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Abstract

The Multi-Agent Path Finding problem (MAPF) aims to find
conflict-free paths for a group of agents, leading each agent
to its respective goal. MAPF is applicable in navigating au-
tonomous robots and vehicles to their destination. In this pa-
per, we study the requirement of finding all optimal solutions
in MAPF. We discuss the representation of all optimal solu-
tions, propose four algorithms for finding them, and perform
an extensive empirical evaluation of the proposed algorithms.

1 Introduction

The task in Multi-Agent Path Finding (MAPF) (Stern et al.
2019) is to successfully navigate a group of agents to their
destinations by calculating a path for each agent such that
the agents do not conflict (i.e., collide). MAPF derives from
various real-world applications, from indoor applications
like navigating robots in automated warehouses (Honig et al.
2019; Li et al. 2020) to planning outdoor routes for au-
tonomous vehicles (e.g., cars, trains, or drones) (Atzmon,
Diei, and Rave 2019; Li et al. 2019a). Finding a single
optimal solution for common objective functions is NP-
hard (Surynek 2010; Yu and LaValle 2013b). Nevertheless,
efficient optimal algorithms excel at doing so for many
agents (Gange, Harabor, and Stuckey 2019; Zhang et al.
2020; Li et al. 2021; Lam et al. 2022; Shen et al. 2023).
This paper aims to find all optimal solutions in MAPF.
In dynamic environments, such as an automated warehouse,
the solution can become invalid in response to initial par-
tial knowledge or unexpected changes, such as newly intro-
duced obstacles or agent failures. For such a case, having all
optimal solutions allows flexibility by providing alternative
paths that can be quickly adapted (Siegmund, Ng, and Deb
2012; Isermann 1977). In other cases, an external decision-
maker may need to choose a solution from all optimal solu-
tions when some problem constraints cannot be encoded due
to privacy issues (Byers and Waterman 1984; Arthur et al.
1997; Mahadevan and Schilling 2003). Such a case exists,
for instance, when there is another objective that cannot be
revealed, e.g., energy consumption, collision risk, or finan-
cial considerations. Another example is when the selected
paths must remain confidential, e.g., the paths of airplanes
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Figure 1: (a) A problem instance; and (b) its MDD.

(b) MDD

at the airport. Moreover, finding all optimal solutions to a
combinatorial problem, such as MAPF, is a fundamental ob-
jective in understanding the structure and complexity of the
problem space. This paper is the first to consider this task in
MAPF and opens many possible directions for future work.

The contributions of this paper are threefold, as follows.
(1) We discuss the representation of all optimal MAPF so-
Iutions and present three ways for representing all optimal
solutions. (2) For finding all optimal solutions, we propose
two naive algorithms, one based on A* (Hart, Nilsson, and
Raphael 1968) (A% ¢) and the other is a reduction-based al-
gorithm (Surynek et al. 2016) (RED 45), and two novel al-
gorithms based on CBS (Sharon et al. 2015) (CBS 45 and
CBS-M 45). (3) We perform expensive experiments with the
four algorithms on nine benchmark maps, and analyze the
results. We also measure and discuss the impact of the num-
ber of agents on the number of optimal solutions.

2 Background and Related Work
Path Finding

A path in graph G = (V, £) from start vertex s € V to goal
vertex g € )V is a list of vertices such that the list starts with
vertex s and ends with vertex g, and any two consecutive
vertices in the list are traversable. Let 7(¢) be the ¢-th ver-
tex in path 7. Formally, 7(0) = s, w(|m| — 1) = g, and
vt : (n(t), m(t + 1)) € E. The cost C(r) of path 7 equals
the number of transitions performed in it (= || —1). A Path
Finding problem (PF) is defined by a tuple (G, s, g) and re-
quires such a path. The optimal solution (optimal path) to
PF is the least-cost path among all PF solutions (paths).
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Figure 2: (a) Problem instance; and three ways to represent all its optimal solutions: (b) MAS; (c) SMDD; and (d) MMDD.

Finding the optimal path to PF can be efficiently done by
A* (Hart, Nilsson, and Raphael 1968), a well-known heuris-
tic search algorithm. A* uses a heuristic function h(v) that
estimates the cost to reach the goal vertex g from any given
vertex v. A heuristic function is admissible if it never over-
estimates the cost to the goal. Given an admissible heuristic
function, A* is guaranteed to return the optimal path.

