BCP Social Sciences & Humanities ERSS 2024
Volume 23 (2024)

Study of the Relationship Between Two Types of Mixed-Order
Evolution Equations and the Existence of Their Solutions

Haoshan Yuan *
The high school attached to Hunan normal university, Changsha Hunan, 410000, China
* Corresponding author Email: 1217594171@qg.com

Abstract. The purpose of this article is to study the relationship between two types of mixed-order
evolution equations and the existence of their solutions. Initially, the mild solutions of the two system
are obtained by Laplace transform. Then, we use semigroup theorem and sector operator theorem
to get the norm estimation results of under- standing operator through special paths in the complex
plane. Further, the sufficient conditions for existence and uniqueness of mild solution of the proposed
system are verified by applying fixed point theorems. Finally, examples are provided to illustrate the
main results.
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1. Introduction

Fractional calculus is a theory about arbitrary-order differentiation and integral, and it is a
generalization of integer-order calculus. In recent years, fractional order derivatives have become an
important tool for describing various complex mechanical behaviors, physical behaviors and other
relevant behavioral features [1-4]. As a research direction with practical significance, the fractional
order differential equations have been of great concern to researchers. Many researchers have studied
Riemann-Liuville fractional order differential equations and Caputo fractional order differential
equations, and have achieved significant results [5-9]. For example, Arara, A et al. [8] used the fixed
point theorem of Schauder combined with the diagonalization method to prove the existence of
bounded solutions of a boundary value problem on an unbounded domain for differential equations
involving the Caputo fractional derivative. Shu et al. [9] investigated the existence of the extremal
solutions for a class of fractional partial differential equations with order 1 < a <2 by upper and lower
solution method. In this article, we study the relationship between two types of mixed-order
development equations and existence of their solutions.

In addition, with the development of operator theory, people are no longer lim- ited to the study of
linear fractional differential equations, and the research for a class of fractional semilinear integro-
differential equation has also attracted widespread at- tention, and a lot of scholars have done relevant
researches [ 10— 14]. Although many scholars have studied many kinds of differential equations, there
are still parts waiting to be explored. Moreover, Shu etal.[12] have studied a class of fractional
differential equations with nolocal conditions of order 1 < a < 2 and obtain the existence results
by the fixed point theorem combined with solutions operator theorems. The system is as follows:

Diu(t) = Au(t) + f(s,u(s)) + f(: q(t —s)g(s,u(s))ds, t € [0, 7],
w(0) + m(u) = ug € X, u'(0) +n(u) =u, € X.
The system is on Banach space X and D¢ is Caputo’s fractional derivative of 1 <a <2, A is a
sectorial operator of type (M,0,a,u).

Motivated by the literature above, on a Banach space X, we study the relationship between
following two types of mixed-order development equations and the existence of the solution:

LD, (°DE,u)(t) = Au(t) + f(t,u(t)), te[0,T),

y (1.1)
11(()) = Uy, I&_:ﬂ(( D(»H_ll)(()‘{—) =Ty
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and
CDy. (EDg, u)(t) = Au(t) + f(t,u(t)), te][0,T],
L7 u(0+) = uy, (FD§u)(0) = 1.
wheret €J=[0,0),0 <a<1,0<p <1,1 <at+p <2. Here D§+ denotes Riemann-Liouville

(1.2)

fractional order derivative of order a with lower limit zero(see definition 2.2),and CD6+ denotes
Caputo fractonal order derivative of order  lower limit zero(see definition 2.3); Let A : D(A)
C X — X be a sectorial operator of type (M,0,a+p,u)(see definition 2.4), and the nonlinear map f :
J xX — X is a continious function satisfying some conditions given later.

The motives and highlights in this paper are as follows:

For equation (1) and (2), instead of just using Riemann-Liouville fractional derivative or
Caputo fractional derivative, it combines two differentials to construct a new class of equations.
Meanwhile, We obtain the solution of equation (1.1) and (1.2) not by the traditional integral
operator sequentially acting on the equation, but by using the properties of the Laplace operator
and the sectorial operator to obtain the mild solution of the equation, which is different from the
research methods of previous researchers.

