(Ivt) + JQ(‘T7t) (23)
2DUzy — (M + 1)U, t) + Jo(x, 1),

Ji(2,0) _/01 0 F (HU(x,t),G/OJrOO/RG(y,s)B(U(:c i s))dyds) o),
o, 1) = /0 Cour (HU(a:,t),G /O o /R Gy, s)BU(z — y,t s))dyds) i

- [ 6B =yt~ s))duas.
By (2.2) and (2.3), we have
Ula,i6)
> [Pyt 0dy+ [ T = 909y

// x—y,r—s/O (02500 (. 5) 9/+°°/Gf, Uly — €5 — 5))déds)

+o0
/ /Gg, Uly — g,s—s))dgds}dedyds

o vy [ @U@0 [ Gl BUW e+ ¥ - s)deds)
[ [ of e

+oo
X G(&,8)BU®y — &7+ 8 — s))dgds} d9dyd3’
0

B(B) /bf2/r(x_y, —gf)/l [P 00,7+ 9),

where

X
S—

+00 +oo
9/ /G (&,5)B(U(y — &, 7+ 8 — 5))déds) x / / G(&, s)déds | dOdyds’
>0, Vo eR,
where
[(z,t) := L (e,
’ V4Dt
Then |,

t
Ula,t; ) z/r<x—y,t—r>U(y,T;¢)dy+/ /r(x—y,t—é)h(y,@)dyda VzER, t>T
R s R

By the integral form of the second equation of (1.5), we obtain

t
V(z,t;¢) = e 2o (x,0) + ’yl/ e 20U (2, 8,4)ds >0, Vo e Rt > 7.
0
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If ¢o(x,0) > 0 with ¢o(x,0) #£ 0, then

t
V(x,t;0) = e 2t po(2,0) + 7 / 20U (1,8, ¢)ds > 0(Z0), Yz € R,t > 0.
0

Since
t
Ve ti9) 2 [ [ Tt = V(0 556)dyds = 0 0), ¥ c Rt > 0.
0 R

Hence, by [24, Theorem 1.4.5], we get U(z,t;¢) >0, ¥V 2 € R, ¢ > 0. It then follows that V(x,t; ¢) >
0, Va € R,t>0. Therefor, W(x,t;¢) > 0, Vx € R/t > 7 and hence, Q;(¢) > 0, V¢ > 27.

Since @ is sub-homogeneous, we can choose the number 7, in [16, Theorem 2.17(ii)] to be the number
7, so that r, = 7 is independent of o > 0. If ¢ € Ck and ¢(z, ) > 0 for all = on an interval I of length
27 and 6 € [—7,0], then there exists a vector o > 0 in R? such that ¢(z,0) > o,V(x,0) € I x [-7,0],
and hence, [16, Theorem 2.17(ii)] implies that

lim Wiz, t;¢) =

t—o0,|z|<ct

By the claim, we can fix tg > 27 such that U, (¢) > 0 for any given ¢ = (¢1,¢2) € Ck with either
¢1 Z 0 or ¢2(-,0) £ 0. By taking Uy, as a new initial data, we see that statement (ii) is satisfied. O

Now, we look for the existence of nontrivial traveling wave solutions (U(z,t),V(z,t)) = (dc(z +
ct), Ye(z + ct)) of (1.5) satisfying the following condition

(¢c(—00)a¢c(—00)) = 07 (¢c(+00)a¢c(+00)) =K. (24)

Let & = x + ct, then (¢.(£),¥.(€)) satisfies

{c¢’c<f> = D@l/(€) + F(6e(6), [y Jr Gly, 8)B(¢0(€ — y — ¢3))dyds) — 116e(€) + 120e(€), 25)
(&) = 10c(§) — Y2ve(§).
For A > 0 and ¢ > 0, define a function as follows
A(e,\) =DX? —cA + O F
our /+o<>/ (1 8)e 2+ dyds — oy + )’\le;yg72 (2.6)

Then we have the following results.

Lemma 2.5. Assume (A1)-(A3) and (A5) hold. There exists a positive pair (c., A«) such that

OA(Ciy Ax)

A(cy, M) =0, B

=0.

Furthermore,

(i) if 0 < ¢ < ¢y, then A(c, ) > 0 for all XA € [0, Xg);
(ii) of ¢ > c«, then A(c,A) = 0 has two positive real roots Ay = Ai(c) and Ag = Aa(c) with
A1(e) < Ax < Xa2(c) such that

Ale,) >0 in R\ (M(c), A2(e)), Ale,-) <0 in (A(c), A2(c)).



8 G. TIAN AND N. LIANG

Proof. Note Note that 9 F(0,0) < 0 and 9, F(0,0) + 92F(0,0)B’(0) > 0. By direct calculation, we get
A(c,0) = 01 F(0,0) + 92 F(0,0)B’(0) > 0,
A(400,A) = —o0, ¥V A €10, ),
lim A(e,A) =400, V>0,

A—AT
+oo
A(0,\) = DA? + 0, F(0,0) + O F / / (y,s)e dyds > 0.
Moreover, for V A € (0, Ag), we have
A
m— c |14 0xF / /Gy, salyds—i—wl1 <0,
1))
OA(e,N) , oo “a Y172
a1 )B'( (y+es) _mr
e /\[ + 02 F(0,0) / /Gys dyds+(c>\+72)2 <0,
D*Ale, N oo 2629172
2 =2D + 8, F(0,0) B’ ZemAwtes) gyds 4 22 > 0.
Iz + 02 F(0,0) (0)/0 /RG(y,s)(y—kcs) e yds + (Ot )7 >0

Define
¢y = inf{c > 0: A(c, A) = 0 for some X € (0, \)}.
We can clearly see ¢, > 0 and A(ey, A(es)) = 0.