The k-Shortest Paths problem (KSP) (Yen 1971; Eppstein
1998) extends PF and requires the % least-cost paths, which
may also contain non-optimal paths. The K* algorithm (Al-
jazzar and Leue 2011) leverages A* and uses a detour func-
tion to quickly solve KSP. Katz et al. (2018) showed the ben-
efits of using K* also in classical planning.

A Multi-Value Decision Diagram (MDD) (Srinivasan
et al. 1990; Sharon et al. 2015) is a directed acyclic graph
MDD = (Vypp,Empp) capable of representing all opti-
mal paths from vertex s to vertex g in graph G without dupli-
cating vertices that are shared by multiple paths. An MDD
is a subgraph of graph G, i.e., Vyypp C V and Eypp C €.
It has a single source vertex sy;pp = s and a single sink
vertex gppp = g. Every path from vertex sp/pp to vertex
gapp represents an optimal path in underlying graph G. The
MDD depicted in Figure 1(b) represents all optimal paths
for the problem instance presented in Figure 1(a). Note that,
vertices s, C, and g are maintained once as they are used by
the two optimal paths.

Multi-Agent Path Finding

The Multi-Agent Path Finding problem (MAPF) (Stern et al.
2019) extends PF to the case of multiple agents requir-
ing multiple paths. The problem is defined by a tuple
(G, A, S,G), where G = (V, ) is an undirected graph rep-
resenting the set of vertices V at which an agent can be po-
sitioned and the set of transitions £ C V x V between them;
A = (ay,...,ar)is alist of k agents; and S = (s1,...,8k)
and G = (¢g1,...,9x) are lists of start and goal vertices,
respectively. Each agent a; requires a path from its start
vertex s; to its goal vertex g;. A plan 11 = (mq,..., 7))
is a list of paths for the agents. The cost C(II) of plan II
(also called sum-of-costs) equals the sum of the costs of
its paths (= Y .y C(mi)). A vertex conflict {a;,aj,v,t)
exists between two paths m; and 7; of agents a; and a;
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if the two agents are simultaneously at the same vertex
(3t : mi(t) = m;(t) = v). A swapping conflict (also known
as an edge conflict) (a;,a;, e, t) exists between two paths m;
and 7; of agents a; and a; if the agents simultaneously swap
vertices (3t : (m;(t), mi(t + 1)) = (m;(t + 1), m;(t)) = e).
A solution to MAPF is a conflict-free plan, where any two
paths do not conflict (no vertex or swapping conflict). The
optimal solution is the least-cost plan among all solutions.
Algorithms that optimally solve MAPF can be divided
into two main categories: reduction-based approaches and
search-based approaches. Reduction-based algorithms com-
pile MAPF into another known problem that has mature
and effective solvers. Previous studies on reduction-based
approaches include reducing MAPF to Integer-Linear Pro-
gram (ILP) (Yu and LaValle 2013a), Answer Set Pro-
gramming (ASP) (Erdem et al. 2013), SAT (Surynek et al.
2016; Bartdk and Svancara 2019), and more. Search-based
algorithms systematically explore different paths (or sub-
paths) until a solution can be determined. Search-based algo-
rithms that optimally solve MAPF include M* (Wagner and
Choset 2015), Increasing Cost Tree Search (ICTS) (Sharon
et al. 2013), and Conflict-Based Search (CBS) (Sharon et al.
2015). The latter, CBS (described below), is a commonly-
used algorithm with many improvements introduced over
the years (Boyarski et al. 2015, 2022; Felner et al. 2018;
Lietal. 2019c¢,b, 2021; Zhang et al. 2020; Shen et al. 2023).

3 Representing All Optimal Solutions

In this paper, we aim to find all optimal MAPF solutions. In
this section, we discuss three ways to represent all optimal
MAPF solutions: MAS, SMDD, and MMDD.

Maintaining All Solutions (MAS)

The simplest way for representing all optimal solutions is
to maintain a set MAS = {II;,II3,...} of all optimal
solutions, i.e., every plan II' € MAS is a different opti-
mal solution and there is no optimal solution IT" such that
IT" ¢ MAS. For example, consider the problem instance in
Figure 2(a), which contains two agents a; and as with start
vertices s; and sg, and goal vertices g; and g9, respectively.
In this example, one of the agents must wait to avoid a ver-
tex conflict at vertex C'. Each of the two agents has two ver-



tices at which it can wait before reaching vertex C'; namely,
vertices s; and A for agent aq, and vertices sy and B for
agent ay. Therefore, this problem instance has the follow-
ing four optimal solutions MAS = {II;, 115, IT3, 14} (also
illustrated in Figure 2(b)):

