
RANDOM FIELD REPRESENTATION OF HORIZONTAL DENSITY 
DISTRIBUTION IN PARTIALLY ORIENTED STRANDBOARD MAT 

Congjin Lu 
Former Graduate Research Assistant 

SydneyPLUS International Library System 
Richmond, BC 

Canada V6V 257 

and 

Associate Professor 
Department of Wood Science, Faculty of Forestry 

University of British Columbia 
Vancouver, BC 

Canada V6T 124 

(Received July 2000) 

ABSTRACT 

A random field representation of the horizontal density distribution in partially oriented strandboard 
mats was investigated. The orientation of strands can be characterized by both the von Mises distri- 
bution and the uniform distribution within a range of angles. Theoretical models of the correlation 
coefficients of any two points simultaneously covered by one strand, characteristic area of the corre- 
lation, and the degree of orientation were developed. Results indicate that the concentration factor k 
= 700 is sufficiently large to represent a perfc:ctly aligned strand arrangement in oriented strandboards 
based on the von Mises distribution. The correlation coefficients of two points in a mat have a lower 
bound (random case) and an upper bound (perfectly aligned) in both von Mises and uniform distri- 
butions. Based on the concept of characteristic area, where the minimum characteristic area is the area 
of the strand and the maximum characteristic: area is approximate to the square of strand length, the 
degree of orientation in a panel can be represented as a function of characteristic area. This value is 
found to be very close to the percent alignment definition. 

Keywords: Random field, mathematical model, horizontal density distribution, auto-correlation func- 
tion, partially oriented strandboard, von Mises distribution, uniform distribution, characteristic area, 
degree of orientation. 

INTRODUCTION 

Oriented strandboards (OSB) are made by 
processing relatively low value and underuti- 
lized wood materials into strands, which are 
approximately 100 mm in length, 15-20 mm 
in width, and roughly 0.6-0.8 mm in thick- 
ness. After the strands are dried, adhesives and 
wax are applied, and the strands are typically 
formed into a three-layer mat. The top and 
bottom (face) layers are partially oriented 
along the long axis of the panel to provide 

t Member of SWST 

added bending strength and stiffness in the di- 
rection of orientation, while strands in the 
middle (core) layer of the mat are randomly 
oriented or partially oriented in the perpendic- 
ular direction of the face layers. The mat is 
bonded together under heat and pressure to 
produce panels of various dimensions artd 
thicknesses. OSB panels are very versatile irs 
their mechanical and physical properties can 
be controlled by adjustment of production pa- 
rameters to meet end users' demands for such 
characteristics as size, density, and strength. 
The various production that influ- 
ence OSB performance include species, strand 
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geometry, strand lay uplorientation process 
(strandboard structure), adhesive type and dis- 
tribution mechanism, and pressing process. 
Many researchers have shown great interest in 
strandboard structures and properties (Dai and 
Steiner 1994; Land and Wolcott 1996; Suchs- 
land and Xu 1989; Triche and Hunt 1993; Xu 
and Steiner 1995; Lu et al. 1998). In particular, 
Dai and Steiner (1994) studies the spatial cor- 
relation of strand coverage by making use of 
the theories i n  random fibrous network (Dod- 
son 197 1)  to define the horizontal density dis- 
tribution in panels with completely random 
strand orientation and position. The statistics 
of the horizontal density distribution in OSB 
are of particular interest in the assessment of 
product quality and performance. While most 
of the research has focused on completely ran- 
dom orientation of strands and its influences 
on physical and mechanical strength properties 
of the panels, the strand orientation in both 
face layers of OSB is in reality, partially ran- 
dom. There has been no theoretical consider- 
ation of the relationship between partially ran- 
dom orientation of strandboards with physical 
properties such as the variation of board den- 
sity in the horizontal direction in the OSB 
products. Since two orientation angles 0 and 0 
+ n.rr (n = 1 ,  2, 3, . . .) cannot be distinguished 
for a rectangular strand placed in a mat, the 
range of angles from -1~12 to + 1~12 radian 
can completely describe all possible choices 
for strand orientation. The random distribution 
of strand orientation within a mat is an excel- 
lent example of axial data, which can be best 
described by the von Mises distribution (Mar- 
dia 1972). Harris and Johnson (1982) pointed 
out that the concentration parameter of the von 
Mises distribution (k) can be used to charac- 
terize the distribution of strand orientations in 
strandboards. Shaler (1 99 1) compared two 
measures of strand alignment based on the von 
Mises distribution of strand alignment and the 
classical definition of percent alignment given 
by Geimer (1976), which in fact is a linear 
transformation of the first moment (arithmetic 
mean) of the absolute value of angles in the 
range of ? ~ 1 2  radian. Computer simulations 

