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ABSTRACT. We define an extended notion of resolution of topological
spaces, where the resolving maps are partial instead of total. To show
the usefulness of this notion, we give some examples and list several
properties of resolutions by partial maps. In particular, we focus our
attention on order resolutions of linearly ordered sets. Let X be a set
endowed with a Hausdorff topology 7 and a (not necessarily related)
linear order <. A unification of X is a pair (Y,2), where Y is a LOTS
and 2: X — Y is an injective, order-preserving and open-in-the-range
function. We exhibit a canonical unification (Y, 2) of (X, <, 7) such that
Y is an order resolution of a GO-space (X, <,7"), whose topology 7*
refines 7. We prove that (Y;2) is the unique minimum unification of
X. Further, we explicitly describe the canonical unification of an order
resolution.
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1. RESOLUTIONS BY PARTIAL MAPS

Let (X, 7) be a topological space; if the topology is understood, we denote
it by X. By neighborhood of a point we mean open neighborhood. For each
point & € X, the set of all neighborhoods of « is denoted by 7(z). Similarly, if
B is a base for X, then B(x) denotes the set of all basic neighborhoods of .
In this paper topological spaces are assumed to be Hausdorff.

A chain is a linearly ordered set. If (X, <) is a chain, then its reverse chain
is (X, =<*), where  <* y if and only if y < z for each z,y € X; to simplify
notation, we denote this chain by X*. If A and B are subchains of (X, <), the
notation A < B stands for a < b for each a € A and b € B; in particular, if
A = {a}, we simplify notation and write a < B.

*Corresponding author.
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A topological space (X, 7) is orderable if there exists a linear order < on X
such that the order topology 7< coincides with 7. A linearly ordered topological
space (for short, a LOTS) is a chain endowed with the order topology; we
denote a LOTS by (X, <, 7<).

A topological space (X, 1) is suborderable if there exists an orderable topo-
logical space (Y, o) such that (X, 7) embeds homeomorphically into (Y, o). It
is known that a topological space (X, 7) is suborderable if and only if there
exists a total order on X (called a compatible order) such that (i) the original
topology is finer than the order topology, and (ii) each point of X has a local
base consisting of (possibly degenerate) intervals. A generalized ordered space
(for short, a GO-space) is a suborderable space endowed with a compatible or-
der. The class of GO-spaces is known to coincide with the class of topological
subspaces of LOTS. In the sequel we assume without loss of generality that
a GO-space X is a subspace of the LOTS in which it embeds. For a recent
survey on LOTS and GO-spaces, see [3] (Section F-7) and references therein.

Now we define the notion of a resolution of a family of topological spaces.
This elegant and fundamental idea was introduced by Fedorcuk in 1968 (see [2])
and extensively studied by Watson in 1992 (see [4]).

Definition 1.1. Let (X,7) be a topological space, (Y, 7s)zecx a family of
topological spaces and (f: X () — Y, )zex a family of continuous maps, where
X (x) is an open subset of X \ {z}. We endow the set | J . y{z} x Y, with a
topology Tg induced by a base B. For each point # € X, neighborhood U C X
of z and open set V C Y., we define basic open sets U ®, V in B as follows:

U@, Vi={a}xV Ul J{{z"} x Yo : 2/ € (Unf'V)}.

The topological space (U, ¢y {2} x Yz, 7o) is called the resolution of X at each
r € X into Y, by the map f.; we denote it by @, x(Yz, fz). The space X is
the global space and the Y, ’s are the local spaces.

Without loss of generality, we assume that the global space X is non-trivial;
in fact, if X = {z}, then the resolution is homeomorphic to Y. Our defini-
tion slightly extends the classical notion of resolution, in which the resolving
functions f, are defined on the whole set X \ {z}. For sake of clarity, we
refer to the classical notion as a resolution by total functions. On the other
hand, the resolving functions f, described in Definition 1.1 can be thought of
as partial functions f,: X \ {z} — Y,; we call the associated topological space
a resolution by partial functions or simply a resolution.

In this section we give some examples and list several properties of reso-
lutions. We start by showing that @, . v (Yz, fz) is a well-defined topological
space.

Lemma 1.2. The family B is a base for a topology on the set |J, o x{x} x Yy.
We need a technical result, which we prove first.

