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ABSTRACT

The aim of this work is two fold: first we extend some results concerning
the computation of the fixed point index for the sum of an expansive
mapping and a k-set contraction obtained in [3, 6], to the case of the
sum T+ F, where T' is a mapping such that (I —T') is Lipschitz invert-
ible and F' is a k-set contraction. Secondly, as illustration of some our
theoretical results, we study the existence of non-negative solutions for
two classes of differential equations, covering a class of first-order ordi-
nary differential equations (ODEs for short) posed on the non-negative
half-line as well as a class of partial differential equations (PDEs for
short).
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1. PRELIMINARIES

Many problems in science lead to nonlinear equations Tz + Fx = x posed
in some closed convex subset of a Banach space. In particular, ordinary, frac-
tional, partial differential equations and integral equations can be formulated
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like these abstract equations. It is the reason for which it becomes desirable to
develop fixed point theorems for such equations. When T is compact and F
is a contraction there are many classical tools to deal with such problems (see
[2], [5], [9], [11] and references therein). The main aim of this paper is to give
some recent results for existence of fixed points for some operators that are of
the form T4 F', where T is an expansive operator and F' is a k-set contraction.
The positivity of solutions of nonlinear equations, especially ordinary, partial
differential equations, and integral equations is a very important issue in ap-
plications, where a positive solution may represent a density, a temperature, a
velocity, etc.

In this paper we extend some results concerning the computation of the
fixed point index for the sum of an expansive mapping and a k-set contraction,
obtained in [1, 3, 4, 8, 6, 7], to the case when T is a mapping such that (I —T)
is Lipschitz invertible and F' is a k-set contraction. We illustrate some of
our theoretical results. More precisely, we study the existence of non-negative
solutions for the following IVP

2 = f(tz), t>0,

x(0) = xo,

where zy € R is a given constant, f : [0,00) x R — R is a continuous function
satisfying a general polynomial growth condition.

Moreover, we consider an application for an IVP subject to Burgers-Fisher
equation:

Up — Ugg + a(t)uuy = B(H)u(l —u), t>0, x>0,

u(0,2) = up(x), x>0,

where ug € C%([0,)) and «, 8 € C([0,00)) with & < 0, 8 > 0 on [0, 00).

The paper is organized as follows. In the next section, we give some auxiliary
results. In sections 3 and 4, we will present our contribution in fixed point index
theory for the sum of two operators of the form T + F', where T  is a mapping
such that (I — T') is Lipschitz invertible with constant v > 0 and F' is a k-set
contraction when 0 < k < y~!. We will consider separately two cases: firstly
the computation of fixed point index on cones is treated in Section 3. Then in
Section 4, we will discuss the computation of fixed point index on translates of
cones. Applications are given in sections 4 and 5.

2. AUXILIARY RESULTS

Let X be a linear normed space and I be the identity map of X. The following
Lemmas give sufficient conditions for I — T to be Lipschitz invertible.

Lemma 2.1 ([12, Lemma 2.1]). Let (X, ].]|) be a normed linear space, D C X.
If a mapping T : D — X is expansive with a constant h > 1, then the mapping

© AGT, UPV, 2021 Appl. Gen. Topol. 22, no. 2 | 260



Fixed point index theory for the sum of operators

I—-T:D — (I -T)(D) is invertible and

I =T) e~ (= T) gl < (k=)o — y|| for all 2,y € (I - T)(D).
Lemma 2.2 ([13, Lemma 2.3]). Let (E, ||.||) be a Banach space andT : E — E
be Lipschitzian map with constant B > 0. Assume that for each z € E, the map
T, : E — E defined by T,x = Tx + z satisfies that T? is expansive and onto

for some p € N. Then (I —T) maps E onto E, the inverse of - T : E — E
exists, and

IT=T) e — (T~ T) Yyl < vpllz — yll for all 2,y €,
where
_ we
RNCENCTCDREY
Lemma 2.3 ([13, Lemma 2.5]). Let (X, ||.||) be a linear normed space, M C X.

Assume that the mapping T : M — X is contractive with a constant k < 1,
then the inverse of I — T : M — (I — T)(M) exist, and

(I =T) e = (I=T)"yll < A= k)" o -yl forall x,y e (I -T)(M).

Lemma 2.4 ([13, Lemma 2.6]). Let (E, ||.||) be a Banach space andT : E — E
be Lipschitzian map with constant 5 > 0. Assume that for each z € E, the map
T, : E — E defined by T,x = Tx + z satisfies that T? is contractive for some
p € N. Then (I —T) maps E onto E, the inverse of I =T : E — E exists, and

I =) 2 — (I =)'yl < pylla — yll for all a,y € E,

where .
%7 if =1
Pp = i3 if B <1

BP—1 .
Fou-Lepmy TA>1

3. FIXED POINT INDEX ON CONES

In all what follows, P will refer to a cone in a Banach space (E, ||.||), Qis a
subset of P, and U is a bounded open subset of P. For r > 0 define the conical
shell

Pr = Pﬂ{:z: e E:|x| <r}.
Assume that T : Q — E is a mapping such that (I —T) is Lipschitz invertible

with constant v > 0 and F : U — E is a k-set contraction.
Suppose that

(3.1) 0<k<y,

(3.2) F(T) < (I-T)(9),

and

(3.3) x # Tx+ Fzx, for all :CEBUmQ.
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Then x # (I — T)~!Fux, for all z € OU and the mapping (I —T)"*F :U — P
is a strict yk-set contraction. Indeed, (I —T)~1F is continuous and bounded;
and for any bounded set B in U, we have

a(((I =T)"'F)(B)) < ya(F(B)) < vka(B).
The fixed point index i ((I — T)~'F,U, P) is so well defined. Thus we put
(3.4) i (T+F,U(QP)=i(I-T)"'FUP).

Proposition 3.1. Assume that the mapping T : Q C P — E be such that

(I = T) is Lipschitz invertible with constant v > 0, F : U — E is a k-set
contraction with 0 < k < 7', and tF(U) C (I — T)(Q) for all t € [0,1]. If
(I-T)"'0€eU, and

(3.5) x—Tx# \Fzx forallxeaUﬂQ and 0 < A <1,

then the fized point indez i, (T + F, U Q,P) = 1.

Proof. Consider the homotopic deformation H : [0,1] x U — P defined by
H(t,x) = (I —T) 'tFa.

The operator H is continuous and uniformly continuous in ¢ for each z. More-
over, H(t,.) is a strict k-set contraction for each ¢ and the mapping H (¢,.) has
no fixed point on QU. Otherwise, there would exist some zy € U [ and
to € [0,1] such that

o — T,TO = toFiL'Q,

which contradicts our assumption.
From the invariance under homotopy and the normalization property of the
index fixed point, we deduce that

i (I —=T)'F,U,P) =i, (I -T)"*0,U,P) = 1.
Consequently, from (3.4), we deduce that
i (T+FU(MNQP) =1,
which completes the proof. ([l

As a consequence of Proposition 3.1 , we have the two following results.

