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Abstract

Parallel search algorithms have been shown to improve plan-
ning speed by harnessing the multithreading capability of
modern processors. One such algorithm PA*SE achieves
this by parallelizing state expansions, whereas another algo-
rithm ePA*SE achieves this by effectively parallelizing edge
evaluations. ePA*SE targets domains in which the action
space comprises actions with expensive but similar evaluation
times. However, in a number of robotics domains, the action
space is heterogenous in the computational effort required to
evaluate the cost of an action and its outcome. Motivated by
this, we introduce GePA*SE: Generalized Edge-based Par-
allel A* for Slow Evaluations, which generalizes the key
ideas of PA*SE and ePA*SE, i.e., parallelization of state ex-
pansions and edge evaluations, respectively. This extends its
applicability to domains that have actions requiring varying
computational effort to evaluate them. The open-source code
for GePA*SE, along with the baselines, is available here:
https://github.com/shohinm/parallel_search

Introduction

Graph search algorithms such as A* and its variants are
widely used in robotics for planning problems which can
be formulated as the shortest path problem on a graph (Kus-
nur et al. 2021; Mukherjee et al. 2021). Parallelized graph
search algorithms have shown to be effective in robotics
domains where action evaluation tends to be expensive.
PA*SE (Phillips, Likhachev, and Koenig 2014) is an opti-
mal parallel graph search algorithm that strategically paral-
lelizes state expansions to speed up planning, without the
need for state re-expansions. However, just like A*, PA*SE
evaluates all edges at once for every state expansion in
the same thread. In contrast, a parallelized planning algo-
rithm ePA*SE (Edge-based Parallel A* for Slow Evalua-
tions) (Mukherjee, Aine, and Likhachev 2022a) changes the
basic unit of search from state expansions to edge expan-
sions. This decouples the evaluation of edges from the ex-
pansion of their common parent state, giving the search the
flexibility to figure out what edges need to be evaluated
to solve the planning problem. In domains with expensive
edges, ePA*SE achieves lower planning times and evalu-
ates fewer edges than PA*SE. ePA*SE is efficient in do-
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mains where the action space is homogenous in computa-
tional effort, i.e., all actions have similar evaluation times.
In some domains, the action space can comprise a combina-
tion of cheap and expensive to evaluate actions. For exam-
ple, in planning on manipulation lattices, the action space
comprises static primitives generated offline, each of which
moves a single joint, and Adaptive Motion Primitives, which
use an optimization-based IK solver to compute a valid goal
configuration (based on the workspace goal) and then lin-
early interpolate from the expanded state to the goal (Co-
hen, Chitta, and Likhachev 2014). The latter are generated
online and are significantly more expensive to compute than
the static primitives. In such domains, it is not efficient to
delegate a new thread for every edge.

Motivated by these insights, we introduce GePA*SE,
which generalizes the key ideas in PA*SE and ePA*SE,
i.e., state expansions and edge evaluations respectively. We
show that GePA*SE outperforms both PA*SE and ePA*SE
in domains with heterogenous action spaces by employing
a parallelization strategy that handles cheap edges similar
to PA*SE and expensive edges similar to ePA*SE. Addi-
tionally, it uses a more efficient strategy to carry out edge
independence checks for large graphs. While GePA*SE is
optimal, its bounded suboptimal variant w-GePA*SE inher-
its the bounded suboptimality guarantees of wPA*SE and
w-ePA*SE and achieves faster planning by employing an
inflation factor on the heuristic. We evaluate w-GePA*SE
in a 2D grid-world and a 7-DoF manipulation domain and
demonstrate that it achieves lower planning times in both.

Related Work

Several approaches parallelize sampling-based planning al-
gorithms in which multiple processes cooperatively build
a PRM (Jacobs et al. 2012) or an RRT (Devaurs, Siméon,
and Cortés 2011; Ichnowski and Alterovitz 2012; Jacobs
et al. 2013) by sampling states in parallel. However, in
many planning domains, sampling of states is not trivial.
One such class of planning domains is simulator-in-the-loop
planning, which uses a physics simulator to generate suc-
cessors (Liang et al. 2021). Unless the state space is simple
such that the sampling distribution can be scripted, there is
no principled way to sample meaningful states that can be
realized in simulation.

