
 Proceedings of the West Virginia Academy of Science  
 

PWVAS   
79 

Original Research Paper 

Electromagnetic Analogues in  

Rotating Reference Frames 
 

Allen D. Parks* 

 
Principal Research Scientist, United States Navy (Retired), Spotsylvania, Virginia USA 

 

Article history 

Received:   17 March 2025 

Accepted:  27 June 2025 

 
*Corresponding Author Email:  

allenparks1945@outlook.com 

Abstract: In the absence of a physical force, the equation of motion of a 

particle of mass m at position 𝒓 and moving with constant velocity 𝒓̇ in a non-

inertial reference frame rotating with angular velocity 𝝎  can be expressed in 

terms of analogue electric 𝑬 and magnetic 𝑯 fields and is known to assume 

the form 𝑬 + 𝒓̇ × 𝑯 of the Lorentz force equation of electromagnetic theory. 

In this paper the associated analogue 𝑬 and 𝑯 fields are formally shown to 

satisfy the analogues of both Gauss’s law for magnetic fields and Faraday’s 

law of Maxwell’s equations. These 𝑬 and 𝑯 fields are also used in Gauss’s 

law for electric fields and Ampere’s law to define rotating reference frame 

analogues of electromagnetic charge density and current density. 

Interpretations of the possible physical significance of these new analogues 

are provided and the relationship of Faraday’s law to the work required to 

move a particle in a rotating frame is discussed. 

 

Keywords: charge density; current density; analogues. 

 

Introduction  

Freeman Dyson reconstructed a proof (Dyson 

1990) of a theorem shown to him by Richard 

Feynmann in 1948 that if a non-relativistic quantum 

mechanical point particle of mass 𝑚 satisfies 

canonical Cartesian position and momentum 

commutation relations and Newton’s equation of 

motion, then there exist vector fields analogous to the 

electromagnetic electric and magnetic fields so that 

the associated force equation has the Lorentz form. 

Interestingly, these fields also satisfy the associated 

Maxwell equation analogues of Gauss’s law for 

magnetic fields and of Faraday’s law. 

This result was extended by Richard Hughes 

(Hughes 1992) to non-relativistic classical particles 

by replacing the quantum mechanical commutators 

with the corresponding Poisson brackets and 

observing that any equation of motion involving 

acceleration independent generalized forces derived 

from a Lagrangian can also assume the Lorentz form. 

Hughes used the motion of a particle in a non-inertial 

reference frame to illustrate this. He defined  𝑬 and 

𝑯 analogue vector fields and stated (without proof) 

that these fields satisfy both Gauss’s law for 

magnetic fields and Faraday’s law. 

     It is noted that the relationship between 

electromagnetism and inertial forces predates 

Hughes’ theory by several decades (Coisson 1973; 

Semon and Schmieg 1981). Coisson identified both 

electromagnetic fields and potentials with their 

analogues in rotating reference frames and stated 

(without proof) that these quantities satisfy Gauss’s 

law for magnetic fields and Faraday’s law, as well as 

Gauss’s law for electric fields and Ampere’s law 

when “suitable choices” are made for charge and 

current density. Semon and Schmieg used the electric 

and magnetic fields of a point charge in a rotating 

frame and employed Faraday’s law to determine the 

work done on a point mass when moved around a 

closed path in the frame. 

In this paper Hughes’ theory is “completed” by 

providing formal proofs that Hughes’ analogue 𝑬 and 

𝑯 vector fields satisfy both Gauss’s law for magnetic 

fields and Faraday’s law of Maxwell’s equations. 

Unlike Coisson’s casual observations concerning 

“suitable choices” for charge and current densities, 
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Hughes’ analogue fields are used here in Gauss’s law 

for electric fields and Ampere’s law to define charge 

density and current density analogues associated 

with particle motion in a rotating reference frame, 

namely, the rotational kinetic energy density and the 

centripetal force current, respectively. Again, unlike 

Coisson, interpretations of the possible physical 

significance of these analogues are discussed. 

      For the sake of clarity and precision, the vector 

calculus calculations in the following sections are 

performed in Cartesian coordinate presentations 

defined by the orthonormal vectors 𝒊̂,  𝒋̂, and 𝒌̂. An 

Appendix containing definitions and Cartesian 

coordinate representations of vector quantities is 

provided for the reader’s convenience. 