yielded good agreement with theoretical cal- 
culations (Shaler 199 1 ). Lau (1 98 1) linked the 
standard deviation of normal distribution with 
the range of orientation angles by a factor of 
GE 

This paper presents a theoretical model of 
the horizontal density distribution of partially 
oriented strandboard mat. The objectives of 
this study are: 

1 )  to develop a random field representation of 
horizontal density distribution for partially 
oriented strandboards following the von 
Mises distribution and the uniform distri- 
bution, 

2) to introduce the concept of characteristic 
area as a measure of within member cor- 
relation of horizontal density distribution, 
and 

3) to characterize the degree of orientation as 
compared with the traditional definition of 
percent alignment (Geimer 1976). 

THEORETICAL MODEL 

Probability density function for strand 
orientation 

Due to the forming process of OSB, the ori- 
entation of the principal direction of each 
strand is partially random. Mardia (1 972) pro- 
vided a comprehensive description of the sta- 
tistics of directional data. One of the most im- 
portant properties of such a random variable 0 
(in radian) is that its probability density func- 
tion f(0) has a circular form: 

since a strand oriented at 0 to the x direction 
is the same as a strand oriented at 0 ? nn. A 
function for characterizing directional axial 
data is the von Mises probability density func- 
tion (PDF) whose axial functional form is de- 
rived from Mardia (1972), and Harris and 
Johnson (1 982): 
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10 otherwise 

where k is the concentration parameter to 
specify the shape of the distribution, 0, is the 
mean value of the orientation angles, 0, equals 
to T T / ~  when k > 0, which means that the range 
of strand orientation angles in the von Mises 
distribution must be between - ~ / 2  and rl2,  
and 

is the modified Bessel function of the first 
lund, order zero (Mardia 1972). Another prop- 
erty of this PDF is that the integration of the 
PDF over the range of -1~12 5 0 5 n/2 equals 
to one, i.e., 

By re-arranging Eq. 3,  20, f,(k) can be ex- 
pressed as: 

A PDF without the Bessel function can be ob- 
tained by combining Eq. (4) into Eq. (2) as: 

When k + 0, f(0, O , ,  0) = 1/20,, which rep- 
resents a uniform distribution of orientation 
angles. When k -+ m, the distribution reduces 
to a point distribution, which can be described 

by the Dirac delta function (the perfectly 
aligned case). 

Correlation coeficient for two points in a 
rectangle 

Consider the distribution of two-dimension- 
al strands with length A and width o (o  5 A'); 
it is assumed that the long axes of these 
strands are oriented at an angle of 0 + d0 frorn 
a given reference direction, usually x direc- 
tion. The random locations of the strand cen- 
troids are assumed to follow a Poisson distri- 
bution (Dai and Steiner 1994) of overlap in- 
tensity dp(0) per unit area. Therefore, the su- 
perposition of such processes (Dodson 197 l), 
for - ~ / 2  < 0 ': n/2, produces a distribution 
of overlaps with intensity p per unit area for 
the total number of strand centers as: 

Correlation coefficient, a, between the number 
of strand overlaps at two points, p and q sep- 
arated by a distance of r is given as (Dodson 
1971), 

where N,, is the number of strands that cover 
both p and q, and Np is the total number of 
strands that cover only p. It is obvious that 
both Np, and Np are Poisson distributed with 
the variances equal to 

X (A - r cos 0) dp(0) (9) 
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where (o  - r sinl0l)(h - r cos 0) is the total 
area containing the centers of strands that cov- 
er both p and q. Applying dp(0) from Eq. (6) 
into Eq. (9) and combining Eqs. (7) to (9), it 
can be shown that the correlation coefficient, 
a, is: 

where r equals to the distance separated by 
two points p and q. 

