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Abstract

Mixed Binary Quadratic Programs (MBQPs) are a class of
NP-hard problems that arise in a wide range of applications,
including finance, machine learning, and chemical and en-
ergy systems. Large-scale MBQPs are challenging to solve
with exact algorithms due to the combinatorial search space
and nonlinearity. Primal heuristics have been developed to
quickly identify high-quality solutions to challenging com-
binatorial optimization problems. In this paper, we propose
an extension for two well-established rounding-based primal
heuristics, RENS and Undercover. Instead of using the opti-
mal solution to a relaxation for variable rounding and search
as in RENS, we use a suboptimal relaxation solution of the
MBQP as the basis for rounding and guidance for searching
over a restricted subproblem where a certain percentage of bi-
nary variables are free. We apply a similar idea to the Under-
cover heuristic that fixes a variable cover to the rounded relax-
ation values. Instead, we relax a subset of the cover variables
based on the suboptimal relaxation and search over a larger
restricted subproblem. We evaluate our proposed methods on
synthetic MBQP benchmarks and real-world wind farm lay-
out optimization problem instances. The results show that our
proposed heuristics identify high-quality solutions within a
small time limit and significantly reduce the primal gap and
primal integral compared to RENS, Undercover, and solvers
with additional primal heuristics integrated inside Branch-
and-Bound.

Introduction
Mixed Binary Quadratic Programs (MBQPs) are mathemat-
ical optimization problems with binary variables that con-
tain quadratic terms in the objective function. MBQPs are
classic problems in combinatorial optimization that can cap-
ture real-world applications including finance (Parpas and
Rustem 2006), machine learning (Bertsimas and Shioda
2009), and chemical (Misener and Floudas 2013) and en-
ergy systems (Turner et al. 2014). Many important combina-
torial optimization problems can be formulated as MBQPs,
including the quadratic assignment problem (Loiola et al.
2007), the stable set problem (Rebennack 2024), and the ver-
tex coloring problem (Kochenberger et al. 2005).

MBQPs are NP-hard in general (Pia, Dey, and Molinaro
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2017) and are particularly challenging to solve due to the
combinatorial search space coupled with nonlinearities. The
Branch-and-Bound (BnB) algorithm is an exact tree search
algorithm for solving MBQPs and more general Mixed-
Integer Nonlinear Programming (MINLP) problems. Al-
though there is a large body of work to improve BnB al-
gorithms, large-scale MBQPs (numbering in 102 − 104 or
more binary variables) are still challenging to solve with ex-
act methods (Silva, Coelho, and Darvish 2021).

Correspondingly, a significant body of research has focused
on primal heuristics. Primal heuristics are algorithms de-
signed to quickly identify high-quality feasible solutions for
a given optimization problem without optimality guarantees
(Berthold 2014b). As far as the authors are aware, there has
been limited work in the existing literature on primal heuris-
tics specifically designed for solving MBQPs. Many pri-
mal heuristics are initially developed for Mixed Integer Lin-
ear Programming (MILP) problems and have been adapted
for general MINLPs (Berthold 2014b; Bonami et al. 2009).
Given the prevalence of MBQP formulations in industrial
applications, the challenges in solving MBQPs via exact
and heuristic methods (Silva, Coelho, and Darvish 2021),
and the demand for real-time solutions to MBQPs in sci-
entific domains (e.g., model predictive control) (Takapoui
et al. 2020), there is a need for efficient algorithms that can
quickly find high-quality solutions to these problems.

In this work, we develop efficient primal heuristics for large-
scale general MBQPs based on relaxation, rounding, and
search techniques. We propose Relax-Search and Cover-
Relax-Search, which are extensions of two well-established
rounding-based primal heuristics. While RENS (Berthold
2014b) solves a relaxation of the original problem to op-
timality, fixes the subset of integer variables that are inte-
gral in the relaxation solution and uses a complete solver to
search over the resulting subproblem, Relax-Search finds a
suboptimal solution to the relaxation in limited time and uses
it as guidance for the partial variable fixing. We apply a sim-
ilar idea to the Undercover heuristic (Berthold and Gleixner
2014) that solves a relaxation, finds a variable cover that re-
moves nonlinearities, and fixes the variables in the cover to
the rounded relaxation values. We propose the Cover-Relax-
Search method which computes a suboptimal variable cover
and a suboptimal relaxation solution in limited time and uses
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them to fix a subset of the cover variables and search over a
larger restricted subproblem.

We evaluate the proposed approaches on multiple standard
MBQP benchmarks. Additionally, we demonstrate the per-
formance of the proposed methods on a real-world Wind
Farm Layout Optimization Problem (WFLOP). We extend
an existing MBQP formulation (Turner et al. 2014) for
WFLOP to account for uncertain wind conditions and con-
struct real-world instances based on wind distribution data
in California. Results across all benchmarks – synthetic
and real-world – show that our proposed approach iden-
tifies high-quality feasible solutions in a short time cutoff
and significantly reduces the primal integral compared to
the RENS heuristic, the Undercover heuristic, and solvers
with additional primal heuristics integrated inside Branch-
and-Bound.

