
Mathematics in Applied Sciences and Engineering https://ojs.lib.uwo.ca/mase
Online First, pp.1-23 https://doi.org/10.5206/mase/22978

SPATIAL DYNAMICS FOR A NON-MONOTONE REACTION-DIFFUSION

SYSTEM WITH SPATIO-TEMPORAL DELAY

GE TIAN AND NA LIANG

Abstract. In this paper, we study the spreading speed and traveling wave solutions of a non-

monotone reaction-diffusion system with spatio-temporal delay. By constructing a pair of auxiliary

systems and using the Schauder ’s fixed point theorem, the existence of the spreading speed is proved,

which is consistent with the minimum wave speed of the traveling wave solution. The results show

that the spreading speed and the traveling wave solution are convergent upward.

1. Introduction

Reaction-diffusion systems can be used to describe the dynamic behavior of many mathematical

models, such as disease transmission, population diffusion and biological invasion [20]. A classical

reaction-diffusion equation is

Ut = DUxx + F (U(x, t)), (1.1)

where (x, t) ∈ R× [0,+∞) and D > 0 is the diffusion coefficient. The traveling wave solution φ(x+ ct)

represents a special class of solutions invariant under spatial translation, with c denoting the wave speed.

Closely related is the notion of spreading speed, first introduced by Aronson and Weinberger [1], which

describes the asymptotic rate at which the leading edge of an initially localized population advances into

unoccupied space. In population dynamics, it quantifies the range expansion driven by the interplay

between local growth and spatial dispersal. Mathematically, the spreading speed corresponds to the

minimal wave speed of traveling fronts or the asymptotic propagation speed of population level sets.

In natural plant communities, many species rely on the formation of a seed bank to buffer envi-

ronmental fluctuations and resist external disturbances, thereby enhancing long-term population per-

sistence. Dormant individuals, typically in the form of seeds stored in the soil, do not participate in

immediate ecological processes but can germinate and return to the active population when conditions

become favorable. This dormancy–activation mechanism plays a vital ecological role in maintaining

multi-generational continuity, avoiding short-term extinction, and enhancing ecosystem resilience. To

investigate the spatiotemporal dynamics associated with the seed bank mechanism, we consider a local

reaction-diffusion model, which was presented by Hadeler and Lewis [13],

{
Ut = DUxx + F (U(x, t))− γ1U(x, t) + γ2V (x, t),

Vt = γ1U(x, t)− γ2V (x, t),
(1.2)

where U(x, t) denotes the density of active individuals (e.g., growing plants) at position x and time t,

while V (x, t) represents the density of dormant seeds in the seed bank. Active individuals can diffuse
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through space with diffusion coefficient D, and their local growth is governed by a nonlinear function

F (U). The parameters γ1 and γ2 represent the transition rates from active to dormant states and vice

versa, respectively. The asymptotic behavior of system (1) in both unbounded and bounded domains

was first investigated by Zhang and Zhao [34]. Subsequently, Zhang and Li [35] proved the monotonicity

and uniqueness of traveling wave solutions for the same system.

To further capture time delays inherent in plant life cycles, such as seed germination lag or delayed

environmental responses, model (1) is extended to the following delay reaction-diffusion system[15, 23]:{
Ut = DUxx + F (U(x, t), V (x, t− τ))− γ1U(x, t) + γ2V (x, t),

Vt = γ1U(x, t)− γ2V (x, t).
(1.3)

In system (1.3), the growth function F depends on the current density of active individuals U and the

delayed density of dormant individuals V evaluated at t − τ , thereby incorporating physiological lags

associated with activation, germination, and reproduction. The inclusion of this delay term provides

a more faithful representation of the temporal influence exerted by the seed bank on active popula-

tion dynamics. Wu and Zhao [29] established the existence of the minimal wave speed, monotonicity

and uniqueness (up to translation) of the traveling wave fronts under the assumption that F (U, V ) is

monotone with respect to V . By using comparison arguments, Schauder’s fixed-point theorem and a

limiting process, Zhao and Liu [37] obtained the spreading speed and its coincidence with the minimal

wave speed of traveling wave solutions of system (1.3) in non-quasi-monotone case. Using the weighted-

energy method and comparison principle, Zhou et al. [36] discussed the stability of traveling wavefronts

for a spatially nonlocal population model with quasi-monotonicity and delay of the system (1.3), it was

shown that all monostable wavefronts were exponentially stable for large speeds.

In certain situations, incorporating only a discrete delay or a finite delay into a population model

proves to be insufficient. Britton [4, 5] first introduced the notion of a nonlocal delay, which has

since stimulated extensive research on the spatial dynamics of reaction-diffusion systems with nonlocal

delays [2, 6, 7, 9, 18, 20, 21, 22, 26, 27, 28, 30]. Recently, Bai and Zhao [3] considered the following

model: {
Ut = DUxx + F

(
U(x, t),

∫
RG(y)B(U(x− y, t− τ))dy

)
− γ1U(x, t) + γ2V (x, t),

Vt = γ1U(x, t)− γ2V (x, t),
(1.4)

they studied the spreading speed and traveling wave solutions of system (1.4) without quasi-monotonicity.

For a detailed discussion of the spatial dynamics of the nonlocal diffusion version of model , please refer

to [17, 39].

Motivated by the above, we consider the following reaction-diffusion equations with spatio-temporal

delay, {
Ut = DUxx + F (U(x, t), (G ∗ ∗B(U)) (x, t))− γ1U(x, t) + γ2V (x, t),

Vt = γ1U(x, t)− γ2V (x, t),
(1.5)

where x ∈ R, t ≥ 0, and the convolution term is defined by

(G ∗ ∗B(U))(x, t) =

∫ +∞

0

∫
R
G(y, s)B(U(x− y, t− s)) dy ds,

which represents the cumulative influence of previously existing individuals at past times t − s and

spatial positions x − y on the current dynamics at (x, t). The kernel function G(y, s) describes the

spatial and temporal weighting of these influences, while B(U) captures the biological contribution

(e.g., fecundity) of active individuals. Note that, when G(x, t) = δ(x)δ(t − τ) (where δ(·) is the Dirac
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delta function), (1.5) degenerates to (1.3). When G(x, t) = k(x)δ(t − τ), (1.5) degenerates to (1.4).

Hence, model (1.5) is applicable in a broader context, making it more general.

The purpose of this paper is to study the spreading speed and traveling wave solutions of (1.5)

without quasi-monotonicity. In particular, we investigate the effect of spatio-temporal delay on the

propagation speed and traveling wave solutions. Two auxiliary quasi-monotone systems are introduced,

and a comparison principle is established between the Cauchy problems of the original system and the

auxiliary systems. The proof method of this paper is inspired by [3, 37], but the analysis is much more

complicated. In particular, the primary difficulty lies in the coupling of time-delay terms with spatial

variables, which yields a particularly intricate integrand. The following is the assumptions:

(A1) G(−y, s) = G(y, s) ≥ 0 for y ∈ R and s ≥ 0, G ∗ ∗1 = 1, that is to say,∫ +∞

0

∫
R
G(y, s) dy ds = 1;

in addition, there is a positive real number λ0 ∈ (0,+∞) such that when λ ∈ [0, λ0) (here λ0

may be +∞), for any wave speed c > 0, there holds∫ +∞

0

∫
R
G(y, s)e−λ(y+cs) dy ds < +∞.

(A2) F (·) ∈ C2(R2
+,R) and B(·) ∈ C2(R+,R+) have ∂1F (0, 0) < 0, with B(0) = 0 and B(U) > 0 for

U > 0, F (0, B(0)) = F (K,B(K)) = 0 and F (U,B(U)) > 0 for U ∈ (0,K), F (U,B(U)) < 0 for

U > K.

(A3) F (·) and B(·) are strictly subhomogeneous, that is F (δU, δV ) > δF (U, V ) and B(δU, δV ) >

δB(U, V ) for any δ ∈ (0, 1), U, V > 0.

(A4) There exist K± and K with 0 < K− ≤ K ≤ K+ and twice piecewise consitinuously differen-

tiable functions B± : [0,K+]→ R+ and F± : Ī → R such that

(i) F±(0, B±(0)) = 0, F±(K±, B±(K±)) = 0, (B±)′(0) = B′(0) and ∂iF
±(0, 0) = ∂iF (0, 0), i =

1, 2 and ∂1F
± ∈ C(Ī ,R).

(ii) B±(U) are non-decreasing on [0,K±], B±(0) = 0 and 0 < B−(U) ≤ B(U) ≤ B+(U)for U ∈
(0,K+]. F±(U, V ) are non-decreasing with respect to V on Ī and F−(U, V ) ≤ F (U, V ) ≤
F+(U, V ), ∀(U, V ) ∈ Ī , so we also have F±(0, 0) = F (0, 0) = 0.

(iii) F±(·) is strictly subhomogeneous on Ī and B±(·) is strictly subhomogeneous on [0,K+].

Together with (ii) of (A4) imply that for any δ ∈ (0, 1),

F±(δK±, B±(δK±)) > δF±
(
K±,

B±(δK±)

δ

)
≥ δF±(K±, B±(K±)) = 0,

so with F±(U,B±(U)) > 0 for U ∈ (0,K±), and hence there is no other positive zeros of

F± on [0,K±]× [0, S±(K±)].

Here, and in what follows, we define Ī := [0,K+]× [0, B+(K+)].

Remark 1.1. In view of (A2)-(A4), it follows from [38, Lemma 2.3.2] that

0 < B(U) ≤ B′(0)U, ∀ U ∈ (0,K),

0 < F (U,B(U)) ≤ ∂1F (0, 0)U + ∂2F (0, 0)B′(0)U, ∀ U ∈ (0,K),

which imply that B′(0) > 0 and ∂1F (0, 0) + ∂2F (0, 0)B′(0) > 0.

The rest of this paper is organized as follows. In section 2, we present preliminaries. In section 3,

the existence of the spreading speed c∗ of system (1.5) in the non-monotonic case is proved by using

the method of fluctuation and comparative argument. In section 4, we obtain the existence of traveling
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wave solutions(c ≥ c∗) by using the fixed point theorem and the method of limit argument. In section

5, we provide an ecological interpretation of the results.

2. Preliminaries

In this section, we study the spreading speed and traveling wave solutions of (1.5) in the quasi-

monotone case. For this reason, we make the following assumptions:

(A5) ∂2F (U, V ) > 0 for all (U, V ) ∈ [0,K]× [0, B(K)] and B(U) is non-decreasing on [0,K].