For all possible values of 0 within the rect- 
angular domain X X o ,  using the symmetry 
properties of (o  - r sinl0l)(X - r cos O), three 
ranges of angles are necessary to be taken into 
consideration where R represents the integra- 
tion invervals for 0 at 0, = ~ 1 2 .  

I )  0 < r 5 w, corresponding to 0 = (0 < 0 
5 112Tr}; 

o < r 5 A, corresponding to R = (0 < 0 
5 arcsin(w1r) ) ; 
X < r 5 m, corresponding to 0 = 

(arccos(Alr) < 0 5 arcsin(w1r)). 

The correlation coefficient a(A, o ,  O,, k, r) 
can be evaluated at arbitrary r and k (k # 0). 
Of special interest are the limiting cases of k 
= 0 and k = m, which will be discussed in 
more detail as follows. 

In cases where k = 0 and 0, 5 ~ 1 2 ,  the von 
Mises distribution becomes the uniform dis- 
tribution with PDF of the following form: 

-0, < 0 5 O , ,  and 0 < 0, 5 - 

Here 20,  are the upper and lower bounds for 
orientation angle 0. It can take arbitrary values 
from 0 to ~ 1 2 .  If 0, approaches zero, all 
strands are oriented parallel to each other; if 
0, equals ~ 1 2 ,  it is completely randomized ori- 
entation. In the general case of partially ran- 
dom orientation, 0 < 0, 5 ~ 1 2 ,  the exact form 
of the correlation coefficient is given for the 
three ranges of 0, shown in Fig. 1 and detailed 
in Apppendix A as follows: 

Case 1: arcsin(o1A) < 0, 5 ~ 1 2  

O<r<---  
sin 0, 

< r 5 A  
sin 0, 
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Case 2: a r c s i n ( w 1 w )  < 0, 5 arc:jin(o/A) 

< r 5 ~ )  sin 0,  

- .  - 

Case 3: O < 0 ,  5 a r c s i n ( w 1 W )  

A < r i -  
sin 0, 

+ + ~2 + w2 + r2  dFT? C 
w A 

- 

It is noted that when 0, = n/2, Eq. (12) represents the completely random case in the following 
form, which agrees with the finding of Dodson (1971). 

\ 

A 2  + O2 + r2 v'FT2 6--- 
- arcsin - - arccos - - + + 
IT 

' 

( )  (I) 2ho w A 

If all strands are perfectly aligned (0, = 0), strand length (A) and the distance (r) betweem 
the correlation coefficient is a function of two arbitrarily chosen points on a line. Whe:n 
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In the case of perfectly oriented situation (Eq. 
16), the characteristic area is given by: 

For completely randomized strand orientation 
(Eq. 15), the characteristic area can be evalu- 
ated by following the procedures given in Ap- 
pendix B as: 

FIG. 1. Schematic diagram of three cases for a strand 
with length A and width w during integration. 

r = 0, the two points are common and the 
correlation coefficient equals unity. When the 
distance r between two points is greater than 
A, the correlation coefficient is zero. It can be 
summarized as: 

which is equal to the area of strand. 

Degree of orientation 

A conventional definition of percent align- 
ment (Eq. 20) was introduced by Geimer 
(1976), which measures the mean angle devi- 
ation from 45" to the geometric axes of the 
sample. 

where 

Characteristic area-a measure of correlation 1 " 

In random field theory, the "characteristic 0 = - C loll 
n , = I  

area" is an important statistical parameter. 
which defines a measure of correlation. It is a 
proportional constant which equals the inte- 
gration of the correlation function (a) (Van- 
marcke 1983): 

A@, w, 0 , .  k)  = 1; 1; 4 x .  ,;) dx dy 

r n ~ d ~  

21~r.a(A, o, e l ,  k, r) dr 

(17) 

0; = ith measured angle, and 

n = number of measurements. 