(I1y) m = (81,81, A4,C, g1),m2 = (82, B, C, g2)
(Hg) T = (Sl,A,A,C,gl),ﬂ'g = (SQ,B,C,QQ)
(II3) m1 = (s1,A,C, g1), 7m0 = (s2, B, B, C, g2)
(T1y) 71 = (s1,A,C, g1), 72 = (82, 52, B, C, g2)

Shared state-space MDD (SMDD)

While an MDD represents multiple paths from a single start
vertex to a single goal vertex, the idea of an MDD can be
easily extended to represent plans of multiple agents, from
multiple start vertices to multiple goal vertices. To this end,
let us consider a shared state-space graph Gs = (Vg, Es) for
multiple agents, where each vertex vg € Vg represents a list
of vertices for k agents in the underlying graph G = (V, &),
ie, vs = (v1,...,vg), where Vo; € vg : v; € V; ver-
tex v; represents the vertex of agent a; in graph G. The start
vertex sg and goal vertex gg of graph Gg are the start and
goal vertices of the agents: sg = S and g5 = G. Vertex
vg = (v],...,v}) is traversable from (a neighbor of) ver-
tex vg = (v1,...,v) if the vertices of each agent a; are
traversable (besides the permutation where all agents wait):
(vs,vg) € Es & (Va; € At (v;,v]) € E) A (vs # V).
Also, conflicting vertices/edges are invalid and pruned. We
call an MDD for this shared state-space, which represents
paths for all agents, a Shared state-space MDD (SMDD).
SMDD = (Vsypp,Esmpp) is a subgraph of Gg, ie.,
Vsmupp € Vs and Esypp C Eg. It has a single source
vertex ssypp = Ss and a single sink vertex gsypp = gs-
Figure 2(c) presents an SMDD to the problem instance in
Figure 2(a), where each vertex represents the vertices of the
two agents and every path represents an optimal solution.

Multiple MDDs (MMDD)

Unlike the single agent case, in the case where multi-
ple agents exist, an optimal MAPF solution may contain
paths where an agent visits a vertex multiple times. There-
fore, in the multi-agent case, when creating an MDD for
a single agent a; (denoted MDD);), each vertex vypp, =
(v,t) is a pair of vertex v € G from the underly-
ing graph and a timestep ¢. For our multiple agents, let
MDDs = (MDD, ..., MDDy), i.e., an MDD; € MDDs
for each agent a;. Multiple MDDs (MMDD) represent
all optimal solutions by a set of MDDs (MMDD =
{MDDsy, MDDss, ...}). Forany MDDs; € MMDD, any
permutation of paths for the agents results is an optimal
MAPF solution. Importantly, in a valid MMDD, there is no
permutation of paths where agents conflict. Figure 2(d) il-
lustrates an MMDD to the problem instance in Figure 2(a).
Note that, the timestep of each vertex is not presented in the
figure and is equal to the depth of each vertex in the MDD;
that is, the number of edges from the start vertex. There-
fore, multiple vertices in the MMDD may contain the same
underlying vertices but with different timesteps. MMDD is
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Algorithm 1: A%

Input: Graph G = (Vs, Es), Vertex sg, Vertex gs
Output: SMDD SMDD
1 A%g (Graph Gs = (Vs, Es), Vertex sgs, Vertex gs)

2 Init OPEN, CLOSED, SMDD, goal

3 Init UB = oo

4 Init root; root.vs = sg; root.p = {}; g(root) = 0
5 Insert root into OPEN

6 while OPEN is not empty do

7 Extract n from OPEN // lowest f(n)

8 if f(n) > UB then

9 L return AddToSMDD (SMDD, goal, Null)
10 if n.vs = gs then

11 goal =n

12 | UB=g(n)

13 Insert n into CLOSED

14 foreach v s.t. (n.vs,vs) € Es do

15 Init n’; n'.vs = vg; n'.p = {n}

16 g(n') = g(n) + c(n.vs,n’.vs)

17 if In’’ € OPEN U CLOSED s.t. n”'.vg = vy

then

18 if g(n"”) < g(n’) then

19 L continue

20 if g(n"") > g(n’) then

21 | Remove n”” from OPEN U CLOSED
2 if g(n") = g(n') then

23 n'p=n"pun’p

24 continue

2 f(n') =g() + h(vs)

26 | Insert n’ into OPEN
27 | return SMDD
28 AddToSMDD (SMDD SMDD, Node n°“"", Node n"°*%)
» | ifn™* = Null then

30 L Eswop = Esmop U {(n“"" vg, n* vg)}
31 if nCUTT.vS é VSMDD then

32 Vsmop = Vswop U {ncuTT~US}

33 foreach n*"*" € n““"".p do

3 | AddToSMDD (SMDD, nf"", n“*"")
35 | return SMDD

a middle ground between MAS and SMDD; like MAS,
MMDD does not maintain the underlying graph’s vertices
of all agents in each of its vertices and, like SMDD, multi-
ple paths are represented using the same vertices.