 

Motion in a Non-inertial Reference Frame 

 

      Consider a reference frame whose origin R0 

executes a translational acceleration 𝒂 and rotates 

with an angular velocity 𝝎 relative to an inertial 

frame. If 𝒓 is the position vector of a particle of mass 

𝑚  relative to R0 and the particle is moving with 

velocity 𝒓̇, then its equation of motion is (Landau and 

Lifshitz 1976) 
 

𝑚𝒓̈ = −𝑚𝒂 + 𝑚𝒓 × 𝝎̇ + 2𝑚𝒓̇ × 𝝎 + 𝑚𝝎 × (𝒓 × 𝝎).   (1) 

 

Here, the second, third, and fourth terms on the right- 

hand side of the last equation are the Euler, Coriolis, 

and centrifugal inertial forces, respectively. The 

physical force (that force acting on 𝑚 in the inertial 

frame) is set to zero since the interest here is strictly 

in the electromagnetic analogue. 

     Observe that these inertial forces are acceleration 

independent, linear in particle velocity, and that (1) 

is derived from the Lagrangian 
 

𝐿 =
1

2
𝑚𝑣2 − [𝑚𝒂 ∙ 𝒓 − 𝑚𝒓̇ ∙ 𝝎 × 𝒓 −

1

2
𝑚(𝝎 × 𝒓)2] ,   (2) 

where the first term on the right-hand side of (2) is 

the particle’s kinetic energy and the three terms in 

brackets in (2) correspond to the generalized 

potential 𝑉.  Now identify the first and third terms of    

𝑉 as the scalar potential 

𝜙(𝒓, 𝑡) = 𝑚𝒂 ∙ 𝒓 −
1

2
𝑚(𝝎 × 𝒓)2 

 

and the vector 𝝎 × 𝒓 in 𝑉 as the vector potential  

𝑨(𝒓, 𝑡) = 𝑚𝝎 × 𝒓. 

     Using the electric and magnetic fields expressed 

in terms of potentials as a guide, it is found that (1) 

may be written in Lorentz form as (Hughes 1992) 

𝑚𝒓̈ = 𝑬(𝒓, 𝑡) + 𝒓̇ × 𝑯(𝒓, 𝑡), 

where  

𝑬(𝒓, 𝑡) = −𝛁𝜙 −
𝜕𝑨

𝜕𝑡
= −𝑚𝒂 + 𝑚𝝎 × (𝒓 × 𝝎) − 𝑚𝝎̇ × 𝒓 

and 

𝑯(𝒓, 𝑡) = 𝛁 × 𝑨 = 2𝑚𝝎. 

Verification Theorems  

     For the sake of completeness, this section 

provides formal verification of the Hughes’ claim 

that the analogue fields 𝑬(𝒓, 𝑡) and 𝑯(𝒓, 𝑡) satisfy 

Gauss’s law for magnetic fields and Faraday’s law of 

Maxwell’s equations. 

Theorem 1. 𝑯(𝒓, 𝑡) satisfies Gauss’s law for 

magnetic fields. 

Proof. 

          𝛁 ∙ 𝑯(𝒓, 𝑡) = (𝒊̂ 𝜕𝑥 + 𝒋̂ 𝜕𝑦 + 𝒌̂ 𝜕𝑧) ∙ (2𝑚𝝎) 

                         = 2𝑚(𝒊̂ 𝜕𝑥 + 𝒋̂ 𝜕𝑦 + 𝒌̂ 𝜕𝑧) ∙ (𝒌̂𝜔) 

                              = 2𝑚(𝒊̂ ∙ 𝒌̂ 𝜕𝑥𝜔 + 𝒋̂ ∙ 𝒌̂ 𝜕𝑦𝜔 + 𝒌̂ ∙ 𝒌̂ 𝜕𝑧𝜔) 

                              = 2𝑚(0 𝜕𝑥𝜔 + 0 𝜕𝑦𝜔 + 1 𝜕𝑧𝜔) 

                = 2𝑚(0 + 0 + 0)                                
                              = 0. 

∎ 

Theorem 2.  𝑬(𝒓, 𝑡) satisfies Faraday’s law. 

Proof. 

      𝛁 × 𝑬(𝒓, 𝑡) = 𝛁 × [−𝑚𝒂 + 𝑚𝝎 × (𝒓 × 𝝎) − 𝑚𝝎̇ × 𝒓]. 