Note that if (A5) holds, then we can replace F±(U, V ), B±(U),K± with F (U, V ), B(U),K. By as-

sumption (A2), we can deduce that system (1.5) has two equilibrium points 0 := (0, 0) and K := (K, K̄)

with K = (γ2/γ1)K̄. It follows from [3] that we get the following results.

2.1. The spatially homogeneous system. We start with the global dynamics of the following spa-

tially homogeneous system:{
dU
dt = F (U(t), B(t− τ)))− γ1U(t) + γ2V (t),
dV
dt = γ1U(t)− γ2V (t),

(2.1)

we define N := C([−τ, 0], [0,K]× [0, K̄]). Then we have the following result.

Lemma 2.1. [3] Let (A2)-(A3) and (A5) hold. For any φ ∈ N , system (2.1) has a unique solution

W (t, φ) with W0 = φ, and Wt(φ) := (Ut(φ), V (t, φ)) ∈ N for all t ≥ 0.

Through [3, Lemma 2.1] and [12, Theorems 2.2.1 and 2.2.3] and [33, Theorem 3.2], we can get the

conclusion that K = (K, K̄) is globally asymptotically stable for system (2.1) in N\{0}.

2.2. Results for monotone delayed system. Since system (1.5) is cooperative and its solution maps

are monotone, we can use the general theory developed in [16] to study the spreading speeds for (1.5).

We start with some basic notations.

Let X := BUC
(
R,R2

)
be the Banach space of all bounded and uniformly continuous functions from

R into R2 with the usual supremum norm ‖ · ‖X , and X+ := {φ ∈ X : φ(x) ≥ 0,∀x ∈ R}. The space

BUC(R,R) is defined similarly. Clearly, any vector in R2 can be regarded as a function in X.

Let Y be the space of all continuous functions from [−τ, 0] to R2 with the usual supremum norm

‖ · ‖Y , i.e., Y = C([−τ, 0],R2), and Y+ = C([−τ, 0],R2
+). Then (Y, Y+) is an ordered Banach space. For

U, V ∈ Y , we write U ≥ V if U − V ∈ Y+, U > V if U − V ∈ Y+\{0}, and U � V if U − V ∈ Int(Y+).

Let C be the set of all bounded and continuous functions from R to Y equipped with the compact

open topology, that is, Um → U in C means that the sequence of Um(x) converges to U(x) in Y as

m→∞ uniformly for x in any compact subset of R. For U, V ∈ C, we write U ≥ V (U � V ) provided

U(x) ≥ V (x) (U(x) > V (x)), ∀x ∈ R and U > V provided U ≥ V but U 6= V . Clearly, any element

in Y can be regarded as a constant function in C. Moreover, for each r ∈ Y with r � 0, we define

Yr := {U ∈ Y : 0 ≤ U ≤ r} and Cr := {U ∈ C : U(x) ∈ Yr,∀x ∈ R}. As usual, we identify an element

φ ∈ C as a function from R× [−τ, 0] into R2 by φ(x, θ) = φ(x)(θ).

Define the reflection operator R by R[U ](x, θ) = U(−x, θ), and the translation operator Ty by

Ty[U ](x, θ) = U(x− y, θ) for each y ∈ R. Let Q : Cr → Cr be a given map. The following assumptions

on map Q will be referred to:

(C1) Q[R[U ]] = R[Q[U ]], Ty[Q[U ]] = Q[Ty[U ]],∀U ∈ Cr, y ∈ R.

(C2) Q : Cr → Cr is continuous with respect to the compact open topology.

(C3) {Q[U ](x, ·) : U ∈ Cr, x ∈ R} is precompact in Y .

(C4) Q is monotone (order preserving) in the sense that Q[U ] ≥ Q[V ] whenever U > V in Cr.
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(C5) Q : Yr → Yr admits exactly two fixed points 0 and r and limn→∞Qn[y] = r for any y ∈ Yr with

y � 0.

Define a family of linear operators T (t) = diag (T1(t), T2(t)) with T (0) = I for t ≥ 0 and

Ti(t)φ(x) =

∫
R

Γi(x− y, t)φ(y)dy, ∀ φ ∈ BUC(R,R), t > 0,

where

Γ1(x, t) =
1√

4πDt
e−

x2

4Dt−γ1t, Γ2(x, t) = e−γ2tδ(x)

and δ(·) is the Dirac function. Define Υ = (Υ1,Υ2) : C → X by

Υ1 (φ1, φ2) (x) := F

(
φ1(x, 0),

∫ +∞

0

∫
R
G(y, s)B (φ1(x− y,−s)) dyds

)
+ γ2φ2(x, 0), ∀ x ∈ R,

Υ2 (φ1, φ2) (x) := γ1φ1(x, 0), ∀ x ∈ R.

For convenience, we express (1.5) as the following integral form

W (x, t) = T (t)W (·, 0)(x) +

∫ t

0

T (t− ŝ)Υ (Wŝ) (x)dŝ, ∀ (x, t) ∈ R× (0,∞), (2.2)

where W (x, t) := (U(x, t), V (x, t)).

By using the theory of abstract functional differential equations proposed in [19], we can establish

the following conclusions :

Lemma 2.2. Assume that (A1)-(A3) and (A5) hold. For any φ = (φ1, φ2) ∈ CK, the system (1.5)

admits a unique solution W (x, t;φ) := (U(x, t;φ), V (x, t;φ)) which exists globally in time t ≥ −τ
and satisfies the initial condition W0 = φ, moreover, it ensures that Wt ∈ CK for all t ≥ 0, where

Wt(x, θ;φ) = W (x, t+ θ;φ) for any t > 0, x ∈ R, θ ∈ [−τ, 0],

Now we let W (x, t;φ) be the solution of (1.5) with initial value φ ∈ CK. Define Qt : CK → CK by

[Qt(φ)] (x, θ) = Wt(x, θ;φ), ∀ t ≥ 0, x ∈ R, θ ∈ [−τ, 0].

It is easy to see that Q0 = I, and Qt+ŝ = Qt ◦ Qŝ for all t, ŝ > 0. By arguments similar to those

in [10, Lemma 4.3], we can show that {Qt}t≥0 is a monotone semiflow on CK with time-one map Q1

satisfying (A1)-(A5). It then follows from [16, Theorems 2.11 and 2.15] that Q1 admits a spreading

speed c∗ > 0. The following result shows that c∗ is also the spreading speed of (4).

Theorem 2.3. Assume (A1)-(A3) and (A5) hold. Then the following statements are valid:

(i) For any c > c∗, if 0 ≤ φ� K and φ(x, ·) = 0 for x outside a bounded interval, then

lim
t→∞,|x|≥ct

W (x, t;φ) = 0.

(ii) For any c ∈ (0, c∗), if φ := (φ1, φ2) ∈ CK and either φ1 6≡ 0 or φ2(·, 0) 6≡ 0 holds, then

lim
t→∞,|x|≤ct

W (x, t;φ) = K.

Proof. We use the similar arguments in the proof of [32, Theorem 4.1]. Statement(i) follows from [16,

Theorem 2.17(i)]. To prove statement (ii), we first make the following proposition:

Proposition 2.4. For any φ = (φ1, φ2) ∈ CK, if either φ1 6≡ 0 or φ2(·, 0) 6≡ 0, then W (x, t;φ) �
0 for all x ∈ R, t > τ, and hence, Qt(φ)� 0 for t > 2τ.
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If φ1 6= 0, then there exists a number β > 0 and an interval [a1, a2]× [b1, b2] ⊂ R× [−τ, 0] such that

φ1(x, θ) ≥ β, ∀ (x, θ) ∈ [a1, a2]× [b1, b2].

By Lemma 2.2, W (x, t;φ) ≥ 0 for all x ∈ R and t ≥ 0. Let M = max(U,V )∈[0,K]×[o,B(K)] |∂1F (U, V )|,
then the first equation of (1.5) satisfies

Ut =DUxx + J1(x, t)U(x, t) + J2(x, t)− γ1U(x, t) + γ2V (x, t)

≥DUxx + (J1(x, t)− γ1)U(x, t) + J2(x, t)

≥DUxx − (M + γ1)U(x, t) + J2(x, t),

(2.3)

where

J1(x, t) =

∫ 1

0

∂1F

(
θU(x, t), θ

∫ +∞

0

∫
R
G(y, s)B(U(x− y, t− s))dyds

)
dθ,

J2(x, t) =

∫ 1

0

∂2F

(
θU(x, t), θ

∫ +∞

0

∫
R
G(y, s)B(U(x− y, t− s))dyds

)
dθ

×
∫ +∞

0

∫
R
G(y, s)B(U(x− y, t− s))dyds.

By (2.2) and (2.3), we have

U(x, τ ;φ)

≥
∫
R

Γ(x− y, τ)φ1(y, 0)dy +

∫ τ

0

∫
R

Γ(x− y, τ − ŝ)J1(y, ŝ)dydŝ

≥
∫ τ

0

∫
R

Γ(x− y, τ − ŝ)
∫ 1

0

[
∂2F (θU(y, ŝ), θ

∫ +∞

0

∫
R
G(ξ, s)B(U(y − ξ, ŝ− s))dξds)

×
∫ +∞

0

∫
R
G(ξ, s)B(U(y − ξ, ŝ− s))dξds

]
dθdydŝ

≥
∫ 0

−τ

∫
R

Γ(x− y,−ŝ′)
∫ 1

0

[
∂2F (θU(y, τ + ŝ′), θ

∫ +∞

0

∫
R
G(ξ, s)B(U(y − ξ, τ + ŝ′ − s))dξds)

×
∫ +∞

0

G(ξ, s)B(U(y − ξ, τ + ŝ′ − s))dξds
]
dθdydŝ′

≥B(β)

∫ b2

b1

∫
R

Γ(x− y,−ŝ′)
∫ 1

0

[
∂2F (θU(y, τ + ŝ′),

θ

∫ +∞

0

∫
R
G(ξ, s)B(U(y − ξ, τ + ŝ′ − s))dξds)×

∫ +∞

0

∫ a2

a1

G(ξ, s)dξds
]
dθdydŝ′

>0, ∀ x ∈ R,

where

Γ(x, t) :=
1√

4Dπt
e−

x2

4Dt−(M+γ1)t.