Background
Mixed Binary Quadratic Programs
Mixed Binary Quadratic Programs (MBQPs) are the class of
problems of the form

minxTHx+ cTx

s.t. Ax ≤ b

xj ∈ {0, 1}, ∀j ∈ B,

where c ∈ Rn, b ∈ Rm, H ∈ Rn×n, and A ∈ Rm×n.
B ⊆ {1, ..., n} is the set of variables that are restricted to
be binary. H is a real symmetric matrix and is not necessar-
ily positive semidefinite, allowing for nonconvex objective
functions. MBQPs are NP-hard in general (Pia, Dey, and
Molinaro 2017). The Branch-and-Bound (BnB) algorithm is
an exact tree search algorithm to solve MILPs, MBQPs, and
general MINLPs.

Reformulation and Relaxation of MBQPs
Nonlinear Programming Relaxation The Nonlinear Pro-
gramming (NLP) relaxation of the MBQP is obtained when
the integrality constraints on the set of binary variables B are
relaxed such that xj ∈ [0, 1], ∀j ∈ B. The optimal solution
to the NLP relaxation is not necessarily integral, but the op-
timal value of the relaxed problem serves as a lower bound
to the MBQP, as the feasible region of the NLP relaxation
problem is larger than the MBQP.

Linear Reformulation and Relaxation A common ap-
proach to solving MBQPs is to use a linearization step
that reformulates the nonlinear terms in the objective func-
tion into an equivalent linear form by introducing auxiliary
variables and constraints (Forrester and Hunt-Isaak 2020).
Terms in MBQPs that are products of binary variables xixj ,
i, j ∈ B are replaced by a new continuous variable zij .
Based on the Reformulation-Linearization Technique (RLT)
(Sherali and Adams 2013), the following McCormick (RLT-
0) linear constraints are added:

zij ≥ xi + xj − 1, ∀i < j

zij ≤ xi, ∀i < j

zij ≤ xj , ∀i < j

Terms x2
i , i ∈ B are replaced by xi as xi = x2

i by exploit-
ing the binary property. With this reformulation, the Linear
Programming (LP) relaxation of a MBQP can be obtained
by relaxing the binary variables to xj ∈ [0, 1], ∀j ∈ B in
the reformulation problem. The solutions obtained by solv-
ing this relaxation also provide a valid lower bound to the
true optimal value, but may not be integral feasible.

Primal Heuristics
Primal heuristics are algorithms designed to quickly find
high-quality solutions for a given optimization problem
without optimality guarantees (Berthold 2014b). Primal
heuristics can be used as either a standalone algorithm or as
a supplementary procedure that improves the upper bound
in BnB. To our knowledge, there has been limited research
on primal heuristics specifically designed to solve MBQPs.
Most existing heuristics were initially developed for MILPs
and later adapted for general MINLPs (Berthold 2014b;
Bonami et al. 2009). The LP reformulation described in the
previous section enables the application of MILP heuristics
to MBQPs (Berthold 2014a).

Many of these MILP and MINLP heuristics are based
on rounding and searching over a restricted subproblem.
Rounding-based heuristics use the continuous relaxation
of the original problem as a reference solution (Berthold
2014a). These heuristics typically involve solving the re-
laxation and then creating a subproblem by fixing a sub-
set of integer variables by rounding the relaxation values
to the nearest integer values (Nannicini and Belotti 2012;
Berthold 2014b; Takapoui et al. 2020). The proposed meth-
ods in this work build upon two well-established rounding-
based heuristics, RENS and Undercover, both of which are
start heuristics that do not require an initial feasible solution.

RENS The Relaxation Enforced Neighborhood Search
(RENS) algorithm is a rounding-based heuristic that uses an
optimal solution x̄ of an LP or NLP relaxation as a refer-
ence solution and creates a MINLP subproblem to be solved
with a complete solver. The generic RENS algorithm is de-
scribed in Algorithm 1. The key idea of the algorithm is to
fix variables that take integral relaxation values (Line 4) and
optimize over all the possible rounding of the fractional vari-
ables by solving a sub-MINLP (Line 9). The MINLP sub-
problem is constructed by fixing integer variables for which
the relaxation is integral and changing the bounds of the re-
maining integer variables to the two nearest integers. For the
case of MBQPs, RENS fixes all variables for which the re-
laxation take binary values, and the bounds for the remaining
binary variables remain unchanged. Beyond the generic im-
plementation shown in Algorithm 1, the full-fledged RENS
algorithm includes additional components such as probing
and conflict analysis to improve primal solutions in the sub-
MINLP (Berthold 2014b).