It is easy to linearize any of the above representations and
produce any optimal solution. Therefore, we allow our algo-
rithms presented next to return any of these representations.

4 A*-based Approach (A% )

Adapting A* to find All Solutions (A% g) for MAPF is
straightforward. For the completeness of the paper, we de-
scribe it in detail. A’ ¢ is executed on the shared state-space
graph Gg = (Vs,E&g), defined in Section 3, and it repre-
sents all optimal solutions from vertex sg to vertex gs us-



ing an SMDD. A% o, presented in Algorithm 1, constructs
a tree of nodes, where each node n contains a vertex n.vg
in our search space. Each node n is associated with a g-
value (g(n)), representing the cost of reaching vertex n.vg
from vertex sg along the search tree; an f-value (f(n) =
g(n) + h(n.vg)), representing an estimate for the cost of the
entire path from vertex sg to vertex gg via vertex n.vg along
the search tree; and a set of backpointers n.p. The backpoint-
ers are used to represent multiple paths of the same cost to
a similar vertex. A similar idea is performed by K* (Aljaz-
zar and Leue 2011) (mentioned in Section 2). Tracking the
search tree is done by two lists OPEN and CLOSED; SMDD
is used for constructing the SMDD; and goal is for main-
taining the goal node (line 2). An upper bound UB, initial-
ized with co (line 3), is used to maintain the cost of the op-
timal solution, when it is found, and to halt after the last
optimal solution is found (standard A* halts when the first
solution is found). The search starts by inserting into OPEN
a root node containing the start vertex sg (root.vs = sg;
lines 4-5). Iteratively, the node n with the lowest f-value in
OPEN is extracted (line 7). If f(n) > UB, it means that
all optimal solutions are found and SMDD is constructed
backwards from goal and returned (lines 8-9, 29-35). Oth-
erwise, if n.vg = gg, n is maintained in goal and UB is
updated (lines 10-12). Then, n is inserted into CLOSED (line
13) and expanded (lines 14-26): (1) a node n’ is created for
each neighboring vertex v’ of vertex n.vg (lines 14-16); and
(2) a duplicate-detection mechanism is activated to prevent
duplication and, if we already found a node n” such that
n".vg = n'.vg (line 17) then, if g(n”) < g(n’), n’ is pruned
(lines 18-19), if g(n”) > g(n'), n” is pruned (lines 20-21)
and, if g(n”") = g(n’), n’ is pruned but its backpointers are
maintained in n”’s backpointers (lines 22-24). In case n' is
not pruned, it is inserted into OPEN (lines 25-26). A% g is
complete and guaranteed to return all optimal solutions.

5 Reduction-based Approach (RED ,45)

A reduction-based approach compiles MAPF into another
problem that has a general-purpose solver. Following the
SAT-based MAPF encoding presented by Surynek (2016),
we define a Boolean variable for every triplet (a,t,v) of
agent (a), timestep (t), and vertex (v). This variable is true iff
agent a occupies vertex v at timestep ¢. To ensure that a valid
plan is computed, the following constraints are set on these
variables: (1) each agent occupies exactly one vertex at each
timestep; (2) no two agents occupy the same vertex at any
timestep; (3) an agent may only traverse between two adja-
cent vertices at every two consecutive timesteps; and (4) no
two agents traverse the same edge in opposite directions be-
tween two consecutive timesteps. To find optimal solutions,
minimizing the cost of the plan is defined as objective.

In our experiments, we used Picat (Zhou, Kjellerstrand,
and Fruhman 2015) to implement this reduction (Bartdk and
Svancara 2019). Picat is a publicly-available logic-based
programming language. Encoding MAPF in Picat has the
advantage that the model can be compiled to SAT, CP, or
MILP, and then solved by an appropriate solver. We run a CP
compilation of Picat, as it performed best on a small-scale
experiment we performed. Picat supports incrementally re-
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turning each solution separately when it is found, without re-
executing the program from scratch. Thus, it represents all
optimal solutions by MAS. This approach, denoted RED 4 ¢,
is complete and halts when all optimal solutions are found.