Angles are measured over the range of -90" 
to +90° with the 0" being the assumed mean 
angle. This definition can be used to define 
strand alignment in experimental mat where 
strand angles can be established. For a real 
board, it is more difficult to peel off the 
strands layer by layer to measure the angles. 
Alternately, nondestructive testing method can 
be used to extract the horizontal density dis- 
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tribution of a sample board, and random field 
theory can be used to evaluate the degree of 
orientation as described below. 

As discussed earlier, the strand alignment 
can be random (k = 0 in the von Mises dis- 
tribution, 0 ,  = 7~12 in the uniform distribution) 
and perfectly aligned (k = x in the von Mises 
distribution, 0 ,  = 0 in the uniform distribu- 
tion). It is reasonable to consider the random 
orientation case as zero degree of orientation, 
and perfectly aligned orientation case (all 
strands parallel to long axis of the panel) as 
100% degree of orientation. From Figs. 2 and 
3, it is easily seen that all the correlation co- 

efficients lie within these two curves, randoni 
and oriented. Therefore, the area between any 
particular curve and the curve for the random 
case in indirectly related to the degree of 
strand orientation. This provided a base to de- 
fine the degree of orientation of strand, Orient 
(%). The integration of correlation function 
(a) is actually the characteristic area A for any 
given range of angles in the uniform distri- 
bution and any value of k in the von Mise:s 
distribution. 

By applying the results from Eqs. (18) anti 
(19), the degree of orientation (Orient) can be 
obtained: 

Here, the square root is applied to make it 
compatible to the percent alignment because 
the percent alignment is a linear transforma- 
tion of the mean angles. 

Evaluation of density image autocorrelation 

A two-dimensional autocorrelation function 
(ACF) and the degree of orientation for a com- 
mercial panel can be readily evaluated, pro- 
vided that the density measurements of the 
panel in the horizontal plane D(x, y) can be 
obtained through some nondestructive testing 
methods. To determine the ACF of a digitized 
image, the autocovariance is calculated first as 

a function of various offsets and is given b:y 
Agterberg (1 974) as: 

1 
C(r, s) = 

(N, - r)(N, - s) .=o ,=o 

where N, and N,  are the number of pixels of 
the image in the x- and y-directions, r and s 
are the offsets in the x- and y-directions, x and 
y are the pixel coordinates in the image, and 
D is the average value of density in the image. 

It is obvious that C(0, 0), which corre.- 
sponds to zero offset, is the variance of density 
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1 .o 
k-values - 

5 0.8 
.d 

g 0.6 
U 
c 
2 0.4 
m z 
0 0.2 
U - - - -700 

0.0 

0 20 40 W 80 100 
Distance (m) 

Ranges of 
angles 

- - - - 0  1 

- - - - -  

1 -90 / 
0.0 

0 20 40 60 80 100 

Distance (mm) 

FIG. 2. Correlation coefficients: (a) for different values 
of concentration parameter k in von Mises distribution, 
and (b) for different ranges of angles 0 ,  (angles represent 
2 )  in uniform distribution (strand length 100 mm anti 
width 20 mm). 

X a x ~ s  (mm) 

in the image. Therefore, the autocorrelation, 
Auto(r, s ) ,  is obtained by dividing C(r, s) by 
the C(0, 0) (Agterberg 1974; Pfleiderer et al. 
1993) as: 

0 20 40 60 80 1R1 X axls (mm) 
Distance between tuo points (mm) 

FIG. 4. Correlation coefficient between two points in 
FIG. 3. Correlation coefficient between two points in a mat: (a) in completely randomized distribution of strand 

the mat with various mean direction (Oo) in von Mises location and orientation, (b) with partial orientation of 
distribution (strand length 100 rnm and width 20 mm, ,G strands (range of angles: 4 5  to 1 4 5  degrees), and (c) in 
= 700). perfectly aligned strand orientation (0") and random lo- 

cation (strand length 100 mm and width 20 mm). 
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Ranges of angles 

A Simulation: 20 

. - . . . . . . Prediction: 50 

/ A Simulation: SO / 

simulation: 90 /. 
0 20 40 60 80 100 

Distance (mm) 
FIG. 5.  Comparison of correlation coefficients between model prediction (lines) and computer simulation (markers) 

(strand length 100 mm and width 20 mm). 