We focus on search-based planning, which constructs the



graph by recursively applying a set of actions from every
state. A* can be trivially parallelized by generating succes-
sors in parallel when expanding a state. However, the per-
formance improvement is bounded by the branching fac-
tor of the domain. Another approach is to expand states
in parallel while allowing re-expansions to account for the
fact that states may get expanded before they have the min-
imal cost (Irani and Shih 1986; Evett et al. 1995; Zhou
and Zeng 2015). However, they may encounter an exponen-
tial number of re-expansions, especially if they employ a
weighted heuristic. PA*SE (Phillips, Likhachev, and Koenig
2014) parallelly expands states at most once, in such a
way that does not affect the bounds on the solution quality.
ePA*SE (Mukherjee, Aine, and Likhachev 2022a) improves
PA*SE by changing the basic unit of the search from state
expansions to edge expansions and then parallelizing this
search over edges. MPLP (Mukherjee, Aine, and Likhachev
2022b) achieves faster planning by running the search lazily
and evaluating edges asynchronously in parallel but relies
on the assumption that a successor can be generated with-
out evaluating the edge. There has also been some work on
parallelizing A* on GPUs (Zhou and Zeng 2015; He et al.
2021). These algorithms have a fundamental limitation that
stems from the SIMD (single-instruction-multiple-data) ex-
ecution model of a GPU, which limits their applicability to
domains with simple actions.

Method

Problem Formulation Let a finite graph G = (V, &) be
defined as a set of vertices V and directed edges £. Each
vertex v € ) represents a state s in the state space of the
domain S. An edge e € £ connecting two vertices v; and
vo in the graph represents an action a € A that takes the
agent from corresponding state s; to s,. The action space is
split into subsets of cheap (A°) and expensive actions (A°)
s.t. A°U A° = A and corresponding cheap (£¢) and ex-
pensive edges (£€) s.t. £ U £ = £. An edge e can be
represented as a pair (s,a), where s is the state at which
action a is executed. For an edge e, we will refer to the cor-
responding state and action as e.s and e.a respectively. sg
is the start state, and G is the goal region. ¢ : £ — [0, 0]
is the cost associated with an edge. g(s) or g-value is the
cost of the best path to s from sy found by the algorithm
so far. h(s) is a consistent and therefore admissible heuris-
tic (Russell 2010). A path 7 is an ordered sequence of
edges e, = (s,a)},, the cost of which is denoted as
e(m) = vazl c(e;). The objective is to find a path 7 from
So to a state in the goal region G with the optimal cost c¢*.
There is a computational budget of NV; parallel threads avail-
able. There exists a pairwise heuristic function h(s,s’) that
provides an estimate of the cost between any pair of states.
It is forward-backward consistent (Phillips, Likhachev, and
Koenig 2014) i.e. h(s,s”) < h(s,s’) + h(s',s") Vs,s’,s”
and h(s,s’) < c¢*(s,8') Vs,s.

Algorithm Similar to ePA*SE, GePA*SE searches over
edges instead of states and exploits the notion of edge in-
dependence to parallelize this search. There are two key dif-
ferences. First, GePA*SE handles cheap and expensive-to-
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Algorithm 1: w-GePA*SE: Planning Loop

1: terminate < False
2: procedure PLAN

3: Vs € G, s.g + 00, n_successors_generated(s) = 0
4 sp.g <+ 0

5 insert (so,a%) in OPEN
6: LOCK
7

8

9

> Dummy edge from sq

while not terminate do
if OPEN = () and BE = () then
terminate = True

UNLOCK
11: return ()
12: remove an edge (s, a) from OPEN that has the
smallest f((s,a)) among all states in OPEN that
satisfy Equations 1 and 3
13: if such an edge does not exist then
14: UNLOCK
15: wait until OPEN or BE change
16: LOCK
17: continue
18: if s € G then
19: terminate = True
20: UNLOCK
21: return BACKTRACK(s)
22: UNLOCK
23: while (s, a) has not been assigned a thread do
24: fori=1:N;do
25: if thread ¢ is available then
26: if thread ¢ has not been spawned then
27: Spawn EDGEEXPANDTHREAD (%)
28: Assign (s, a) to thread ¢
29: LOCK
30: terminate = True
31 UNLOCK

evaluate edges differently. Second, it uses a more efficient
independence check.