Referring to the Appendix, take the curl of each term on 

the right-hand side of the last equation to obtain: 

     𝛁 × (−𝑚𝒂) = −𝑚[𝒊̂(𝜕𝑦𝑎𝑧 − 𝜕𝑧𝑎𝑦) + 𝒋̂(𝜕𝑧𝑎𝑥 − 𝜕𝑥𝑎𝑧)

+ 𝒌̂(𝜕𝑥𝑎𝑦 − 𝜕𝑦𝑎𝑥)] 

                           = −𝑚[𝒊̂(0 − 0) + 𝒋̂(0 − 0) + 𝒌̂(0 − 0)]  

                                = 𝟎,                                     

       𝛁 × 𝑚[𝝎 × (𝒓 × 𝝎)] = 𝑚𝜔2𝛁 × (𝒊̂𝑥 + 𝒋̂𝑦) 

                         = 𝑚𝜔2[𝒊̂(𝜕𝑦0 − 𝜕𝑧𝑦) + 𝒋̂(𝜕𝑧𝑥 − 𝜕𝑥0)

+ 𝒌̂(𝜕𝑥𝑦 − 𝜕𝑦𝑥) 

                              = 𝑚𝜔2[𝒊̂(0 − 0) + 𝒋̂(0 − 0) + 𝒌̂(0 − 0)] 

                                = 𝑚𝜔2𝟎 

                                = 𝟎, 

and 

       𝛁 × 𝑚(𝝎̇ × 𝒓) = −𝑚𝜔̇𝛁 × (𝒊̂𝑦 − 𝒋̂𝑥) 
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                                = −m𝜔̇{𝒊̂[𝜕𝑦0 + 𝜕𝑧𝑥] + 𝒋̂[𝜕𝑧𝑦 − 𝜕𝑥0] 

+𝒌̂[−𝜕𝑥𝑥 − 𝜕𝑦𝑦]} 

              = −𝑚𝜔̇{𝒊̂[0] + 𝒋̂[0] − 𝒌̂[2]} 

                                    = 2𝑚𝜔̇𝒌̂. 

Adding these results gives 

𝛁 × 𝑬(𝒓, 𝑡) = 𝟎 + 𝟎 − 2𝑚𝜔̇𝒌̂    = −2𝑚𝜔̇𝒌̂. 

Also,  

𝜕𝑯

𝜕𝑡
=

𝑑𝑯

𝑑𝑡
= 2𝑚𝜔̇𝒌̂ 

because 

 (𝒓̇ ∙ 𝛁)𝑯 = (𝒊̂𝑥̇ + 𝒋̂𝑦̇ + 𝒌̂𝑧̇) ∙ (𝒊̂𝜕𝑥 + 𝒋̂𝜕𝑦 + 𝒌̂𝜕𝑧)(2𝑚𝜔𝒌̂) 

                = (𝑥̇𝜕𝑥 + 𝑦̇𝜕𝑦 + 𝑧̇𝜕𝑧)(2𝑚𝜔𝒌̂) 

                  = 𝟎. 
Thus, 

𝛁 × 𝑬(𝒓, 𝑡) = −
𝜕𝑯

𝜕𝑡
 .                                

∎ 

Two New Analogues 

     Recall that Gauss’s law for electric fields 

𝛁 ∙ 𝑬 =
𝜌

𝜖0
                                         (3) 

and Ampere’s law 

𝛁 × 𝑯 = 𝜇0 ( 𝑱 + 𝜖0

𝜕𝑬

𝜕𝑡
)                           (4)  

of Maxwell’s equations involve the constant 𝜖0 - the 

permittivity of free space. Here, 𝜌 is the electric 

charge density, 𝑱 is the electric current density, and 

the constant 𝜇0 is the magnetic permeability.  

     To find charge density and current density 

analogues using these laws, substitute the rotational 

motion analogues 𝑬 and 𝑯 from above into (3) and 

(4) and solve the associated equations for 
𝜌

𝜖0
≡ ℛ and 

𝑱

𝜖0
≡ 𝓘 (as will be seen below, 𝜇0 divides out and is 

not relevant for what is to be done here). These 

scaled (by 𝜖0) results are the analogues of interest 

here and-as will be discussed below- yield several 

potentially interesting physical results.  

 

Theorem 3. ℛ = 2𝑚𝜔2. 

 

Proof. 