For zero offset, Auto(0, 0) = 1, and with 
increasing offset, Auto(r, s) gradually decreas- 
es as the pixels become more and more inde- 
pendent or statistically uncorrelated. However, 
this decrease is anisotropic if strands of' the 
panel are aligned (or partially oriented) along 
a preferred direction (Fig. 4b and 4c). There- 
fore, by visualizing the 2D distributio~l of 
ACF values, the degree of orientation can be 
calculated by Eq. (21). In this paper, all the 
digitized images are obtained by Monto Clarlo 
Simulations (Lu et al. 1998). 

RESULTS AND DISCUSSION 

Autocorrelation coeflcient of density 

It can be noted that the autocorrelation co- 
efficients of density for any two points in a 
mat domain are bounded with the random case 
as the lower bound and perfectly aligned ori- 
entation as the upper bound. Increasing the 
concentration parameter k from 0 to infinity 
(in the von Mises distribution) or decreasing 
the range of orientation angle 0 ,  from 7~12 to 
0 (in the uniform distribution) moves the au- 

tocorrelation coefficient of density curve from 
its lower bound towards its upper bound (Fig. 
2a and 2b). 

Strand length and width are the two other 
factors influencing the shape of the autocor- 
relation coefficient of density curves since any 
two points covered by one larger strand may 
not be covered by a smaller strand. If strand 
length is much greater than the width (X >> tfi), 

the density autocorrelation coefficient is sim- 
plified to only one case (Eq. 12). When {.he 
mean angle (0,,) changes from 0 to 1~12 at k = 

(k = 700 in our case), the zero autocorre- 
lation coefficient also changes from r = A to 
r = w (Fig. 3). Figures 4a to 4c present the 
contour autocorrelation coefficients of density 
for three simulated mats. It is obvious that {.he 
density autocorrelation coefficient is one when 
x andlor y coordinates (the distance between 
any two points) are zeros, and zero when x 
andlor y are very large. For the random nnat 
(Fig. 4a), the autocorrelation coefficients form 
many concentric cycles around the origin. Fig- 
ure 4b represents the autocorrelation of a par- 
tially oriented strandboard mat (range of iin- 
gles from -45 to t 4 5  degrees). For the per- 
fectly aligned mat (Fig. 4c), the autocorre:la- 
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Flake width 

(mm) 

Concentration parameter k 

1 Flake width 

90 80 70 60 50 40 30 20 10 C 

Ranges of angles (degree) 
FIG. 6. Characteristic area in relation to (a) the concentration parameter k in von Mises distribution of strands, and 

(b) the ranges of angles (angles represent 5 )  in uniform d~stribution of strands (strand length 100 mm). 

tion coefficient of density is a linear function puter simulation is presented in Fig. 5. The 
of the distance between two points along ei- simulation results agree well with the theoret- 
ther the strand length direction or the strand ically predicted values. There is a slight de- 
width direction. This agrees well with the find- viation between the predicted and simulated 
ings in Fig. 3. values when the size of simulated mat is small 

A comparison of the autocorrelation coef- because an infinite domain is assumed in the 
ficients between model prediction and com- mathematical model. 
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0 20 40 60 80 100 120 140 160 180 200 0 

k values 90 80 70 60 50 40 30 20 10 0 
Ranges of angles 

FIG. 7 .  Degree of orientation of strands with respect 
to in Mises distribution FIG. 8. Degree of orientation of strands with respect 
(strand length 100 mm and width 20 mm). to the ranges of angles (angles represent +) in uniform 

distribution (strand length 100 mm and width 20 mm). 