Lemma 1.3. For each (2',y") € U ®, V, there exists U' @, V' € B such that
(@) el @, V' CU®,V.
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Proof. The result is obvious if ' = z. Assume that 2’ # x. Then (2/,y') €
U ®, V implies that (z/,y) € U{{w} x Yy : w € (UN f;'V)}, whence 2’ €
UNf-WVoand y € Y. Set U := UN f7'V and V' := Y,,. Note that
(2',y") € U' @, V' € B, because f, is continuous on an open subset of X \ {z}
and so U’ is a neighborhood of 2’. Furthermore, we have:

U@y V' C|J{w} xYu:welUnf 'V} CU®, V.
Thus U’ ®, V' satisfies the claim. O

By Lemma 1.3, we can assume without loss of generality that a basic neigh-
borhood of (x,y) is of the type U ®, V, where U C X is a neighborhood of z
and V CY, is an open set.

Proof of Lemma 1.2. Tt suffices to show that for any two basic open sets
Ui ®z, V1 and Us ®,, Vo in B, if (2/,y') € (U1 ®4, V1) N (U2 ®4, V), then there
exists U’ ®, V' € B such that (z/,y) € U' @y V' C (U1 @4, V1) N (Uz @, V2).
For each i € {1,2}, if (2',y’) € U; ®g, V;, then Lemma 1.3 implies that there
exists U] ®, V/ such that (2/,y") € Ul @z V] CU; ®, Vi. Set U' := U N U,
and V' := V/ NVj. Then, we obtain:

(@,y") € U' @ V' = (Ug @0 V1) N (U @z V3) C (Ur @2y Vi) N (U2 @, V2).
This proves the claim. ([
A smaller base for the resolution topology 7y is the following.

Lemma 1.4. Let (X,7) and (Y, Tz)zex be topological spaces. Assume that
Bx is a base for 7 and for each x € X, By is a base for 1,. The family

Bg ={U®,V :2zeX ANUE€Bx(x) NV eB,;}
is a base for @, x(Ye, fz)-

Proof. Let U ®, V be a basic open set in the resolution topology and z a point
of U ®, V. By Lemma 1.3, we can assume that z = (z,y) for some y € V.
Select U’ € Bx and V' € B, such that x € U’ C U and y € V/ C V. Then the
set U' ®, V' € Bg is such that (z,y) € U' ®, V' CU®, V. It follows that Bg
is a base for @, ¢ x (Ya, fz)- O

Some topological spaces can viewed as a resolution of other spaces only if we
use partial resolving functions. In the next example we show that the closed
unit interval is a resolution by partial maps of the unit circle.

Example 1.5. Let S* be the unit circle (having the origin (0,0) as its center).
Resolve each point s € S1\{(1,0)} into the one-point space {ys} by the constant
function f,. Note that in order to resolve the point ¢t = (1,0) into a two-point
discrete space {y; , yt+ }, we cannot use a total function to map continuously
ST\ {t} onto {y; ,y;}. Let t* = (—~1,0) be the antipodal point of t. Define
fer STAA{LEY — {yr,y7 ) by filz,y) =y ify < 0and fi(z,y) =y, if
y > 0. The resolution is (homeomorphic to) the unit interval [0, 1].



214 A. Caserta, A. Giarlotta and S. Watson

Another advantage of this extended notion of resolution is that a wide class
of subspaces of a resolution by total functions can be seen as a resolution by
partial functions.

Lemma 1.6. Let Z := @), x (Y2, g2) be the resolution of X at each x € X into
Y. by a total map g,. Assume that W is a subspace of Z with the property that
for each x € X, there exists an open set Vo, C Y, such that W N ({z} x Yy) =
{x} x V. Then W is a resolution @, (Yz, fz) by partial maps f,.

Proof. For each x € X, let V,, be an open subset of Y, such that W N ({z} x
Y:) = {z} x V,. Continuity of the total function g, : X \ {z} — Y, implies that
the set X (z) := g, 'V, is open in X \ {x}. Denote by f, the partial maps on
X\ {z}, defined as g, [ X (z). Then W = @, x Yz, fz). O

In the next examples, the symbol n denotes the discrete LOTS with exactly
n elements, i.e., n = {0,1,...,n— 1}.