Corollary 3.2. Assume that the mapping T : @ C P — E be such that (I —T)
is Lipschitz invertible with constant v > 0, F : U — E is a k-set contraction
with0 <k <~~ Y, and tF(U) C (I-T)(Q) for allt € [0,1]. If (I-T)"'0 € U,
and

|Fz|| < ||le —Tx| and Tx + Fx # x for all x € 8UﬂQ,

then the fized point index i. (T + F, U Q,P) = 1.

Proof. Tt is sufficient to prove that Assumption (3.5) is satisfied. O
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Corollary 3.3. Assume that the mapping T : Q C P — E be such that (I =T)
is Lipschitz invertible with constant v > 0, F : U — E is a k-set contraction
with0 <k < v~ and tF(U) C (I-T)(Q) for allt € [0,1]. If [ -T)" 10 € U,

Fx e P forall :CEBUﬂQ,

and

Fx#ax—Tx for all xeBUﬂQ,
then the fized point indez i. (T + F,(Q,P) = 1.
Proof. Tt is easy to see that Assumption (3.5) is satisfied. O

Proposition 3.4. Let U be a bounded open subset of P with 0 € U. Assume
that the mapping T : Q C P — E be such that (I — T) is Lipschitz invertible
with constant v > 0, F : U — E is a k-set contraction with 0 < k < ~y~1, and

FUO)c(I-T)Q). If
Fz#(I-T)Azx) forallz € U, A\ >1 and Az € Q,
then the fized point index i. (T + F,U (2, P) = 1.

Proof. The mapping (I —T)™'F : U — P is a strict yk-set contraction and it
is readily seen that the following condition of Leray-Schauder type is satisfied

(I —T) 'Fz # v, forallz € U and \ > 1.

In fact, if there exist zg € QU and \g > 1 such that (I — T)"'Fxg = Aoo.
Then Fzg = (I —T)(Moxo), which contradicts our assumption. The claim then
follows from (3.4) and [8, Theorem 1.3.7]. O

Proposition 3.5. Let U be a bounded open subset of P with 0 € U() €.
Assume that the mapping T : Q@ C P — E be such that (I —T) is Lipschitz
invertible with constant v > 0, F : U — E is a k-set contraction with 0 < k <

vy and F(U) C (I -T)(Q). If
(3.6) YNFz+TO|| < ||z|| and Tx+ Fx #x for all x € 8UﬂQ,
then the fized point index i. (T + F,U (Q,P) = 1.

Proof. The mapping (I —T)"'F : U — P is a strict yk-set contraction.
(I — T) being Lipschitz invertible with constant v > 0, for each € U

I(T=T)'Fall = |(I—T)"*Fa—(I-T)"'(I-T)]
< | Fz+T0|.

Therefor, from (3.7) and Assumption (3.6), we conclude that for all x € 9U,
I(I = 7)™ Fall < yl|Fz + T0| < [|]|.
Our claim then follows from (3.4) and [8, Theorem 1.3.7]. O

(3.7)

The following result is as straightforward consequence of Proposition [8,
Corollary 1.3.1].
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Proposition 3.6. Assume that the mapping T : Q C P — E be such that

(I = T) is Lipschitz invertible with constant v > 0, F : U — FE is a k-set
contraction with 0 < k <~y~%, and F(U) C (I — T)(Q). If further

(I-T)'F@) cU,
then the fized point index i. (T + F,UNQ,P)=1.
As a particular case, we obtain

Corollary 3.7. Assume that the mapping T : Q C P — E be such that (I =T)
is Lipschitz invertible with constant v > 0, F : P, — E is a k-set contraction
with 0 <k <~y~ % and F(P,) C (I = T)(Q). If 0 € Q and

(3.8) YIFz +TO|| <7, forallx € Py,
then the fized point index i, (T + F,P,(Q,P) = 1.
Proof. From (3.7) and Assumption (3.8), for any = € P,,, we conclude that
I(I = T)~ Fal| < y[|Fz + TO| <,
which implies that (I — T)"1F(P,) C P,. O
Taking r > - [|T0|, we get

Corollary 3.8. Assume that the mapping T : Q@ C P — E be such that

(I = T) is Lipschitz invertible with constant 0 <~y <1, F : P, — E is a k-set
contraction with 0 < k <y~ 1, and F(P,) C (I —T)(Q). If 0 € Q and

(3.9) |Fx|| < |z|, for all x € Py,
then T + F has at least one fized point in Py ().

Proposition 3.9. Assume that the mapping T : Q C P — E be such that
(I —T) is Lipschitz invertible with constant v > 0, F : U — E is a k-set
contraction with 0 < k <~~', and F(U) C (I — T)(). If there exists ug € P*
such that

(3.10) Fzx# I —-T)(x— dug), forall A>0 and x € BUm(Q + Aug),
then the fized point index i. (T + F,U (2, P) =0.

Proof. The mapping (I —T)~'F : U — P is a strict yk-set contraction and for
some ug € P* this operator satisfies

x— (I =T)'Fa # Mg, Vo € 0U, Y > 0.
By (3.4) and [8, Theorem 1.3.8], we deduce that

i (T+F,U(QP)=i((I-T)"'F,UP)=0.
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Proposition 3.10. Assume that the mapping T : Q C P — E be such that
(I —T) is Lipschitz invertible with constant v > 0, F : U — E is a k-set
contraction with 0 < k < v~ and F(U) C (I — T)(2). Suppose further that
there exists ug € P* such that T(x — Aug) € P, for all A > 0 and z €
AU N(QL + Aug), and one of the following conditions holds:

(a) Fo £ x, Yo € OU.

(b) Fx € P, ||[Fx| > Nlz|, V& € 8U, and the cone P is normal with constant
N

Then the fized point indez i. (T + F,U (Q,P) =0.
Proof. We show that conditions (a) or (b) imply that
Fz # (I —T)(x — Aug), for all A >0 and 2 € OU [ )(Q+ Auo).

On the contrary, assume the existence of Ao > 0 and z¢ € U (2 4+ Aouo)
such that

FIO = (I - T)(.IO - )\0’[1,0).
Then xg — Fxg = T(xo — Aoug) + Xoug € P. If condition (a) holds, then a
contradiction is achieved. Otherwise, we deduce that

FLL'Q S Zo-
Since P is normal, we deduce that
[ Fzoll < Nlzol,

contradicting condition (b) and ending the proof of our Proposition. ([

4. FIXED POINT INDEX ON TRANSLATES OF CONES

In this section, let E be a Banach space, P (P # {0}) be a cone in it. Given
0 € E, we consider the translate of P, namely

K=P+0={x+0, € P}

Then K is a closed convex of F, so it is a retract of E.
Let Q be any subset of K and U be a bounded open of K such that U [ Q #
@. We denote by U and OU the closure and the boundary of U relative to K.
The fixed point index i. (T + F,U (2, K) defined by

(4.1) i (T +F,U(Q,K)=i((I-T)"'FUK).

is well defined whenever T : Q — E is a mapping such that (I —T) is Lipschitz
invertible with constant v > 0 and F': U — E is a k-set contraction, 0 < k <
y~tand F(U) C (I -T)(Q).