Now we claim that A(c,) is uniquely determined. Otherwise, there exist (c., A1(cx)) and (c., A2(cy))
with Aj(cx) < Az(cy) such that

Alce, M(cx)) =0 and A(cy, Aa(ey)) = 0.
Since A(e, A) is strictly convex down for each ¢ > 0, we have
Ac, OA(c) + (1= 0)Xa(cr)) < 0A(c, A1(es)) + (1 — 0)A(ck, Aa(ci)) =0, 6 €(0,1).

Choose a A € (A1(cy), Aa(ey)) and then A(e,,\) < 0. Since A(0,A) > 0, and % < 0 for any
A € (0, A\g), it follows from the intermediate value theorem that there is a unique é € (0, ¢,) such that
A(¢é,A\) = 0, which contradicts the definition of ¢,.. Thus, the claim holds.

Moreover, it is easy to see that % = 0, where A, := A(c,). Combining the above properties of
the function A(e, A), the conclusion follows. O

Remark 2.1. By using the linear operators approach (see [16, Theorem 3.10]), we can show that ¢* in
Theorem 2.3 is coincident with ¢, in Lemma 2.5, i.e., ¢* = ¢,. In the remainder of the paper, we will
use ¢* instead of cy.

Following the idea in [18, Theorem 2.2], the existence of solutions of (2.5) can be reduced to the
existence of a pair of super-solution and sub-solution of (2.5). By Lemma 2.5, we will construct a pair
of super-solution and sub-solution of (2.5). For the convenience of notational, we define

(G * *¢)(x / /Gy7 (x —y —cs)dyds, ¥ ¢ € C(R).
From [3] we can have the following results.

Lemma 2.6. Let (A1) — (A3) and (A5) hold, ¢ > ¢*,q > 0 and p € (1, min{2, \o/A1}). Define

e eMé e <df, Fie n(e)eMs, ¢ <dj,
) {K ARG o
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and

o {ehf —geh <di, {n(c)ehf —qZ(c,p)erNE, £ <dy,

o ¢zdy, C o §2dy,
where OF (€) = (676 v (), 7€) = (97O vr (©), n(e) = /(M + 32), Zleo) =/ (emhy +
Y2), dif = (InK)/\i, df := InK —Inn(c))/\1, d = —(Ing)/(x — DAy, dy = —[IngZ(c,p) —
Inn(e)]/(x — 1)A\1. Then ®F(&) is a super-solution of ( 5), and ®_ (§) is a sub-solution of (2.5)
provided q > max{1,n(c)/Z(c,u)} is large enough.

Proof. For convenience, we denote

Q1(8,¥)(§) =cd'(§) — D" (§) — F((8), (G *xB(9))(€)) + 116(€) — 720(8),
Q2(6,¥)(§) =ct'(§) — m(&) + 729(6).-
When &'(£+4) < &'(£—) (or D' (£+) > D'(£—)) for £ € R, then ®(&) := (¢(£),1(&)) is a super-solution
(or sub-solution) of (2.5), and there exist dy, - ,d,, € R such that
Q’L(¢7 7/))(5) > 0 (OI‘ Ql((,b,’l/))(f) < 0) for E € R\{dl, e adm}ai = 1727
where ®'(£+) and ®'(£—) are the right-hand derivative and the left-hand derivative of ® at &, respec-
tively.

Step 1: We proof that ®}(£) is a super-solution of (2.5). By direct calculation 0 < df < d .
obviously, ®/F(é+) < ®/F((—) for £ € R. Thus, it needs to show that Q;(®F)(¢) > 0 for
§ER{d, df},i=1,2

For ¢ > df, we have

Qu(®L)(§) == F(K, (G*+B(2f))(€) + K —

_ (2.7)
— F(K,B(K)) + K — 7K =0.
For ¢ < df, using the B(U) < B'(0)U for U € [0, K], we have
Q1(®L)(€) ZeMé (A — DAY + 71 —nan(e)) — F(®, (G +xB(}))(€))
>eMé [c/\l - D/\% + v — van(c) — 01 F(0,0)
(2.8)

—+oo
—0o F / / (y, s)e AW +es) dyds

=0.
For ¢ > dj , we have
Q2(25)(€) = —m (&) + 12K = —nK + 7K =0. (2.9)
For ¢ < df, we have
Q2(F)(€) =eM¢ (chin(e) +2n(c) — 71 (65)(€)
>eME(eAin(c) + Ain(e) —71) = 0.
From (2.7)-(2.10), it is proved that ®} () is a super-solution of (2.5).
Step 2: We proof that ®, (§) is a sub-solution of (2.5). By direct calculation di < dy < 0.
q > n(c)/Z(c, u) has been provided before is large enough, obviously, ®."(£4) < ®/F(¢—) for

& € R. Thus, it needs to show that Q; (¢.)(§) <O0forall £ e R\ {d;,d5}, i =1,2.
For £ > di, we have

Q1(2) (&) = =F (0, (G*+B (¢:)) (&) — 129 (&) < —matc (§) < 0.

