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Abstract	
The	study	of	cyclic	graphs	has	always	been	a	hot	topic	in	the	field	of	graph	theory	and	has	
received	widespread	attention	 from	graph	theory	practitioners.	If	an	n‐order	graph	G	
exactly	contains	cycles	of	all	lengths	from	3	to	n,	then	the	graph	is	called	a	pan	cycle	graph.	
This	article	proves	that,	after	excluding	some	special	cases,	when	the	number	of	edges	in	
graph	G	is	greater	than	or	equal	to	 122

3 nC ,	graph	G	must	be	a	pan	cyclic	graph.	
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1. Introduction	

This	 article	 only	 studies	 undirected	 simple	 graphs.	 Let	 graph	G 	be	 a	 simple	 graph,	 where	
},,,{)( 21 nvvvGV  	represents	 the	 vertex	 set	 of	 n‐order	 graph	G 	and	 ( )E G 	represents	 the	

edge	 set	 of	 graph	 G .	 For	 convenience,	 this	 article	 uses	 )(GV 	and	 )(Ge 	to	 represent	 the	

number	of	vertices	and	edges	of	graph	G ,	respectively.	 )(vdG 	represents	the	degree	of	point	v 	
in	graph	G ,	while	 )(G 	and	 )(G 	represent	the	minimum	and	maximum	degrees	of	graph	G ,	
respectively.	
If	a	cycle	(path)	contains	all	vertices	of	graph	G ,	 it	 is	called	the	Hamiltonian	cycle	(path)	of	
graph	G ;	If	a	graph	G	contains	at	least	one	Hamiltonian	cycle,	it	is	called	a	Hamiltonian	graph;	
If	there	is	a	Hamiltonian	path	between	any	two	points	in	graph	G ,	 it	is	called	a	Hamiltonian	
connected	graph.	For	 two	completely	disjoint	graphs	 1G and	 2G ,	we	use 21 GG  	to	 represent	
their	disjoint	union	and	 21 GG  	to	represent	their	joint	graph.	Define	 }{vG  	to	remove	point	
v 	and	all	its	associated	edges	in	graph	G .	
The	 adjacency	matrix	 of	 graph	G 	is	 defined	 as	 nnijaGA  )()( .	When	point	 iv 	is	 adjacent	 to	

point	 jv ,	denote	 1ija ,	otherwise	it	is	0.	The	degree	diagonal	matrix	of	graph	G 	is	defined	as	

))(,),(),(()( 21 nGGG vdvdvdGD  .	 The	 unsigned	 Laplacian	 matrix	 of	 graph	 G 	is	 defined	 as	
)()()( GDGAGQ  .	Furthermore,	let	 )(G 	and	 )(Gq 	represent	the	adjacency	spectral	radius	

and	unsigned	Laplacian	spectral	 radius	of	graph	G 	respectively.	For	more	relevant	symbols	
and	terminology,	readers	can	refer	to	references	[1‐2].	
In	 1971,	 Bondy	 [1]	 gave	 the	 definition	 of	 a	 pan	 cyclic	 graph	 and	 provided	 some	 sufficient	
conditions	for	determining	pan	cyclic	graphs.	Obviously,	bipartite	graphs	do	not	contain	odd	
cycles,	therefore,	Mitchem	et	al.	[3]	further	defined	bipartite	even	pan	cyclic	graphs.	Since	then,	
the	issue	of	pan	cyclic	graphs	has	gradually	attracted	the	attention	of	graph	theorists.	In	recent	
years,	Yu	Guidong	et	al.	[4]	have	optimized	some	previous	conclusions	through	more	detailed	
research	 and	 provided	 stronger	 criteria	 for	 determining	 pan	 cycle	 graphs.	 Almost	
simultaneously,	 Li	 Rao	 [5]	 characterized	 some	 conclusions	 on	 bipartite	 bipartite	 pan	 cyclic	
graphs,	 optimizing	 some	 existing	 results.	 Inspired	 by	 this,	 this	 article	 strengthens	 the	
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characterization	of	graph	structure,	providing	the	edge	number	and	spectral	conditions	for	pan	
cyclic	graphs,	which	to	some	extent	optimizes	the	results	of	Yu	Guidong	et	al.	