2. Preliminaries

In this section, we will present some primary components, including notations, definitions, lemmas,
theorems, and so on, which are required in the process to prove our main results. In this paper, C(J, X)
is the Banach space of all continuous functions from J = [0, o) into X, furnished with the uniform
convergence norm //u//,, and denote C,(J, X) = {f € C(J, X) : fis bounded.}, endowed with the norm
of uniformly convergence as well.

Definition 2.1 [5](Riemann-Liouville Fractional Integral)

The Riemann-Liouville fractional integral of order & € R afunction u € L!([0, o0);R") of oreder a. €
R, is defined by

I§u(t) = ) f() (t — s)* tu(s)ds,
where I'(\) is the Gamma function.

Definition 2.2 [5](Riemann-Liouville fractional order derivative)
The Riemann-Liouville fractional order derivative of order oo € R, of a function f given on the
interval [0, ) is defined by
LD()+ “( ) = (%)”(I(’)I:O“)(t) = 1‘(,11—(\) f()t (t_j;(:)n-u ds,
where o0 € (n—1,n),n EN.
Definition 2.3 [5](Caputo fractonal order derivative)

The Caputo fractional order derivative of order o € R, of a function u given on the interval [0, ©) is
defined by

CDgult) = rpig fy(t — )"0 ™ (s)ds = I ou™ (1),

F'n—a
where o0 € (n—1,n),n EN.

Definition 2.4 [12] A : D(A) € X — X bea closed linear operator.A is said to be sectorial operator
of type (M,0,a,un) if thereexist 0 <6 < 7, M >0 and p € R such that the a-resolvent of A exsits
outside the sector

p+Se= {p+rt:d €C,[Arg(-1")| < 0},

and let R(X“ , A) = (A1 — A)!, the following relationship is established
1RO, A < 2, A ¢ w+ Sy,

Lemma 2.1 [7] If Re(a) > 0, n=[Re(a)] + 1, u(t) € AC"[0,b], Vb >0 and |u(t)| <Be®'(t >b > 0)
for B > 0, qo> 0, and there exists the finite limits
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: krn—a
,l_l,l(l)l [D I u(t)]
and

Ili}l; (DI u(t)] = 0.

then

n—1
(LEDSu)(N) = A (Lu)(N) — Z NRLDR(1 7 u(04)) (Re(N) > qo).
k=0
Lemma 2.2 [7] Leta > 0,n—1 <a <n(n € N) be such that u(t) € C"(R;), u™(t) € L,;(0,b), vb >
0, and [u(t) <Be™(t > b > 0) for B > 0, qo> 0,the Laplace transforms (Lu)(X) and (LD"u)(A) exist,
and

lim (D*u)(t) =0,for k=0,1,....,n — 1.

t—+00

Then the following relation holds:

n—1
(LY Dgu)(N) = A*(Lu)(N) — Z XF=1 (D) (0)
k=0

Theorem 2.1 [15] (Banach’s fixed point theorem)

Let X be a nonempty complete metric space, T: X — X is a compression map, then T must have a
unique fixed point.

In the following pages, what we hope is to be able to study the relationship and the existence of
the mild solutions of the two types of mixed-order fractional differential equation (1.1) and (1.2).
We first consider the definition of mild solutions to system (1.1) and system (2.2), and Operator
estimation is made on the solution operator of the mild solutions. Then, we define an operator G
according to the mild solutions obtained, and the main existence results can be acquired by applying the
fixed-point theorem.

3. Definition of a Mild Solution to the Mixed-order Fractional Evolution
Equation (1.1)

Firstly, we consider the following cauchy problem

LDg (°Dy, u)(t) = Au(t) + f(t), t€[0,T),

a/C B 3.1)
u(0) = up, Iyi*“(*Dyyu)(04) = ro.
where A is a sectorial operator of type (M, 0, a + B, ).

Theorem 3.1 The function f satisfies the consistent holder condition, then the unique solution of
cauchy problem (3.1) is given by

t
U() = Suup(Dug + Tarp(Dro + / Top(t — )f(s)ds, (3.2)
JO
where
Tots(t) = 91. /ff’\'l?(/\““.A)d/\.
27i ),
1 ) )
Satrp(t) = 5— [ XNTFTR(AE, A)d,
27 ),

with ¢ being a suitable path such that A*® ¢ p + Sqfor A* € c.
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Remark 1 we can observe that A is the infinitesimal generator of a o + P-reslovent family
{Ta+p(t)} 50 and {Sa+p(t)} ., in Bananch space, and Ta+p(t) and Sa+p(t) are well definitions.