Undercover Most MINLP heuristics require solving a
smaller subproblem that is of the same class as the original
optimization problem (Berthold 2014b). However, MINLP
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Algorithm 1: Relaxation Enforced Neighborhood Search
(RENS)

Require: MINLP P with set of integer variables I
1: x̄← Compute optimal solution of the relaxation of P
2: for i ∈ I do
3: if x̄i is integral then
4: Fix xi = x̄i

5: else
6: Restrict the bounds of xi to ⌊x̄i⌋ ≤ xi ≤ ⌈x̄i⌉
7: end if
8: end for
9: Solve the restricted sub-MINLP using a MINLP solver

subproblems derived from a larger MINLP are not necessar-
ily easier to solve than the original problem, as both the dis-
crete nature and nonlinear terms contribute to the complexity
in the subproblem. The Undercover heuristic creates a sub-
problem of an easier class compared to the original problem
(Berthold and Gleixner 2014; Belotti et al. 2013). Specifi-
cally, it identifies the minimal set of variables needed to be
fixed to remove the nonlinear terms. This set of variables
is called the cover set and can be computed as the minimum
vertex cover of the Hessian graph. Formally, a Hessian graph
for a given MINLP instance is a graph G = (V,E), where
V is the set of variables. There is an edge e = (i, j) between
variable i and variable j if and only if i and j appear together
in a nonlinear term. The minimum vertex cover of G can be
obtained by solving the following optimization problem. Let
the binary decision variable αi be 1 if and only if variable i
is in the cover, and solve for

min
∑
i∈V

αi s.t. αi + αj ≥ 1 for all (i, j) ∈ E (1)

By definition of the Hessian graph, the minimum vertex
cover of G is the minimal set of variables needed to be fixed
to obtain an MILP subproblem that does not contain non-
linear terms from the original MINLP. In Undercover, all
integer cover variables are fixed to the rounded LP or NLP
relaxation values. Then, it solves the MILP subproblem in
(1). Although this MILP subproblem in (1) is also NP-hard,
(Berthold and Gleixner 2014) show that the runtime to com-
pute the cover is often short compared to the runtime for
other components of the algorithm, such as solving the re-
laxation and the subproblem.

Efficient Primal Heuristics using Suboptimal
Rounding Guidance

We present two simple yet effective primal heuristics for
MBQPs, Relax-Search and Cover-Relax-Search, inspired by
RENS and Undercover. Both proposed heuristics are start
heuristics that do not require a feasible solution to the origi-
nal problem to start with.

Relax-Search
We propose Relax-Search, which is an extension of RENS
that uses the suboptimal relaxation as guidance for rounding

Algorithm 2: Relax-Search (Cover-Relax-Search)

Require: A MBQP P with set of binary variables B, fixing
ratio p, relaxation time limit Tr ,(cover time limit Tc)

1: x̄← Compute the relaxation of P given time limit Tr

2: Candidate fixing set U ← B
3: Candidate fixing set U ← Compute the cover variables

of the MBQP by solving the cover problem in (1) (Time
limit: Tc)

4: ∆i ← |x̄i − 0.5| for all i ∈ U
5: k ← |U| × p
6: U ′← Select k variables from U greedily with the largest

∆i

7: for i ∈ U ′ do
8: Fix xi = ⌊x̄i⌉ by rounding to the nearest integer
9: end for

10: Solve the sub-MBQP using a solver

and variable fixing and searches over a modified restricted
subproblem to improve over the suboptimal rounding. While
the percentage of variables to be fixed in RENS depends on
both the original problem and the relaxation solution, we
control the percentage of variables fixed using a ratio p.

The Relax-Search algorithm is shown in Algorithm 2. First,
in the relax phase, given a MBQP P , Relax-Search com-
putes the LP or NLP relaxation of P given a time limit Tr.
The relaxation solution (denoted as x̄) can be suboptimal
given the time cutoff, compared to RENS which uses the op-
timal relaxation. Second, in the search phase, the algorithm
treats the set of binary variables B as the candidate fixing
set U and selects a subset U ′ ⊆ U to fix in creating the re-
stricted subproblem. The size k of this subset is the number
of variables in the candidate set multiplied by a ratio p. To
decide on the set of variables to be fixed U ′, we compute
the degree to which the relaxed solution takes integer values
∆i = |x̄i− 0.5| and select the top p× |U| variables with the
largest ∆i. For variables i ∈ U ′, we fix the values to be the
rounded relaxation ⌊x̄i⌉. The variables in the set B \ U ′ are
free in the sub-MBQP.

Cover-Relax-Search
We apply a similar idea to extend the Undercover heuristic
and propose Cover-Relax-Search. The relevance to Relax-
Search is shown in Algorithm 2. In the cover phase, we
compute the cover set variables C for the given MBQP P
by solving optimization problem (1), as in the Undercover
heuristic. In the relax phase, similar to Relax-Search, we
compute the LP or NLP relaxation of P under a time limit
Tr, which can be suboptimal. In the search phase, Cover-
Relax-Search treats the cover set C as the candidate fixing
set U and fixes the top p×|U| variables for which the subop-
timal relaxation values are closer to integrality. Compared to
the original Undercover that fixes all variables in C, we allow
a fraction of nonlinear terms in the subproblem and create
a larger search space. The original Undercover heuristic fol-
lows the ”fast fail” strategy, which means that it can compute
a solution for the subproblem efficiently in the case when the
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rounding is feasible and does not consume much running
time in the case when the resulting subproblem is infeasi-
ble (Berthold and Gleixner 2014). Our extension improves
the success rate of Undercover as a standalone heuristic by
controlling the portion of variables in C that are fixed.