Then ,

U(x, t;φ) ≥
∫
R

Γ(x− y, t− τ)U(y, τ ;φ)dy +

∫ t

s

∫
R

Γ(x− y, t− ŝ)J2(y, ŝ)dydŝ, ∀ x ∈ R, t > τ.

By the integral form of the second equation of (1.5), we obtain

V (x, t;φ) = e−γ2tφ2(x, 0) + γ1

∫ t

0

e−γ2(t−ŝ)U(x, ŝ;φ)dŝ > 0, ∀ x ∈ R, t > τ.
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If φ2(x, 0) ≥ 0 with φ2(x, 0) 6≡ 0, then

V (x, t;φ) = e−γ2tφ2(x, 0) + γ1

∫ t

0

e−γ2(t−ŝ)U(x, ŝ;φ)dŝ ≥ 0( 6≡ 0), ∀ x ∈ R, t ≥ 0.

Since

V (x, t;φ) ≥ γ2

∫ t

0

∫
R

Γ(x− y, t− ŝ)V (y, ŝ;φ)dydŝ ≥ 0( 6≡ 0), ∀ x ∈ R, t > 0.

Hence, by [24, Theorem 1.4.5], we get U(x, t;φ) > 0, ∀ x ∈ R, t > 0. It then follows that V (x, t;φ) >

0, ∀ x ∈ R, t > 0. Therefor, W (x, t;φ)� 0, ∀ x ∈ R, t > τ and hence, Qt(φ)� 0, ∀ t > 2τ .

Since Qt is sub-homogeneous, we can choose the number rσ in [16, Theorem 2.17(ii)] to be the number

r̄, so that rσ = r̄ is independent of σ � 0. If φ ∈ CK and φ(x, θ)� 0 for all x on an interval I of length

2r̄ and θ ∈ [−τ, 0], then there exists a vector σ � 0 in R2 such that φ(x, θ) � σ, ∀(x, θ) ∈ I × [−τ, 0],

and hence, [16, Theorem 2.17(ii)] implies that

lim
t→∞,|x|≤ct

W (x, t;φ) = K.

By the claim, we can fix t0 > 2τ such that Ut0(φ) � 0 for any given φ = (φ1, φ2) ∈ CK with either

φ1 6≡ 0 or φ2(·, 0) 6≡ 0. By taking Ut0 as a new initial data, we see that statement (ii) is satisfied. �

Now, we look for the existence of nontrivial traveling wave solutions (U(x, t), V (x, t)) = (φc(x +

ct), ψc(x+ ct)) of (1.5) satisfying the following condition

(φc(−∞), ψc(−∞)) = 0, (φc(+∞), ψc(+∞)) = K. (2.4)

Let ξ = x+ ct, then (φc(ξ), ψc(ξ)) satisfies{
cφ′c(ξ) = Dφ′′c (ξ) + F (φc(ξ),

∫ +∞
0

∫
RG(y, s)B(φ0(ξ − y − cs))dyds)− γ1φc(ξ) + γ2ψc(ξ),

cψ′c(ξ) = γ1φc(ξ)− γ2ψc(ξ).
(2.5)

For λ ≥ 0 and c > 0, define a function as follows

∆(c, λ) =Dλ2 − cλ+ ∂1F (0, 0)

+∂2F (0, 0)B′(0)

∫ +∞

0

∫
R
G(y, s)e−λ(y+cs)dyds− γ1 +

γ1γ2

cλ+ γ2
.

(2.6)

Then we have the following results.

Lemma 2.5. Assume (A1)-(A3) and (A5) hold. There exists a positive pair (c∗, λ∗) such that

∆(c∗, λ∗) = 0,
∂∆(c∗, λ∗)

∂λ
= 0.

Furthermore,

(i) if 0 < c < c∗, then ∆(c, λ) > 0 for all λ ∈ [0, λ0);

(ii) if c > c∗, then ∆(c, λ) = 0 has two positive real roots λ1 := λ1(c) and λ2 := λ2(c) with

λ1(c) < λ∗ < λ2(c) such that

∆(c, ·) > 0 in R \ (λ1(c), λ2(c)), ∆(c, ·) < 0 in (λ1(c), λ2(c)).
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Proof. Note Note that ∂1F (0, 0) < 0 and ∂1F (0, 0) + ∂2F (0, 0)B′(0) > 0. By direct calculation, we get

∆(c, 0) = ∂1F (0, 0) + ∂2F (0, 0)B′(0) > 0,

∆(+∞, λ) = −∞, ∀ λ ∈ [0, λ0),

lim
λ→λ−0

∆(c, λ) = +∞, ∀ c > 0,

∆(0, λ) = Dλ2 + ∂1F (0, 0) + ∂2F (0, 0)B′(0)

∫ +∞

0

∫
R
G(y, s)e−λydyds > 0.

Moreover, for ∀ λ ∈ (0, λ0), we have

∂∆(c, 0)

∂λ
=− c

[
1 + ∂2F (0, 0)B′(0)

∫ ∞
0

∫
R
G(y, s)sdyds+

γ1

γ2

]
< 0,

∂∆(c, λ)

∂c
=− λ

[
1 + ∂2F (0, 0)B′(0)

∫ +∞

0

∫
R
G(y, s)se−λ(y+cs)dyds+

γ1γ2

(cλ+ γ2)2

]
< 0,

∂2∆(c, λ)

∂λ2
=2D + ∂2F (0, 0)B′(0)

∫ +∞

0

∫
R
G(y, s)(y + cs)2e−λ(y+cs)dyds+

2c2γ1γ2

(cλ+ γ2)3
> 0.

Define

c∗ := inf{c > 0 : ∆(c, λ) = 0 for some λ ∈ (0, λ0)}.
We can clearly see c∗ > 0 and ∆(c∗, λ(c∗)) = 0.

Now we claim that λ(c∗) is uniquely determined. Otherwise, there exist (c∗, λ1(c∗)) and (c∗, λ2(c∗))

with λ1(c∗) < λ2(c∗) such that

∆(c∗, λ1(c∗)) = 0 and ∆(c∗, λ2(c∗)) = 0.

Since ∆(c, λ) is strictly convex down for each c > 0, we have

∆(c∗, θλ1(c∗) + (1− θ)λ2(c∗)) < θ∆(c∗, λ1(c∗)) + (1− θ)∆(c∗, λ2(c∗)) = 0, θ ∈ (0, 1).

Choose a λ̂ ∈ (λ1(c∗), λ2(c∗)) and then ∆(c∗, λ̂) < 0. Since ∆(0, λ̂) > 0, and ∂∆(c,λ)
∂c < 0 for any

λ ∈ (0, λ0), it follows from the intermediate value theorem that there is a unique ĉ ∈ (0, c∗) such that

∆(ĉ, λ̂) = 0, which contradicts the definition of c∗. Thus, the claim holds.

Moreover, it is easy to see that ∂∆(c∗,λ∗)
∂λ = 0, where λ∗ := λ(c∗). Combining the above properties of

the function ∆(c, λ), the conclusion follows. �

Remark 2.1. By using the linear operators approach (see [16, Theorem 3.10]), we can show that c∗ in

Theorem 2.3 is coincident with c∗ in Lemma 2.5, i.e., c∗ = c∗. In the remainder of the paper, we will

use c∗ instead of c∗.

Following the idea in [18, Theorem 2.2], the existence of solutions of (2.5) can be reduced to the

existence of a pair of super-solution and sub-solution of (2.5). By Lemma 2.5, we will construct a pair

of super-solution and sub-solution of (2.5). For the convenience of notational, we define

(G ∗ ∗φ)(x) :=

∫ ∞
0

∫
R
G(y, s)φ(x− y − cs)dyds, ∀ φ ∈ C(R).

From [3] we can have the following results.

Lemma 2.6. Let (A1)− (A3) and (A5) hold, c > c∗, q > 0 and µ ∈ (1,min{2, λ2/λ1}). Define

φ+
c (ξ) =

{
eλ1ξ, ξ < d+

1 ,

K, ξ ≥ d+
1 ,

ψ+
c (ξ) =

{
n(c)eλ1ξ, ξ < d+

2 ,

K̄, ξ ≥ d+
2 ,
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and

φ−c (ξ)

{
eλ1ξ − qeµλ1ξ, ξ < d−1 ,

0, ξ ≥ d−1 ,
ψ−c (ξ)

{
n(c)eλ1ξ − qZ(c, µ)eµλ1ξ, ξ < d−2 ,

0, ξ ≥ d−2 ,

where Φ+
c (ξ) :=

(
φ+
c (ξ), ψ+

c (ξ)
)
,Φ−c (ξ) :=

(
φ−c (ξ), ψ−c (ξ)

)
, n(c) = γ1/(cλ1 + γ2), Z(c, µ) = γ1/(cµλ1 +

γ2), d+
1 := (lnK)/λ1, d

+
2 := (ln K̄ − lnn(c))/λ1, d

−
1 := −(ln q)/(µ − 1)λ1, d

−
2 := −[ln qZ(c, µ) −

lnn(c)]/(µ − 1)λ1. Then Φ+
c (ξ) is a super-solution of (2.5), and Φ−c (ξ) is a sub-solution of (2.5)

provided q > max{1, n(c)/Z(c, µ)} is large enough.

Proof. For convenience, we denote

Q1(φ, ψ)(ξ) =cφ′(ξ)−Dφ′′(ξ)− F (φ(ξ), (G ∗ ∗B(φ))(ξ)) + γ1φ(ξ)− γ2ψ(ξ),

Q2(φ, ψ)(ξ) =cψ′(ξ)− γ1φ(ξ) + γ2ψ(ξ).

When Φ′(ξ+) ≤ Φ′(ξ−) (or Φ′(ξ+) ≥ Φ′(ξ−)) for ξ ∈ R, then Φ(ξ) := (φ(ξ), ψ(ξ)) is a super-solution

(or sub-solution) of (2.5), and there exist d1, · · · , dm ∈ R such that

Qi(φ, ψ)(ξ) ≥ 0 (or Qi(φ, ψ)(ξ) ≤ 0) for ξ ∈ R\{d1, · · · , dm}, i = 1, 2,

where Φ′(ξ+) and Φ′(ξ−) are the right-hand derivative and the left-hand derivative of Φ at ξ, respec-

tively.