𝛁 ∙ 𝑬(𝒓, 𝑡) = 𝛁 ∙ [−𝑚𝒂 + 𝑚𝝎 × (𝒓 × 𝝎) − 𝑚𝝎̇ × 𝒓] 

 

𝛁 ∙ (−𝑚𝑎) = −𝑚(𝒊̂𝜕𝑥 + 𝒋̂𝜕𝑦 + 𝒌̂𝜕𝑧) ∙ (𝒊̂𝑎𝑥 + 𝒋̂𝑎𝑦 + 𝒌̂𝑎𝑧) 

                   = −𝑚(𝜕𝑥𝑎𝑥 + 𝜕𝑦𝑎𝑦 + 𝜕𝑧𝑎𝑧) 

                        = −𝑚(0 + 0 + 0) 

                        = 0, 

𝛁 ∙ {𝑚[𝝎 × (𝒓 × 𝝎)]}

= 𝑚(𝒊̂𝜕𝑥 + 𝒋̂𝜕𝑦 + 𝒌̂𝜕𝑧) ∙ [𝜔2(𝒊̂𝑥 + 𝒋̂𝑦)]  

= 𝑚𝜔2(𝜕𝑥𝑥 + 𝜕𝑦𝑦) 

                                     = 𝑚𝜔2(1 + 1) 

                                     = 2𝑚𝜔2, 

and 

𝛁 ∙ [𝑚(𝝎̇ × 𝒓)] = −𝑚𝜔̇(𝒊̂𝜕𝑥 + 𝒋̂𝜕𝑦 + 𝒌̂𝜕𝑧) ∙ (𝒊̂𝑦 − 𝒋̂𝑥) 

           = −𝑚𝜔̇(𝜕𝑥𝑦 − 𝜕𝑦𝑥) 

           = −𝑚𝜔̇(0 + 0) 

           = 0. 

 

Adding these results together yields 

 

𝛁 ∙ 𝑬(𝒓, 𝑡) = 0 + 2𝑚𝜔2 − 0 

                                                 = 2𝑚𝜔2. 

Thus, 
𝜌

𝜖0
= 2𝑚𝜔2 

or 

ℛ = 2𝑚𝜔2. 

∎ 

 

Theorem 4. 𝓘 = −2𝑚𝜔𝜔̇(𝒊̂𝑥 + 𝒋̂𝑦). 
 

Proof.  

Since 

𝛁 × 𝑯(𝒓, 𝑡) = 2𝑚{𝒊̂(𝜕𝑦𝜔 − 𝜕𝑧0) + 𝒋̂(𝜕𝑧0 − 𝜕𝑥𝜔)

+ 𝒌̂(𝜕𝑥0 − 𝜕𝑦0)} 

                                = 𝟎, 

then from (4), 

𝑱 = −𝜖0

𝜕𝑬(𝒓, 𝑡)

𝜕𝑡
 . 

But 

𝜕𝑬(𝒓, 𝑡)

𝜕𝑡
=

𝑑𝑬(𝒓, 𝑡)

𝑑𝑡
− (𝒓̇ ∙ 𝛁)𝑬(𝒓, 𝑡). 

 

𝑑𝑬(𝒓, 𝑡)

𝑑𝑡
=

𝑑

𝑑𝑡
[−𝑚𝒂 + 𝑚𝝎 × (𝒓 × 𝝎) − 𝑚𝝎̇ × 𝒓] 

𝑑

𝑑𝑡
(−𝑚𝒂) = −𝑚

𝑑𝒂

𝑑𝑡
= 𝟎 

𝑑

𝑑𝑡
[𝑚(𝝎 × (𝒓 × 𝝎))] =

𝑑

𝑑𝑡
[𝑚𝜔2(𝒊̂𝑥 + 𝒋̂𝑦)]

= 2𝑚𝜔𝜔̇(𝒊̂𝑥 + 𝒋̂𝑦) + 𝑚𝜔2(𝒊̂𝑥̇ + 𝒋̂𝑦̇) 

= 𝑚𝜔[𝒊̂(2𝜔̇𝑥 + 𝜔𝑥̇) + 𝒋̂(2𝜔̇𝑦 + 𝜔𝑦̇)] 
 

𝑑

𝑑𝑡
[𝑚 (𝝎̇ × 𝒓)] =

𝑑

𝑑𝑡
[−𝑚𝜔̇(𝒊̂𝑦 − 𝒋̂𝑥)] 

                     = −𝑚𝜔̇(𝒊̂𝑦̇ − 𝒋̂𝑥̇) 

because 𝜔̈ = 0. 