Example 1.7. The double arrow space is the lexicographic product R Xjex 2
endowed with the order topology. This space can be seen as the resolution of
R at each point = into the discrete space 2 by the function f,: R\ {z} — 2,
defined by f,(2') =0 for 2’ < z and f,(2"”) =1 for 2" > =.

The Sorgenfrey line is the subspace S = {(z,1) : © € R} of the double arrow
space. The Sorgenfrey line can be trivially seen as a resolution by partial maps:
the global space is R, the local spaces are all equal to 1 and the resolving
functions are the constant maps g,: (z, —) — 1.

Example 1.8. The Alexandroff duplicate is the space R x 2, whose topology is
such that the subspace R x {0} is homeomorphic to R and the subspace R x {1}
is made of isolated points.

The Michael line M is the usual space R with each irrational isolated. The
Michael line is homeomorphic to the subspace (P x {1}) U (Q x {0}) of the
Alexandroff duplicate.

The space M can also be viewed as a subspace of the following resolution of
R. Resolve each rational into the space 1. Further, resolve each irrational x into
the discrete space 3 by the function fy: R\ {z} — 3, defined by fy(z') =0
for #/ < x and fy(2”) = 2 for 2”7 > z. The Michael line is the subspace
{(z,1) : x € R} of this resolution.

According to Lemma 1.6, we can view the Michael line M as a resolution
by partial maps. Resolve the global space R into 1 at each rational x by the
constant (total) map f,: R\ {x} — 1. Further, resolve R at each irrational =
into 2 by the empty map.

Next we list some simple properties of resolutions; their proof is straightfor-
ward and is omitted.

Lemma 1.9. (Monotonicity) Let U,Uy,Us be neighborhoods of x € X and
V, Vi, Vs open sets in Y,. We have:

(i) if U CUs, then Uy @,V CU;®,V;
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(ii) if Vi CVa, then U @, Vi CU @, Vo

(iii) of Uy C Uz and Vi C Vo, then Uy @, Vi C Us @, Va.
Lemma 1.10. (Distributivity) Let (U;)ier be a family of neighborhoods of
x € X and (V;)jes a family of open sets in Yy. For each h € I and k € J, we
have:
) (Nier Ui) @2 Ve = Nyer (Ui @z Vi);
(ii) Up ®a2 (m_]EJ V) = mgeJ (Uh Rz VJ)7
111) ( il )®w (ﬂ;e] J) = Nier ijJ (Ui Qg ‘/J)’

7) ( iel )®z Vk = UZEI (Ul Qg Vk);

(ii") Un @ (U]EJV) = UgeJ (Uh R VJ)7
(iii") (Uiel )®w (UJGJ J) = Uier UjeJ (Ui Q@ VJ’)'

Lemma 1.11. (Decomposability) Let U be a neighborhood of x € X and V an
open set in Y. We have:

U V=U®:Y)N(X®:V).
Lemma 1.12. For each x € X, we have:
X @, Yo = | J{#'} x Yo : 2 € domf, U {2}}.
In particular, if domf, = X \ {z}, then X ®, Y, = U, cx {2} X Ya.

Now we define the projections of the resolution on the global and the local
spaces.

Definition 1.13. The global projection is the function 7: (J, c y {7} x Yy — X
defined by 7(z,y) := « for each (z,y) € domn. Further, for each z € X, the
local projection at x is the function 7, : Uw’eX(m)u{m}{xl} x Y, — Y, defined
as follows for each (z/,y’) € domm,:
/ . /
TN Y if =2
oY) = { fo(2") if 2 e X(x).

Note that for each z € X such that domf, = X \ {z}, the domain of 7, is
Upex{z} x Y.

If the resolution functions f, are total maps, then the global and local pro-
jections are continuous (see [4], Theorem 6). The same holds also in the case
that the resolution functions are partial maps and their domain is endowed
with the subspace topology of 7. The next lemma summarizes some related
facts; its proof is easy and is omitted.

Lemma 1.14. For each neighborhood U C X of x and open set V C Y,, we
have:
(i) U = (U®,Y:) U Ux’GU\domfz{x/} X Yypr;
(i) if U\ {z} C domf,, then 771U = U @, Y;
(iii) 7,1V =X ®, V.