Step 1: We proof that Φ+
c (ξ) is a super-solution of (2.5). By direct calculation 0 < d+

1 < d+
2 .

obviously, Φ′+c (ξ+) ≤ Φ′+c (ξ−) for ξ ∈ R. Thus, it needs to show that Qi(Φ
+
c )(ξ) ≥ 0 for

ξ ∈ R\{d+
1 , d

+
2 }, i = 1, 2.

For ξ > d+
1 , we have

Q1(Φ+
c )(ξ) =− F (K, (G ∗ ∗B(Φ+

c ))(ξ)) + γ1K − γ2

≥− F (K,B(K)) + γ1K − γ2K̄ = 0.
(2.7)

For ξ < d+
1 , using the B(U) ≤ B′(0)U for U ∈ [0,K], we have

Q1(Φ+
c )(ξ) ≥eλ1ξ(cλ1 −Dλ2

1 + γ1 − γ2n(c))− F (Φ+
c , (G ∗ ∗B(Φ+

c ))(ξ))

≥eλ1ξ
[
cλ1 −Dλ2

1 + γ1 − γ2n(c)− ∂1F (0, 0)

−∂2F (0, 0)B′(0)

∫ +∞

0

∫
R
G(y, s)e−λ(y+cs)dyds

]
=0.

(2.8)

For ξ > d+
2 , we have

Q2(Φ+
c )(ξ) = −γ1φ

+
c (ξ) + γ2K̄ ≥ −γ1K + γ2K̄ = 0. (2.9)

For ξ < d+
2 , we have

Q2(Φ+
c )(ξ) =eλ1ξ(cλ1n(c) + γ2n(c))− γ1(φ+

c )(ξ)

≥eλ1ξ(cλ1n(c) + λ1n(c)− γ1) = 0.
(2.10)

From (2.7)-(2.10), it is proved that Φ+
c (ξ) is a super-solution of (2.5).

Step 2: We proof that Φ−c (ξ) is a sub-solution of (2.5). By direct calculation d−1 < d−2 < 0.

q > n(c)/Z(c, µ) has been provided before is large enough, obviously, Φ′+c (ξ+) ≤ Φ′+c (ξ−) for

ξ ∈ R. Thus, it needs to show that Qi (Φ−c ) (ξ) ≤ 0 for all ξ ∈ R \ {d−1 , d
−
2 }, i = 1, 2.

For ξ > d−1 , we have

Q1

(
Φ−c
)

(ξ) = −F
(
0,
(
G ∗ ∗B

(
φ−c
))

(ξ)
)
− γ2ψ

−
c (ξ) ≤ −γ2ψ

−
c (ξ) ≤ 0.
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We now consider the case ξ < ξ−1 < 0. It is easy to see that

eλ1ξ ≥ φ−c (ξ) ≥ eλ1ξ − qeµλ1ξ, ξ ∈ R. (2.11)

By using the Taylor’s formula, there exist positive constants D1 and D2 such that

F (U, V ) ≥ ∂1F (0, 0)U + ∂2F (0, 0)V −D1U
2 −D2V

2, (2.12)

for U, V ∈ [0,K]× [0, B(K)].

Since B′′(0) exists, there is D3 > 0 such that

B(U) ≥ B′(0)U −D3U
2, for U ∈ [0,K]. (2.13)

For ξ < d−1 < 0, in view of (2.11)-(2.13), we have

Q1(Φ−c )(ξ)

=eλ1ξ(cλ1 −Dλ1 + γ1 − γ2n(c))− qeµλ1ξ(cµλ1 −D(µλ1)2 + γ1 − γ2Z(c, µ))

− F (φ−c (ξ), (G ∗ ∗B(φ−c ))(ξ))

≤eλ1ξ
[
cλ1 −Dλ1 + γ1 − ∂1F (0, 0)

− ∂2F (0, 0)B′(0)

∫ +∞

0

∫
R
G(y, s)e−λ1(y+cs)dyds− γ2n(c)

]
− qeµλ1ξ

[
cµλ1 −D(µλ1)2 + γ1 − ∂1F (0, 0)

− ∂2(0, 0)B′(0)

∫ +∞

0

∫
R
G(y, s)e−µλ1(y+cs)dyds− γ2Z(c, µ)

]
+ M̃e2λ1ξ

=− qeµλ1ξ
[
cµλ1 −D(µλ1)2 + γ1 − ∂1F (0, 0)

− ∂2(0, 0)B′(0)

∫ +∞

0

∫
R
G(y, s)e−µλ1(y+cs)dyds− γ2Z(c, µ)

]
+ M̃e2λ1ξ

≤eµλ1ξ{−q[cµλ1 −D(µλ1)2 + γ1 − ∂1F (0, 0)

− ∂2(0, 0)B′(0)

∫ +∞

0

∫
R
G(y, s)e−µλ1(y+cs)dyds− γ2Z(c, µ)] + M̃}

≤0,

where

M̃ = D1 +D2(B′(0))2

(∫ +∞

0

∫
R
G(y, s)e−λ1(y+cs)dyds

)2

+D3∂2F (0, 0)

∫ +∞

0

∫
R
G(y, s)e−2λ1(y+cs)dyds > 0.

Similarly, for ξ > d−2 , we have

Q2

(
Φ−c
)

(ξ) = −γ1φ
−
c (ξ) ≤ 0.

For ξ < d−2 , then

Q2

(
Φ−c
)

(ξ)

=c
[
n(c)λ1e

λ1ξ − qZ(c, µ)µλ1e
µλ1ξ

]
− γ1φ

−
c (ξ) + γ2

[
n(c)eλ1ξ − qZ(c, µ)µλ1e

µλ1ξ
]

≤eλ1ξ [cλ1n(c)− γ1 + γ2n(c)]− qeµλ1ξ [cZ(c, µ)µλ1 − γ1 + γ2Z(c, u)] = 0.

Therefore, Φ−c (ξ) is a sub-solution of (2.5).
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�

With the aid of the upper and lower solutions of (2.5), we can obtained the existence and non

existence of the following traveling wave solutions of (1.5).

Theorem 2.7. Assume (A1)-(A3) and (A5) hold. Then the following result holds.

(i) For each c ≥ c∗, system (1.5) has a traveling wave front Φc(ξ) := (φc(ξ), ψc(ξ)), which satisfies

(2.4) and Φc(ξ)� 0 for all ξ ∈ R. Moreover, if c > c∗, then

lim
ξ→−∞

Φc(ξ)e
−λ1ξ = (1, n(c)) and Φ(ξ) ≤ eλ1ξ(1, n(c)) for all ξ ∈ R. (2.14)

(ii) For 0 < c < c∗, system (1.5) has no traveling wave solutions connecting 0 and K.

Proof. By Lemma 2.6 and [18, Theorem 2.2] (or [11, Theorem 1.1]), we can prove the existence of

monotone traveling wave solutions with speed c > c∗. From the constructions of the super-solution and

sub-solution, it is easy to verify that (2.14) holds. Moreover, a limiting argument similar to that of [11,

Theorem 1.1] gives the existence of the traveling wave with the wave speed c∗. The non-existence of

traveling wave solutions is a direct consequence of Theorem 2.3. This completes the proof. �

Theorems 2.3 and 2.7 show that c∗ is not only the spreading speed but also the minimal wave speed

when (1.5) is quasi-monotone.

3. Spreading speed

This section aims at proving the nonexistence of non-quasi-monotone traveling wave solutions of

system (1.5) and analyzes the upward convergence of the spreading speed. For convenience, we denote

K± = (K±, K̄±) and [0,K±] = [0,K±]× [0, K̄±], where γ2K̄
± = γ2K

±.

According to (A4), we establish two auxiliary monotone delayed systems:{
Ut = DUxx + F+(U(x, t), (G ∗ ∗B+(U))(x, t))− γ1U(x, t) + γ2V (x, t),

Vt = γ1U(x, t)− γ2V (x, t),
(3.1)

and {
Ut = DUxx + F−(U(x, t), (G ∗ ∗B−(U))(x, t))− γ1U(x, t) + γ2V (x, t),

Vt = γ1U(x, t)− γ2V (x, t),
(3.2)

Recalling ∂1F
± ∈ C(Ī ,R), let

L := max

{
max

(U,V )∈Ī
|∂1F

+(U, V )|, max
(U,V )∈Ī

|∂1F
−(U, V )|

}
. (3.3)

For any φ = (φ1, φ2) ∈ CK+ , we define H(φ) = (H1(φ), H2(φ)) by

H1(φ)(x) := F

(
φ1(x, 0),

∫ +∞

0

∫
R
G(y, s)B(φ1(x− y,−s))dyds

)
+ Lφ1(x, 0) + γ2φ2(x, 0),

H2(φ)(x) := γ1φ1(x, 0).

Similarly, we define H±(φ) = (H±1 (φ), H±2 (φ)) by

H±1 (φ) :=F±
(
φ1(x, 0),

∫ +∞

0

∫
R
G(y, s)B±(φ1(x− y,−s))dyds

)
+ Lφ1(x, 0) + γ2φ2(x, 0),

H±2 (φ) :=γ1φ1(x, 0).

It is clear that H±(·) is monotone in CK+ and

H−(φ) ≤ H(φ) ≤ H±(φ), ∀ φ ∈ CK+ .
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We start with the well-posedness for the initial-value problems of (1.5).

Lemma 3.1. For any ϕ ∈ CK+ , system (1.5) has a unique mild solution W (x, t;ϕ) with W (x, ŝ;ϕ) =

ϕ(x, ŝ) for (x, ŝ) ∈ R× [−τ, 0] and 0 ≤W (x, t;ϕ) ≤ K+ for (x, t) ∈ R× R+.

Proof. Let Ī = [0,K+]× [0, B+(K+)] and

L̂ := max

{
max

(u,v)∈Ī
|∂1F (u, v)|, max

(u,v)∈Ī
|∂2F (u, v)| max

u∈[0,K+]
|B′(u)|

}
.

Consider the initial value problem{
W (x, t) = T̂ (t)W (·, 0)(x) +

∫ t
0
T̂ (t− ŝ)H(Wŝ)(x)dŝ, ∀ x ∈ R, t > 0,

W (x, ŝ) = ϕ(x, ŝ), x ∈ R, ŝ ∈ [−τ, 0].

where T̂ (t) = diag(T̂1(t), T̂2(t)) with T̂ (0) = I and

T̂1(t)φ(x) :=e−(L+γ1)t

∫
R

1√
4πDt

e−
(x−y)2

4Dt φ(y) dy,

T̂2(t)φ(x) :=e−γ2tφ(x),

for any φ ∈ BUC(R,R) and t > 0. Let

D := {W ∈ C(R× R+, [0,K
+]) : W (x, t) = ϕ(x, t) for (x, t) ∈ R× [−τ, 0]}.