Proposition 4.1. Let U be a bounded open subset of K with 6 € U. Assume
that the mapping T : Q C K — E be such that (I — T) is Lipschitz invertible
with constant v > 0, F : U — E is a k-set contraction with 0 < k < y~1, and

FUO)c(I-T)Q). If
(4.2) Fx # (I-T)Az+(1—=X)0) for all x € OU, A > 1 and Az+(1—-X)0 € Q,
then the fized point indez i. (T + F,U (Q,P) = 1.
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Proof. Define the homotopic deformation H : [0,1] x U — K by
H(t,x) =t(I = T) 'Fz + (1 —-t)h.

Then, the operator H is continuous and uniformly continuous in ¢ for each z,
and the mapping H(¢,.) is a strict yk-set contraction for each ¢t. Moreover,
H(t,.) has no fixed point on OU. Otherwise, there would exist some z¢ € U
and to € [0, 1] such that %xo +(1- %)9 € Q for ty # 0, and

to(I —T) " Fao + (1 — t9)f = .

We may distinguish between two cases:

(i) If to = 0, then 9 = 6, which is a contradiction.

(ii) If ¢ty € (0,1], then Fag = (I — T)(%:z:o +(1- %)9), which contradicts our
assumption.

The properties of invariance by homotopy and normalization of the fixed point
index guarantee that

i(I-T)*FUK)=1i(0,UK).
Consequently, by (4.1), we deduce that i, (T + F,U Q,K) = 1. O

Proposition 4.2. Let U be a bounded open subset of K with 6 € U. Assume
that the mapping T : Q C K — E be such that (I —T) is Lipschitz invertible
with constant v > 0, F : U — E is a k-set contraction with 0 < k < ~~', and

FU)c({I-T)(Q). If
43) ||Fz—=T0—-0| <|z—0| and Tx+ Fx #x, forallz € 8Uﬂﬂ,
then the fized point indez i. (T + F,U (Q,P) = 1.

Proof. The mapping (I —T)"'F : U — P is a strict yk-set contraction.

Since (I — T') is Lipschitz invertible with constant v > 0, for each x € U

I =T)""Fz =0 = |(I-T)""Fz—(I-T)"(I-T)0|

< 9||Fx+T6—46|.

Therefor, from (4.4) and Assumption (4.3), we conclude that for all x € 9U,
I(1 = T)""Fo — 6] <A Fz+T6 - 6] < |1z — 6],

which implies the condition (4.5) in Proposition 4.1. This completes the proof.
O

(4.4)

Remark 4.3. Propositions 4.1,4.2 can be proven directly by appealing to [4,
proposition 2.2], and [4, Corollary 2.2], respectively.

Proposition 4.4. Let U be a bounded open subset of K. Assume that the
mapping T : Q@ C K — E be such that (I — T) is Lipschitz invertible with
constant v > 0, F : U — E is a k-set contraction with 0 < k < v~ !, and
(tFU)+1—=t)0) Cc (I =T)(Q) for allt € [0,1). If [ —T)"*0 € U, and

(4.5) x—Tx# N Fz+(1— N0 for allz € OU()Q and 0 <A< 1,
then the fized point index i (T + F, U, K) = 1.
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Proof. Define the homotopic deformation H : [0,1] x U — E by
H(t,z) =tFx + (1 —t)6.
Then, the operator H is continuous and uniformly continuous in ¢ for each z,
and the mapping H (¢, .) is a k-set contraction for each t. Moreover, T + H (t, .)
has no fixed point on OU [ 2. Otherwise, there would exist some z¢ € OU (2
and to € [0, 1] such that
T.IO + toF.IO + (1 - to)o = 2o,

then xg—Txo = toFxo+(1—tp)8, leading to a contradiction with the hypothesis.
By (4.1), property (c) in [3, Theorem 2.3] and the normalization property of
the fixed point index, we conclude that

i (T+FUNQK) = w(T+6,K.N0K)
= (I-7)"'9,UNNK)=1.
O
Corollary 4.5. Let U be a bounded open subset of KC. Assume that the mapping
T:Q C K — E be such that (I —T) is Lipschitz invertible with constant y > 0,
F:U — E is a k-set contraction with 0 < k <~~', and (tF(U) + (1 —t)d) C
(I -T)Q) forallt€[0,1]. If [ -T) 90U,
Fre K foradl x € QﬂaU,
and
(4.6) Fx}x—Tx forall IE@UﬂQ,
then the fized point indez i. (T + F,U (N Q,K) = 1.
Proof. Tt is easy to see that Assumption (4.5) is satisfied. Otherwise, there exist
some g € OU (N and 0 < A\g < 1 such that zg — Tz = AoFxo + (1 — Mo)#.
Then
Fxg—xog+Txy = (1 —/\0)(F{E0 —9) eP,
which leads us to a contradiction with (4.6). O

Proposition 4.6. Let U be a bounded open subset of K. Assume that the
mapping T : Q@ C K — E be such that (I — T) is Lipschitz invertible with
constant v > 0, F : U — E is a k-set contraction with 0 < k < y~1, and

FU)cC (I—-T)(). If there exists ug € P* such that
(47)  Fa# (I —=T)(x—Aug), for all A>0 and x € OU [ )(Q + Auo),
then the fized point index i (T + F,U[Q,K) = 0.

Proof. The mapping (I —T)"'F : U — K is a strict yk-set contraction.
Suppose that i, (T + F,U () Q,K) # 0. Then,
i((I-T)'F,UP)#0.
For each r > 0, define the homotopy:
H(t,z) = (I —T) 'Fx +trug, forz €U and t € [0,1].
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The operator H is continuous and uniformly continuous in ¢ for each z. More-
over, H(t,.) is a strict k-set contraction for each ¢ and

H([0,1]xTU) = (I =T)"'F(U) + trug C K.

We check that H(t,x) # x, for all (¢,x) € [0,1] x OU. If H (tg,x¢) = x¢ for some
(to,xo) S [O, 1] X 8U, then

Tro — to’l”’u,o = (I - T)ilFI(),
and so xg — torug € ). Hence
(I — T)(IO - toTUO) = FI(),

for xy € OU (2 + torug), contradicting Assumption (4.7).
By homotopy invariance property of the fixed point index, we deduce that

i(I=T)"'F +rup,U(\Q,P)=i((I-T)"'F,U,P) #0.

Thus the existence property of the fixed point index, for each r > 0, there
exists x, € U such that

(4.8) z, — (I =T)"' Fx, = rug.