Churacteristic area 

As another measure of correlation, Fig. 6a 
and 6b show that the characteristic area in- 
creases when the strands becomes more ori- 
ented. It can also be noted that the maximum 
characteristic area is approximately equal to 
the square of the strand length in perfectly ori- 
ented strandboard mat because it is indepen- 
dent of strand width. 

Degree of orientation 

The degree of orientation of strands was 
compared with the percent alignment calculat- 
ed by Geimer's formula for the mean anglle at 
zero degree in the von Mises distribution (Fig. 
7) and in the uniform distribution (Fig. 8). 'The 
degree of orientation started at 0 for random 
orientation case and ended at 100% for the 
perfectly aligned arrangement in both distri- 
butions. The predicted and simulated values 
from characteristic areas agree well with the 
percent alignment values. This suggests that 
the degree of orientation concept can also be 
used to estimate the strand arrangement of 
commercial panels if the horizontal density 
distribution of the panel can be evaluated 
through nondestructive testing. 

CONCLUSIONS 

The degree of orientation of strands in 
structural wood-based composites, such OSB, 
is an important processing parameter because 

it determines the degree of directional strength 
and stiffness of the panel. A random field the- 
ory representation of the variation of horizon- 
tal density in partially oriented strandboard 
mats was presented in this study. 

The orientation of strands in a mat was 
characterized by both the von Mises distribu- 
tion and the uniform distribution within a 
range of angles. Theoretical models for the 
correlation coefficients, characteristic area, 
and the degree of orientation were discussed. 

Theoretical analysis indicated that k = 700 
is sufficiently large to represent the perfectly 
aligned orientation of strands in von Mises 
distribution. The correlation coefficients have 
a lower bound (random case) and an upper 
bound (perfectly aligned) in both distributions. 
Strand geometry and mean orientation angles 
have great influences on the correlation coef- 
ficient. 

The characteristic area, another measure of 
correlation, has the minimum and maximum 
values, which are expressed as the area of a 
strand and the approximate square of strand 
length, respectively. The degree of orientation 
discussed in this study is an alternate way to 
estimate the strand alignment of OSB pro~d- 
ucts. However, the degree of orientation ob- 
tained by this approach is the overall average 
in the thickness direction under an assumption 
of uniform strand size. 
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APPENDIX A 

Since the concentration factor k = 0 in completely ran- 
domized case, the Eq. (10) can be simplified to: 

where and 0 ,  are the integration values specified as 
follows: 

Case 1: arcsin(w1A) < 0 ,  5 a12 

< r 5 A  
sin 0 ,  

arccos - < 0  5 arcsin - (A < r 5 w) I C) i:) 
(A.2) 

Case 2: a r c s i n ( o 1 n )  < 0, 5 arcsin(o1A) 

( z < r s m )  sin 0, 

(A.3) 

Case 3: 0 < 0 ,  5 a r c s i n ( w 1 w )  

" = /arccos(t) < 0  6 arcsin(:) (A < r C - cos 0 ,  

Apply Eqs. (A.2), (A.3) and (A.4) to Eq. (A.l), the Eqs. 
(12), (13) and (14) are obtained. 

APPENDIX B 

Substituting Eq. (15) into Eq. (19), the characteristic 
area for completely randomized strand orientation is ex- 
pressed as: 
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Expressions B.l, B.2 and B.3 can be evaluated to: w 
- p(A2 t w2) + 2Aw - 2A2arcsin- 

5 w' 4 A B. I = --- + w2?" - -(,,2 
6 A 3 

(8.4) 4 (h2 - w2)312 I wi 4 hi 
- 2 w d x c - j  - -- + -- 

0 6 A  3 w  
w 4 (A2 - w2)'" 4 A3 

B.2 = 2A2arcsin- + - - -- 
A 3  w 3 w 03.6) 

4 w? Therefore, Eq. (19) is obtained by adding expressions B.4, 
f - w2n + -w2 + - (B.5) B.5, and B.6 together and making use of the factor: 3 A 