In A*, during a state expansion, all its successors are
generated and are inserted/repositioned in the open list. In
ePA*SE, the open list (OPEN) is a priority queue of edges
(not states) that the search has generated but not expanded,
where the edge with the smallest key/priority is placed in
the front of the queue. The priority of an edge e = (s,a)
in OPEN is f ((s,a)) = g(s) + h(s). Expansion of an edge
(s,a) involves evaluating the edge to generate the succes-
sor s’ and adding/updating (but not evaluating) the edges
originating from s’ into OPEN with the same priority of
g(s') + h(s'). Henceforth, whenever g(s’) changes, the po-
sitions of all of the outgoing edges from s’ need to be up-
dated in OPEN. To avoid this, ePA*SE replaces all the out-
going edges from s’ by a single dummy edge (s’, a), where
ad stands for a dummy action until the dummy edge is ex-
panded. Every time g(s’) changes, only the dummy edge has
to be repositioned. Unlike what happens when a real edge is
expanded, when the dummy edge (s’, a?) is expanded, it is
replaced by the outgoing real edges from s’ in OPEN. The
real edges are expanded when they are popped from OPEN
by an edge expansion thread. This means that every edge
gets delegated to a separate thread for expansion.

In contrast to ePA*SE, in GePA*SE, when the dummy



Algorithm 2: w-GePA*SE: Edge Expansion

1: procedure EXPANDEDGETHREAD(%)
2 while not terminate do
3 if thread 7 has been assigned an edge (s, a) then
4: EXPAND ((s, a))
5: procedure EXPAND((s, a))
6 if a = a9 then

7 insert s in BE with priority f(s)
8 for a’ € A° do

9 £ ((s',2)) = g(s) + wh(s)

10: insert (s, a) in OPEN with f ((s, a))
11: UNLOCK

12: fora’ € A°do

13: EXPANDEDGE ((s', a))

14: LOCK

15: else

16: EXPANDEDGE ((s, a))

17: procedure EXPANDEDGE((S, a))

18: s’,c((s,a)) + GENERATESUCCESSOR ((s, a))
19: LOCK

20:  ifs’ ¢ CLOSED U BE and

21: g(s") > g(s) + c((s,a)) then

22: 9(s') = g(s) +c((s,a))

23: s'.parent =s

24: f((s",a%) = g(s') + wh(s')

25: insert/update (s’,a%) in OPEN with f ((s’,a))
26: n_successors_generated(s)+ = 1

27: if n_successors_generated(s) = |.A| then

28: remove s from BE and insert in CLOSED

29: UNLOCK

edge (s,a") from s is expanded, the cheap edges from s are

expanded immediately (Line 13, Alg 2) i.e. the successors
and costs are computed, and the dummy edges originating
from the successors are inserted into OPEN. However, the
expensive edges from s are not evaluated and are instead
inserted into OPEN (Line 10, Alg 2). This means that the
thread that expands the dummy edge also expands the cheap
edges at the same time. This eliminates the overhead of del-
egating a thread for each cheap edge, improving the over-
all efficiency of the algorithm. The expensive edges are in-
stead expanded when they are popped from OPEN and are
assigned to an edge evaluation thread. If A° = (), GePA*SE
behaves the same as PA*SE, i.e., state expansions are par-
allelized, and each thread evaluates all the outgoing edges
from an expanded state sequentially. If A° = (), GePA*SE
behaves the same as ePA*SE, i.e., edge evaluations are par-
allelized, and each thread expands a single edge at a time.