Experiments and Analysis
We divide the empirical evaluation into two main parts. In
this section, we evaluate our methods on standard synthetic
MBQP benchmarks. In the next section, we examine the effi-
cacy of our method by applying it to a large-scale, real-world
wind farm layout optimization problem.

Setup
Instances Generation We evaluate the proposed meth-
ods on three NP-hard MBQP benchmarks, which are
the Cardinality-constrained Binary Quadratic Programs
(CBQP) (Zheng et al. 2012), Cardinality-constrained
Quadratic Knapsack Problem (CQKP) (Létocart, Plateau,
and Plateau 2014), and the Quadratic Multidimensional
Knapsack Problem (QMKP) (Forrester and Hunt-Isaak
2020). We generate 100 small and 100 large test instances
for each problem class. Small and large instances contain
500 and 1000 binary variables, respectively (see Table 1).
We follow the approach described in (Forrester and Hunt-
Isaak 2020) to generate random H matrices for general non-
convex MBQPs.

Benchmark # Var # Cons Quad. den. PD Gap
CBQP-small 500 1 0.1 605.42%
CBQP-large 1000 1 0.1 713.51 %
CQKP-small 500 2 0.1 476.45%
CQKP-large 1000 2 0.1 846.66%

QMKP-small 500 50 0.1 370.59%
QMKP-large 1000 50 0.1 1022.49%

Table 1: Instance statistics (100 instances for each bench-
mark). Number of binary variables (# Var), number of con-
straints (# Cons), quadratic term density (Quad. den,), and
Primal-Dual Gap at 30 minutes (PD Gap) with SCIP.

Evaluation Metrics We use the following metrics to eval-
uate the effectiveness of different methods: (1) The primal
gap (Berthold 2013) is the normalized difference between
the objective value v of the MBQP and a best known objec-
tive value v∗. In the case where the optimal solution to the
MBQP is unknown, the best known solution v∗ is the best
objective value found in all methods tested given the time
limit. When a method has found a solution with objective
value v, the primal gap is defined as

Primal Gap =


0, if |v| = |v∗| = 0,

1, if vv∗ < 0,
|v−v∗|

max(|v|,|v∗|) , else.

When no feasible solution is found, the primal gap is de-
fined to be 1. (2) The primal integral (Berthold 2013) is the
integral of the primal gap over time, which has been widely
used in benchmarking primal heuristics in both MILPs and

MINLPs. It captures the solution quality and the speed at
which better solutions are found. It also serves as a measure
of convergence towards the optimal solution (or the best-
known solution when the optimal solution is unknown).

Baselines We compare our methods with the following
baselines:

• SCIP with a portfolio of primal heuristics integrated
(Bestuzheva et al. 2021). SCIP uses BnB as its main al-
gorithm and contains a portfolio of primal heuristics for
MINLPs to find good feasible solutions, including Fea-
sibility Pumps, Large Neighbourhood Search, Rounding,
and Diving (Berthold 2014a). We turn on the aggressive
mode in SCIP to focus on improving the primal bound
instead of proving optimality, as the goal of this work is
to develop efficient primal heuristics. Note that both Un-
dercover and RENS could be automatically triggered as a
subsidiary method during BnB (Bestuzheva et al. 2021).
We provide two SCIP baselines:

– SCIP-LP-form. SCIP linearizes products of binary
variables by default (Bestuzheva et al. 2021), allow-
ing the solver to employ widely studied MILP primal
heuristics in solving MBQPs, as discussed in the back-
ground section.

– SCIP-NLP-form. In addition, we also run SCIP using
the original MBQP formulation.

• RENS. We also compare with RENS as a standalone
heuristic, as RENS could be applied along with other
heuristics in the SCIP baselines or not triggered by SCIP.
We use the official implementation of RENS in SCIP that
contains additional advanced algorithmic components.
To run standalone RENS in SCIP, we apply RENS at the
root node and disable all other primal heuristics. Addi-
tionally, we remove restrictions for RENS, such as the
minimum ratio of integer variables to be fixed, as SCIP
uses such criteria to disable RENS when the subproblem
is too large, when RENS is treated as a subsidiary method
inside BnB (Berthold 2014b).

Moreover, the pure RENS heuristic terminates after solv-
ing the relaxation and the sub-problem, which could hap-
pen before the time limit in our experiments. To give the
RENS baselines more advantage, we allow SCIP to im-
prove the solution returned by RENS through BnB until
reaching the time limit (i.e., use RENS solution as an in-
cumbent and continue branching after the root node).

– RENSLP+. By default, SCIP in RENS uses the LP re-
laxation solution for fixing values.