Letting r — o0 in (4.8), the left-hand side of (4.8) is bounded while the
right-hand side is not, which is a contradiction. Therefore

i (T+FU[QP) =0,
which completes the proof. ([l

5. APPLICATIONS TO ODE

In this section we investigate the IVP

= f(t,xz), t>0,
(5.1)
z(0) = zo,

where 2y € R is a given constant, f : [0,00) Xx R — R is a given function. Let
leNand zo, s, 7, A4, j € {0,1,...,1}, are positive constants such that

(H1):

where a; € C([0,0)), a; > 0 on [0, 00) and

/ a;(y)dy < A;, je{0,1,...,1}.
0
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Theorem 5.1. Assume that (H1)-(H2) hold. Then the IVP (5.1) has a solu-
tion x € C*([0,00)) such that 0 < z(t) < 5, t € [0,00).

Proof. Case 1.: Let ¢t € [0,1]. Consider the IVP

= f(t,z), te(0,1],
(5.2)
z(0) = zp.
Take € > 0 arbitrarily. Let Ey = C([0, 1]) be endowed with the maxi-
mum norm and

P o= {eeB at)>0, telo1],
O = PlT:{IEPlleH<T},

.
U, = Plgz{xe’Pl.Hx||<§}.

For = € F4, define the operators
Tia(t) = (1+ea(t),

Fa(t) = —e(xo+/0tf(y,x(y))dy>, te[0,1].

Note that for any fixed point « € E; of the operator 17 + F; we have
that = € C1(]0,1]) and it is a solution of the IVP (5.2).
(1) For x,y € E1, we have

_ _ 1
(7 =T0) " e = (T =T) "yl = —llz = wll,

.. (I =T1): E; — E, is Lipschitz invertible with constant 1.
(2) For z € Uy and t € [0,1], we have

Yy >

< e x0+/zaj y)Ydy

|Fra(t)]

INA
)

! -
Io+;(§) /Oaj(y)dy

IN
i)

oY (5) 4
j=0
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and

(Fi2) ()] = ef(t,=(t))

IN
M
S

<.

P

<

=
=
g

—

<

=

Nt

<

IN
™
/
[N
N—

<.
S
<
—~
<
~

IN
)
~
[N
~—

<
S

Thus,

and
1 ,
\J
IRy <e(5) By
§=0
Hence, using the Arzela-Ascoli theorem, we conclude that Fy :
U, — F is a completely continuous mapping.

Therefore Fy : U; — E is a 0-set contraction.
(3) Let A € [0,1] and = € U; be arbitrarily chosen. Then

zwzxcm+AU@w@erEl
) < AGm+Awﬂ%mmm@

S )\(I0+Z/ LLJ de
< )\(iﬂo-l-z
< r
2
r
< = t 1
< 5 telo]
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ie., z € (. Next,

AR z(t) = —Ae<:co+/0tf(y,:v(y))dy>
= —ez(t)

= (I-T)z(t), te]l0,1].

Thus, APy (U1) € (I = T1)().
(4) Note that

(I-T)'0=0€eU.
(5) Assume that there are x € OU; [ Q1 and A € [0,1] such that
r—Tix=MFx.
If A =0, then
0O=a2—Tix=—ex on [0,1],

whereupon x(t) = 0, t € [0, 1]. This is a contradiction because x €
dU;. Therefore A € (0,1]. Let ¢, € [0,1] be such that x(t;) = 5.

Then
(I — Tl).I(tl) = —EI(tl)
= —65

= —\e <330 + /Otl f(y,x(y))dy> ;

© AGT, UPV, 2021 Appl. Gen. Topol. 22, no. 2 271



S. G. Georgiev and K. Mebarki

whereupon

g = /\(:vo+/0tl f(y,:v(y))dy)

< )\<£C0+/O fy,z(y))dy
L oo

< )\(!Eo-i- / a;(y)(z(y))’ dy
j=0"0
! i

< A ;v0+FOAj (5)

< )\g

< L

)

i.e., 5 < 5, which is a contradiction.
By 1, 2, 3, 4, 5 and Proposition 3.1, it follows that the operator 17 + F;
has a fixed point in U;. Denote it by x;. We have

0<ai(t) < g teo,1],

and z1 € C*(]0,1]) is a solution of the IVP (5.2).
Case 2.: Let t € [1,2]. Consider the IVP

= f(t,x), te(l,2],
(5.3)
z(1) = z1(1).

Take € > 0 arbitrarily. Let E; = C([1,2]) be endowed with the maxi-
mum norm and

Po

{reFEy:z(t)>0, tell,2]},
Qy = Po={xePy:|z| <r},

Up = 772§:{I€732:H3:||<g}.

For x € F5 define the operators
Ta(t) = (1+ealt),

Ra(l) = —e<:1:1(1)—|—/1tf(s,:17(s))ds), telL2).
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Note that for z € Us, we have

n(l)+ / f(s,a(8)ds = w0+ / £ (v, 2(4))dy

< +/0 [y, =(y))dy
l
< @+ ) ai(y)(x(y)dy
j=0
l
< zo+ Z AjT‘j
=0
,
< 5, te [1, 2]

As in Case 1 we prove that the operator T + F5 has a fixed point
ro € Us. We have that

ngg(t)<g, te[l,2], xeCl([1,2).

Note that
,Tl(l) = 1'2(1),
7i(1) = f(1,2:1(1))
= xz(1).
Thus,
x1(t) te€[0,1]
x(t) =
xo(t) te[l,2]

is a solution to the IVP
= f(t,x), te(0,2],

z(0) = xo.
Case 3.: Consider the IVP
= ft,x), te(23],

z(2) = z2(2).
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And so on, the function

z1(t) te0,1]
za(t) te(l,2]
o(t) =4 ws(t) tel[2.3]
za(t) te€[3,4]

is a solution to the IVP (5.1). This completes the proof.

6. APPLICATIONS TO PDE

In this section we consider the IVP for Burgers-Fisher equation

(6.1) Ut — Uy + a(t)uug, = BH)u(l —u), t>0, x>0,
(6.2) u(0,2) =uo(z), = >0,
where

(A1): ug € C%([0,00)), 71 > ug > 4 on [0,00), where 71 € (0,3) is a
given constant,

(A2): a,p € C([0,00)), <0, >0o0n[0,00), A€ (0,1) is a constant
and g is a positive continuous function on [0, 00) x [0, 00) such that

1
1—(1+2T1)A>0, <4—|—gT1)A<§,

and

120(1+t+t2+t3+t4) (1+x+x2+x3+x4+x5+x6)

X /Ot /Omg(tl,xl) (1 + /Otl(ﬁ(tg) - a(tg))dtg) dzidt; < A,

t>0,z>0.
Let E = C!([0,0),C?([0,00))) be endowed with the norm

ol = { s el st
(t,2)€[0,00) X [0,00) (t,2)€[0,00) x[0,00) | O
82
sup —u(t, x) sup ‘—u t,x },
(t,z)e OOO)XOOO)‘ (t,2)€[0,00) x[0,00) | OT? (t,)

provided it exists.
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Lemma 6.1. Suppose (A1) and (A2). If a function u € E is a solution of the
integral equation

0 = /Ot /Oz(t —t1)(z - 901)49@17901)/: /Om(xl — x2)B(t2)

Xu(tg, IQ)(l — u(tg, IQ))d.Ithdeldtl

_%/Ot/om(t_tl)‘*(x_x1)4g(t1,x1)/0t1 /OI a(tz)(u(tz, 22))

X dl‘g dtg dLL'l dtl

t px 31
+/ / (t - t1)4($ - $1)4g(t1,$1)/ u(tg,l'l)dtgdxldtl
0 JO 0

+/Ot/:<t—t1>4<x—m)‘lg(tl,wl)/;l(wl ~ z2)

X (UO(.IQ) — ’U,(tl, xg))d$2d$1dt1,

(t,x) € [0,00) x [0,00), then it is a solution to the IVP (6.1)-(6.2).