Corollary 1.15. The global and the local projections are continuous functions.
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Let U C X be a neighborhood of x and V' C Y, an open set. The
global section and the local section of U ®, V are defined, respectively, by
glob, (U, V) := 771U and loc,(U,V) := 7,'V. Each basic open set is the
intersection of its global and local section.

Corollary 1.16. For each neighborhood U C X of x and open set V CY,, we

have

U®,V =1Unn'V =glob, (U, V) Nloc, (U, V).
Proof. Since |J{{z'} x Yy : 2’ € U\domf,} N (X ®,V) = {z} xV, the
claim follows from Lemmas 1.11 and 1.14. O

2. ORDER RESOLUTIONS

In this section we focus our attention on particular types of resolutions, in
which both the global space (X, =<, 7<) and the local spaces (Yz, =z, 7=, )zex
are LOTS. If the spaces Y, are compact, there is a standard way to define
the resolving functions f, (called order maps in this setting); the resulting
topological space is called an order resolution. In our definition we allow the
resolving functions f, to be partially defined, in order to deal also with the cases
in which some of the local spaces Y, have no maximum and/or no minimum.

We use the following notation for intervals in X (rays are considered as
particular intervals):

e 7 is the family of all intervals in X (including X); further, Z(z) :=
{IeZ:xzel}
— —
o 7T :={(a/,—):2 e X}U{X} and T :={(«,2") 2" € X}U{X};
— — — —
e I(zx)={l€Z:xe€l} and Z(z):={I€ T :x e}
Similarly, intervals in Y, are denoted as follows:
e 7,.: the family of all intervals in Y,, (including Y;);
— —
o I, ={(y,—):y €Yy} and I, :={(—,y"):y" €Y.}
Definition 2.1. For each x € X, let X (x) be the following subset of X \ {z}:
X\ {z} if  FIminY, A FmaxY,

X(z) = (¢, ) if  IminY, A Fmaxy,
s (z,—) if  AminY, A ImaxY,
%] if  AminY, A P maxY,.

The order map f,: X(z) — Y, is defined as follows for each 2’ € X (x) (if any):

max Y, if o' - .

. . ,
fala) = { min Y, if <z

The space (|J,cy{z} x Y, 7g) is called the resolution of X at each x € X into

Y, by the order map f, and is denoted by ®S$( Y, or simply by &,y Y-

Also, we denote by Bg the following base (cf. Lemma 1.4) for the resolution
topology 7g:

By ={U®;V:eeX NU€Z(zx) NV €1,}.
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Example 2.2. Resolve each ordinal « in wy into the half-open interval [0, 1)
by the order map. Denote this resolution by & ¢, [0,1). For each successor
ordinal a, a neighborhood base is given by sets of the type {a} x (a,b) and {a} x
[0,0). Further, if v is a limit ordinal, then a neighborhood base is composed of
all sets of the type {a} x (a,b) and {a} x [0,b)U (UBE(%Q){Q} % [0, 1)), where
v < a. Note that the resolution space described above has the same underlying
set of the lexicographic product wy Xjex [0, 1), but its topology 7g is finer than
the order topology 7<,... In fact, neighborhood bases at limit ordinals are
the same for the two topologies, but at successor ordinals neighborhood bases

for the resolution topology are strictly finer than for the order topology (cf.
Example 2.10).

Next we compute U ®, V in the case that both U and V are rays. The
notation {J, _, {w} x Y, stands for U, ¢, —){w} x Yu; a similar meaning
have the other symbols.

Lemma 2.3. Let (¢/,—) and («—,2") be open rays in X containing x, and
(y',—) and («,y") open rays in Y,. The following equalities hold:

{z} x (v, =) if FmaxY,

(@, =)@ (¥, =) = {g}x (W, =) U |J {whxY, if Fmaxy,

{z} x (v, =) if Fmaxy,

(— ") @ (Y, —) = {z} x (y’, —) U U {w} x Y, if dmaxY,

(', =) @ («=,y") = {z} x («—,9") U U {w} x Yy, if JminY,

{z} x (= ¢") if PminY;
{z} x («,9") U U {w} x Yy, if IminY,

{ {z} x (=¢") if PminY;
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{z} x Y, if PminY, A FmaxY,
U {w} x Y, if JminY, A fmaxy,
(z',x]
/
(@, =)@ U {w} x Y, if FminY, A ImaxY
[,—)
U {w} x Yy, if  dminY, A JmaxY,
(z',—)
{z} x Y, if FminY, A PmaxY,
U {w} x Yy, if JminY, A Pmaxy,
(]
"
) T Ym = . .
(—ef) @ U {w} x Yy if PminY, A Fmaxy,
[z,2")
U {w} x Yy, if  IminY, A FmaxY,
(—z)
and
{z} x Y, if FminY, A PmaxY
U {w} x Yy, if JminY, A fmaxy,
(7]
X®: Y, =
U {w} x Yy if PminY, A ImaxY,
[,—)
U {w} x Y, if IminY, A ImaxY.
X
Proof. Straightforward from definition. O

We use rays to define a subfamily Sg C Bg), which is a subbase for 7g. Set
—

o S ={Uc,VizeX ANUeTI(x) AV e},
— — —
e S ={U,VizeX ANUeI(x) AV eI},

— —
[ ] S@ = S U S
— — —> «—
Lemma 2.4. For eachU, € I(x), Uy € Z(x), Vi € T,\{Y,} and Vo € T,\{Y,},
we have:

C
(i) U1 ®: Vo = (U1 ®: Ya) N (X @2 V) C X @, Vo = Us @, Vas
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(iii) (U1 NUs) @, (ViNVe) = (Up @, Vo) N (U2 ®, V1) = (U @, Vi) N
(U2 @ V2) = {a} x (Vi NVa);
(iv) (U1NU2) ®, Yy = (U1 @4 Yy) N (U2 @4 Ys).

Proof. Parts (i) and (ii), as well as the second and third equality in (iii) follow
from Lemma 2.3. The first equality in (iii) follows from part (i), part (ii) and
Lemma 1.10 (iii). Finally, part (iv) is an immediate consequence of Lemma 1.10
(1). O

Corollary 2.5. For eachx € X and U @,V € Bg, there exist U1 ®, V1 € g
Pl
and Us ®, Vo € S such that

In particular, Sg is a subbase for Tg.

Proof. Let © € X. The open interval U C X containing x can have the
following forms: (i) U = X; (ii) U = (¢/, —), with 2’ < a; (iii) U = («,2"),
with < 2”; (iv) U = (2/,2"), with 2/ < 2 < 2”. Similarly, we have four
possibilities for the open interval V C Y, namely: (1) V =Y,; (i) V = (v, —);
(iil) V = («,y"); (iv) V = (¢/,y"). In all sixteen cases, the claim follows from
Lemma 2.4. g

Since both the global space X and the local spaces Y, are LOTS, we can
obtain another topological space as follows. Consider the reverse of all chains
and endow them with the relative order topology. By applying the resolution
operator to the LOTS X* and (Y;*),ex, we obtain a new topological space, the
reverse order resolution ®S£{ Y. To simplify notation, we denote this space
by @ ¢y Yz. We shall show that @y Yo = @,y Yz (see Corollary 2.8).

Note that if T = (y, 2) is an open interval in Y,,, then I* C Y;* is the open
interval (y,2)* = (z,y). Fix € X. Assume that Y, has a minimum element
Yz but no maximum element. The order map f, and the reverse order map f
are defined, respectively, as follows:

for(—2) =Y, wroy,
f::('I?—))_)YCE* k) w’—>yz-
Thus, if T is the open interval [y.,y"”) C Y., then
(fo) 'T=(—2) CX and (f;) " =(z,—) C X~

whence (f;)_l I* = (fm_ll)*. Similar considerations can be done in the case
that Y, has a maximum but not a minimum, or has both a minimum and a
maximum. The following lemma summarizes the above results.

Lemma 2.6. Let x € X and assume that Y, has a minimum (respectively,
mazimum) element y,. If I C Y, is the open interval [y.,y) (respectively,

(Y, ya)), then (f2) 1 = (fo11)".

Order resolution and reverse order resolution have the same basic open sets.
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Theorem 2.7. Each basic open set U ®@, V in @Q,x Yz is equal to the basic
open set U* @5 V* in ®:eX Y.

Proof. Several cases have to be considered: (i) x = minX; (ii) x = maxX; (iii)
x # minX and z # maxX. We examine only case (iii), since the others are
similar.