6 CBS-based Approach

Conflict-Based Search (CBS) (Sharon et al. 2015) has two
levels. Its high level constructs a constraint tree (CT) and
its low level plans paths under the high level’s constraints. A
constraint {a;, z, t) prohibits agent a; from occupying vertex
x at timestep t or from traversing edge x between timesteps
t and t + 1. We propose two CBS-based algorithms CBS 4 ¢
and CBS-M 4 5, which find all optimal solutions. Both algo-
rithms’ high level constructs a similar CT (presented once,
in Algorithm 2) and halts when a set of CT leaves is found.
Also, both algorithms use this set of CT leaves to create an
MMDD. The main difference between the two algorithms is
the set of CT leaves their high level finds and the way they
use this set of CT leaves to represent all optimal solutions;
in CBS 45, the resulted MMDD is not a valid MMDD and
may contain conflicts, and the algorithm, thus, creates an
SMDD from the MMDD to represent all optimal solutions;
in CBS-M 4, the resulted MMDD is valid and used to rep-
resent all optimal solutions. We start by describing CBS 45
(Algorithm 2), which calls the high-level search in line 2.

CBS45¢

In the high-level search, each CT node N contains
a set of constraints N.constraints; a plan N.II that
satisfies N.constraints; the cost N.cost of plan N.II
(C(N.II)); and MDDs for all agents N.MDDs that satis-
fies N.constraints." The high level starts by initializing
OPEN, MMDD, UB, and root, and inserting root into OPEN
(lines 6-9). Then, an expansion cycle is executed (lines 10-
21). The CT node N with the lowest cost is extracted from
OPEN (lines 11). If the cost N.cost of the current CT node
N exceeds the upper bound UDB, the search halts and returns
MMDD (lines 12-13). Otherwise, it checks if N is a solution
(line 14). In CBS 4 5, as opposed to CBS-M 4 g described be-
low, CT node N is a solution if its plan N.II is conflict-
free (lines 33-35). If it is, N’s MDDs (N.MDDs) is added
to MMDD, UB is updated, and we continue to the next CT
node (lines 15-17). If CT node N is not a solution, a conflict
(ai,aj;,z,t) is chosen to be resolved (line 18; x is either a
vertex or an edge). In CBS 4, this conflict is found in plan
N.II (line 31). We generate two new CT child nodes N; and
N that inherit the constraints of CT node N. To resolve the
conflict, CT nodes N; and N; also add a new constraint on
each of the conflicting agents a; and a; to not occupy vertex
x at timestep t or traverse edge x between timesteps ¢ and
t+1 ({a;, z,t) and {(a;, x,t)); namely, at least one of the two
agents a; or a; must not be at x at timestep ¢. The new CT
nodes IV; and N; are then inserted into OPEN (lines 19-21).

'Note that, CBS-M 45 (described below) does not need to main-
tain the plan N.II at every CT node IV; we define CBS 45 and CBS-
M a5 with a similar definition of CT nodes to ease the presentation
of the algorithms.



Algorithm 2: CBS 4

Algorithm 3: CBS-M 4 ¢

Input: MAPF problem instance instance
Output: SMDD SMDD
1 CBS s (MAPF problem instance instance)
MMDD = HighLevel (¢nstance)
SMDD = CreateSMDD (MMDD)
return SMDD

Lo

s HighLevel (MAPF problem instance instance)
6 Init OPEN, MMDD
7 Init UB = o0
8 Init root with an initial plan and no constraints
9 Insert root into OPEN
10 while OPEN is not empty do
1 Extract N from OPEN // lowest cost
12 if N.cost > UB then
13 | return MMDD
14 if IsSolution (N ) then
15 MMDD = MMDD U {N.MDDs}
16 UB = N.cost
17 continue
18 (a;,a;, x,t)y = GetConflict (V)
19 N; = GenerateChild (N, (a;, z,t))
20 N; = GenerateChild (N, {(a;,z,t))
21 Insert N; and IN; into OPEN
22 return MMDD
23 GenerateChild (CT node N, Constraint C')
2 N'.constraints = N.constraints U {C}

25 N'Il = N.II; N'.MDDs = N.MDDs

26 Update N'.11 to satisfy N'.constraints

27 Update N'.MDD:s to satisfy N'.constraints
28 N'.cost = C(N'.I)

29 return N’