2. Related	Lemmas	

Lemma	2.1:	Assuming	that	graph	G 	is	a	n‐order	graph	with	a	degree	sequence	 nddd  21 .	

If	there	is	a	positive	integer	 s 	that	allows	 sds  	to	derive	 snd sn  ,	then	graph	G 	is	either	a	
pan	cyclic	graph	or	a	bipartite	graph	[6].	
Lemma	2.2:	Assuming	that	graph	G 	is	an	n‐order	graph,	 mGe )( 	[9].	If	the	number	of	edges	
in	graph	G 	satisfies:		

3)( 2
1  nCGe ,		

so	graph	G 	is	a	Hamiltonian	connected	graph.	
Lemma	2.3:	Assuming	that	graph	G 	is	a	 )5( nn ‐order	simply	connected	graph	of	 2 	[4],	if	
the	number	of	edges	in	graph	G 	satisfies:		

3)( 2
2  nCGe ,		

so	G 	is	either	a	pan	cyclic	graph,	a	bipartite	graph,	or	belongs	to	the	graph	set	 1NP .	

3. Main	Results	

Theorem	3.1:	Assumes	that	graph	G 	is	a	 )14( nn ‐order	non	bipartite	simple	graph	of	 2 .	
If	the	number	of	edges	in	graph	G 	satisfies:	

12)( 2
3  nCGe 	

Then	G 	is	a	pan	cyclic	graph,	unless	 NPG  .	
Proof:	 (proof	 by	 contradiction)	 Assume	 that	 graph	 G 	is	 not	 a	 pan	 cyclic	 graph	 and	

nddd  21
	is	the	degree	sequence	of	graph	G .	According	to	Lemma	2.1,	it	can	be	inferred	

that:	there	exists	a	positive	integer	 s 	such	that	 sds  	and	 1 snd sn .	Therefore,	

2

1 1 1 1

2 ( ) ( 2 )( 1) ( 1)
n s n s n

i i i i
i i i s i n s

e G d d d d s n s n s s n


      

              	

If	 366)12(3)( 2  nsnsxf ,	then	it	can	be	obtained	from	the	above	equation:	

)(367)(2 2 sfnnGe  .	

Therefore,	there	must	be	 0)( sf .	Obviously,	 )(sf 	is	a	convex	function	about	 s .	When	 14n ,	

06)3( f 	and	 0)13)(11(
4

1
)

2

1
( 


nn

n
f ,	 So,	 when	

22

1
3

nn
s 


 ,	 0)( sf ,	

contradiction!	Therefore,	there	must	be	 2s .	
At	this	point,	the	degree	sequence	of	graph	G 	satisfies	the	following	conditions:	

1,3,2 12321   nddndddd nnn .	

If	graph			contains	3	or	more	vertices	of	degree	2,	then:		

126)( 2
3

2
3   nn CCGe ,	contradicts!	

Combining	 degree	 sequences,	 graph	 	 	 has	 and	 only	 has	 2	 2‐degree	 vertices,	 which	 can	 be	
denoted	as	 21,vv .	There	are	two	scenarios	for	discussion:	

Scenario	1:	 1v 	and	 2v 	are	not	adjacent.	
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If	 the	 adjacent	 sets	 of	 1v 	and	 2v 	are	 completely	 identical,	 then	 graph	 G 	is	 a	 subgraph	 of	
)2( 142 kkk n   ,	that	is,	 NPG  .	

If	the	neighboring	sets	of	 1v 	and	 1v 	are	not	completely	consistent,	let	 1vGG  .	Obviously,	G 	

is	 a	 connected	 graph,	 1)(  nGV 	and	 3102)()( 2
2)1(

2
3   nn CCGeGe .	 According	 to	

Lemma	2.5,	G 	is	a	pan	cyclic	graph.	
This	means	that	the	graph	G 	contains	all	the	circles	with	lengths	from	3	to	G .	The	proof	graph	
G 	also	contains	a	Hamiltonian	cycle,	therefore	the	graph	G 	is	a	pan	cycle	graph,	thus	deriving	
the	contradiction.	
Without	loss	of	generality,	assuming	 ),,,( 121  nyyyC 	is	a	Hamiltonian	cycle	in	the	clockwise	

direction	of	graph	G ,	points	 1y 	and	 2y 	are	the	two	adjacent	points	of	 1v ,	and	points	

1y 	and	 

2y 	

are	the	next	points	of	 1y 	and	 2y 	on	cycle	C,	respectively.	Obviously,	point	sets	 },,{ 211
 yyv 	and	

},{ 21 vv 	are	 independent	 sets,	 otherwise	 graph	 G 	contains	 a	 Hamiltonian	 cycle,	 which	 is	
contradictory.	