– RENSNLP+. We also add another RENS baseline that
uses the NLP relaxation solution for fixing values.

We use the “+” signs to highlight that we allow SCIP to
further improve the solution returned by RENS through
branching, which is a stronger baseline than pure RENS.

• Undercover. Similarly, we compare with Undercover as
a standalone heuristic. We use the official full-fledged
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Undercover implemented in SCIP that contains addi-
tional features such as fix-and-propagate, backtracking,
and postprocessing (Berthold and Gleixner 2014).

– UndercovLP+. By default, Undercover in SCIP prior-
itizes using the LP relaxation as the fixing values for
the cover.

– UndercovNLP+ . We also run Undercover with NLP
relaxation as the prioritized fixing values.

Again, we use “+” to highlight that we allow SCIP to
improve over the solution returned by Undercover after
Undercover terminates.

Proposed Methods We experiment with both LP and NLP
relaxation as the guidance for rounding in our proposed
methods, resulting in the following variants:

• Relax-SearchLP and Cover-Relax-SearchLP. We use
SCIP to obtain the LP reformulation of the MBQPs and
the LP relaxation solution. The time cutoff for solving
the relaxation is Tr = 20s.

• Relax-SearchNLP and Cover-Relax-SearchNLP. We set
a limit of Tr = 20s for the NLP relaxation. However,
because the trace of feasible solutions for the NLP re-
laxation is sparse compared to LP relaxation, we stop
solving the relaxation after the first relaxation solution
is found.

For the Cover-Relax-Search variants, we give a time limit of
Tc = 1s for solving the cover problem in (1). In all variants
of our proposed methods, we use the rounded LP/NLP relax-
ation as a warm start solution when solving the sub-MBQPs.
In creating the sub-MBQPs, we started with p = 0.7 on the
synthetic benchmarks and performed a sensitivity analysis
with p ∈ {0.5, 0.6, 0.8, 0.9, 1}. The results of the sensitiv-
ity analysis showed that while the best value of p is dif-
ferent for each benchmark, our conclusion is valid for all
p ∈ {0.5, 0.6, 0.7, 0.8, 0.9, 1}. Therefore, we used p = 0.7
in all synthetic benchmarks and applied the same value of
p to the real-world wind farm layout optimization problem
instances in the next section.

Computational Setup For all methods, we set the time
limit to 60s. We conduct our experiments on 2.5 GHz
AMD EPYC 7502 CPUs with 256 GB RAM. The proposed
methods are implemented in Python. We use SCIP (v8.0.1)
(Bestuzheva et al. 2021) to solve the cover problem, the LP
and NLP relaxation problems, and the sub-MBQPs in our
proposed methods.

Results and Discussion
The results for the small and large generated MBQP bench-
marks are shown in Table 2 and Table 3, respectively. Relax-
SearchNLP performs the best in all small and large bench-
marks, with Cover-Relax-SearchNLP being the second-best
method. We report the improvement in primal gap and pri-
mal integral compared to the SCIP baseline with LP formu-
lation (default setting) for all the methods.

The standalone RENS and Undercover baselines (even when
we allow SCIP to improve the resulting solution through
BnB) fail to outperform SCIP-LP-form in all the tested
benchmarks. This is expected, as SCIP employs a rich set
of primal heuristics in addition to RENS and Undercover.
Relax-SearchNLP reduces the primal gap by 88.52 − 100%
and reduces the primal integral by 28.48 − 95.52% com-
pared to SCIP-LP-form in different benchmarks. Cover-
Relax-SearchNLP also significantly reduces the primal gap
and primal integral compared to SCIP-LP-form. This means
that our proposed methods find better solutions at the time
cutoff and produce high-quality solutions at a faster rate.

Benefits of Suboptimal Relaxation. The weak perfor-
mance of RENS and Undercover on the tested MBQPs can
likely be attributed to the high computational cost of solving
the relaxation. In several cases, the primal gap at the time
cutoff is 1 for the RENS and Undercover baselines, both
with LP and NLP relaxation, as the basis for fixing values. A
primal gap of 1 indicates that the method fails to find an im-
proved solution beyond the initial trivial solution, given that
SCIP uses 0 as the trivial starting solution in all our tested
benchmarks. In these cases, RENS and Undercover spend a
large portion of their time solving or improving the LP/NLP
relaxation, leaving little or no time for solving the restricted
subproblem. Fig. 1a and 1b further illustrate the benefits of
using suboptimal relaxation as guidance for rounding and
variable fixing. In these plots, we show the percentage im-
provement in primal integral using the proposed methods
when compared to their most similar baseline methods (as
noted in the x-axis labels). These results show that setting a
time cutoff for solving the relaxation and using the subopti-
mal relaxation as a basis for creating the sub-MBQPs (i.e.,
the proposed methods) leads to better performance across all
benchmarks, both when using LP and NLP relaxation.