(2.10)
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We now consider the case £ < £, < 0. It is easy to see that

eME > g (€) > M — gerME e R (2.11)
By using the Taylor’s formula, there exist positive constants D; and Ds such that
F(U,V) > 0,F(0,0)U + 02 F(0,0)V — D;U* — D3V, (2.12)

for U,V € [0, K] x [0, B(K)].
Since B”(0) exists, there is D3 > 0 such that

B(U) > B'(0)U — D3U?, for U € [0, K]. (2.13)
For £ < dy <0, in view of (2.11)-(2.13), we have
Q1(2.)(€)
=eME(eAr — DAL+ 71— 72n(e)) — g e (cuhy — D(pAr)? + 1 —12Z(c, 1)
— F(¢: (£), (G **B(¢.))(£))
<Mt [m — DAy + 71 — 81 F(0,0)

+oo
— 0. F(0,0)B'(0) / / G(y, s)e M Wres) gy ds — 'yzn(c)}
0 R

— gerMis [cu)\l — D(pX1)? + 1 — 01F(0,0)

+o0 ~
— 92(0,0)B’(0) / / Gy, s)e "MWres) quds — v, Z (c, u)} + Me*Mé
0 R

— _ getMiE [cu)\l ~ D(uM1)? 471 — B F(0,0)

+o0 N
020,080 [ [ Gl dyds — 922, p)] + M
0 R

<" {—glepA; — D(pA1)? +v1 — 01 F(0,0)

“+o0 _
~ %(0,050) / / Gy, $)e ™ MW dyds — v, Z(c, )] + M}
0 R
<0

)

where

M = D, +D2(BI(0))2 (/ /G(y,s)e)\l(y+68)dyd$>
0 R

—+oo
+D3(‘32F(0,0)/ /G(y,s)e_”l(yﬂs)dyds > 0.
0 i
Similarly, for £ > d5 , we have
Q2 (®;) (€) = . (€) <0.
For £ < d5, then
Q2 (<I>;) (€)
=c [n(c) e — qZ(c, ) pAie" ] — v (€) + 72 [n(e)e™ — qZ (e, p) e ]
<M lehn(e) = 71 +en(e)] — e [eZ (e, p)pdi — M + 722 (e, u)] = 0.
Therefore, ®_ (£) is a sub-solution of (2.5).
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O

With the aid of the upper and lower solutions of (2.5), we can obtained the existence and non
existence of the following traveling wave solutions of (1.5).

Theorem 2.7. Assume (A1)-(A3) and (A5) hold. Then the following result holds.
(i) For each ¢ > c*, system (1.5) has a traveling wave front ®.(£) := (Ppe(€), ¥e(§)), which satisfies
(2.4) and ®.(&) > 0 for all £ € R. Moreover, if ¢ > c*, then

5lim ®.(&)e ™M = (1,n(c)) and ®(&) < eM8(1,n(c)) for all € € R. (2.14)
——00
(if) For 0 < c < ¢, system (1.5) has no traveling wave solutions connecting 0 and K.

Proof. By Lemma 2.6 and [18, Theorem 2.2] (or [11, Theorem 1.1]), we can prove the existence of
monotone traveling wave solutions with speed ¢ > ¢*. From the constructions of the super-solution and
sub-solution, it is easy to verify that (2.14) holds. Moreover, a limiting argument similar to that of [11,
Theorem 1.1] gives the existence of the traveling wave with the wave speed ¢*. The non-existence of
traveling wave solutions is a direct consequence of Theorem 2.3. This completes the proof. ]

Theorems 2.3 and 2.7 show that ¢* is not only the spreading speed but also the minimal wave speed
when (1.5) is quasi-monotone.

3. SPREADING SPEED

This section aims at proving the nonexistence of non-quasi-monotone traveling wave solutions of
system (1.5) and analyzes the upward convergence of the spreading speed. For convenience, we denote
K* = (K*,K*) and [0, K*] = [0, K*] x [0, K¥], where 72 KT = v, K*.

According to (A4), we establish two auxiliary monotone delayed systems:

{Ut = DU, + FH({U(z,t), (G BT (U))(2,t)) — mU(z,t) + 12V (z,1), 5.1)
Vi= mU(z,t) —V(zt),
and
{Ut = DU,y + F~(U(,t), (G x B~ (U))(z,1)) — nU(z,t) + 72V (z, 1), 52)
Vi= mU(z,t) —V(z1),
Recalling 01 F* € C(I,R), let
L := max {(52/&)};1_61F+(U, V)|, (Jflva)éIJalF_(U, V)|} . (3.3)

For any ¢ = (¢1, ¢2) € Ck+, we define H(¢) = (H1(¢), H2(¢)) by
+oo
Hi(6)(x) = F (¢1<x, o. [ [ 6B —s))dyds) L1 (2,0) + 1262(a,0),
Hy(9)(x) := 71¢1(x,0).
Similarly, we define H*(¢) = (Hi"(¢), Hy (¢)) by
HE(6) =P (¢1<x o | - [ G-y —s))dyds) T Lé1(2,0) + 126a(2,0)
1 9 ) 0 R ) 9 ) ) )

Hy (¢) :==y1¢1(x,0).
It is clear that H*(-) is monotone in Ck+ and

H™(¢) < H(¢) < HE(¢), V ¢ € Ce+.
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We start with the well-posedness for the initial-value problems of (1.5).

Lemma 3.1. For any ¢ € Cx+, system (1.5) has a unique mild solution W (x,t; @) with W(x, §;¢) =
o(z,8) for (x,8) € R x [—7,0] and 0 < W (z,t;0) < KT for (x,t) € R x R;.