Summing these results gives 
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𝑑𝑬(𝒓, 𝑡)

𝑑𝑡
= 𝑚[𝒊̂(2𝜔̇𝜔𝑥 + 𝜔2𝑥̇ + 𝜔̇𝑦̇)   

+ 𝒋̂(2𝜔̇𝜔𝑦 + 𝜔2𝑦̇ − 𝜔̇𝑥̇)]. 

But 

(𝒓̇ ∙ 𝛁)𝑬(𝒓, 𝑡) = [(𝒊̂𝑥̇ + 𝒋̂𝑦̇ + 𝒌̂𝑧̇) ∙ (𝒊̂𝜕𝑥 + 𝒋̂𝜕𝑦 + 𝒌̂𝜕𝑧)] 
𝑬(𝒓, 𝑡) 

= [𝑥̇𝜕𝑥 + 𝑦̇𝜕𝑦 + 𝑧̇𝜕𝑧][−𝑚𝒂 + 𝑚𝝎 × (𝒓 × 𝝎) − 𝑚𝝎̇ × 𝒓] 

[𝑥̇𝜕𝑥 + 𝑦̇𝜕𝑦 + 𝑧̇𝜕𝑧](−𝑚𝒂) = −𝑚[𝑥̇𝜕𝑥𝒂 + 𝑦̇𝜕𝑦𝒂 + 𝑧̇𝜕𝑧𝒂]  

= 𝟎 

 

[𝑥̇𝜕𝑥 + 𝑦̇𝜕𝑦 + 𝑧̇𝜕𝑧] [𝑚(𝝎 × (𝒓 × 𝝎))]

= 𝑚𝜔2[𝑥̇𝜕𝑥 + 𝑦̇𝜕𝑦 + 𝑧̇𝜕𝑧][(𝒊̂𝑥 + 𝒋̂𝑦)] 

        = 𝑚𝜔2(𝒊̂𝑥̇𝜕𝑥𝑥 + 𝒋̂𝑦̇𝜕𝑦𝑦) 

                                    = 𝑚𝜔2(𝒊̂𝑥̇ + 𝒋̂𝑦̇) 

 

[𝑥̇𝜕𝑥 + 𝑦̇𝜕𝑦 + 𝑧̇𝜕𝑧][𝑚(𝝎̇ × 𝒓)]  

= −𝑚𝜔̇[𝑥̇𝜕𝑥 + 𝑦̇𝜕𝑦 + 𝑧̇𝜕𝑧][(𝒊̂𝑦 − 𝒋̂𝑥)]

= −𝑚𝜔̇(𝒊̂𝑦̇ − 𝒋̂𝑥̇) 

 

So that 

 

(𝒓̇ ∙ 𝛁)𝑬(𝒓, 𝑡) = 𝑚[𝒊̂(𝜔2𝑥̇ + 𝜔̇𝑦̇) + 𝒋̂(𝜔2𝑦̇ − 𝜔̇𝑥̇) 

 

in which case 

𝑱 = −2𝑚𝜔𝜔̇(𝒊̂𝑥 + 𝒋̂𝑦)𝜖0 

or 
𝑱

𝜖0
= −2𝑚𝜔𝜔̇(𝒊̂𝑥 + 𝒋̂𝑦) 

or 

𝓘 = −2𝑚𝜔𝜔̇(𝒊̂𝑥 + 𝒋̂𝑦). 

∎ 

 

Discussion 

 

     Now consider physical interpretations for ℛ and 

ℐ. Recall that the rotational kinetic energy 𝐾𝐸𝑟𝑜𝑡 of a 

point mass 𝑚 rotating at an angular rate 𝜔 at 

perpendicular distance 𝑟⊥ from the axis of rotation is 

 

𝐾𝐸𝑟𝑜𝑡 =
1

2
𝑚𝑟⊥

2𝜔2. 

 

It is seen from this and Theorem 3 that 

 

2𝑚𝜔2 =
4𝐾𝐸𝑟𝑜𝑡

𝑟⊥
2 = ℛ. 

 

Thus, ℛ can be interpreted as a rotational kinetic 

energy density, specifically the rotational kinetic 

energy per unit area. 