Benefits of NLP Relaxation. The NLP relaxation is less
commonly used in rounding-based heuristics, as it is gener-
ally considered more computationally expensive than the LP
relaxation. However, our results indicate that even a subopti-
mal NLP relaxation solution can yield better results than an
LP relaxation when it is used as a guide for variable fixing. A
possible explanation is that the LP reformulation relaxation
for MBQPs is weak.

Evaluation on Real-World Wind Farm Layout
Optimization Problem

We examine the efficacy of our proposed methods by ap-
plying them to a large-scale, real-world Wind Farm Lay-
out Optimization Problem (WFLOP). Wind energy is har-
nessed in wind farms using wind turbines, which transform
the kinetic energy of transient winds into electrical energy.
Intuition suggests that to maximize the power produced by
a wind farm, one should maximize the number of installed
wind turbines. However, this is not the case due to a phe-
nomenon called wake effects. Once installed, the layout of
the turbines will have a significant impact on the wake ef-
fects and, therefore, the power production under uncertain
wind conditions. (Barthelmie et al. 2009) estimate that in the
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Primal gap Primal integral

Method CBQP CQKP QMKP CBQP CQKP QMKP

SCIP
Baselines

SCIP-LP-form 0.94 (0%) 0.61 (0%) 0.41 (0%) 57.82 (0%) 41.64 (0%) 29.15 (0%)

SCIP-NLP-form 0.84 (10.64%) 0.77 (-26.23%) 0.77 (-87.8%) 52.75 (8.77%) 48.52 (-16.52%) 49.61 (-70.19%)

RENS
Baselines

RENSLP+ 1 (-6.38%) 0.99 (-62.3%) 0.75 (-82.93%) 60 (-3.77%) 59.85 (-43.73%) 53.74 (-84.36%)

RENSNLP+ 1 (-6.38%) 0.99 (-62.3%) 0.75 (-82.93%) 60 (-3.77%) 59.86 (-43.76%) 53.75 (-84.39%)

Proposed
Relax-Search

Relax-SearchLP 0.84 (10.64%) 0.14 (77.05%) 0.24 (41.46%) 54.3 (6.09%) 21.9 (47.41%) 21.34 (26.79%)

Relax-SearchNLP 0 (100%) 0.07 (88.52%) 0.01 (97.56%) 2.59 (95.52%) 10.73 (74.23%) 9.45 (67.58%)

Undercov
Baselines

UndercovLP+ 0.94 (0%) 0.61 (0%) 0.44 (-7.32%) 57.83 (-0.02%) 42.82 (-2.83%) 30.52 (-4.7%)

UndercovNLP+ 0.94 (0%) 0.86 (-40.98%) 0.64 (-56.1%) 58.12 (-0.52%) 53.68 (-28.91%) 41.19 (-41.3%)

Proposed
Cover-Relax-Search

Cover-Relax-SearchLP 0.83 (11.7%) 0.16 (73.77%) 0.23 (43.9%) 54.79 (5.24%) 23.1 (44.52%) 23.12 (20.69%)

Cover-Relax-SearchNLP 0.01 (98.94%) 0.07 (88.52%) 0.02 (95.12%) 3.96 (93.15%) 11.74 (71.81%) 12.09 (58.52%)

Table 2: Results on standard MBQP benchmarks-small. Primal gap (lower the better), Primal integral (lower the better),
and the % improvement compared to SCIP-LP-form (larger improvement is better) at 60s time cutoff, averaged over 100 test
instances for each benchmark. The SCIP baselines can employ multiple primal heuristics, including RENS and Undercover.

Primal gap Primal integral

Method CBQP CQKP QMKP CBQP CQKP QMKP

SCIP
Baselines

SCIP-LP-form 1 (0%) 0.97 (0%) 0.54 (0%) 60 (0%) 58.15 (0%) 37.33 (0%)

SCIP-NLP-form 1 (0%) 0.91 (6.19%) 1 (-85.19%) 60 (0%) 58.68 (-0.91%) 60 (-60.73%)

RENS
Baselines

RENSLP+ 1 (0%) 1 (-3.09%) 0.95 (-75.93%) 60 (0%) 60 (-3.18%) 59.52 (-59.44%)

RENSNLP+ 1 (0%) 1 (-3.09%) 0.95 (-75.93%) 60 (0%) 60 (-3.18%) 59.52 (-59.44%)

Proposed
Relax-Search

Relax-SearchLP 0.93 (7%) 0.5 (48.45%) 0.26 (51.85%) 58.13 (3.12%) 39.76 (31.63%) 37.05 (0.75%)

Relax-SearchNLP 0.01 (99%) 0.02 (97.94%) 0.05 (90.74%) 15.2 (74.67%) 22.58 (61.17%) 26.7 (28.48%)

Undercover
Baselines

UndercovLP+ 1 (0%) 1 (-3.09%) 1 (-85.19%) 60 (0%) 60 (-3.18%) 60 (-60.73%)

UndercovNLP+ 1 (0%) 1 (-3.09%) 1 (-85.19%) 60 (0%) 60 (-3.18%) 60 (-60.73%)