Proof. Let I =[0,K*] x [0, BY(KT)] and

L= max{ max |01 F(u,v)|, max_|02F (u,v)| max |B’(u)|} .
(uv)el (u,v)el u€l0,K+]

Consider the initial value problem

{W(m, t)
Wz, §)

THW(-,0)(x) + [3 T(t — 8)H(W;:)(2)d3, VxRt >0,
o(z, ), z €R,5€[-T,0].

where T'(t) = diag(T(t), T2 (t)) with 7'(0) = I and

_(@—y)?

Dt ¢(y) dy,

Ty (t)p(z) r=e~ (EHm)t /R \/ﬁe
To(t)g(x) :==e 7' p(x),

for any ¢ € BUC(R,R) and t > 0. Let
D:={W e CRxR,,[0,K]): W(z,t) = p(x,t) for (z,t) € R x [-7,0]}.

Define an operator P on D by

TOW(-,0)(x) + [y T(t — 8)H(Ws)(x)d3, xe€R,t>0,

P(W)(z,t) = {(p(x,t), zeR,te[-,0]

Note that 7'(t)(-) is a positive operator and monotone on D, V¢ > 0. Then,

0 <T1(t)pr (-, 0)() + / To(t — 8)Hy (Ws)(x)ds

<\ ()K+ + / t Ty(t — 8)H;F (K)(x)d3
0

=K,
and

0 <Ta(t)a(0)(o) + | Tt = (W) (w)ds

<TH(t)K* + / t To(t — 8)Hy (K+)(x)d3
—K*, ’

which implies P(D) C D. For p > 0, define

W, :zmax{ sup |Wi(z,t)|le”™, sup Wg(x,t)|e“t},
2€R,1>0 2€R,>0

d, (U, V)= |U=V|,, YU,V €D.
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Then (D, d,) is a complete metric space. For any U = (Uy,Us),V = (V1,Va) € D, we have
| Hy(U)(x) — Hi (Vi) ()]e ™
< LU (@,8) = Vi@, )le ™ + 1l Us(w, 1) — Va(a, t)]e

+ |0 F (nl(:c,t),/+oo/G(y,s)B(Ul(:vy,ts))dyds>
+ |02 F (Vi(z, 1), m2(x, 1))

+oo
/ / (5, 9)| B/ (ns( — 1t — )T — .t — 8) — V(e — gt — 5)|e " dyds

_(2L+L+72)||U—V||u, VzeR,t>0,

|Uy (z,t) — Vi (z, t)|e*"t

and
|Ha(Uy)(z) — Ho (Vi) (z)|e ™™ < ||U = V|, Vo e Rt >0,

where

nl(.T,t) :6‘1U1(£L',t) + (1 — 91)V1(£L',t)7
+oo
na(z,t) 292/0 /RG(y, $)B(Ui(x —y,t — s))dyds

“+o00
—|—(1—02)/0 /RG(y,s)B(Vl(x—y,t—s))dyds,
N3z —y,t —s) =03U1(x —y,t —s) + (1L — 03)Vi(z — y,t — s),

with 61,05,03 € (0,1). Furthermore,
t
|PL(U)(x,t) = P (V)(z, t)]e ™ S/ T(t — 8)|H1(Us)(x) — Hi(Vs)(x)|e *ds
0

<2L+L+72

U-V|,, VxeR, t>0,
ST, 0=Vl

and

|Po(U)(,t) = Po(V)(, 1) e S/O "I |Hy(Us) (2) — Ha(Vs)(w)|e™""d3

<M U-V]|,, VTR, t>0.
Yo +
This implies
2L+ L+v m
I1P(U) = P(V)||, < max U=Vl
L+vi+p v+p

Choose > max{2L + 2 — 71,71 — 72}, so that max {(Qf/ +L+y)/(L4+y+w),/(yv2+ ﬂ)} < 1.
Therefore, it is concluded that P is a compression map on D. By using the contraction mapping
theorem, P has a unique fixed point W in D, which is the unique mild solution of (1.5) such that
W (z,t) = ¢(x,t), for (x,t) € R x [—7,0]. O
Lemma 3.2 (Comparison principle). For any ¢, ¢+ € Cx+ and ¢~ € Cx- with
¢ (2,8) < P(x,8) < ¢t (x,5), V(z,8) € Rx[-T,0];
let W™ (z,t;07), W(x,t;0) and W (x,t;6) be the solution of systems (3.2), (1.5) and (3.3) through
¢, ¢ and ¢, respectively. Then
W= (2,t:07) < W(a,t;0) < Wz ti6%), V(o,t) € R x Ry
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Proof. The proof is similar to that of [37, Lemma 3.1] and thus omitted. (]

Now, we state the result on the spreading speed for (1.5) without quasi-monotonicity. In particular,
to obtain the upward convergence of spreading speed, we further make the following assumption.

(H) F(U,V) = —aU + g(V) for (U,V) € [0,K] x [0, B(K)], where a > 0 is a constant and g¢(-) is
a given function, g(B(U))/U is strictly decreasing for U € [K~, K], and b(U) := 1¢(B(U))

satisfies:
(P) le,UQ S [Ki,K+] Satisfying U2 S K S Ul,UQ 2 b(U1) and U1 S b(Ug), there holds
Uy =Us.