Proof. We differentiate the considered integral equation five times in ¢ and five
times in  and using that g > 0 on [0,00) x [0, 00), we get

O = g(t,x)/o /OI /011 ﬂ(tl)u(tl,.fg)(l — u(t1,$2))d$2d$1dt1
—%g(t,x)/o /Om a(tl)(u(tl,xl))zd:rldtl
—|—g(t,:1:)/0 u(ty, x)dtq

+g(t, ) /Om /Ozl(uo(xg) —u(ty, 2))dzodry, (t,x) € [0,00) x [0, 00),
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whereupon

t o,z
0 = ‘/0‘/0/0 ﬁ(tl)u(tl"TQ)(l_u(t17$2))d$2d$1dtl
t prx
_%/0/0 a(ty)(u(ty, z1))?dzdty
t
,x)d
+/0 u(tl fE) t1

xT T
—|—/ / (uo(z2) — u(ty, z2))dzadry, (t,z) € [0,00) X [0, 00).
o Jo
The last equation we differentiate twice in = and we get

0 = [ Bt )uty, )1 — ulty,z))dt
(6.3) — ¥ alty)u(ty, 2)ug(tn, @)dts + [ uge(tr, x)dty

+UO(I) - u(ta I)a (t,.I) S [Oa OO) X [Oa OO),
which we differentiate in ¢ and we obtain

0 = Bult,z)(1 —u(t,z)) — a(t)u(t, z)u,(t, x)

Fgy(t, ) —u(t,z), (¢, z) €[0,00) x [0,00),
i.e., u satisfies (6.1). Now we put ¢ = 0 in (6.3) and we get
u(0,z) = up(z), =z €10,00).
This completes the proof. ([l
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For u € F, define the operators

Fu(tz) = /Ot /Oz(t —t1)(z — 561)49@17901)/: /Om(xl — x2)B(t2)

X (u(tg, IQ))Qd{EthQd.Ildtl

+/Ot/ow<t—t1>4<x—x1>4g<t1,x1>/0m<x1 ~ 22)

xu(tl, l‘g)dl‘gdl‘ldtl,

Fu(t,z) = /Ot /Oz(t —t1)*(z — 1) g(tr, 1) /Otl /Om(xl — x2)B(t2)

Xu(tg, {EQ)d.IthQdIldtl

=3 t [ =i —atgnen | ' [ ate)uten,n)?

X dl‘g dtg dl‘l dtl

t rx t1
+/ / (t - t1)4($ - $1)4g(t1,$1)/ ’u,(tg, ,Tl)dtgdl'ldtl
0 JO

0

+/Ot/0””<t_tlm_$1)4g(t1,x1>/0“<x1 ~ z2)

XUO(IQ)dIdeldtl,

(t,x) € [0,00) x [0,00). Note that if u € F is a fixed point of the operator
F, — F, then it is a solution of the IVP (6.1)-(6.2).

Lemma 6.2. Suppose (A1), (A2) andr > 0. Ifu € E and ||u| <, then

,
|Frull < ) Aull, (| Ful] < (3+3) ra

and Fy : {u € E : ||u| < r} — E is a completely continuous operator. More-
over,

||F1U1 — F1u2|| < (27‘ + 1)AH’U,1 — ’U,QH

for any ur,uz € {u € E: |Ju| <r}.
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Proof. Take w € {E : ||u|| < r} arbitrarily. Then

Fru(t, o) < /O /Om(t—t1)4(x—x1)4g(t1,;v1)/01/011(;101—xg)ﬁ(tg)

X (u(tz, $2))2dI2dt2d{E1dt1

[ [ am e atama [ -

X |u(t1, $2)|d$2d$1dt1

IN

t px t1
T‘HUH/ / x%(t—t1)4(;v—x1)4g(t1,x1)/ B(fz)dtgd:tldtl
0 JO 0
t x
+HUH/ / ,’E%(t—tl)4($—,’E1)4g(t1,$1)d$1dt1
0 JO

t x t1
|tz / / ot 1) / B(t)dtadardty
0 0 0

t xT
28 / / o(tr, 21)daydts
0 0

IN

IN

(1 +7)Alull, =0, z=0,

and

IN

d
’aFlu(t,x)

4/; /Om(t —t1)*(x — 901)49@17901)/: /011(901 — x2)B(t2)

X (u(tz, $2))2d$2dt2d$1dt1

+4/0t /;(t —t1)3(x — 21)*g(t1, 1) /Owl(xl — Z2)

X |u(t1, $2)|d$2d$1dt1

IN

t x ty
4r||u||/ / xf(t—tl)%—xl)‘*g(tl,xl)/ B(ta)dtsdas diy
0 0 0

t x
+4|ul] / / x%(t — tl)?’(x — x1)4g(t1,x1)dx1dt1
0o Jo
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t x t1
S 47°||u||t3x6/ / g(tl,xl) ﬁ(tg)dtgdl‘ldtl
0 Jo 0
t x
fulés [ [ gt o)dnn
0 Jo
< (14nAlull, t>0, >0,

and
o t o t1 T1
shuta) < 4 [e-wie-aiotm) [ @)
Ox 0 Jo o Jo
X(u(t2,$2))2d$2dt2d$1dt1
t x x1
+4/ / (t—t1)4($—$1)3g(t1,$1)/ (LL'l _:EQ)
0 Jo 0
X|U(t1,$2)|d$2d$1dt1
t px t1
S 4r||u||/ / I%(t—t1)4($—Il)gg(tl,Il)/ ﬂ(tz)dthzldtl
0 Jo 0
t x
—|—4||u||/ / x%(t—t1)4(az—xl)gg(tl,xl)dazldtl
0 Jo
t x t1
S 4THUHt4$5/ / g(t1,$1)/ ﬂ(tQ)dth.Ildtl
0 Jo 0
t x
+4H’UJHt4I5/ / g(tl,xl)dazldtl
0 Jo
< (14+nrA|u|, t>0, z>0,
and
82 t x t1 1
’WFlu(t,x) < 12/ / (t—t1)4($—$1)29(t1,$1)/ / ($1 —l‘g)ﬁ(tg)
T o Jo o Jo