Proof. We perform the Laplace transform on the Ileft
£ [£D5, (DG, u)(1)] (V) = XL D, u(®) (\) — Iz (CDg,u) (0+)

0+ 0+ 0+ U

side of the equation

= AN Lu(N) — N7 (0)) — IL7%(C DY, u)(0+)
= A% PLu — A% P 1u(0) — 117 (“DE,u) (1)
It follows that
AP (Lwy(A) = 2% Mu(0) — T (“Du)(t) = LLAu(t) + f(H)](M)
(L*PT — A)(Lu)(A) = A**B~1uy + 1o + (LH(R)
let
R(A“P,A) = (A PT — A)!
(Lw)(A) = R(AP, A)(A*P g +1p + (LH(R))
u(t) = LT'R(A“P, A)(A®" P luy +19) + L 'R(A*P, A)LF

Now we can get (3.2) easily by converting the above equation.

Theorem 3.2 The function f satisfies the consistent holder condition, then the solu- tions of the
cauchy problem (1.1) are fixed points of operator equation

u(t) = Seep(thug + Torp()ro + /(t To+p(t-8)f(s,u(s))ds,
Jo

Theorem 3.2 leads the following appropriate definition of a mild solution to (1.1).

Definition 3.1 Afunctionu € C(J, X) is called a mild solution of (1.1) when it satifies the operator
equation

u(t) = Serp(to + Tasp(t)ro + / Taorp(t — $)f(s,u(s))ds, (3.3)

J0

4. Definition of a Mild Solution to the Mixed-order Fractional Evolution
Equation (1.2)

Similarly, we consider the following cauchy problem
Dy (“Dg,u)(t) = Au(t) + f(t), te€[0,T],
[i7%u(04) = uy, (*D§u)(0) =ry.

where A is a sectorial operator of type (M,0,a + B,u).

Theorem 4.1 The function f satisfies the consistent holder condition, then the unique solution of
cauchy problem (4.1) is given by

(4.1)

t
u(t) = Seipp (u; + Seeppi(t)ry + / Toip (t — s)f(s)ds. (4.2)
Jo
where
Satpps(t) = 91 - [ NP RN A)d A,

T ),

’ =

Sa+sp-1(t) =

v}

, /e“/\"‘ll?(/\““.A)d/\
i ).

e
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1 .
Tosis(t) = — [ MR(ATP, A)d),
27l-1 JC
with ¢ being a suitable path such that AP ¢ p + S, for A*® € c.
Remark 2 Similarly, we can also see that A is the infinitesimal generator of a a + - reslovent

family {Sa+pp(t)}n0> 1Sa+pp-1(t)} o and {Ta+p(t)} oo in Bananch space, and Sep s (t),Se+p,p-1(t)
and T,.p (t) are well definitions.
Proof. We perform the Laplace transform on the left side of the equation

L (’D8+(LD3+“)(f)] (A) = N L("Dg,u(t))(A) = N~H(* Dy u)(0)
= N (\“Lu(\) — IE-u(04)) — M~ 1(EDg, u)(0)

0+ 0+
= X" Lu — N u(0+) — M7 (* D) (0)

It follows that
A4 PLu = AP T u(0+) = APTN(MDELu)(0) = L[Au(t) + f()](1)

(A“PT — A)(Lu)(X) = APy, + AP ey + (LOV)
let
ROV A) = (AP —A)!

(Lw)(A) = RSP, A)APuy + 2Py + (LH(R))

u(t) = L'R(AP, A)(WPu; + AP 'r)) + 'R, A)LS
Now we can get (3.1) easily by converting the above equation.

Theorem 4.2 The function f satisfies the consistent Holder condition and A is a sec- torial operator
of type (M,0,a + B,u), then the solutions of the cauchy problem (1.2) are fixed points of operator equation

u(t) = Sa+ﬁ,[3 (t)u1 + Sa+ﬁ,[371(t)1'1 + / Ta+[3 (t - s)f(s,u(s))ds. (43)

Jo
Theorem 4.2 leads the following appropriate definition of a mild solution to (1.2).