Theorem 3.3. Assume that (A1)-(A4) hold. Let W(x,t;¢) = (U(x,t;¢),V(x,t;¢)) be the unique
global solution of (4) through the initial function ¢ € Cx+. Then the following statements are valid:

(i) For anyc>c*, if 0 < ¢ < K and ¢(x,-) = 0 for x outside a bounded interval, then

lim  W(x,t;¢) =0.

t—o00,|z|>ct

(ii) For any c € (0,¢*), if ¢ := (¢1,P2) € Cx+ and either ¢p1 Z 0 or ¢o(-,0) £ 0 holds, then

K™ < liminf W(z,t;¢) < limsup W(x,t;¢) < KT,

t—o0,|z|<ct t—o0,|z|<ct

Moreover, if (H) holds, then

lim  Wi(x,t;¢) = K.

t—o00,|z|<ct

Proof. The proof is similar to those of [8, Theorem 3.3], [14, Theorem 2.2] and [37, Theorem 3.3|. For
any ¢ € Ck+, define ¢ € Cx- by ¢(x,t) = min{¢(z,t), K~ }. From Lemma 3.2, we have

W= (2, 68) < W(a, t;¢) < WH(x,t;¢), Vo € R, ¢ > 0. (3.4)

By Theorem 2.3, ¢* is the spreading speed of solutions for (3.1) and (3.2), which together with (3.4)
implies that ¢* satisfies the statement (i) and the first part of (ii).

Next, we prove the upward convergence of the spreading speeds by the fluctuation method (see [8,
14]). First, we simplify the notation W (x,t;¢) = (U(z,t;¢), V(z,t;¢)) by W(z,t) = (U(z,t), V(z,t)).
Define a function by W(z,t) = (U(x,t), V(x,t)). Define a function

min B(z), fU <V,
J(U,V) = { €OV

max B(z), if V <U.
z€[V,U]

Clearly, J(U,V) is non-decreasing in U and non-increasing in V, and J(U,U) = B(U). The integral
form of (1.5) can be written as
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Ulant) = [ @ T .U 0, 0)dy
+ /0 /Re_(““'“)(t_é)l"o(y,t —3) {’ygV(x —y,8)
+9((G* BU))(x —y,5)) | dyds

:/ eIy (z — y, )U (y,0)dy
R

0
+[tAe*(a+Wl)§Fo(y’*§) |:72V(I—y,t+§)
g(G*+J(UU))(x —y,t + g))]dyds’

where
1 2

Do(x,t) := o e~ 1Bt

;

and
t

e 2=y (z, 5)ds

/0 (3.6)
f

V(x,t) =e" "V (2,0) + m

0

—e 2 (2,0) + 71 [ 2°U(x,t + 5)ds.
t

For any 8 € (0, cx), define
U.(v)= liminf U(xz,t) and U*(v) := limsup Ul(z,t),

t—o0,|z|<vt t—o0,|z|<vt

Vi(v)= liminf V(z,t) and V*(v):= limsup V(z,t).

t—o0,|z|<vt t—o0,|z|<vt
Let ¢ € (0,c*) be given, and fix a number « € (¢, c*), define
Udle,y) = <1n£ U.(v) and U*(c,7) := sup U*(v),
c<v<y

c<v<y

Vile,y) = inf Vi(v) and V*(¢,7) := sup V*(v).

c<v<y c<v<y
For any v € (c¢,7), we can choose two sequences {¢;} in (0,00) and{z;}in R such that |z;| <
vtj,t; — oo as j — oo and lim; o U(xj,t;) = U.(v). For any given y € R and § € R, we have
liminf,; o V(x; —y,t; +§) > Vi(y) and

Uc(y) <liminfU(z; —y,t; + 8 —7) <limsupU(z; —y,t; + 5 —7) < U*(y).
j—oo

j—o0

By Fatou’s Lemma, it follows from (3.5) that

U.(v) >lim 1nf/ /_(‘HM)SFO —5)[72‘/( —y,tj +3)
t]

g((GxxJ(U,U))(xj —y,t; —&—s))}dyds
/ / —(aty) To(y, —58) lim mf ['ygV( —y,t; +8)

+ (G I (U.))(a; — v, - 5)) | dyds
> [12Ve(7) + 9(J(Ue(), U (M) /(@ + M),
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which implies
(a@+7)Uu(v) =2 22Va(y) + 9(J (U (7), U (7)),
similarly, from (3.5) and (3.6) ,we have
(a+7) U (v) <7V () +9(J (U (7),U)),
72Va(v) 2 U(y) and 32V*(v) < nU*(9),
it then follows that
(@ +m)Usle,) 2 92Vile,y) + 9 (J (Ui(e,7), U (¢,7)))
Y2Va(e,7) 2 mUs(c,7),
(a+71) U (e,) <7V (e,y) +9(J (U (e, 7),Usle 7))
Y2V (e,v) < U (e, ),
according to the definition of J, there exists Uy, Uy € [U.(c,7),U*(c,v)] C [K~, K] such that
J(Us(c,7),U"(,7) = B(Uh), J(U"(¢,7),Us(c,7)) = B(U2),

from (3.7), we have

Uu(e7) 2 g (B (U1)) and U*(e,7) < ~g (B (02)

in view of assumption (H), we have

—_

b(U1) = g (B(U1)) < Uulen) < U, Us < U*(e,7) < —g (B (U2)) = b(U),
and hence
9(B(W)) ., _9BK)) _g(B(U2)
aly - aK alUs

since g(B(U))/U is strictly decreasing for U € [K~, K], it follows that Uy < K < U;. The property
(P) implies that U; = Uy = K, and hence,