Proposed
Cover-Relax-Search

Cover-Relax-SearchLP+ 0.94 (6%) 0.62 (36.08%) 0.49 (9.26%) 58.82 (1.97%) 43.37 (25.42%) 40.74 (-9.13%)

Cover-Relax-SearchNLP+ 0.01 (99%) 0.07 (92.78%) 0.13 (75.93%) 17.79 (70.35%) 24.98 (57.04%) 29.1 (22.05%)

Table 3: Results on standard MBQP benchmarks-large. Primal gap (lower the better), Primal integral (lower the better),
and the % improvement compared to SCIP-LP-form (larger improvement is better) at 60s time cutoff, averaged over 100 test
instances for each benchmark. The SCIP baselines can employ multiple primal heuristics, including RENS and Undercover.

case of large offshore wind farms, the average power lost due
to turbine wake effects is between 10-20% the annual power
production. Therefore, it is critically important to identify
optimal wind turbine layouts that maximize power produc-
tion by minimizing wind speed losses caused by wake ef-
fects.

Problem Description

WFLOP is a class of design optimization problems con-
cerned with the placement of K wind turbines within a spec-
ified area, or in a finite set of discrete locations, to maxi-
mize total wind farm power production. This problem has
been studied extensively using various formulations, includ-
ing continuous nonlinear programming (Pérez, Mı́nguez,
and Guanche 2013) and mixed-integer models (Turner et al.
2014). In the following section, we extend the original de-
terministic model in (Turner et al. 2014) to include an ex-
pectation objective over uncertain wind conditions.

MBQP Formulation Let J be the set of candidate loca-
tions for turbine placement and K be the number of tur-
bines to be installed. The binary decision variable yj takes
the value 1 if a wind turbine is installed at location j, and 0
otherwise. The set J is a two-dimensional grid with a given
resolution that represents the design area of the wind farm.

The free stream wind speed is represented by parameter U
and the wind direction is θ. Assume that we have a set of
M wind scenariosM = {1, 2, . . . ,M} drawn from a joint
probability distribution p(U, θ). Each scenario m consists of
a wind speed U (m) and wind direction θ(m) with probability
p(m) such that

∑
m∈M p(m) = 1. The pairwise wind speed

deficit interactions d(m)
ij are a function of additional parame-

ters, including wind direction θ(m). These are precomputed
for a given grid resolution and wind scenario setM.

Given these modeling assumptions, the WFLOP MBQP
model to minimize expected wind speed losses due to wake
interactions across all turbines in the wind farm is shown in
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Figure 1: Benefits of using suboptimal relaxation as guidance for rounding and variable fixing on standard MBQP
benchmarks. % improvement in primal integral at 60s using the proposed methods when compared to their most similar
baseline methods.

Equations (2)–(4).

min
∑

m∈M
p(m) U (m)

∑
j∈J

∑
i∈J

(
d
(m)
ij

)2

yiyj (2)

s.t.:
∑
j∈J

yj = K (3)

yj ∈ {0, 1} ∀j ∈ J (4)

Data We use wind data from the National Energy Technol-
ogy Laboratory (NREL) 2023 National Offshore Wind data
set (NOW-23) (Bodini et al. 2023), which contains annual
temporal wind data simulated using the Weather Research
and Forecasting model (Skamarock et al. 2019) over sev-
eral different offshore regions in the United States. For this
study, we use hourly resolution data for year 2019 within
the California geographic region. 100 locations in California
(defined by longitude and latitude) were randomly selected
from the simulated wind data. At each location, the wind
speed and direction data at 100 meter height (e.g., approxi-
mate wind turbine height) were used to fit a joint probabil-
ity distribution p(U, θ) using kernel density estimation. The
sites used in our study are shown in Fig. 2a. An example
joint probability distribution of wind speed U and direction
θ for a given location in Fig. 2a is shown in Fig. 2b.

Setup We create two sets of WFLOP benchmarks, re-
ferred to as small and large, each containing 100 instances
that correspond to the 100 locations selected in California
(Fig. 2a). Each of these locations experiences different wind
phenomena, leading to 100 unique benchmarks based on
the underlying joint distribution of wind speed and direc-
tion, i.e., p(U, θ). The instances in the small set are defined
for a single wind scenario drawn randomly from the site-
specific joint distribution, making the set M a singleton.
The large instances are defined for 10 wind scenarios ran-
domly drawn from the site-specific joint distribution, i.e.,
M = {1, . . . ,M} with M = 10. The average quadratic
term density in Equation (2) for small and large instances is
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Figure 2: (a) 100 geographic sites selected from the NOW-
23 California offshore wind data to instantiate the WFLOP
MBQP instances (1 small and 1 large WFLOP instance at
each dot). (b) Representative wind joint probability distribu-
tion kernel density estimate for p(U, θ) for a given site.

0.075 and 0.36, respectively. The same computational set-
tings applied to the synthetic benchmarks were also used for
the WFLOP instances.