30 GetConflict (CT node N)
3t | return Conflict (a;, a;, x,t) in N.II

32 IsSolution (CT node )
33 if N.II is conflict free then
34 | return true

35 return false

When the high-level search halts, it returns a set of MDDs
(MMDD). However, in CBS 45, each of these MDDs may
still contain conflicts between agents, i.e., the returned
MMDD (MMDD) is not a valid representation of all optimal
solutions as it also represents non-solution plans. For exam-
ple, consider the problem instance in Figure 3(a), which con-
tains three optimal solutions. CBS 45 may find an optimal
solution II at the root CT node (root), as can be seen in Fig-
ure 3(b). Then, in the MDDs returned, both agents can be at
vertex C' at timestep 1. To solve this issue, CBS 45 merges
the set of all MDDs into an SMDD and returns it (lines 3-4).
In our implementation, we performed this merge by execut-
ing A% ¢ (presented above) on each MDDs € MMDD and
creating a single SMDD representing all optimal solutions.

24

Input: MAPF problem instance instance
Output: MMDD MMDD
1 CBS-M s (MAPF problem instance instance)
2 MMDD = HighLevel (instance)
3 L return MMDD

GetConlflict (CT node N)
| return Conflict (a;, a;, x,t) in N.MDDs

IsSolution (CT node V)

[T

£

7 if N.MDD:s is conflict free then
8 L return true

9 return false

CBS-M 5

Contrary to CBS 45, CBS-M s (Algorithm 3) resolves a
new type of conflict, an M DDs conflict (line 5).

Definition 1 (MDDs conflict). An MDDs conflict
(ai,aj,x,t) exists between two agents a; and a; if both
MDD, and MDD; contain vertex x at timestep t or edge
between timesteps t and t + 1.

An MDDs conflict in which z is a vertex is analogous
to a vertex conflict and an MDDs conflict in which x is
an edge is analogous to a swapping conflict. In CBS-M4g,
we resolve MDDs conflicts to represent all optimal solu-
tions by a valid MMDD. Identifying M DDs conflicts can be
done using the standard Conflict Avoidance Table data struc-
ture (Sharon et al. 2015). An MDDs conflict (a;, a;, z,t) is
resolved similarly to the way a standard conflict is resolved:
creating two new CT child nodes and adding the constraint
(aj, z,t) to one CT child node and the constraint (a;, z,t)
to the other CT child node. In CBS-M 45, a CT node N is
a solution if it does not contain any MDDs conflict (lines
7-9). Therefore, CBS-M 45’s MMDD (MMDD) only repre-
sents valid solutions, and can be returned as is to represent
all optimal solutions (line 3). Figure 3(c) presents the high
level of CBS-M 45 when executed on the problem instance
in Figure 3(a). As can be seen, the two MDDs of the two CT
leaves contain all optimal solutions and only them; for either
of the two MDDs, any permutation of paths for the agents
results in a valid optimal solution and form a valid MMDD.

Theorem 1. CBS a5 and CBS-M 55 are guaranteed to re-
turn all optimal solutions if solutions exist.

Proof. Let N be a non-solution CT node, containing at least
one conflict (a;, a;, z,t), and let II* (V) be the set of all op-
timal solutions satisfying N.constraints. When N’s con-
flict is resolved, two CT child nodes N; and INV; are cre-
ated. Any solution must satisfy at least one of the new con-
straints set on these two CT nodes, i.e., there is no so-
lution where agents a; and a; are simultaneously at ver-
tex/edge x. Therefore, by resolving a conflict, any solution
that satisfies IN.constraints, also satisfies IN;.constraints,

20Our conflict definition shares similarities with the one sug-
gested by Morag et al. (2024). However, both conflicts are used
to solve different problems, resulting in different solutions.
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Figure 3: (a) Problem instance. (b) CBS 45. (c) CBS-M 4.

Nj.constraints, or both; i.e., IT* (V) = II*(N;) UII*(N;).
The root CT node does not have any constraints and, thus,
all optimal solutions satisfy its constraints. Consequently, all
optimal solutions can be found in the CT leaves at any time
during the high-level search. Moreover, our constraints re-
peatedly discard conflicting plans that satisfy the constraints
and have a minimal cost. As we return all CT leaves that
have an optimal cost, all optimal solutions are returned. [l