U.(e) = U(e,7) = K, (3.5)
moreover, we deduce from (3.7) and (3.8) that
MK =1U(e,7) < 72Vi(e,7) <72V (e,7) <mU(e,y) =K,

and hence Vi (¢,v) = V*(¢,v) = % = K. Consequently,

K =Ud(c,7) S Uslc) <U(c) U (c,7) = K,

K =Vi(c,7) < Vile) V() £ V*(e,7) = K,
which imply that lim;_, o |z)<et W (2,15 ¢) = K for any ¢ € (0,c*). |
Theorem 3.4. Assume that (A1) —(A4) hold. For any 0 < ¢ < ¢*, (1.5) has no traveling wave solution
(&) with lifrr_l)g}f ®.(£) > 0 and P.(—o0) = 0.

Proof. Assume, by contradiction, that for some ¢; € (0,¢*), (1.5) has a traveling wave solution
W(z,t) = @, (x + c1t) such that li&m inf ®.,(¢) > 0 and @, (—o00) = 0. Let
—00
¢(z,0) := ., (x+10), VO € [-T7,0],
it is easy to see that ¢1 #Z 0 and ¢5(-,0) # 0, by Theorem 3.3(ii), there holds
liminf W(z,t;¢) > K™ >0, Vce (0,c"),

t—o00,|z|<ct
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let¢ € (c1,¢*) and x = —¢t, then

0= lim &, (—(¢—c1)t) = lim W(—ct,t) >lim inf  W(z,t) >0,
j—o00 j—o00

t—oo,|z|<ct

4. TRAVELING WAVES

In this section, we establish the existence of non-monotonic traveling waves of (1.5) by using the
Schauder fixed-point theorem. Moreover, we also use the monotonicity of the traveling wave solution
in the auxiliary system (3.2) to obtain the asymptotic behavior of the wave profile.

Theorem 4.1. Assume that (A1)-(A4) hold. For each ¢ > c*, let M\1(c) be defined as in Lemma 2.5

and b(c) = ﬁ Then (1.5) admits a traveling wave solution ®.(£) such that

+72
P (—00) =0, 0 < P.(§) <K', VEER, (4.1)
K~ <liminf ®,(¢) < limsup ®.(¢) < K* and lim ®,(&)e™ (98 = (1,n(c)), (4.2)
E—+o0 E—4o00 §——o0

moreover, if (H) holds, then limg_, 4 ®.(§) = K.
Proof. Recalling the definition of L in (3.3), we let

L := max {L, max |1 F(U, V)|, max |0F(U, V)|} ,
(UV)el (UV)el

and

c— /2 +4D (L+m) e+ /e +4D (L+m)

2D and 7z = 2D :
clearly, 71 < 0 < 7o and Dr? — cr; — (L—|—'yl) = 0,4 = 1,2. Define an operator T" = (T1,T3) :
C(R,[0,K"]) = C(R,R?) by

r =

¢ ) oo A
Tl(\IJ)(f) :ﬁ [/_oo eTl(f—S)Fl(\I/)(g)dé -|—/E eT2(5—5)F1(\I/)(§)d§ s \
1 [¢ Y2 s ( .3)
LE© = [ e FEIRw)Es,

where W(¢) = (¢(£),¢(¢)) and
S1(W)(&) ==L (&) + F(6(8), (G xB(9))(€)) + 128(€),
S2(W)(§) :=me(E),

it is easy to verify that a fixed point of T is a solution of (2.5) (also see [25, Lemma 4.1]). Similarly, we
define T* = (T, T5) as in (4.3) with S = (Sy,Sy) replaced by S* = (S, S5), where

SE)(E) =Lo(€) + F=(0(6), (J *+B*(9))(€)) +720(€).
S5 (0)(€) =m6(6),
by (ii) of (1.5), it follows that 7% (¥) is monotone, and for any ¥ € C(R, [0, KT]),
T™(¥) < T(¥) < TH(D),

in view of A(c, A1(c)) = 0, we have

+oo
8 F 0,0 +a F 0,0 B/ 0 / /G .S e—Al(C)(y"rCs)d dS“‘%
1F(0,0) + 8:F(0,0)B'(0) A (v, 5) vds + S

=—DX(c) +cAi(c) +m >0,
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and hence Aj(c) < ry. Define
dF(¢) = (min{KJr,e)‘l(c)g},min{f(Jr,b(c)e)‘l(c)E}) ,

noting that ST (U, V) < 8:F(0,0)U + 0,F(0,0)V for (U, V) € I, we deduce that TH(®d+)(£) < & (¢)
for £ € R. Then for a given A € (0, min{\;(c),r2}), let

Xy :={¥ € C(R,R?) : sup ||¥(&)]|e™* < +oo},
£ER

with the norm [|[W|[y = supcg [|¥(£)]le . Then (Xy, | - [[x) is a Banach space. Since 8;5%(0,0) =
0;F(0,0), i =1,2, A(e,\) =0 is also the characteristic equation of (3.1) and (3.2) with respect to the
trivial equilibrium 0. It thus follows from Theorem 2.7 that for any ¢ > ¢*, (3.2) admits a non-decreasing
traveling wave solution ®; (£) = (¢ (£), ¥ (£)),€ = x + ¢§ such that