Definition 4.1 Afunctionu € C(J, X) is called a mild solution of (1.2) when it satifies the operator
equation

u(t) = Sarpp (DU + Saipp () + / Tasp (t — $)f(s,u(s))ds. (4.4)
J0O

By observing the expression forms of the solutions of these two types of mixed frac- tional order
evolution equations, the solution operator forms of these mixed fractional equations are different after
the differential order is exchanged. Therefore, we perform a norm estimation of its solution operator.

5. Norm Estimations

Theorem 5.1 Let A be an operator with type (M,0,a + B,u). Then we can show the following
estimates on  //Squpp(t) //.

(1) When p >0, for ¢ € (0,m), we have

1

. 1 . otB 1 1) a+B o 1 ath 1 L
K1(0, ¢)= Ml @OWTHT[(1 + L2l )as — 1t (u+ )= (1 + s )72

|Sa+s,8(t)| <
7 sin 6

N LB+ 1)Mte1
(1 + pteth)

(i) When p <0. For ¢ € (0, w), we have

cos(Z35)|P+! sin fsin ¢
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te=1eM[(1 + sin ¢) =5 — 1]
7(1 + |p|te+?)| cos ¢|
(8 + 1)Mte-!

7(1+ |p|tet?)| cos Z=%

a+s
For t > 0, where K,(0, ¢) = max{1, Shj(‘gfo) }-

|Sats,8(t)|| <

5+1|cos@|'

Proof. Give a ¢ € (0,n), define Sy= {A € C : |Arg(—A)| < ¢}. First, we prove (i). For t > 0,
consider the positively oriented path ¢ which is the image of the boundary of (n + tn% + So) U S,
under the function P(Z(,I—H,), here we require ¢ > 0 so that Sy </ (pu+ m% +So)(as show in Fig.1). Then

along ¢, the resolvent (A*"PI —A) is well defined, and then the representation of Sepp(t) is meaningful.
Now, we let c; be the part of ¢ associated with the part on the boundary from zto z, and c,; and c;; bethe
parts of ¢ associated with the parts on the boundary from infinity to z.and from zto infinity, where z
and z are the intersection points of the boundaries of pu + ta—ig + Sgand S, .

In this case, we divide Sypp(t) into two parts: Sqip(t) = L1 (t) + I, (t)5 here
1 p p
— Il(t) = — //\‘de’\t(/\ﬂ+d,A)_ld/\
2m1

" Je

Fig 1. A particular path for estimating //Sy.p p(t) // when p >0

and

1 / )
Iy(t) = NN\ A)7La.

2mi Je21Uc22

For A € ¢;, one can easily see from the Fig.1 that

(1 + )sinf < (A|** < Ky(6,¢)(n +

tatB to+B ):

1 ta+3

< .
And | \a+8 —ul ~ sinf
It is obvious that c¢; is symmetric about the real axis and the part above the real axis is parameterized

1 L 0<p< sin ¢ ]
v)=(n —v 10 Si atp US UV S — ; =,
fv)=(np+ v il cos 0 + ivsin 0)a+53 | Sin(0 — 8) (i + =is)
then
: 2 [ 1 :
l(e1) = 2/ If' (v)|dv = / [(p+ ) + |v]]=+F tdv
Jo (8] —+— /B Jo t0‘+‘3
sin 0 1 1 1
=214+ —— ) — 1 atp
Therefore,
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1 a—r « -
1RO < 5 [ e 1o = 47 i
J ey
- 1 . a —
§ I\’I(H.@)‘,,’\jel\'l(O.(ﬁ)(ptn+d+l)m[(1 + ﬁ)# _ 1]t°+d(/t + tnlw)%(/‘ 4+ t(‘%)nid
- 1T SinB

Now we come to estimate //I,(t) /. Note that for t > 0,

2| =1zt = (1 + sinf, t>0

te +d)
and for A € ¢, = ¢y Ugy,

AP — | > |z |sing = |z sing

1 p p
BOI< S [P0 - 4) iy

Jea2

M AP
—/ e 3—||rl/\|
T, c22 I/\a-f—‘ - :“I

Mtoth .
———— / e VN dA|
(1 4 pte+P)sinfsin ¢ J.,,

N +o+B
A[t/ M , /x e_trlcm(%;)lTSdT
(1 4 ptetP) sinfsin ¢ J,

(- M

(14 ptet8)| cos( |2§111691no

IA

IA

IN

In the above, we require cos OH% <0 or equivalently 0—¢ € (% .M. Therefore, by combing the
estimates of //I1 (t) // and //12 (t) //, we get the conclusion.