Results Relax-SearchNLP results in the best primal gap and
primal integral in both the small and large WFLOP bench-
marks. Additionally, the proposed Cover-Relax-SearchNLP
also leads to the best primal gap in the small instances set.

In Fig. 3, we plot an example of turbine layout solutions
identified by Relax-SearchNLP, RENSNLP+, and SCIP-LP-
form on a large WFLOP instance. These solutions represent
the best overall objective value and primal integral, the best-
performing RENS baseline, and the best-performing SCIP
baseline from the results in Table 4. One notable difference
between these turbine layout solutions is the relative sparsity
of turbine placement. In Fig. 3a, the turbines are placed in a
more diffuse pattern than in 3b and 3c. The latter two designs
contain more closely clustered regions of directly adjacent
wind turbines. Additionally, the layout solution in Fig. 3a
appears to prioritize placing turbines along the perimeter,
maximizing inter-turbine spacing. The relative improvement
of the Relax-SearchNLP design over the SCIP-LP-form de-
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Figure 3: Final turbine layout designs returned by each respective algorithm for a given large WFLOP instance. Grids represent
candidate locations while scatter points represent allocated turbine locations.

Small Large

Method PG PI PG PI

SCIP
Baselines

SCIP-LP-form 0.27 24.1 0.19 18.48

SCIP-NLP-form 0.44 29.84 0.49 32.7

RENS
Baselines

RENSLP+ 0.34 30.06 0.3 26.24

RENSNLP+ 0.34 30.07 0.3 26.23

Proposed
Methods

Relax-SearchLP 0.5 31.16 0.48 30.64

Relax-SearchNLP 0.01 3.34 0.03 14.53

Undercover
Baselines

UndercovLP+ 0.59 36.49 0.55 34.08

UndercovNLP+ 0.6 60 0.55 59.99

Proposed
Methods

Cover-Relax-SearchLP 0.37 24.39 0.48 30.77

Cover-Relax-SearchNLP 0.01 4.19 0.04 15.96

Table 4: Results on real-world wind farm layout problem.
Primal Gap (PG) (lower the better) and Primal Integral (PI)
(lower the better) averaged over 100 test instances.

sign results in 8% reduction in wind speed losses, corre-
sponding to a 32% increase in expected power production.

This dramatic improvement can be explained through the
underlying wake interaction model, wherein wake effects
dissipate as a function of inter-turbine distance (Turner et al.
2014). Thus, it is generally advantageous to maximize spac-
ing between turbines to mitigate wake effects. This explains
why the sparser design identified by Relax-SearchNLP signif-
icantly outperforms the next best baseline solution. Further-
more, our results show that identifying high-quality turbine
layout designs is not straightforward in the case of uncertain
wind conditions. This is because inter-turbine distances are
computed in the direction of the prevailing winds and must
be averaged over multiple scenarios.

Related Work
To our knowledge, there has been limited work in the ex-
isting literature on primal heuristics specifically for solv-
ing MBQPs; many are developed for general MINLPs. Pri-
mal heuristics for MINLPs are often adaptations of MILP

heuristics, including the Relaxation Induced Neighborhood
Search (Berthold 2014a), Relaxation Enforced Neighbor-
hood Search (Berthold 2014b), Feasibility Pump (Bonami
et al. 2009), and Local Branching (Berthold 2014a). Some
studies have proposed algorithms for specific classes of
MBQPs. (Gomez, Han, and Lozano 2024) introduced a
method for obtaining real-time solutions to MBQPs with
banded matrices and indicator variables by using decision
diagrams and solving a shortest-path problem. (Takapoui
et al. 2020) developed a heuristic to identify approximate
solutions to MBQPs with a convex objective function based
on the alternating direction method of multipliers.

Conclusion and Discussion

In this work, we develop primal heuristics to efficiently
identify high-quality solutions for large-scale MBQPs. We
propose Relax-Search and Cover-Relax-Search, which ex-
tend the RENS and Undercover heuristics, respectively. Our
methods use the suboptimal relaxation solutions to the orig-
inal MBQP as guidance, selectively fix a subset of binary
variables controlled by a ratio, and solve a restricted sub-
MBQP to improve upon the suboptimal rounding. We eval-
uate our methods on both standard and real-world MBQP
instances. To construct real-world MBQP benchmarks, we
propose a formulation of the wind farm layout optimiza-
tion problem that captures uncertain wind conditions and
use wind distribution data in California to instantiate the
models. Experimental results show that the proposed Relax-
SearchNLP method outperforms RENS, Undercover, and
SCIP with additional primal heuristics integrated, achiev-
ing the lowest average primal gap and primal integral in
all tested benchmarks. Furthermore, our analysis shows that
while NLP relaxation is less commonly used in rounding-
based primal heuristics due to the high computational cost,
using suboptimal NLP relaxation can significantly enhance
the performance. For future work, we plan to extend our
methods to Mixed-Integer Quadratically Constrained Pro-
grams (MIQCPs), which is a broader class of problems that
captures challenging optimization problems arising in many
scientific domains.
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