7 Experimental Study

We experimented with A% ¢, RED 44, CBS 45, and CBS-
M s on nine benchmark maps from the MovingAl repos-
itory (Stern et al. 2019): 8 x 8 and 32 x 32 empty grids
(empty-8-8 and empty-32-32), 32 x 32 grids with 20% ob-
stacles (random-32-32-20), 32 x 32 room grids (room-32-
32-4), 32 x 32 maze grids (maze-32-32-2), and four grid
maps from the Dragon Age Origins video game (den207d,
hrt002d, Igt101d, and orz102d). We based our implementa-
tion of CBS 45 and CBS-M 4 5 on a publicly available imple-
mentation (Li et al. 2021) of CBS-H (Felner et al. 2018) with
the WDG heuristic (Li et al. 2019b) and the Disjoint Split-
ting improvement (Li et al. 2019c), which requires changing
the cost of each CT node to its f-value. Our experiments
were conducted on an Intel® Core i7-1265U processor with
32GB of RAM (https://github.com/bshahar/MAPF-AS).
For each map, we tested all four algorithms on 25 prob-
lem instances containing k = {2, 3, ... } randomly allocated
agents, until all algorithms were not able to solve any of the
problem instances. We set the time limit to one minute for
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each problem instance and measured the success rate and av-
erage time (in seconds) of each algorithm. The time was set
to 60 seconds for an unsolved instance. Figure 4 and Figure 5
present the success rate and average time, respectively.
As expected, increasing the number of agents decreases
the success rate and increases the time across all four al-
gorithms. On the smallest map (empty-8-8), A% ¢ was only
able to solve problem instances with a small number of
agents (up to 7 agents). On any larger map, A ¢ only solved
a few problem instances with a small number of agents.
This is due to the size of the shared state-space on which
A% ¢ is executed, which grows exponentially with the num-
ber of agents. While representing all optimal solutions by
MAS, the reduction-based algorithm RED 4 g presented per-
formance similar, to some extent, to A% 5. The CBS-based
algorithms CBS 45 and CBS-M g performed better than
both A% ¢ and RED 4 5. In most maps and number of agents,
CBS-M 45 outperformed CBS 45, solved problem instances
with more agents, and resulted in faster runtime; for in-
stance, in empty-8-8, CBS-M 45 solved problem instances
with 29 agents while CBS 4 s was only able to solve problem
instances with up to 22 agents. In some maps, e.g., empty-
32-32, for a small number of agents, CBS 45 outperformed
CBS-M 45; this is because, CBS 45 can quickly merge its
MMDD and create SMDD when only a few agents exist.
Table 1 presents the average number of high-level ex-
pansions performed by CBS 45 and CBS-M g for prob-
lem instances solved by both algorithms for 2, 4, 6, and 8
agents. CBS 4 5, as expected, expands much fewer CT nodes
than CBS-M 4. Both CBS 45 and CBS-M 44 find a set of
CT leaves in their high-level search. The high-level search
of CBS s halts sooner than the one of CBS-M 45. How-
ever, as the CT leaves of CBS 45 may contain conflicting
MDDs, CBS 45 constructs an SMDD (conflict-free). When
many agents exist, CBS 4 ¢ invests a long time in construct-
ing SMDD after the high-level search halts. In fact, across
all the maps and number of agents, CBS 4 s spent more than
90% of the time on constructing the SMDD. In contrast,
CBS-M 45 performs a deeper search on its high level (con-
structs a larger CT) to only find CT leaves that do not contain
conflicting MDDs and form a valid MMDD. As a result,
CBS-M 45 can immediately halt after its high level finishes.
It is common knowledge that, for finding a single opti-
mal solution, A* must expand all nodes n with f(n) < C*,
where C* is the cost of the optimal solution; otherwise, a
suboptimal may be returned (Dechter and Pearl 1985). Such
nodes are often denoted as must-expand nodes (MEN). For
finding all optimal solutions, A% ¢ must expand all nodes n
with f(n) < C*; otherwise, some optimal solutions may
not be found. Therefore, for finding all optimal solutions,
the MEN of A% ¢ also contains nodes n with f(n) = C*.
Similarly, for finding a single optimal solution, CBS must
expand all CT nodes NV with N.cost < C* (whether N.cost
includes an admissible heuristic value or not). For finding
all optimal solutions, CBS 45 and CBS-M 45 must expand
all CT nodes N with N.cost < C*; the main difference
between the number of CT node expansions performed by
CBS 45 and CBS-M 45 is the definition of a CT goal node
which, as can be seen in Table 1, may have a significant
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Figure 5: Average time (in seconds) for A% ¢, RED 45, CBS 45, and CBS-M 4 5 on nine benchmark maps.
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Algorithm CBS s CBS-M 45
#Agents 24 6 8|2 4 6 8
empty-8-8 13 3 4] 2 22 91 226
empty-32-32 11 1 2| 11 5877 11,069 12,317
random-32-32-20 (1 2 3 4| 2 1,038 1,484 3318
room-32-32-4 13 5 9| 2 14 29 254
maze-32-32-2 2317 34| 3 32 1,610 9,827
den207d 11 1 1]339 936 2,665 6,760
hrt002d 1 2 3 3|646 1,667 3,665 8,386
Igt101d 12 2 4| 19 400 2,944 15,459
orz102d 11 2 2(247 941 14,041 16414

Table 1: Average number of high-level (CT) expansions.