Now we turn to prove (ii). The porove is similar to that of (i). In this case, we consider the path
of ¢, whose image under the P(ZG+B) is the boundary of (.}, + S¢-= ) U Sy, here we require ¢
€ (%,m)(as_show in Fig 2). As same as the before, let ¢, be the path of ¢, be the part of ¢ associated
with the part on the boundary from z to z,, and c,; and ¢,, respectively represent the parts of ¢ associated

with the parts on the boundary from infinity to z; and from z to infinity, where z and z are the
intersection points of the boundaries of t(,% +S¢— z and S¢.

For A € c;, combine with the Fig.2 above, we can get easily see that

1 ta+3
. < . )
|Aaet8 — p| = (1 + |p|te+B)| cos ¢
and
('0%(;) at+B 1
ta+d — |/\| — tat+pB’

Note that cl is the symmetric about the real axis and the part above the real has the parametrization,
let

1 PR
flv) = (t’—‘+?3 —wvcosf + ivsinf)a+s

|
0<v< ta—+381n¢'=l'
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Fig 2. A particular path for estimating //Sq.p, (t) / when <0

then

)
l(er) =2 /0 I (v)ldv
| 1
/o [ta+ﬂ * |v|]m_1dv

< 2[(1+sin )a5 — (555

| b

< Z[(+sin )a+s — 1].

It follows that

1 N _
L@ < 2—/ M| P PT—A)T|ld |
JCq

< L/ ¢ |’M
PN L
t*teM (1 + sin ).,+,,3 —1]
- (L+]| [totB)|cos |
On the other hand, for € c,, we have

atf
| > (| [+ op5)cos
Then, we have
1) < 3 [
M a+f
! RN X |dA
7L+ )] cos ]
Mt~ -
< e T e ﬁlTﬁdT, let T = ——+——
T(1+ [pftet?)|cos @] Jy t| cos(Z55)
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Mt
/ ~%sPds
m(1+ |p|tet8)|cos Z25]8+1 | cos |
(8 + 1) M1

5lPH cos o

(1 + |p

Therefore, we complete the proof of conclusion (ii).

Similarly, we can prove the following estimates on //Sqigp-1(t) / and  //Tqrg(t) //.

Theorem 5.2 Let A be an operator with type (M,0,a + B,u). Then we can show the following
estimates on //Sqipp-1(t) // and  //Tep(t)//.

(1) When p >0, for ¢ € (0,m), we have

1
Ki(0,8) M elK1@0) (et HTF) (1 4 sindyzis )

[Sa+a(®)]l < (1+ put**?)

R I
wsin'ta+5 0

(o )M
(1 + ptetB)| cos “=¢|a+A sinf sin ¢’

p 1 .
K(0, 6)7 M0 40T [(1 4 _sing i )y 4 L)k (1 4 pteth)ata

3-1(t)] <
”Sa+d,d 1( )” = mTsinf

(8) Mt
m(L + pt>+P)| cos(375) P sin O sin ¢

and

sin ¢ 0;
M[(1 sin(o—O)) +J](1+Iuta+3)%Mta+ﬁ—le[1\’1(0,¢)(1+yt“+3)]"—*1’5

msin 6
MtotB8-1

7(1 4 pt*+P)| cos =5 |°+d sinfsin ¢
(i) When p <0. For ¢ € (0,m), we have

| T

L]
Il Spl(t)ll < {fﬂk«{ (1 + sing)a+F -1 4 e+ pd—— )1+
ncosd)| 335 n|cos¢||cosn+d |8 1 + |u[teP’
toeM[(1 + sin ¢)=+5 — 1] T(3 + 1)Mte
ISats8-1 (O < (1 + pltet?)|cos o (1 + |pte+B)| cos Z=2|8| cos ¢|’
S ¢ ™ v’ S 13 S @
And
(T s < L0 + sin ¢)7% — 1] Mte+o-!
i - 7| cos @| (1 + |p|tat?) 7| cos ¢|| cos Q+J| (1 4 |u|te+B)
Fort > 0, where Ky (6,¢) = max{1, 5%