Define an operator P on D by

P (W )(x, t) =

{
T̂ (t)W (·, 0)(x) +

∫ t
0
T̂ (t− ŝ)H(Wŝ)(x)dŝ, x ∈ R, t > 0,

ϕ(x, t), x ∈ R, t ∈ [−τ, 0].

Note that T̂ (t)(·) is a positive operator and monotone on D,∀t ≥ 0. Then,

0 ≤T̂1(t)ϕ1(·, 0)(x) +

∫ t

0

T̂1(t− ŝ)H1(Wŝ)(x)dŝ

≤T̂1(t)K+ +

∫ t

0

T̂1(t− ŝ)H+
1 (K+)(x)dŝ

=K+,

and

0 ≤T̂2(t)ϕ2(·, 0)(x) +

∫ t

0

T̂2(t− ŝ)H2(Wŝ)(x)dŝ

≤T̂2(t)K+ +

∫ t

0

T̂2(t− ŝ)H+
2 (K+)(x)dŝ

=K̄+,

which implies P (D) ⊂ D. For µ > 0, define

‖W‖µ := max

{
sup

x∈R,t≥0
|W1(x, t)|e−µt, sup

x∈R,t≥0
|W2(x, t)|e−µt

}
,

dµ(U, V ) := ‖U − V ‖µ, ∀ U, V ∈ D.
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Then (D, dµ) is a complete metric space. For any U = (U1, U2), V = (V1, V2) ∈ D, we have

|H1(Ut)(x)−H1(Vt)(x)|e−µt

≤ L|U1(x, t)− V1(x, t)|e−µt + γ2|U2(x, t)− V2(x, t)|e−µt

+

∣∣∣∣∂1F

(
η1(x, t),

∫ +∞

0

∫
R
G(y, s)B(U1(x− y, t− s)) dyds

)∣∣∣∣ |U1(x, t)− V1(x, t)|e−µt

+ |∂2F (V1(x, t), η2(x, t))|

×
∫ +∞

0

∫
R
G(y, s)|B′(η3(x− y, t− s))||U1(x− y, t− s)− V1(x− y, t− s)|e−µtdyds

≤(2L̂+ L+ γ2)‖U − V ‖µ, ∀ x ∈ R, t ≥ 0,

and

|H2(Ut)(x)−H2(Vt)(x)|e−µt ≤ γ1‖U − V ‖µ, ∀ x ∈ R, t ≥ 0,

where

η1(x, t) =θ1U1(x, t) + (1− θ1)V1(x, t),

η2(x, t) =θ2

∫ +∞

0

∫
R
G(y, s)B(U1(x− y, t− s))dyds

+ (1− θ2)

∫ +∞

0

∫
R
G(y, s)B(V1(x− y, t− s))dyds,

η3(x− y, t− s) =θ3U1(x− y, t− s) + (1− θ3)V1(x− y, t− s),

with θ1, θ2, θ3 ∈ (0, 1). Furthermore,

|P1(U)(x, t)− P1(V )(x, t)|e−µt ≤
∫ t

0

T̂ (t− ŝ)|H1(Uŝ)(x)−H1(Vŝ)(x)|e−µtdŝ

≤2L̂+ L+ γ2

L+ γ1 + µ
‖U − V ‖µ, ∀ x ∈ R, t > 0,

and

|P2(U)(x, t)− P2(V )(x, t)|e−µt ≤
∫ t

0

eγ2(t−ŝ)|H2(Uŝ)(x)−H2(Vŝ)(x)|e−µtdŝ

≤ γ1

γ2 + µ
‖U − V ‖µ, ∀ x ∈ R, t > 0.

This implies

‖P (U)− P (V )‖µ ≤ max

{
2L̂+ L+ γ2

L+ γ1 + µ
,

γ1

γ2 + µ

}
‖U − V ‖µ.

Choose µ > max{2L̂ + γ2 − γ1, γ1 − γ2}, so that max
{

(2L̂+ L+ γ2)/(L+ γ1 + µ), γ1/(γ2 + µ)
}
< 1.

Therefore, it is concluded that P is a compression map on D. By using the contraction mapping

theorem, P has a unique fixed point W in D, which is the unique mild solution of (1.5) such that

W (x, t) = φ(x, t), for (x, t) ∈ R× [−τ, 0]. �

Lemma 3.2 (Comparison principle). For any φ, φ+ ∈ CK+ and φ− ∈ CK− with

φ−(x, ŝ) ≤ φ(x, ŝ) ≤ φ+(x, ŝ), ∀(x, ŝ) ∈ R× [−τ, 0];

let W−(x, t;φ−),W (x, t;φ) and W+(x, t;φ+) be the solution of systems (3.2), (1.5) and (3.3) through

φ−, φ and φ+, respectively. Then

W−(x, t;φ−) ≤W (x, t;φ) ≤W (x, t;φ+), ∀(x, t) ∈ R× R+.
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Proof. The proof is similar to that of [37, Lemma 3.1] and thus omitted. �

Now, we state the result on the spreading speed for (1.5) without quasi-monotonicity. In particular,

to obtain the upward convergence of spreading speed, we further make the following assumption.

(H) F (U, V ) = −αU + g(V ) for (U, V ) ∈ [0,K] × [0, B(K)], where α > 0 is a constant and g(·) is

a given function, g(B(U))/U is strictly decreasing for U ∈ [K−,K+], and b(U) := 1
αg(B(U))

satisfies:

(P) ∀U1, U2 ∈ [K−,K+] satisfying U2 ≤ K ≤ U1, U2 ≥ b(U1) and U1 ≤ b(U2), there holds

U1 = U2.

Theorem 3.3. Assume that (A1)-(A4) hold. Let W (x, t;φ) = (U(x, t;φ), V (x, t;φ)) be the unique

global solution of (4) through the initial function φ ∈ CK+ . Then the following statements are valid:

(i) For any c > c∗, if 0 ≤ φ� K+ and φ(x, ·) = 0 for x outside a bounded interval, then

lim
t→∞,|x|≥ct

W (x, t;φ) = 0.

(ii) For any c ∈ (0, c∗), if φ := (φ1, φ2) ∈ CK+ and either φ1 6≡ 0 or φ2(·, 0) 6≡ 0 holds, then

K− ≤ lim inf
t→∞,|x|≤ct

W (x, t;φ) ≤ lim sup
t→∞,|x|≤ct

W (x, t;φ) ≤ K+.

Moreover, if (H) holds, then

lim
t→∞,|x|≤ct

W (x, t;φ) = K.

Proof. The proof is similar to those of [8, Theorem 3.3], [14, Theorem 2.2] and [37, Theorem 3.3]. For

any φ ∈ CK+ , define φ̃ ∈ CK− by φ̃(x, t) = min{φ(x, t),K−}. From Lemma 3.2, we have

W−(x, t; φ̃) ≤W (x, t;φ) ≤W+(x, t;φ), ∀x ∈ R, t ≥ 0. (3.4)

By Theorem 2.3, c∗ is the spreading speed of solutions for (3.1) and (3.2), which together with (3.4)

implies that c∗ satisfies the statement (i) and the first part of (ii).

Next, we prove the upward convergence of the spreading speeds by the fluctuation method (see [8,

14]). First, we simplify the notation W (x, t;φ) = (U(x, t;φ), V (x, t;φ)) by W (x, t) = (U(x, t), V (x, t)).

Define a function by W (x, t) = (U(x, t), V (x, t)). Define a function

J(U, V ) :=


min

z∈[U,V ]
B(z), if U ≤ V,

max
z∈[V,U ]

B(z), if V ≤ U.

Clearly, J(U, V ) is non-decreasing in U and non-increasing in V , and J(U,U) = B(U). The integral

form of (1.5) can be written as



A NON-MONOTONE REACTION-DIFFUSION SYSTEM WITH SPATIO-TEMPORAL DELAY 15

U(x, t) =

∫
R
e−(α+γ1)tΓ0(x− y, t)U(y, 0)dy

+

∫ t

0

∫
R
e−(α+γ1)(t−ŝ)Γ0(y, t− ŝ)

[
γ2V (x− y, ŝ)

+ g ((G ∗ ∗B(U))(x− y, ŝ))
]
dydŝ

=

∫
R
e−(α+γ1)tΓ0(x− y, t)U(y, 0)dy

+

∫ 0

−t

∫
R
e−(α+γ1)ŝΓ0(y,−ŝ)

[
γ2V (x− y, t+ ŝ)

+ g ((G ∗ ∗J(U,U))(x− y, t+ ŝ))
]
dyds,

(3.5)

where

Γ0(x, t) :=
1√

4Dπt
e−

x2

4Dπt

and

V (x, t) =e−γ2tV (x, 0) + γ1

∫ t

0

e−γ2(t−ŝ)U(x, ŝ)dŝ

=e−γ2tV (x, 0) + γ1

∫ 0

t

eγ2ŝU(x, t+ ŝ)dŝ.

(3.6)

For any β ∈ (0, c∗), define

U∗(ν) = lim inf
t→∞,|x|≤νt

U(x, t) and U∗(ν) := lim sup
t→∞,|x|≤νt

U(x, t),

V∗(ν) = lim inf
t→∞,|x|≤νt

V (x, t) and V ∗(ν) := lim sup
t→∞,|x|≤νt

V (x, t).

Let c ∈ (0, c∗) be given, and fix a number γ ∈ (c, c∗), define

U∗(c, γ) = inf
c<ν<γ

U∗(ν) and U∗(c, γ) := sup
c<ν<γ

U∗(ν),

V∗(c, γ) = inf
c<ν<γ

V∗(ν) and V ∗(c, γ) := sup
c<ν<γ

V ∗(ν).

For any ν ∈ (c, γ), we can choose two sequences {tj} in (0,∞) and{xj}in R such that |xj | ≤
νtj , tj → ∞ as j → ∞ and limj→∞ U(xj , tj) = U∗(ν). For any given y ∈ R and ŝ ∈ R+, we have

lim infj→∞ V (xj − y, tj + ŝ) ≥ V∗(γ) and

U∗(γ) ≤ lim inf
j→∞

U(xj − y, tj + ŝ− τ) ≤ lim sup
j→∞

U(xj − y, tj + ŝ− τ) ≤ U∗(γ).