In ePA*SE, a single thread runs the main planning loop
and pulls out edges from OPEN, and delegates their expan-
sion to an edge expansion thread. To maintain optimality, an
edge can only be expanded if it is independent of all edges
ahead of it in OPEN and the edges currently being expanded,
i.e., in set BE (Mukherjee, Aine, and Likhachev 2022a). An
edge e is independent of another edge ¢/, if the expansion
of €’ cannot possibly reduce g(e.s). Formally, this indepen-
dence check is expressed by Inequalities 1 and 2. w-ePA*SE
is a bounded suboptimal variant of ePA*SE that trades off
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optimality for faster planning by introducing two inflation
factors. w > 1 inflates the priority of edges in OPEN i.e.
f((s,a)) = g(s) + wh(s). € > 1 used in Inequalities 1
and 2 relaxes the independence rule. As long as € > w, the
solution cost is bounded by ¢ - ¢*. These inflation factors are
similarly used in GePA*SE to get its bounded suboptimal
variant w-GePA*SE.

gle.s) — g(e'.s) < eh(e s, e.s)

Ve' € OPEN| f (') < f (e) %

g(e.s) — g(s') < eh(s',e.s) Vs’ € BE )

In w-ePA*SE, the source states of the edges under expan-
sion are stored in a set BE. However, in large graphs, BE
can contain a large number of states, and performing the in-
dependence check against the entire set can get expensive.
Therefore in w-GePA*SE, BE is a priority queue of states
with priority f(s) = g(s) + wh(s). To ensure the indepen-
dence of an edge from all edges currently being expanded, it
is sufficient to perform the independence check against only
the states in BE that have a lower priority than the priority of
the edge in OPEN (Inequality 3). Independence of an edge
e in OPEN from a state s’ in BE s.t. f(e.s) < f(s’) can be
shown as follows:

g(e.s) +wh(e.s) < g(s') + wh(s')

= g(e:s) — g(s') < w(h(s") — h(e.s))

= g(e.s) — g(s') < wh(s,e.s) < eh(s' e.s)
(forward-backward consistency and w < €)

Beyond this, the bounded sub-optimality proof of
w-GePA*SE is the same as that of w-ePA*SE (Mukherjee,
Aine, and Likhachev 2022a) since the only other way in
which w-GePA*SE differs from w-ePA*SE is in its paral-
lelization strategy.

gle.s) —g(s') <eh(s',es) Vs € BE| f(s') < f(e) (3)

Evaluation
2D Grid World

We evaluate GePA*SE on five scaled MovingAl 2D
maps (Sturtevant 2012) with state space being 2D grid co-
ordinates (Fig. 1 top). The agent has a square footprint with
an edge length of 32 units. The action space comprises mov-
ing along eight directions by 25 cell units. To check for
the feasibility of the actions, we collision-check the foot-
print at interpolated states with a 1-unit discretization. For
four of the actions, we cache the footprint offline and ap-
ply the required offset for given state coordinates, which
form the cheap actions set. For the remaining actions, we
compute the footprint from scratch for every coordinate.
Since footprint calculation is expensive, these actions form
the expensive actions set. This difference in footprint com-
putation simulates the diversity in action computational ef-
fort. On average, the ratio of computation time for the ac-
tions in A° to those in A€ is r® = 30. For each map, we



| r® =30 [ r® =300
2D Grid World | wA* | wPA*SE |  w-cPA*SE | w-GePA*SE | wePA'SE | w-GePA*SE
Threads(N) |1 |5 10 50 |5 10 50 |5 10 50 |5 10 50 |5 10 50
Mean Time (s) 0.81 041 027 0.17 | 0.18 0.08 0.02 | 0.13 0.06 0.02 1.65 0.74 0.15 | 1.13 0.51 0.12
128% 1 25% 1 0% 132%  131% | 20%
Mean Cost 901 885 902 959 | 958 980 988 956 959 969 958 978 987 | 955 955 966
Manipulation (¢ = 20) | wA* | wPA*SE | w-ePA*SE | w-GePA*SE
Threads 1 |5 10 50 [5 10 50 |s 10 50
Success (%) 83 92 94 97 91 93 94 92 94 97
Mean Time (s) 036 | 025 0.19 0.16 | 025 0.18 0.12 | 0.19 ({ 24%|24%) 0.12 (} 37%|33%)  0.09 (| 44%]|25%)