O ()>0,P,(—0) =0, D (+o00) =K,

liminf @7 (€)e (¢ = (1,n(c)) and &7 (€) < eMIE(1,n(c)), V € €R,

£——o0
it is easy to see that ®_, ot € X, and hence Q := {\Il €eX): 0, <UL <I>+} is a nonempty, convex
and closed subset of X). For any ¥ € Q, we have &, = T (®,) < T (V) < T(V) < TT(¥) <

c

T+(®+) < ®*. and hence T(Q) C Q. Now, we prove that T is compact on Q. We first show that T is
continuous on 2. For any U1 = (¢1,¢1), Vo = (¢2,12) € Q, there holds

|91 (W1)(&) — S1(Wa)(§)]e™™
<L|¢1(€) — p2(E)le ™ + y2vh1(€) — va(€)|e
+[O1F (1 (€), (G * *B(61))(€))[[61.(€) — da(€)le™*

+oo
+ [02F (¢2(£), m2(& |/ /Gy,

x |B'(n3(& —y — ¢s)|p1 (& — y — ¢s) — ¢a(€ — y — cs)|dydse™
<Ly1|| Wy — Wy,

where Ly := 2L + v + Lmaxyejo,x+) |B'(U)| f % o Gly, s)e=vtes)dyds,

m(§) = 01¢1(§) + (1 — 01) ¢2(¢),
n2(&) = 02 (G *+B (1)) (§) + (1 — 02) (G * xB (¢2)) (£),
n3(€ —y —cs) =0301(§ —y —cs) + (1 — 03) p2(§ —y — cs),
with 6; € (0,1),7 =1,2,3. Then we have
Ly

T, (¥ — Ty (T - < U, — U 4.4
T2 (W) (&) — T1(P2)(E)]e _D(A—ﬁ)(rz—)\)u 1= P, (4.4)
similarly, we obtain
To(T1)(€) — To (T N g, g 4,
|To(W1)(€) — Ta(P2)(E)]e <o W1 — Wally, (4.5)
the inequalities (4.4) and (4.5) lead to
L+
IT(¥1) — T(W2)||x < L 101 — W,

min {D(A —7r1)(r2 — A),cA + 72}

which implies that T is continuous on €.



A NON-MONOTONE REACTION-DIFFUSION SYSTEM WITH SPATIO-TEMPORAL DELAY 19
Next, we show that T : £ — € is compact with respect to the norm || - ||x,. For any ¥ € Q and
¢ € R, direct calculation yields

LK* + v K+ 4 max = F(U,V
V2 B (U,V)e[l ( )|, IT5(0)(6)] < 7
L""Yl Cc

T (W) <

2(LKT + 7Kt 4 max | F(U,V)))
T \II / < (U, V)erl
| 1( ) (§)| = D(Tg _7"1)

Therefore, the family of functions {T'(¥)(§) : ¥ € Q} is uniformly bounded and equicontinuous in
¢ € R. By means of the method in [3, Theorem 3.1], we can prove that T(2) is compact in X,. As

< KT (2 +¢)
i 02 .

;1 T2(2) ()]

a consequence, Schauder’s fixed point theorem implies that T has a fixed point ®. in 2, which is a
traveling wave solution of (4) for ¢ > ¢*. Since

0< (6 <PF(E) < PI(E), VEER,

it follows that (4.1) and (4.2) hold. Finally, when (H) holds, by using similar arguments as in the proof
of [31, Theorem 2.4], one obtains that limg_, . ®.(§) = K. O

Theorem 4.2. Assume that (A1)-(A4) hold and ¢ = ¢*. For any vector o > 0 with ||o| < 1, (1.5)
admits a non-constant traveling wave solution ®.(§) such that

P () <o, VELO and 0 < B, () <K', VEER, (4.6)
K~ <liminf ®,(¢) < limsup ®.(¢) < KT, (4.7
§—+oo E—+o0

Moreover, ®,(—o00) =0 and if (H) holds, then lim¢_,, ®.(§) = K.

Proof. We use similar arguments as [8, Theorem 4.2] and [26, Theorem 4.13]. Choose a sequence
{¢;} C (¢*,4+00) such that lim ¢; = ¢*. By Theorem 4.1, there exists a traveling wave (®;,¢;) of (1.5)
j—o0
for each j such that
K~ <liminf ®;(¢) < limsup ®;(¢) < KT,

=400 £—+o00

Given any o > 0 with ||o|| < 1. Since ®;({+h),h € R, is also a solution satisfying ®,(—o0) = 0, we
can assume that ®;(£) < o for ¢ < 0. Similar to the proof of Theorem 4.1, we can prove that the family of
functions {®; (¢ )};’;1 is uniformly bounded and equi-continuous on R. Thus, there exists a subsequence
of {¢;}, still denoted by {c;}, such that ®;(£) converges uniformly on every bounded interval, and hence
pointwise on R to a function ®,(§) = (¢«(£), ¥« (£)). Note that ®;(&) = T (®;) (§), £ € R. Letting
j — oo in the above equation and using the dominated convergence theorem, we get ®,(&) =T (D) (€)
for £ € R, and hence, (4.6) and (4.7) hold.