By Fatou’s Lemma, it follows from (3.5) that

U∗(ν) ≥ lim inf
j→∞

∫ 0

−tj

∫
R
e−(α+γ1)ŝΓ0(y,−ŝ)

[
γ2V (xj − y, tj + ŝ)

+ g ((G ∗ ∗J(U,U))(xj − y, tj + ŝ))
]
dyds,

≥
∫ 0

−∞

∫
R
e−(α+γ1)ŝΓ0(y,−ŝ) lim inf

j→∞

[
γ2V (xj − y, tj + ŝ)

+ g ((G ∗ ∗J(U,U))(xj − y, tj − ŝ))
]
dydŝ

≥ [γ2V∗(γ) + g(J(U∗(γ), U∗(γ)))] /(α+ γ1),
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which implies

(α+ γ1)U∗(ν) ≥ γ2V∗(γ) + g(J(U∗(γ), U∗(γ))),

similarly, from (3.5) and (3.6) ,we have

(α+ γ1)U∗(ν) ≤ γ2V
∗(γ) + g (J (U∗(γ), U∗(γ))) ,

γ2V∗(ν) ≥ γ1U∗(γ) and γ2V
∗(ν) ≤ γ1U

∗(γ),

it then follows that

(α+ γ1)U∗(c, γ) ≥ γ2V∗(c, γ) + g (J (U∗(c, γ), U∗(c, γ))) ,

γ2V∗(c, γ) ≥ γ1U∗(c, γ),

(α+ γ1)U∗(c, γ) ≤ γ2V
∗(c, γ) + g (J (U∗(c, γ), U∗(c, γ))) ,

γ2V
∗(c, γ) ≤ γ1U

∗(c, γ),

(3.7)

according to the definition of J , there exists U1, U2 ∈ [U∗(c, γ), U∗(c, γ)] ⊂ [K−,K+] such that

J (U∗(c, γ), U∗(c, γ)) = B (U1) , J (U∗(c, γ), U∗(c, γ)) = B (U2) ,

from (3.7), we have

U∗(c, γ) ≥ 1

α
g (B (U1)) and U∗(c, γ) ≤ 1

α
g (B (U2)) ,

in view of assumption (H), we have

b (U1) =
1

α
g (B (U1)) ≤ U∗(c, γ) ≤ U1, U2 ≤ U∗(c, γ) ≤ 1

α
g (B (U2)) = b (U2) ,

and hence
g (B (U1))

αU1
≤ 1 =

g(B(K))

αK
≤ g (B (U2))

αU2

since g(B(U))/U is strictly decreasing for U ∈ [K−,K+], it follows that U2 ≤ K ≤ U1. The property

(P) implies that U1 = U2 = K, and hence,

U∗(c, γ) = U∗(c, γ) = K, (3.8)

moreover, we deduce from (3.7) and (3.8) that

γ1K = γ1U∗(c, γ) ≤ γ2V∗(c, γ) ≤ γ2V
∗(c, γ) ≤ γ1U

∗(c, γ) = γ1K,

and hence V∗(c, γ) = V ∗(c, γ) = γ1K
γ2

= K̄. Consequently,

K =U∗(c, γ) ≤ U∗(c) ≤ U∗(c) ≤ U∗(c, γ) = K,

K̄ =V∗(c, γ) ≤ V∗(c) ≤ V ∗(c) ≤ V ∗(c, γ) = K̄,

which imply that limt→∞,|x|≤ctW (x, t;φ) = K for any c ∈ (0, c∗). �

Theorem 3.4. Assume that (A1)−(A4) hold. For any 0 < c < c∗, (1.5) has no traveling wave solution

Φc(ξ) with lim inf
ξ→∞

Φc(ξ)� 0 and Φc(−∞) = 0.

Proof. Assume, by contradiction, that for some c1 ∈ (0, c∗) , (1.5) has a traveling wave solution

W (x, t) = Φc1 (x+ c1t) such that lim inf
ξ→∞

Φc1(ξ)� 0 and Φc1(−∞) = 0. Let

φ(x, θ) := Φc1 (x+ c1θ) , ∀ θ ∈ [−τ, 0],

it is easy to see that φ1 6≡ 0 and φ2(·, 0) 6≡ 0, by Theorem 3.3(ii), there holds

lim inf
t→∞,|x|≤ct

W (x, t;φ) ≥ K− � 0, ∀ c ∈ (0, c∗) ,
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letc̄ ∈ (c1, c
∗) and x = −c̄t, then

0 = lim
j→∞

Φc1(−(c̄− c1)t) = lim
j→∞

W (−c̄t, t) ≥ lim inf
t→∞,|x|≤c̄t

W (x, t)� 0,

�

4. Traveling waves

In this section, we establish the existence of non-monotonic traveling waves of (1.5) by using the

Schauder fixed-point theorem. Moreover, we also use the monotonicity of the traveling wave solution

in the auxiliary system (3.2) to obtain the asymptotic behavior of the wave profile.

Theorem 4.1. Assume that (A1)-(A4) hold. For each c > c∗, let λ1(c) be defined as in Lemma 2.5

and b(c) = γ1
cλ1(c)+γ2

. Then (1.5) admits a traveling wave solution Φc(ξ) such that

Φc(−∞) = 0, 0� Φc(ξ) ≤ K+, ∀ ξ ∈ R, (4.1)

K− ≤ lim inf
ξ→+∞

Φc(ξ) ≤ lim sup
ξ→+∞

Φc(ξ) ≤ K+ and lim
ξ→−∞

Φc(ξ)e
−λ1(c)ξ = (1, n(c)), (4.2)

moreover, if (H) holds, then limξ→+∞ Φc(ξ) = K.

Proof. Recalling the definition of L in (3.3), we let

L̄ := max

{
L, max

(U,V )∈Ī
|∂1F (U, V )| , max

(U,V )∈Ī
|∂2F (U, V )|

}
,

and

r1 =
c−

√
c2 + 4D

(
L̄+ γ1

)
2D

and r2 =
c+

√
c2 + 4D

(
L̄+ γ1

)
2D

,

clearly, r1 < 0 < r2 and Dr2
i − cri −

(
L̄+ γ1

)
= 0, i = 1, 2. Define an operator T = (T1, T2) :

C(R, [0,K+])→ C(R,R2) by

T1(Ψ)(ξ) =
1

D(r2 − r1)

[∫ ξ

−∞
er1(ξ−ŝ)F1(Ψ)(ŝ)dŝ+

∫ +∞

ξ

er2(ξ−ŝ)F1(Ψ)(ŝ)dŝ

]
,

T2(Ψ)(ξ) =
1

c

∫ ξ

−∞
e−

γ2
c (ξ−ŝ)F2(Ψ)(ŝ)dŝ,

(4.3)

where Ψ(ξ) = (φ(ξ), ψ(ξ)) and

S1(Ψ)(ξ) :=L̄φ(ξ) + F (φ(ξ), (G ∗ ∗B(φ))(ξ)) + γ2ψ(ξ),

S2(Ψ)(ξ) :=γ1φ(ξ),

it is easy to verify that a fixed point of T is a solution of (2.5) (also see [25, Lemma 4.1]). Similarly, we

define T± = (T±1 , T
±
2 ) as in (4.3) with S = (S1, S2) replaced by S± = (S±1 , S

±
2 ), where

S±1 (Ψ)(ξ) =L̄φ(ξ) + F±(φ(ξ), (J ∗ ∗B±(φ))(ξ)) + γ2ψ(ξ),

S±2 (Ψ)(ξ) =γ1φ(ξ),

by (ii) of (1.5), it follows that T±(Ψ) is monotone, and for any Ψ ∈ C(R, [0,K+]),

T−(Ψ) ≤ T (Ψ) ≤ T+(Ψ),

in view of ∆(c, λ1(c)) = 0, we have

∂1F (0, 0) + ∂2F (0, 0)B′(0)

∫ +∞

0

∫
R
G(y, s)e−λ1(c)(y+cs)dyds+

γ1γ2

cλ1(c) + γ2

=−Dλ2
1(c) + cλ1(c) + γ1 > 0,
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and hence λ1(c) < r2. Define

Φ̃+(ξ) :=
(

min{K+, eλ1(c)ξ},min{K̄+, b(c)eλ1(c)ξ}
)
,

noting that S+(U, V ) ≤ ∂1F (0, 0)U + ∂2F (0, 0)V for (U, V ) ∈ Ī, we deduce that T+(Φ̃+)(ξ) ≤ Φ̃+(ξ)

for ξ ∈ R. Then for a given λ ∈ (0,min{λ1(c), r2}), let

Xλ := {Ψ ∈ C(R,R2) : sup
ξ∈R
‖Ψ(ξ)‖e−λξ < +∞},

with the norm ‖Ψ‖λ = supξ∈R ‖Ψ(ξ)‖e−λξ. Then (Xλ, ‖ · ‖λ) is a Banach space. Since ∂iS
±(0, 0) =

∂iF (0, 0), i = 1, 2, ∆(c, λ) = 0 is also the characteristic equation of (3.1) and (3.2) with respect to the

trivial equilibrium 0. It thus follows from Theorem 2.7 that for any c > c∗, (3.2) admits a non-decreasing

traveling wave solution Φ−c (ξ) = (φ−c (ξ), ψ−c (ξ)), ξ = x+ cŝ such that

Φ−c (·)� 0, Φ−c (−∞) = 0, Φ−c (+∞) = K−,

lim inf
ξ→−∞

Φ−c (ξ)e−λ1(c)ξ = (1, n(c)) and Φ−c (ξ) ≤ eλ1(c)ξ(1, n(c)), ∀ ξ ∈ R,

it is easy to see that Φ−c , Φ̃
+ ∈ Xλ, and hence Ω :=

{
Ψ ∈ Xλ : Φ−c ≤ Ψ ≤ Φ̃+

}
is a nonempty, convex

and closed subset of Xλ. For any Ψ ∈ Ω, we have Φ−c = T−(Φ−c ) ≤ T−(Ψ) ≤ T (Ψ) ≤ T+(Ψ) ≤
T+(Φ̃+) ≤ Φ̃+. and hence T (Ω) ⊂ Ω. Now, we prove that T is compact on Ω. We first show that T is

continuous on Ω. For any Ψ1 = (φ1, ψ1),Ψ2 = (φ2, ψ2) ∈ Ω, there holds

|S1(Ψ1)(ξ)− S1(Ψ2)(ξ)|e−λξ

≤L̄|φ1(ξ)− φ2(ξ)|e−λξ + γ2|ψ1(ξ)− ψ2(ξ)|e−λξ

+ |∂1F (η1(ξ), (G ∗ ∗B(φ1))(ξ))||φ1(ξ)− φ2(ξ)|e−λξ

+ |∂2F (φ2(ξ), η2(ξ))|
∫ +∞

0

∫
R
G(y, s)