Table 1: Evaluation metrics for GePA*SE and the baselines for 2D Grid World (top) and Manipulation (bottom). For 2D
Grid World, the percentage reduction in planning time in w-GePA*SE from the best baseline based on mean planning time
(underlined) for the same thread budget is indicated with |.. For Manipulation, the percentage reduction in mean planning time
in w-GePA*SE from wPA*SE and w-ePA*SE for the same thread budget is indicated with J..

sample 50 random start-goal pairs and verify that there ex-
ists a solution by running wA* . We compare w-GePA*SE
against wA* , wPA*SE and w-ePA*SE. All algorithms use
Euclidean distance as the heuristic with an inflation factor
of 50. We see that for smaller thread budgets, w-GePA*SE
achieves >= 25% lower planning times than w-ePA*SE,
which is the best baseline (Table 1 top). However, with
N; = 50, w-GePA*SE achieves identical performance to
that of w-ePA*SE. This is because, in this domain, with a
large number of available threads, there is no benefit of be-
ing selective about which edges should be expanded in paral-
lel. Instead, parallelizing all edges like w-ePA*SE does is as
good. However, with an additional increase in the computa-
tional cost of A¢ by calling the footprint calculation in a loop
10 times (r¢ = 300), w-GePA*SE achieves a 20% reduction
in planning times from w-ePA*SE even for N, = 50.

1690 X 1600 !r—  1285X1280
.
IIV ‘
,-b ).

|
50

PR 05530

Figure 1: (Top: 2D Grid World 5 scaled MovingAl maps
with the start state shown in green, the goal state shown in
red, and the computed path shown in blue. (Bottom: Manip-
ulation) The PR2 has to arrange a set of blocks on the table
(left) into a given configuration (middle) with a motion plan-
ner (right) to compute PLACE actions.

Manipulation

We also evaluate GePA*SE in a manipulation planning do-
main for a task of assembling a set of blocks on a table into a
given structure by a PR2 (Fig. 1 bottom). We collect a prob-
lem set of PLACE actions for 40 assembly tasks in each of

156

which the blocks are arranged in random order on the ta-
ble. PLACE requires a motion planner internally to compute
collision-free trajectories for the 7-DoF right arm of the PR2
in a cluttered workspace to place the blocks at their desired
pose. A€ comprises 22 static motion primitives that move
one joint at a time by 4 or 7 degrees in either direction. 4¢
comprises a single dynamically generated primitive that at-
tempts to connect the expanded state to a goal configuration
(r¢ = 20). This primitive involves solving an optimization-
based IK problem to find a valid configuration space goal
and then collision checking of a linearly interpolated path
from the expanded state to the goal state. All primitives have
a uniform cost. A backward BFS in the workspace (z,y, z)
is used to compute the heuristic with an inflation factor of
w = € = 100. For the problem set generation, we use
w-GePA*SE with 6 threads and a large timeout. We then
evaluate all the algorithms with different thread budgets on
this problem set with a timeout of 2 s. The large timeout
during generation ensures that the generated problem set is
a superset of the problems that can be solved by the algo-
rithms with a smaller 2-second timeout during evaluation.
As indicated by the success rates in Table 1 bottom, more
than 90% of the problems in this set are solved by all the
parallel algorithms within 2 seconds. In the computation of
the metrics, we only consider the set of problems that are
successfully solved and lead to a path length longer than 2
states for all algorithms. The path length threshold is needed
to not skew the statistics by the cases where the IK-based
primitive connects the start state directly to the goal with-
out any meaningful planning effort. We see that w-GePA*SE
consistently achieves the lowest mean planning times while
maintaining a high success rate across all thread budgets.

Conclusion

We presented GePA*SE, a generalized formulation of two
parallel search algorithms i.e. PA*SE and ePA*SE for do-
mains with action spaces comprising a mix of cheap and
expensive to evaluate actions. We showed that by employ-
ing different parallelization strategies for edges based on
the computation effort required to evaluate them, GePA*SE
achieves higher efficiency.
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