X (u(tg, IQ))Qd:EthQdIldtl

+12 /Ot /Om(t — ) (w — 21)%g(t1, 1) /Ozl(:zl — T2)

X |’U,(t1, $2)|d$2d$1dt1
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t  px t1
S 127°||u||// x%(t—t1)4(;v—x1)2g(t1,;v1) B(fg)dt2d$1dt1
0 JO 0
t x
+12||u||/ / 22t — 1) (x — 21)?g(t1, 1) da dty
0 JO
t x t1
S 127°||u||t4x4/ / g(t1,$1) ﬁ(tg)dtgd,@ldtl
0 JO 0
t x
+12||u||t4;v4/ / g(t1,x1)dz1dt;
0 JO
< (1 +nAful, t=0, x>0,
Consequently

[Frull < (1 +r)Allu].

Next,

Fu(t, )| < / t / (- 1) e — ) g, ) / ! / " (1 - 22)B(t)

X |u(t2, $2)|d$2dtgd$1dt1

5/ t [t [ ) | atta)utta. )y

XdIthQdIldtl

t rx t1
—|—/ / (t—t1)4(I—{E1)4g(t1,$1)/ |’U,(t2,$1)|dt2d$1dt1
0 JO 0

+/Ot/oz<t—t1>4<x—x1>4g<t1,x1>/jl<x1 ~ 22)

XUg ($2)d$2d$1 dtl
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IN

t oz t1
T/ / LL‘% (t — t1)4($ — $1)4g(t1, LL‘l) B(fg)dtgdl‘ldtl
0 JO

0

1 t rx t1
—57"2 / / Jfl(t — t1)4($ - $1)49(t17 (El) / a(t2)dt2d‘r1dtl
0 JO 0

t T
+T‘/ / tl(t - t1)4($ - $1)4g(t1, xl)d:vldtl
0 JO

t x
+T‘/ / ,T%(t—tl)él(l'—$1)4g(t1,$1)d$1dt1
0 JO

IN

t xr tl

Tt4$6/ / g(tl,:vl) B(fg)dtgd$1dt1
0 JoO 0
1 t xT t1
—§T2t4$5/ / g(tl,:vl)/ a(tg)dtgdl'ldtl
0 JO 0
t T

+T‘t5$4/ / g(tl,xl)dxldtl

0 JoO

t T
+T‘t4$6 / / g(tl,xl)dxldtl
0 JO

< (3+g)7~A, t>0, x>0,

and

< t / "= 1) — o) gt ) / ! / " (@1 — 22)B(t2)

X |u(t2, $2)|d$2dtgd$1dt1

2 / t / (b= 1) (@ — ) g () / ’ / " ata) (s, 22))?

XdIthdeldtl

0
‘&Fgu(t,x)

t px t1
—|—4/ / (t—tl)g(x—x1)4g(t1,x1)/ |u(t2,x1)|dt2d:z1dt1
0 JO 0

+4/0t /Ox(t —t1)3(x — 1) g(t1, 1) /Ozl(xl — Z2)

XUgp ($2)d$2d$1 dtl
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t rx t1
4T/ / l‘%(f — t1)3($ — $1)4g(t1, LL‘l) B(fg)dt2d$1dt1
0 JO

0

t rx t1
—2r2 / / w1 (t — t1)* (& — 21)*g(tr, 21) / a(tz)dtyda dty
0 Jo

0

t T
+4T‘/ / tl (f - t1)3($ - $1)4g(t1, ,Tl)dl'ldtl
0 JoO

t x
+4r/ / x%(t — tl)?’(x — ;101)49(1%1, x1)dz1dty
0o Jo

IN

t xT tl
4rt’2® / / g(t1,z1) B(tz)dtadxydt
0 Jo 0

t xT t1
—2T‘2t3$5 / / g(t1,$1) / a(tg)dtgdl'ldtl
0 JO 0

t x
+4rt4:104/ / g(t1, x1)dz1dt;
o Jo

t x
+4rt3:106/ / g(t1, x1)dz1dty
o Jo

< (3—0—%)7“/1, £>0, x>0,

and
‘ 2

wFQ'LL(t, ZZ?)

© AGT, UPV, 2021

12 [ t / (= 02 — ) gt ) / ! / " (@1 — 22)B(t)

X |’U,(t2, $2)|d$2dt2d$1dt1

6 / t / C(t— )2 (@ — ) g () / ! / " ata) (wlta, 22))?

X d.IQ dth.Il dtl

t px t1
—|—12/ / (t — t1>2(17 — I1)4g(t1,$1)/ |u(t2,$1)|dt2d$1dt1
0 JO 0

+12 /Ot /Oz(t —t1)%(x — 21)*g(t1, 1) /Oml(xl — Z3)

XUg (LL'Q )dl‘g dLL'l dtl
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t px t1
S 12T/ / ,T%(f — t1)2($ — $1)4g(t1, ,Tl) ﬁ(tg)dtgd,@ldtl
0 JO 0
t px t1
—67‘2 / / LL‘l(t — t1)2($ — $1)4g(t1, ,Tl) / Oé(tg)dtgdxldtl
0 JO 0
t x
+12T‘/ / tl (t - tl)z(l' - $1)4g(t1,$1)d$1dt1
0 JO
t x
+12r/ / 22(t —t1)3(x — z1) g (ty, 21)da1 dty
0 JO
t xT t1
< 127“t2566/ / g(t1,x1) B(t2)dtadx,dt
0 JO 0

t xT t1
—6T‘2t2$5 / / g(tl, ,Tl) / a(tg)dtgdl'ldtl
0 JO 0

t x
+12rt3:1c4/ / g(t1, x1)dz1dty
o Jo

t x
+12rt2:106/ / g(t1, x1)dz1dty
o Jo
< (3—0—%)7“/1, £>0, x>0,
and

< t / "= 1) @ — )t ) / ! / " (1 — 22)B(t)

X |u(t2, $2)|d$2dt2d$1dt1

2 / t / C(t— ) @ — gt ) / ! / " ata) (wlta, 22))?

deEthQdeldtl

0
%Fgu(t, x)

t px t1
—|—4/ / (t—t1)4($—I1)3g(t1,I1)/ |u(t2,171)|dt2d$1dt1
0 JO 0

+4/0t /Ox(t —t)*(x —21)3g(t1, 1) /Oxl(xl — Z2)

XUg (1'2 )dl‘g dLL'l dtl
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t rx t1
4T/ / l‘%(f — t1)4($ — $1)3g(t1, LL‘l) B(fg)dt2d$1dt1
0 JO