Next, we show that ®,(—o0) = 0. We first prove that

0 0
[ @@%<+mwd[ b (€) dE < +00, (4.8)

it is easy to define that for any € > 0 satisfying
(01F(0,0) — ) + (02F(0,0) — )(B’'(0) — &) > 0 and 92 F(0,0) — e > 0,
there exists d;(¢) = d; > 0, i = 1, 2,3, such that the following inequality holds
F(U,V) > (01F(0,0) —e)U + (0. F(0,0) — )V, V (U, V) € [0,01] x [0, 2],
B(U) > (B'(0) —e)U, Y U € [0, 3],
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denote p; and ps, such that
p2 +p1 = 01 F(0,0) — ¢,
p2 — p1 = (02F(0,0) —e)(B'(0) —¢),

note that ®.(£) < o for any £ < 0. Choose ¢ = (01,02) < 0 with o7 < min{dy, 03, %}- It then
follows from (2.5) that

¢,(&) + ¥ (§) — D ()

= ( «(£), (G = %B(94))(€))

Z(01F(0,0) — £)¢«(€) + (9210, ) €)

2(01F(0,0) = €)¢«(£) + (02F(0,0) —¢)
=(p2 4 p1)9+(§) + (P2 — p1)(G * *¢*)(€
=p1[¢+(§) = (G % x¢.)(§)] + p2[d+(§) + (G * ¢.)(£)],

integrating both sides of (4.9) from y to 0 with y < 0, we have

,0
0 (0) — £)(G * #6.)(E) (4.9)

)

(G +xB(¢.))(€)
(B'
)

0
c[@4(0) = ¢ (y)] + c[1h+(0) — s (y)] — D[#,(0) — ¢L(y)] + p1 / (G %¢:) (&) — d+(£)]dE
Y (4.10)

0
>0 / [6:(6) + (G % #.) (€))de,

note that ®,(§) = T(P.)(£). Direct calculations show that

1

¢.(€) Dl —r)

3 . “+o0 )
rl/ e"<5*5>51(<1>*)(§)d§+r2/ e2(6=9 8, (,)(5)d5 |
— 00 I3

< Y2 3
PO =-2 [ FED5@ )55 + 5 (®.)6),

=N .
since S(®,) is bounded, the above equalities imply that &, () is uniformly bounded in R. By Fubini’s
Theorem, we have

[ 16 - o6

:/ [/+°°/ (@, 8) (€ — 7 — cs)dzds — b, }df‘
_ /yo [/OJFOO/RG(Z‘,S)(Z‘-I-CS) /01 ¢;(5—9(x+cs))d9dxds] d{‘

oo 1
= /0 /RG(QJ, s)(x + cs) /0 [ (—0(x + ¢5)) — ¢u(y — O(x + cs))]dOdxds|

note that (C1) implies that f0+°° Jg |z + cs|G(z, s)drds < +00. Hence, we have

[ v - tenae < [ [t iz < 4

this shows that fo G x %0,) (&) — ¢+ (£)]d€ is bounded on (—o0,0]. Therefore, from (4.10), we see that

f ¢+ (8)ds is bounded on (—o0,0]. Moreover, from the second equation of (2.5), we have

0 0
o / $u(3)dS = / 6.(8)d — e[, (0) — b ()],
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which implies that fyo 1«(8)d$ is also bounded on (—o0,0]. Hence, (4.8) follows.
By the uniform boundedness of ®’,, we can show that ®,(—o0c0) = 0. The proof of upward convergence
D, (+00) = K is essentially similar to that of Theorem 4.1 and thus omitted. ]

5. CONCLUSION

The seed bank model (1.5), which incorporates dormancy, nonlocal reproduction, and spatio-temporal
memory effects, provides a rich mathematical framework for investigating ecological invasion dynamics.
Our analysis distinguishes two structurally distinct regimes monotone and non-monotone systems whose
behaviors differ significantly with respect to traveling wave existence and invasion speed. In particular,
the introduction of a spatio-temporal delay via the convolution term plays a pivotal role in shaping both
the rate and spatial profile of biological spread.

Under the monotonicity condition (A5), the model admits monotone traveling wave solutions for all
¢ > ¢*, connecting the extinction state to the carrying capacity (Theorem 2.7). These results reflect
idealized ecological scenarios where higher seed bank density or past reproductive effort strictly enhances
active population growth. The system spreads in a smooth, predictable manner, and ¢* quantifies the
minimal rate at which such a front can advance (Theorem 2.3).

When the monotonicity condition (Ab) is relaxed, the system becomes more ecologically realis-
tic, capturing nonlinear feedbacks such as germination saturation, delayed activation, or recruitment
thresholds. Even in this general case, our results confirm that ¢* remains a valid threshold for invasion
(Theorem 3.3). Although traveling waves may become non-monotone, they still exist for all ¢ > ¢*
(Theorem 4.1), while no such waves occur for ¢ < ¢* (Theorem 3.4). These waves reflect more com-
plex propagation patterns, such as overshoot or spatial layering, often observed in nature but beyond
the reach of monotone models. Ecologically, the model shows that delayed and spatially distributed
reproduction can slow the spreading speed ¢* and generate non-monotonic invasion fronts, reflecting
processes such as dormancy, delayed recruitment, and spatial heterogeneity that shape both the rate
and pattern of range expansion.

Our current work has primarily focused on invasion dynamics and long-term convergence to the
positive equilibrium K. In future work, a natural extension is to examine whether the combined effects
of spatio-temporal delay and non-monotonicity may destabilize the positive equilibrium K. In the seed
bank model (1.5), this type of instability can manifest as population oscillations, recurrent outbreaks,
or spatial pattern formation, with important implications for species persistence, habitat colonization,
and ecological resilience.
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