6. Existence of Mild Solutions

Next, we present existence and uniqueness result for system (1.1) and system (1.2) based on Banach
fixed theorem. In order to prove the desired results about the fractional equation in this paper, from the
estimates on //Sq:p(t) //, //Saspp(t) //, //Saspp-1(t) // and |T:p(t) //, we make the following assumptions:

(H1): The operators S,:p(t), S+p,p(t), Se+pp-1(t), and T,.p(t) generated by A are compact in
D(A) when t > 0 and
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sup //Saip(t) // <My, sup //Saipp(t) // <Mi, sup //Sapp-1(t) // <My, sup //Tap(t) //
<M;

teJ te]J teJ te]J
(Hy): There exists a continuous function L(t) making the continuous functionf:J x X — X
satisfy the Lipschitz condition:

/Mty (1) — f(tuy (b)) // < L(t) /ug (t) —ua () //,t € Ju(b),un(t) € X.
(H3): L(t) and f(s,0) are continuous functions, so we can assume that there exist constants L and
F satisfying //L(t)// <L and //A(s,0)// <F fort € [0,T], and LT < 1.
Theorem 6.1 Assume that (H,), (H,), (H;) hold, then the system (1.1) has a unique mild solution

u on the interval J.
Proof. Define a function G : Cy(J, X) — C,(J, X) by

(Gu)(t) = Syp(t)ug + Tyip(t)rg + /t Torp(t — s)f(s,u(s))ds.

J0

Firstly, we show that ifu € C,(J, X), then G(u) € C,(J, X).

t

1Gu(t)]| < Sass®uoll + | Tass@roll + Il | Tuss(t — s)f (s,u(s))ds]

J0

t
< My |uo| + Mi|ro| + M, / 1£(s,u(s)) — f(s,0)]| + [1f(s,0)|ds
Jo

<M, (Jue| +|ro| + LT //u// + FT).
Obviously, it means G: Cy (J, X) — Cy(J, X). Then, we need to prove that G is a compression mapping in
G. For uy,u; €C, we have

11Gy (t) =Guy (8) //= 1] Tup (t —s)[£(s,u; (s)) —f(s,u,(s))]ds //
JO
SLT //Lll —Us //

According to Bananch’s fixed point theorem, we know there is a fixed point in Cy,(J, X), which is the
mild solution of system (1.1)

Similarly, we can get the following conclusion:

Theorem 6.2 Assume that (H;), (H,), (H3) hold, then the system (1.2) has a unique mild solution u
on the interval J.

7. Example

Example 1. As an application of our obtained results, suppose that Q cR?is a unit circular domain
with respect to the origin. Consider the following fractional partial differential equation:

LDg, (°Dy,u)(t,x) = ”231# —u(t,z)+ %, l<oa+B <2t ﬁ).T], x @,

u(0,2) = ug(z), I}7*(C Dy, u)(0,7) = ro(z)
u(t,z) =0, t € [0,T], = € 9.

Let X = L?(Q), 0< 0<1,0< B<1,1<a+p<2, Define the operator

A: D(A) €X — X by Au = %% €9 —u(t,x) with D(A) = H2(Q) NH(Q). Then A is a sectorial
operator of type (M;0;a + B;u) with p = —1, so the results in the theorem 3.1 and the theorem 3.3
hold.

10



BCP Social Sciences & Humanities ERSS 2024
Volume 23 (2024)

Let u (-, z)=u(-)(x) and define f: ] x X — X by f (t,u) = <=2 GQet @ = 1

2+t
L(t) = 35, f(t,0) = 135 ,t €J. It is obvious to observe that

9

cosuy(t,z) cosusy(t,x) 1
I - I'< l[ur — sz,
2+t 2+t 2+t

and we can get 5= <3, [f(s,0)] <35,

Now all the assumptions of theorem 3.3 are satisfied, so the system has a unique solu- tion on [0, T].
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