#Agents 2 4 6 8
empty-8-8 1.7E+02 1.5E+03 1.3E+05 1.3E+06
empty-32-32 6.7E+16 3.9E+21 3.4E+28 4.2E+28
random-32-32-20 | 9.6E+10 1.5E+21 2.4E+26 1.8E+29
room-32-32-4 1.1E+06 4.2E+11 4.4E+13 3.1E+20
maze-32-32-2 2.1E+15 2.7E+26 1.4E+36 3.2E+44
den207d 9.8E+18 9.1E+31 3.6E+37 1.3E+40
hrt002d 9.6E+20 1.8E+33 3.7E+39 9.4E+42
Igt101d 1.2E+11 7.7E+21 3.7E+24 7.6E+28
orz102d 8.4E+14 8.6E+23 6.8E+28 5.6E+33

Table 2: Average number of optimal MAPF solutions.

impact on the expansions made by these algorithms. How-
ever, as demonstrated by Figures 4 and 5, expanding fewer
CT nodes, as done by CBS 45, requires the additional time-
consuming construction of an SMDD. As CBS-M 45 do not
need such an operation, it results in superb performance.
For all maps, we also went over the represented solutions
returned by the algorithms and counted the average num-
ber of optimal solutions found by the algorithms for 2, 4,
6, and 8 agents.> The results are presented in Table 2. The
number of optimal solutions significantly increases with the
number of agents. In the maze grids, for instance, for two
agents, there were 2.1'5 optimal solutions and, for eight
agents, there were 3.244 optimal solutions, on average.
While, in our results, the average number of optimal solu-
tions increased with the number of agents, it was not always
the case. Consider, for example, the problem instance pre-
sented in Figure 3(a), which contains two agents and has
three optimal solutions. Now, consider a third agent that is
added to the problem instance, as illustrated in Figure 6. For
the new problem instance, only a single optimal solution ex-
ists, where agent a; goes through vertex A, agent ay goes
through vertex C', and agent ag goes through vertex B.

8 Conclusions and Future Work

Multi-Agent Path Finding (MAPF) aims to find a set of
conflict-free paths. In this paper, we study the requirement
of finding all optimal MAPF solutions. We propose three
ways for representing all optimal solutions (MAS, SMDD,
and MMDD) and four algorithms for finding all optimal so-

3Counting the number of optimal solutions is simple for any
of the three representation methods. For example, in SMDD, any
path represents an optimal solution. Therefore, we can easily count
the number of paths leading to each vertex starting from its root
and considering all incoming edges to each vertex.
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Figure 6: Adding an agent reduces the number of solutions.

lutions (A% g, RED4g, CBS45, and CBS-Myg). Our ex-
periments show that (1) in most cases, CBS-M 45 outper-
forms A% ¢, RED 45, and CBS 45, in terms of success rate
and runtime; (2) CBS-M 45 requires expanding many more
CT nodes than CBS 45; and (3) the number of optimal solu-
tions significantly increases with the number of agents.
There are many possible directions for future work.
(1) Future work can suggest other ways to represent all op-
timal solutions. Consider a graph where all the start and
goal vertices are only connected to a vertex C. In this ex-
ample, there are many different optimal solutions, which do
not share many of their vertices. Therefore, for this example,
our proposed representation methods may be impractical.
(2) Future work can study other related problems. For ex-
ample, suggesting all optimal solutions to a human decision
maker may be overwhelming. Therefore, finding a diverse
subset of optimal solutions can be better in such a scenario.
(3) Future work may find all optimal solutions faster by
applying CBS’s improvements (Felner et al. 2018; Zhang
et al. 2020; Li et al. 2021; Shen et al. 2023), or adjust-
ing other algorithms, such as ICTS (Sharon et al. 2013),
BCP (Lam et al. 2022), M* (Wagner and Choset 2015), and
Lazy CBS (Gange, Harabor, and Stuckey 2019).
(4) Future work can find all solutions for MAPF variants
(Wan et al. 2018; Svancara et al. 2019; Morag et al. 2022;
Atzmon et al. 2023; Maliah, Atzmon, and Felner 2025).
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