× |B′(η3(ξ − y − cs))||φ1(ξ − y − cs)− φ2(ξ − y − cs)|dydse−λξ

≤L̄1‖Ψ1 −Ψ2‖λ,

where L̄1 := 2L̄+ γ2 + L̄maxU∈[0,K+] |B′(U)|
∫ +∞

0

∫
RG(y, s)e−λ(y+cs)dyds,

η1(ξ) = θ1φ1(ξ) + (1− θ1)φ2(ξ),

η2(ξ) = θ2 (G ∗ ∗B (φ1)) (ξ) + (1− θ2) (G ∗ ∗B (φ2)) (ξ),

η3(ξ − y − cs) = θ3φ1(ξ − y − cs) + (1− θ3)φ2(ξ − y − cs),

with θi ∈ (0, 1), i = 1, 2, 3. Then we have

|T1(Ψ1)(ξ)− T1(Ψ2)(ξ)|e−λξ ≤ L̄1

D(λ− r1)(r2 − λ)
‖Ψ1 −Ψ2‖λ, (4.4)

similarly, we obtain

|T2(Ψ1)(ξ)− T2(Ψ2)(ξ)|e−λξ ≤ γ1

cλ+ γ2
‖Ψ1 −Ψ2‖λ , (4.5)

the inequalities (4.4) and (4.5) lead to

‖T (Ψ1)− T (Ψ2)‖λ ≤
L̄1 + γ1

min {D(λ− r1)(r2 − λ), cλ+ γ2}
‖Ψ1 −Ψ2‖λ,

which implies that T is continuous on Ω.
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Next, we show that T : Ω → Ω is compact with respect to the norm ‖ · ‖Xλ . For any Ψ ∈ Ω and

ξ ∈ R, direct calculation yields

|T1(Ψ)(ξ)| ≤
L̃K+ + γ2K̃

+ + max(U,V )∈Ĩ |F (U, V )|
L̃+ γ1

, |T2(Ψ)(ξ)| ≤ γ1K
+

c
,

|T1(Ψ)′(ξ)| ≤
2(L̃K+ + γ2K̃

+ + max(U,V )∈Ĩ |F (U, V )|)
D(r2 − r1)

, |T2(Ψ)′(ξ)| ≤ γ1K
+(γ2 + c)

c2
.

Therefore, the family of functions {T (Ψ)(ξ) : Ψ ∈ Ω} is uniformly bounded and equicontinuous in

ξ ∈ R. By means of the method in [3, Theorem 3.1], we can prove that T (Ω) is compact in Xλ. As

a consequence, Schauder’s fixed point theorem implies that T has a fixed point Φc in Ω, which is a

traveling wave solution of (4) for c > c∗. Since

0 < Φc(ξ) ≤ Φ+
c (ξ) ≤ Φ̃+

c (ξ), ∀ξ ∈ R,

it follows that (4.1) and (4.2) hold. Finally, when (H) holds, by using similar arguments as in the proof

of [31, Theorem 2.4], one obtains that limξ→+∞ Φc(ξ) = K. �

Theorem 4.2. Assume that (A1)-(A4) hold and c = c∗. For any vector σ � 0 with ‖σ‖ < 1, (1.5)

admits a non-constant traveling wave solution Φ∗(ξ) such that

Φ∗(ξ) ≤ σ, ∀ ξ ≤ 0 and 0 ≤ Φ∗(ξ) ≤ K+, ∀ξ ∈ R, (4.6)

K− ≤ lim inf
ξ→+∞

Φ∗(ξ) ≤ lim sup
ξ→+∞

Φ∗(ξ) ≤ K+. (4.7)

Moreover, Φ∗(−∞) = 0 and if (H) holds, then limξ→+∞ Φ∗(ξ) = K.

Proof. We use similar arguments as [8, Theorem 4.2] and [26, Theorem 4.13]. Choose a sequence

{cj} ⊂ (c∗,+∞) such that lim
j→∞

cj = c∗. By Theorem 4.1, there exists a traveling wave (Φj , cj) of (1.5)

for each j such that

K− ≤ lim inf
ξ→+∞

Φj(ξ) ≤ lim sup
ξ→+∞

Φj(ξ) ≤ K+.

Given any σ � 0 with ‖σ‖ � 1. Since Φj(ξ+h), h ∈ R, is also a solution satisfying Φj(−∞) = 0, we

can assume that Φj(ξ) ≤ σ for ξ ≤ 0. Similar to the proof of Theorem 4.1, we can prove that the family of

functions {Φj(ξ)}∞j=1 is uniformly bounded and equi-continuous on R. Thus, there exists a subsequence

of {cj}, still denoted by {cj}, such that Φj(ξ) converges uniformly on every bounded interval, and hence

pointwise on R to a function Φ∗(ξ) := (φ∗(ξ), ψ∗(ξ)). Note that Φj(ξ) = T (Φj) (ξ), ξ ∈ R. Letting

j →∞ in the above equation and using the dominated convergence theorem, we get Φ∗(ξ) = T (Φ∗) (ξ)

for ξ ∈ R, and hence, (4.6) and (4.7) hold.

Next, we show that Φ∗(−∞) = 0. We first prove that∫ 0

−∞
φ∗(ξ) dξ < +∞ and

∫ 0

−∞
ψ∗(ξ) dξ < +∞, (4.8)

it is easy to define that for any ε > 0 satisfying

(∂1F (0, 0)− ε) + (∂2F (0, 0)− ε)(B′(0)− ε) > 0 and ∂2F (0, 0)− ε > 0,

there exists δi(ε) = δi > 0, i = 1, 2, 3, such that the following inequality holds

F (U, V ) ≥ (∂1F (0, 0)− ε)U + (∂2F (0, 0)− ε)V, ∀ (U, V ) ∈ [0, δ1]× [0, δ2],

B(U) ≥ (B′(0)− ε)U, ∀ U ∈ [0, δ3],
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denote ρ1 and ρ2, such that

ρ2 + ρ1 = ∂1F (0, 0)− ε,
ρ2 − ρ1 = (∂2F (0, 0)− ε)(B′(0)− ε),

note that Φ∗(ξ) ≤ σ for any ξ ≤ 0. Choose σ = (σ1, σ2) � 0 with σ1 < min{δ1, δ3, δ2
B′(0)}. It then

follows from (2.5) that

cφ′∗(ξ) + cψ′∗(ξ)−Dφ′′∗(ξ)
=F (φ∗(ξ), (G ∗ ∗B(φ∗))(ξ))

≥(∂1F (0, 0)− ε)φ∗(ξ) + (∂2F (0, 0)− ε)(G ∗ ∗B(φ∗))(ξ)

≥(∂1F (0, 0)− ε)φ∗(ξ) + (∂2F (0, 0)− ε)(B′(0)− ε)(G ∗ ∗φ∗)(ξ)
=(ρ2 + ρ1)φ∗(ξ) + (ρ2 − ρ1)(G ∗ ∗φ∗)(ξ)
=ρ1[φ∗(ξ)− (G ∗ ∗φ∗)(ξ)] + ρ2[φ∗(ξ) + (G ∗ φ∗)(ξ)],

(4.9)

integrating both sides of (4.9) from y to 0 with y < 0, we have

c[φ∗(0)− φ∗(y)] + c[ψ∗(0)− ψ∗(y)]−D[φ′∗(0)− φ′∗(y)] + ρ1

∫ 0

y

[(G ∗ ∗φ∗)(ξ)− φ∗(ξ)]dξ

≥ρ2

∫ 0

y

[φ∗(ξ) + (G ∗ ∗φ∗)(ξ)]dξ,
(4.10)

note that Φ∗(ξ) = T (Φ∗)(ξ). Direct calculations show that

φ′∗(ξ) =
1

D(r2 − r1)

[
r1

∫ ξ

−∞
er1(ξ−ŝ)S1(Φ∗)(ŝ)dŝ+ r2

∫ +∞

ξ

er2(ξ−ŝ)S1(Φ∗)(ŝ)dŝ

]
,

ψ′∗(ξ) =− γ2

c2

∫ ξ

−∞
e−

γ2
c (ξ−ŝ)S2(Φ∗)(ŝ)dŝ+

1

c
S2(Φ∗)(ξ),

since S(Φ∗) is bounded, the above equalities imply that Φ′∗(ξ) is uniformly bounded in R. By Fubini’s

Theorem, we have∣∣∣∣∫ 0

y

[(G ∗ ∗φ∗)(ξ)− φ∗(ξ)]dξ
∣∣∣∣

=

∣∣∣∣∫ 0

y

[∫ +∞

0

∫
R
G(x, s)φ∗(ξ − x− cs)dxds− φ∗(ξ)

]
dξ

∣∣∣∣
=

∣∣∣∣∫ 0

y

[∫ +∞

0

∫
R
G(x, s)(x+ cs)

∫ 1

0

φ′∗(ξ − θ(x+ cs))dθdxds

]
dξ

∣∣∣∣
=

∣∣∣∣∫ +∞

0

∫
R
G(x, s)(x+ cs)

∫ 1

0

[φ∗(−θ(x+ cs))− φ∗(y − θ(x+ cs))]dθdxds

∣∣∣∣ ,
note that (C1) implies that

∫ +∞
0

∫
R |x+ cs|G(x, s)dxds < +∞. Hence, we have∣∣∣∣∫ 0

y

[(G ∗ ∗φ∗)(ξ)− φ∗(ξ)]dξ
∣∣∣∣ ≤ 2K+

∫ +∞

0

∫
R
|x+ cs|G(x, s)dxds < +∞,

this shows that
∫ 0

y
[(G ∗ ∗φ∗)(ξ)− φ∗(ξ)]dξ is bounded on (−∞, 0]. Therefore, from (4.10), we see that∫ 0

y
φ∗(ŝ)dŝ is bounded on (−∞, 0]. Moreover, from the second equation of (2.5), we have

γ2

∫ 0

y

ψ∗(ŝ)dŝ = γ1

∫ 0

y

φ∗(ŝ)dŝ− c[ψ∗(0)− ψ∗(y)],
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which implies that
∫ 0

y
ψ∗(ŝ)dŝ is also bounded on (−∞, 0]. Hence, (4.8) follows.