0

t rx t1
—2r2 / / a1 (t — t1)* (& — 21)°g(tr, 1) / a(tz)dtyda dty
0 Jo

0

t T
+4T‘/ / tl(t—t1)4($—$1)Sg(t1,$1)d$1dt1
0 JoO

t x
+4r/ / x%(t — t1)4(9c — ;101)39(1%1, x1)dz1dty
0o Jo

IN

t xT tl
4rt'a® / / g(t1,z1) B(tz)dtadxydt
0 Jo 0

t xT t1
—2T‘2t4$4 / / g(tl, ,Tl) / a(tg)dtgdl'ldtl
0 JO 0

t x
+4rt5:103/ / g(t1, x1)dz1dt;
o Jo

t x
+4rt4:105/ / g(t1, x1)dz1dty
o Jo

< (3—0—%)7“/1, £>0, x>0,

and

2

0
WFQU(t, .I)
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12 [ t / "= 1) e — gt ) / ! / " (@1 — 22)B(t2)

X |’U,(t2, $2)|d$2dtgd$1dt1

o [ [Tt et [ [ sy

X d.IQ dtz dxl dtl

t px t1
—|—12/ / (t—t1)4(I—$1)29(t1,I1)/ |’U,(t2,$1)|dt2d$1dt1
0 JO 0

+12 /Ot /Ox(t — ) (w — 21)%g(t1, 1) /Ozl(:zl — Z3)

X’U,Q(,TQ)dCEQdCEl dtl
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t rx t1
12T/ / ,T%(f — t1)4($ — l‘l)QQ(tl, ,Tl) ﬁ(tg)dtgd,@ldtl
0 JO

0

t rx t1
—672 / / a1 (t — t1)* (& — 21)%g(t1, 1) / a(tz)dtadadty
0 Jo

0

t x
+12T‘/ / t1 (t - t1)4($ - $1)29(t1,$1)d$1dt1
0 0

t T
+12r/ / 23t — ) (x — 21)2g(t, v1)drrdty
0o Jo

IN

t xT t1
127‘t4$4 / / g(tl,xl) ﬁ(tg)dtgdl‘ldtl
0 JO 0

t xT t1
—6T‘2t4$3 / / g(tl, ,Tl) / a(tg)dtgdl'ldtl
0 JO 0

t x
+12rt5:102/ / g(t1, x1)dz1dty
o Jo

t x
+12rt4:1c4/ / g(t1, x1)dz1dty
o Jo

< (3—0—%)7“/1, £>0, x>0,

and

3

0
%}?QU(IS7 .I)

© AGT, UPV, 2021

21 | t / “( = 1) e — gl a) / ! / " (1 — 2)B(t)

X |’U,(t2, $2)|d$2dtgd$1dt1

a2 [ [Tttt [ a0

X d.IQ dtz dxl dtl

t px t1
—|—24/ / (t — t1)4(I — xl)g(tl, .Il) / |’U,(t2, {E1)|dt2d$1dt1
0 JO 0

+24/0t /Ox(t—tl)“(:z:—xl)g(tl,xl)/oxl(xl — Z3)

X’U,Q(,’Ez)d,’tzd,’tl dtl
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IN

t rx t1
247“/ / ,T%(f — t1)4($ — l‘l)g(tl, LL‘l) B(fg)dt2d$1dt1
0 JoO 0

t rx t1
—12r2/ / zy(t —t1) (@ — 21)g(ts, 1) / a(ty)dtydrydty
o Jo

0

t x
+24'f‘/ / tl (t - t1)4($ - $1)g(t1,$1)d$1dt1
0 JO

t x
+247°/ / x%(t — t1)4(:1c — x1)g(t1, x1)dz1dty
o Jo

IN

t xX t1
24Tt4$3/ / g(tl,xl) B(fz)dtgdl‘ldtl
0o JO 0
t xr t1
—12T‘2t4$2/ / g(tl,xl)/ Oé(tz)dtgdl‘ldtl
0 JO 0
t T
+247°t5x/ / g(t1,x1)dz1dty
0 JO

t x
+24rt4x3/ / g(t1, x1)dz1dty
o Jo

IN

(3+%)7~A, £>0, >0

Consequently

3
Ox3

2
@ FQ’LL

< (3+g)rA, H

| Foull < (3+5) A, H

C co

By the Arzela-Ascoli theorem, it follows that the operator Fy : {u € E : |Jul| <
r} — E is a completely continuous operator. Let now, ui,us € {u € E : |Jul| <
r}. Then

|Frui(t, x) — Flug(t,z)] < (/()t/()m(t—t1)4(x—x1)4g(t1,x1)/0t1 /Oml(xl—xz)

Xﬁ(tz) (|u1(t2, !Ez)| + |U2(f2,$2)|) dxzdtgdl'ldtl
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t x x1
+/ / (t - t1)4($ - $1)4g(t1,$1)/ (LL'l — l‘g)dl‘gdl‘ldtl) ||U1 — U2||
0 0 0

t xr tl
< (mﬁf* [ [ attra [ stea)dradn
0 JO 0
t T
+$6t4/ / g(tl,l'l)dwldtl) H’U,l — ’U,QH
0 JO
< @2r+DAlur —uef, t>0, z>0,
and

0 0
&Flul(t,x) — EF1U2(t, I)

< <4/0t/0m<t—t1>3<x—x1>4g<t1,x1>/0“ /<x ~ )

Xﬁ(tg) (|’U,1 (tg, $2)| + |U2(f2, $2)|) dl‘gdtgdl‘ldtl

+4/0t/0m(t—t1)3(x—xl)4g(t1,xl)/0ml(:vl ~ 22)

xd:vgdxldh) [lur — ual|

t xT tl
< (mﬁﬁ | [ attra [ ptedradn
0 0 0
t x
e [ ] g(tl,mdxldtl)uul ]
0 0
< 2r+DA|ur —ue|, t>0, x>0,

and

0 0
%Flul(tv T) — %FIUJ2(t7 )

< (4/()t/()z<t—t1>4<x—x1>3g<t1,x1>/: /()“(xl—xz)

Xﬁ(tz) (|u1(t2,x2)| + |U2(t2,$2)|) dxgdtgdxldtl
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t x 1
+4/ / (t—t1)4($—$1)3g(t1,$1)/ (acl —xz)d$2d$1dt1>|ul _U2H
0 0 0

t xT tl
< (Sm% | [ attra [ pteydradn
o Jo 0
t x
w100t [ [ nodondn o -l
o Jo
< (2r+DA|ur —uef|, t>0, x>0,
and
82 82 t e t1 x1
—2F1U1(t, I) — —2F1UQ(t,$) S 12/ / (t — t1>4($ — I1)2g(t1,$1)/ / (Il — IQ)
ox ox o Jo o Jo

Xﬁ(tz) (|u1(t2,x2)| + |U2(f2,$2)|) dxgdtgdl'ldtl

t x T
+12/ / (t—t1)4(17—$1)29(t1,$1)/ (.Il —.Ig)d$2d$1dt1)|ul —’U,2||
0 JO 0

t x t1
< (24r3:4t4/ / g(tl,xl)/ B(to)dtodty
0 JO 0

t x
—|—12I4t4/ / g(tl,Il)dzldt1>|’UJ1 —UQH
0 JO

< (2T + 1)A||U1 - UQH, t>0, z>0.