     Also, observe from Theorem 4 that ℐ can be 

written as 

𝓘 = −2𝑚
𝜔̇

𝜔
𝜔2(𝒊̂𝑥 + 𝒋̂𝑦) = −2𝑚

𝜔̇

𝜔
[𝝎 × (𝒓 × 𝝎)]. 

 

Using the Appendix, recognize the quantity 𝑚[𝝎 ×
(𝒓 × 𝝎)] as the associated centrifugal inertial force 

𝓕, in which case 

𝓘 = −2
𝜔̇

𝜔
𝓕. 

 

Using the fact that −𝓕 is the associated centripetal 

force 𝓒, then 

 

𝓘 = 2
𝜔̇

𝜔
𝓒.                                               

 

Consequently, 𝓘 can be interpreted as the centripetal 

force current – the centripetal force per unit time – 

directed towards the axis of rotation. Note that this 

current vanishes when 𝜔̇ = 0.  

     By substituting a mass to charge ratio into the 

electromagnetic result obtained from Faraday’s law, 

Semon and Schmieg showed that Faraday’s law can 

be used to predict the work done on a point mass 

moved around a closed path in the (𝒊̂, 𝒋̂)-plane in a 

rotating reference frame when 𝜔 increases in the 𝒌̂-

direction. This result can be obtained more 

efficiently from Hughes’ theory without having to 

employ a mass to charge ratio by applying Stoke’s 

theorem to Faraday’s law, using the fact that 

 
𝜕𝑯

𝜕𝑡
= 2𝑚𝜔̇𝒌̂,                                      (5) 

 

and integrating the result around a closed path in the 

(𝒊̂, 𝒋̂)-plane.  

     To be more precise, let 𝒏̂ be a unit vector normal 

to the (𝒊̂, 𝒋̂)-plane such that 𝒏̂ ∙ 𝒌̂ = 1. Then, using (5) 

in Faraday’s law, taking the scalar product of the 

result with 𝒏̂, and integrating over the surface area 𝑆 

bounded by the closed path yields 

 

∯ (𝜵 × 𝑬(𝒓, 𝑡)) ∙ 𝒏̂
𝑆

𝑑𝜎 = −2𝑚𝜔̇ ∯ 𝒏̂ ∙ 𝒌̂ 𝑑𝜎
𝑆

. 

 

Integrating the right hand side and applying Stoke’s 

theorem to the left hand side of this equation finally 

evaluates the circulation as 

 

∮ 𝑬(𝒓, 𝑡)𝑑
𝒞

= −2𝑚𝜔̇𝒜, 

 

where 𝒞 is the closed path boundary of area 𝒜. 
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Because 𝑬(𝒓, 𝑡) is a force applied over the distance 

𝒞, then the circulation corresponds to the work 𝑊 

required to move 𝑚 around 𝒞: 

 

𝑊 = −2𝑚𝜔̇𝒜.                                      

 

Clearly, no work is done on the mass when 𝜔̇ = 0. 

 

Closing Remarks 
 

     It should be noted that - as expected - ℛ and 𝓘 

agree with Coisson’s choice of the “suitable values” 

2𝜔2 and 
𝜕𝑬(𝒓,𝑡)

𝜕𝑡
, respectively, for these quantities. 

Trivially, for fixed 𝑚 and 𝜔, the rotational kinetic 

energy density ℛ can be considered to be a constant 

of the motion since it remains unchanged for any 

perpendicular distance 𝑟⊥. Furthermore, since both 𝓘 

and 𝑊 depend upon 𝜔̇, the motion of a point mass in 

a rotating reference frame must experience an Euler 

force in order to produce a centripetal force current 

and have work performed upon it. 

     Although both Coisson and Hughes defined 

electromagnetic scalar and vector potential 

analogues for a point mass moving in a rotating 

reference frame, it was Hughes who noted that 

analogues of the well-known electromagnetic gauge 

transformations also apply to the scalar and vector 

potential analogues. In particular, for any function 

𝑓 ≡ 𝑓(𝒓, 𝑡), 𝑬(𝒓, 𝑡) and 𝑯(𝒓, 𝑡) are invariant under 

the gauge transformations 

 

𝑨 → 𝑨 − 𝛁𝑓 

and  

𝜙 → 𝜙 +
𝜕𝑓

𝜕𝑡
 

 

and that (2) is not unique and can be transformed as 

 

𝐿 → 𝐿 −
𝑑𝑓

𝑑𝑡
 

 

without changing the associated physics (it should be 

noted that Hughes’ theory is already in the Coulomb 

gauge because 𝛁 ∙ 𝑨 = 0). However, it is not clear 

how these transformations might be usefully applied 

to rotating systems.  