Assume	 nydyd GG   )()( 21 ,	 since	 graph	 G 	only	 has	 1n 	vertices,	  22 yv ,	 otherwise	

12)3()()()()( 2121   nnvdydydyd GGGG ,	which	is	contradictory.	

Therefore,	there	must	be	a	pair	of	consecutive	vertices	 iy 	and	 1iy 	on	circle	C ,	where	 iy 	and	

1y 	are	 adjacent	 points	 and	 1iy 	and	 

2y 	are	 adjacent	 points.	 For	 convenience,	C

	and	C


	are	

used	here	to	represent	the	clockwise	and	counterclockwise	directions	of	circle	C .	At	this	point,	
graph	 G	 contains	 a	 Hamiltonian	 cycle	 with	 1212111 vyCyyCyyCyv ii




 ,	 which	 is	 contradictory.	

Therefore,	 1)()( 21   nydyd GG .	

Let	 },,{ 211
 yyvGG 	and	 },,,,{ 21211

 yyyyvGG .	 Note	 that	 3)(  nGV ,.	 So,	 the	

number	of	edges	of	G  	satisfies:	 5)(  nGV ， 4)( 1  nydG ， 4)( 2  nydG .	

Therefore,	according	 to	Lemma	2.4,	 it	can	be	concluded	 that	G  	is	a	Hamiltonian	connected	
graph.	

We	can	always	find	a	pair	of	vertices	 1z 	and	 2z 	in	G	that	are	adjacent	to	

1y 	and	 

2y ,	respectively.	
If	 not,	 then	 the	 degree	 of	 1z 	and	 2z 	in	 G 	is	 at	 most	 3.	 Therefore,	

12)5(262)( 2
3

2
5   nn CnCGe ,	 which	 is	 contradictory.	 Assuming	 P	 is	 a	 Hamiltonian	

path	 from	 1z 	to	 2z 	in	 G  ,	 there	 exists	 a	 Hamiltonian	 cycle	 in	 Figure	 G 	as:	

12221111 vyyPzzyyv  .Therefore,	Figure	G 	is	a	pan	cyclic	graph,	contradictory.	

Scenario	2:	 1v 	is	adjacent	to	 2v .	

If	 the	 neighboring	 sets	 of	 1v 	and	 2v 	are	 completely	 identical,	 then	 graph	G	 is	 a	 subgraph	 of	

)( 231 kkk n  
,	that	is,	 NPG  .	

If	the	neighboring	sets	of	 1v 	and	 2v 	are	not	completely	consistent,	then	 },{ 21 vvGH  	is	taken,	

indicating	that	 2)(  nHV ,	 93)()( 2
3  nCGeHe .	Similar	to	scenario	1,	it	can	be	inferred	

from	Lemma	2.4	and	Lemma	2.5	 that	a	graph	 is	both	a	pan	cyclic	 graph	and	a	Hamiltonian	
connected	graph.	Therefore,	graph	G 	is	also	a	pan	cyclic	graph,	which	is	contradictory.	
In	summary,	if	the	number	of	edges	of	graph	G	satisfies	the	condition,	then	G 	is	either	a	pan	
cyclic	graph	or	 NPG  ,	the	proof	is	complete.	
It	can	be	seen	that	when	 14n ,	the	bound	of	Theorem	3.1	is	better	than	Lemma	2.5,	which	can	
be	seen	to	some	extent	as	an	optimization	of	Lemma	2.5.	Moreover,	due	to	the	sufficient	number	
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of	vertices	in	the	condition	of	Theorem	3.1,	the	conclusion	of	this	theorem	needs	to	be	more	
complete.	
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