Therefore
HF1u1 — F1u2H < (27‘ + 1)A||U1 — U2||
This completes the proof. (I

Theorem 6.3. Suppose (Al) and (A2). Then the IVP (6.1)-(6.2) has at least
one non-negative solution u € C1([0, 00),C?([0,0))).

Proof. Set
P = {ueFE:utz)>0 ¢>0, x>0},
Q = {uweP:u<r, wultz)<u(z), t>0, x>0},
1
U = {ueP:|ul<r, Euo(az) <u(t,z) <wup(xz), t>0, x>0}
For u € FE, define the operators
Tu(t,z) = —Fu(t, z),
Su(t,z) = Fou(t,z), t>0, x>0.
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(1) Let u,v € Q. Then (I —T)(u—v) = (I + F1)(u —v) and using Lemma
6.2, we get

(I =T)(u— )

Y

l[u = ol = [[F1(u =)

Y%

(1= (1+2r)A) [[u—vl.

Thus, I — T : Q — E is Lipschitz invertible with v = m.

(2) By Lemma 6.2, we have that S : U — E is a completely continuous
operator. Therefore S : U — E is 0-set contraction.
(3) Let v € U be arbitrarily chosen. For u € €, we have

—Fu(t,z) + Fau(t,x)

> —/Ot /Ow(t —t1)(z — 11)49@17901)/;1 /Oml(wl — x2)pB(t2)

X (u(tg, xg))dethdeldtl

-/ t [ o=t —ststenm) [ -

xu(tl, l‘g)dl‘gdl‘ldtl

+/Ot/(Jw(t—t1)4(:E—:61)49@17961)/;1 JRCEESE

XU(tQ, {EQ)dIthQd.Ildtl

v/ t [ -t =atotan [ - o)

XUQ(,TQ)d,TQd,Tl dtl
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> (%1 - rf) /Ot /Om(t —t))x — 21)*g(t1, 1) /Ot1 /Om(wl — x2)B(t2)

X d.IQ dtz dxl dtl

+/Ot/oz<t—t1>4<x—x1>4g<t1,x1>/0m<x1 ~ 22)

X (’U,Q(,TQ) — ’U,(tl, l‘g))dl‘gdl‘ldtl

—Fiu(t,z) + Fau(t, x)

For u € (, define the operator

IN

<

| Frul + || Fao||
(1+7)mA+ (3 i %1) rA

3
(4 + 57‘1) A

1
2

Lu(t,z) = —Fiu(t,z) + Fro(t,x), t>0, x>0.

Then, using Lemma 6.2, we get

[ Frull + [ Favll

[Lul] - <

<

<

T1(1+T1)A+(3—|—%)T1A

3
(4 + 57‘1) ’I”lA

T1

5

Consequently L : Q — €. Again, applying Lemma 6.2, we obtain

||Lu1 - LUQH < (27“1 + 1)A||’U,1 — ’U,QH

Therefore L : 2 — ) is a contraction operator and there exists a unique
u € Q so that u = Lu or (I —T)u = Sv. Then S(U) C (I —T)().
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(4) Assume that there are an u € U and A > 1 so that
Su=(I—-T)(Au) and Au €.

Then
Su= (I + F)(\u)

and applying Lemma 6.2, we obtain

(34—%)7"114 > [|Sull

Y%

Allull = [[F (M)

Y

Allull = (1 +r1) Al dul|
= (1=0+r)A) Al
z (1= +r)A)ul

= Tl(l — (1 + 7‘1)14),

whereupon
(3+%)A21—(1+T1)A or <4—|—gr1)A2 1,

which is a contradiction.

Hence and Proposition 3.4, it follows that the operator 7'+ S has at least one
fixed point in U (€, which is a nontrivial nonnegative solution of the IVP
(6.1)-(6.2). This completes the proof.

6.1. Example. Below, we will illustrate our main result. Let
1+ s1/2 4 522 s11/2

h(z) = log T slva g2 l(s) = arctan T—.2 S€ R.
Then
, 221/2510(1 — 5%22)
h (S) = ’
(1—s11y/2 4 522)(1 + s11/2 + 522)
11v/25'9(1 + 520)
/ —
U'(s) = 15 510 , SER.
Therefore

-0 < hg:n (1+s+-+5))h(s) < oo,

S—»L 00

—00 < lim (1+s+--+35")I(s) < o0.

s—Foo
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Hence, there exists a positive constant C; so that

1 14 s1y/2 4 22 1 s114y/2
1 et 8 1 tan ——— C
(L4s+ +S)<44\/§ 0g1—511\/§+s22+22\/§arcan1—s22 = b
1 1+ s1y/2 4 522 1 s114/2
1 e tan ——— C
(1+s+ +S)(44\/§ Ogl—sll\/i+s22+22\/§arcan1—522 = b

€ [0,00). Note that by [10](pp. 707, Integral 79), we have

/ dz 1 1+ 22 + 22 1 22
= log + arctan
44/2

L2t 1-2v2+22 2V2 1—22
Let
810
Qs) = 1+ sM) 1+ 145+ +592)* s €1000)
and

qi(t,x) = Q(t)Q(,T), t,x € [07 0).

Then there exists a positive constant A; such that
t T
72001+t 4+ +t1+a 4+ :66)/ / g1(t1,x1)dxidt; < Ay,
0o Jo

t,x > 0. Take g(t,z) = %18((;;1)’ A= %, r1 = 1. Consider the IVP

Up — Uge — WUy =u(l —u), t>0, x>0,

1
0 = — e > 0.
U( ,.I) 8+8(1+$2), =

Here « = —1, 8 =1 on [0, 00),

T1 1 1
— < = — >
5 < up() gt ) <r, z20,
39 3 7 1
1—(1+7‘1)A—E>0, (4+§T1>A—@<§,

and

1201+t 4+ + 2 +t*) (1+ 242" +2° + 2" +2° + 2°)
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X /Ot /Ow g(ti,x1) (1 + /Ot1 (B(t2) — Oé(tg))dtg) dxy1dity

< 24001 4t) (L4t + 2+ +t*) (L+z+2° +2° + 2% + 2° 4 2°)
t x
X/ / g(tl,:zrl)d:rldtl
0 Jo
720 2 3 4 5 2 3 4 5 6
< (I+t+2++t*+°) 1+ z+2° +2° + 2" +2° 4+ 2°)
2804,
t T
X/ / gl(tl,xl)d:rldtl
0 Jo
1
< R
~ 280
< A

Therefore the considered IVP has at least one non-negative solution u € C*([0, 00), C2([0, 00))).
O
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