     While ℛ and ℐ can be viewed as real quantities 

because 𝑚, 𝜔, 𝜔̇, and 𝓒 are individually measurable, 

it is not clear that the current ℐ itself produces an 

observable physical effect upon the motion of 𝑚. 

 

Appendix 

𝒊̂ ∙ 𝒊̂ = 𝒋̂ ∙ 𝒋̂ = 𝒌̂ ∙ 𝒌̂ = 1 
 

𝒊̂ ∙ 𝒋̂ = 𝒊̂ ∙ 𝒌̂ = 𝒋̂ ∙ 𝒌̂ = 0 
 

𝜕𝓵 ≡
𝜕

𝜕ℓ
 , ℓ = 𝑥, 𝑦, 𝑧 

 

𝛁 = 𝒊̂𝜕𝑥 + 𝒋̂𝜕𝑦 + 𝒌̂𝜕𝑧 

 

𝒂 = 𝒊̂𝑎𝑥 + 𝒋̂𝑎𝑦 + 𝒌̂𝑎𝑧;  𝑎ℓ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, ℓ = 𝑥, 𝑦, 𝑧 

 

𝒓 = 𝒊̂𝑥 + 𝒋̂𝑦 + 𝒌̂𝑧 
 

𝝎 = 𝒌̂𝜔, 𝜔 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

 

𝝎̇ = 𝒌̂𝜔̇, 𝜔̇ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
 

𝒓̇ ≡
𝑑𝒓

𝑑𝑡
= 𝒊̂𝑥̇ + 𝒋̂𝑦̇ + 𝒌̂𝑧̇ 

 

𝒓̈ ≡
𝑑2𝒓

𝑑𝑡2  

 

𝝎 = 𝒌̂𝜔, 𝜔 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
 

𝝎̇ ≡
𝑑𝝎

𝑑𝑡
= 𝒌̂𝜔̇, 𝜔̇ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

 

𝑪 × 𝑫 = 𝒊̂(𝑐𝑦𝑑𝑧 − 𝑐𝑧𝑑𝑦) + 𝒋̂(𝑐𝑧𝑑𝑥 − 𝑐𝑥𝑑𝑧) + 

𝒌̂(𝑐𝑥𝑑𝑦 − 𝑐𝑦𝑑𝑥) 

 

  𝒓 × 𝝎 = 𝒊̂(𝑦𝜔 − 𝑧 ∙ 0) + 𝒋̂(𝑧 ∙ 0 − 𝑥 ∙ 𝜔) + 𝒌̂(𝑥 ∙ 0 − 𝑦 ∙ 0) 

               = 𝒊̂𝑦𝜔 − 𝒋̂𝑥𝜔 + 𝒌̂(0) 

               = 𝜔(𝒊̂𝑦 − 𝒋̂𝑥) 

 

  𝝎 × (𝒓 × 𝝎) = 𝒊̂[0 ∙ 0 − 𝜔 ∙ (−𝜔𝑥)] + 𝒋̂[𝜔 ∙ (𝜔𝑦) − 0 ∙ 0]

+ 𝒌̂[0 ∙ (−𝜔𝑥) − 0 ∙ 𝜔𝑦] 
                           = 𝒊̂𝜔2𝑥 + 𝒋̂𝜔2𝑦 + 𝒌̂(0) 

                           = 𝜔2(𝒊̂𝑥 + 𝒋̂𝑦) 

 

𝝎̇ × 𝒓 = 𝒊̂(0 ∙ 𝑧 − 𝜔̇ ∙ 𝑦) + 𝒋̂(𝜔̇ ∙ 𝑥 − 0 ∙ 𝑧) 
+ 𝒌̂(0 ∙ 𝑦 − 0 ∙ 𝑥) 

  = 𝒊̂(−𝜔̇ ∙ 𝑦) + 𝒋̂(𝜔̇ ∙ 𝑥) + 𝒌̂(0) 

                            = −𝜔̇(𝒊̂𝑦 − 𝒋̂𝑥) 

 
𝜕𝑨

𝜕𝑡
=

𝑑𝑨

𝑑𝑡
− (𝒓̇ ∙ 𝛁)𝐀 
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