By the uniform boundedness of Φ′∗, we can show that Φ∗(−∞) = 0. The proof of upward convergence

Φ∗(+∞) = K is essentially similar to that of Theorem 4.1 and thus omitted. �

5. Conclusion

The seed bank model (1.5), which incorporates dormancy, nonlocal reproduction, and spatio-temporal

memory effects, provides a rich mathematical framework for investigating ecological invasion dynamics.

Our analysis distinguishes two structurally distinct regimes monotone and non-monotone systems whose

behaviors differ significantly with respect to traveling wave existence and invasion speed. In particular,

the introduction of a spatio-temporal delay via the convolution term plays a pivotal role in shaping both

the rate and spatial profile of biological spread.

Under the monotonicity condition (A5), the model admits monotone traveling wave solutions for all

c ≥ c∗, connecting the extinction state to the carrying capacity (Theorem 2.7). These results reflect

idealized ecological scenarios where higher seed bank density or past reproductive effort strictly enhances

active population growth. The system spreads in a smooth, predictable manner, and c∗ quantifies the

minimal rate at which such a front can advance (Theorem 2.3).

When the monotonicity condition (A5) is relaxed, the system becomes more ecologically realis-

tic, capturing nonlinear feedbacks such as germination saturation, delayed activation, or recruitment

thresholds. Even in this general case, our results confirm that c∗ remains a valid threshold for invasion

(Theorem 3.3). Although traveling waves may become non-monotone, they still exist for all c > c∗

(Theorem 4.1), while no such waves occur for c < c∗ (Theorem 3.4). These waves reflect more com-

plex propagation patterns, such as overshoot or spatial layering, often observed in nature but beyond

the reach of monotone models. Ecologically, the model shows that delayed and spatially distributed

reproduction can slow the spreading speed c∗ and generate non-monotonic invasion fronts, reflecting

processes such as dormancy, delayed recruitment, and spatial heterogeneity that shape both the rate

and pattern of range expansion.

Our current work has primarily focused on invasion dynamics and long-term convergence to the

positive equilibrium K. In future work, a natural extension is to examine whether the combined effects

of spatio-temporal delay and non-monotonicity may destabilize the positive equilibrium K. In the seed

bank model (1.5), this type of instability can manifest as population oscillations, recurrent outbreaks,

or spatial pattern formation, with important implications for species persistence, habitat colonization,

and ecological resilience.

References

[1] D. G. Aronson and H. F. Weinberger, Nonlinear diffusion in population genetics, combustion, and nerve pulse

propagation, Springer-Verlag, 446(1975), 5-49.

[2] M. Alfaro and J. Coville, Rapid traveling waves in the nonlocal Fisher equation connect two unstable states, Appl.

Math. Lett. 25(2012), 2095-2099.

[3] Z. G. Bai and T. T. Zhao, Spreading speed and traveling waves for a non-local delayed reaction-diffusion system

without quasi-monotonicity, Discrete Cont. Dyn-B. 23(2018), 4063-4085.

[4] N. F. Britton, Aggregation and the competitive exclusion principle, J. Theo-ret. Biol. 136(1989), 57-66.

[5] N. F. Britton, Spatial structures and periodic travelling waves in an integro-differential reaction-diffusion population

model, SIAM J. Appl. Math. 50(1990), 1663-1688.

[6] H. Berestycki, G. Nadin, B. Perthame and L. Ryzhik, The non-local Fisher-KPP equation: traveling waves and

steady states, Nonlinearity, 22(12)(2009), 2813-2844.

[7] J. Coville and L. Dupaigne, Propagation speed of travelling fronts in non local reaction-diffusion equations, Nonlinear

Analysis, 60(2005), 797-819.

[8] J. Fang, J. J. Wei and X. Q. Zhao, Spreading speeds and travelling waves for non-monotone time-delayed lattice

equations, Proc. R. Soc. A. 466(2010), 191-1934.



22 G. TIAN AND N. LIANG

[9] J. Fang and X. Q. Zhao, Monotone wavefronts of the nonlocal Fisher-KPP equation, Nonlinearity, 24(2011), 3043-

3054.

[10] J. Fang, K. Lan, G. Seo and J. Wu, Spatial dynamics of an age-structured population model of Asian clams, SIAM

J. Appl. Math. 74(2014), 959-979.

[11] C. H. Hsu and T. S. Yang, Existence, uniqueness, monotonicity and asymptotic behaviour of travelling waves for

epidemic models, Nonlinearity, 26(2013), 121-139.

[12] J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Differential Equations, Springer-Verlag, New York,

1993.

[13] K. P. Hadeler and M. A. Lewis, Spatial dynamics of the diffusive logistic equation with a sedentary compartment,

Can. Appl. Math. Q. 10(2002), 473-499.

[14] S. B. Hsu and X. Q. Zhao, Spreading speeds and traveling waves for nonmonotone integro difference equations, SIAM

J. Math. Anal. 40(2008), 776-789.

[15] K. P. Hadeler, T. Hillen and M. A. Lewis, Biological modeling with quiescent phases, Spatial Ecology, 2009.

[16] X. Liang and X. Q. Zhao, Asymptotic speeds of spread and traveling waves for monotone semiflows with applications,

Commun. Pure. Appl. Math. 60(2007), 1-40.

[17] K. K Liu, Y. R. Yang and X. W. Li, Stability of traveling wavefronts for a spatially nonlocal population model with

delay, Chin. Quart. J. of Math. 37(1)(2022), 37-51.

[18] S. W. Ma, Traveling wavefronts for delayed reaction-diffusion systems via a fixed point theorem, J. Differential

Equations, 171(2001), 294-314.

[19] R. H. Martin and H. L. Smith, Abstract functional differential equations and reaction-diffusion systems, Trans. Amer.

Math. Soc. 321(1990), 1-44.

[20] J. D. Murray, Mathematical biology, Springer, New York, 2003.

[21] S. Ma, Traveling waves for non-local delayed diffusion equations via auxiliary equations, J. Differential Equations,

237(2007), 259-277.

[22] G. Nadin, B. Perthame and M. Tang Can a traveling wave connect two unstable states? The case of the nonlocal

Fisher equation, C. R. Math. Acad. Sci. Paris. 349(9-10)(2011), 553-557.

[23] J. W.-H. So and X. Zou, Traveling waves for the diffusive Nicholson’s blowflies equation, Appl. Math. Comput.

122(2001), 385-392.

[24] A. I. Volpert, V. A. Volpert and V. A. Volpert, Traveling Wave Solutions of Parabolic Systems, Trans. Math. Monogr.

Province, RI: American Mathematical Society, 1994.

[25] H. Wang, Spreading speeds and traveling waves for non-cooperative reaction-diffusion systems, J. Nonlinear Sci.

21(2011), 747-783.

[26] S. L. Wu, C. H. Hsu and Y. Xiao, Global attractivity, spreading speeds and traveling waves of delayed nonlocal

reaction-diffusion systems, J. Differential Equations, 258(2015), 1058-1105.

[27] Z. C. Wang, W. T. Li and S. Ruan, Travelling fronts in monostable equations with nonlocal delayed effects, J. Dyn.

Diff. Equ. 20(2008), 563-607.

[28] J. Wu and X. F. Zou, Traveling wave fronts of reaction-diffusion systems with delay, J. Dyn. Diff. Eqn. 13(2001),

651-87.

[29] S. L. Wu and H. Q. Zhao, Traveling fronts for a delayed reaction-diffusion system with a quiescent stage, Commun.

Nonlinear Sci. Numer. Simul. 16(2011), 3601-3621.

[30] Z. C. Wang, W. T. Li and S. Ruan, Travelling wave fronts in reaction-diffusion systems with spatio-temporal delays,

J. Differential Equations. 222(2006), 185-232.

[31] Z. Xu and D. Xiao, Spreading speeds and uniqueness of traveling waves for a reaction diffusion equation with spatio-

temporal delays, J. Differential Equations, 260(2016), 268-303.

[32] X. Yu and X. Q. Zhao, A nonlocal spatial model for Lyme disease, J. Differential Equations, 261(2016), 340-372.

[33] X. Q. Zhao and Z. J. Jing, Global asymptotic behavior in some cooperative systems of functional-differential equa-

tions, Can. Appl. Math. Quart. 4(1996), 421-444.

[34] K. F. Zhang and X. Q. Zhao, Asymptotic behaviour of a reaction-diffusion model with a quiescent stage, Proc. R.

Soc. Lond. 463(2007), 1029-1043.

[35] P. Zhang and W. T. Li, Monotonicity and uniqueness of traveling waves for a reaction-diffusion model with a

quiescent stage, Nonlinear Anal. 72(2010), 2178-2189.

[36] Y. H. Zhou, Y. R. Yang and K. P. Liu, Stability of traveling waves in a population dynamic model with delay and

quiescent stage, Acta Math. Sci. 38(2018), 1001-1024.

[37] H. Q. Zhao and S. Y. Liu, Spatial dynamics for a non-quasi-monotone reaction-diffusion system with delay and

quiescent stage, Appl. Math. Model. 40(2016), 4291-4301.



A NON-MONOTONE REACTION-DIFFUSION SYSTEM WITH SPATIO-TEMPORAL DELAY 23

[38] X. Q. Zhao, Dynamical Systems in Population Biology, second edition, Springer, New York, 2017.

[39] Y. H. Zhou and S. G. Ji, Global stability of traveling wave fronts for a population dynamics model with quiescent

stage and delay, Int. J. Biomath. 15(05)(2022), 2250020.

Ge Tian, corresponding author, College of Mathematics and Statistics, Northwest Normal University,

Lanzhou, Gansu, 730070, P. R. China

Email address: tiang@nwnu.edu.cn

College of Mathematics and Statistics, Northwest Normal University, Lanzhou, Gansu, 730070, P. R.

China

Email address: 17339906012@163.com


	1. Introduction
	2. Preliminaries
	2.1. The spatially homogeneous system.
	2.2. Results for monotone delayed system.

	3. Spreading speed
	4. Traveling waves
	5. Conclusion
	References