Let U ®, V be a basic open set in @,y Yz; without loss of generality, let
U= (2,2"), where 2/ <z < 2”. For V CY,, we can assume that one of the
following cases occurs: (a) V = [y,y"), with y = minYy; (b) V = (v/,y], with
y =maxYs; (c) V = (y',y").

In case (a), Lemma 2.6 yields

U,V = (@2") @ [v,y") = {2} x [y,y") U [ J{w} x Yo 1w € (', 2)}
and
UV = (@, 2") @iy, y") = {adx "yl U J{w} x Y tw € (z,2))}

Therefore, U ®,V = U* @:V*, as claimed. Case (b) is similar to (a). For case
(c), we have:

U,V = @,2") @ (v,y") = {a} x (v, ")
and
Ure, v = (@ 2") @ (v, y")" = {=} x (", y)
whence U ®,V = U* ®, V™ also in this case. O

Corollary 2.8. @,y Yz = ®;ex Y.

Proof. Since the underlying set is the same for both spaces, it suffices to show
that their topologies coincide. Theorem 2.7 yields U ®, V = U* ®% V* for
any basic open set U ®, V in @, Yz. By duality, we obtain U* ®} V* =
U @5 V* = U ®, V for any basic open set U* @5 V* in @,y Y. The
result follows. O

In the last part of this section we study the relationship between two natural
topologies defined on the set |J,.x{z} x Y,. Namely, we compare the order
resolution &), . v Y, and the chain ) Y, endowed with the order topology
Ts.

Lemma 2.9. The resolution topology 7g on @, x Yz is finer than the order
topology T on Y o Ya.

Proof. Let I be an open ray in ) Y, and (z,y) a point in I. To prove the
claim we exhibit a neighborhood W € 7g(x,y) such that W C I. By duality
(see Theorem 2.7), it suffices to examine the case I = («—,(a”,y"”)), where
=<z

First assume that © < 2. Select U € 7(x) such that 2" ¢ U and set
W := 7~ 1U. Continuity of the global projection 7 (see Corollary 1.15) implies
that W is a neighborhood of (z,y) in &),y Yz, which does not contain the
point (z”,y"”). Thus (z,y) € W C I, as claimed.



On resolutions of linearly ordered spaces 221

Next, let z = 2’ and y <, y”. Set U := X and V := («,y"”). Note that
f+ "1V is equal either to the empty set (if z = minX or Y, has no minimum
element) or to the open ray («—,z) (if z # minX and Y, has a minimum
element). Thus we obtain:

(2,9) € UV = {apx (=g W {{a'} x Yoo 0’ € (£ (=) N X)} C 1.
The open set W := U ®, V satisfies the claim. ([l

The converse of Lemma 2.9 does not hold in general. In particular, the order
resolution of a LOTS into LOTS is a GO-space that is not necessarily a LOTS.

Example 2.10. Let X be the discrete LOTS 2 = {0,1} and Yy = Y the
half-open interval [a,b) C R. We show that the resolution topology 7g on
Roex Yo = Q,cola,b) is strictly finer than the order topology 75 on the chain
ZzeX Ym =2 Xlex [a,b).

Consider the point (1,a) € 2 X [a, b), the open neighborhood {1} of 1 and
the open set [a,b) = Y7. Observe that fj is undefined and f; : X(1) — [a,b)
is defined by f1(0) = a. Thus, the basic open set {1} ®; [a,b) is the half-open
interval [(1, a), (1,b)). On the other hand, any interval I € 7x satisfying (1,a) €
I C {1} ®; [a,b) must contain a subinterval of the type I’ = ((0,41), (1,¥2)),
where y1,y2 € [a,b). Thus, {1} ®1 [a, b) is not open in 2 Xex [a, ).

The global projection 7: (J,cx{z} x Y, — X is continuous whenever its
domain is endowed with the resolution topology. On the other hand, continuity
of 7 is not ensured if its domain is endowed with the order topology. For exam-
ple, m: (2 Xjex [a,b), 7s) — 2 fails to be continuous, because (2 Xiex [a,b), Ts)
is homeomorphic to the connected interval [a, ).

The local projections 7 : Uw’EX(w)U{;E}{I/} x Yy — Y, with z € X, are
continuous if their domain is endowed with the subspace topology of the reso-
lution (see Corollary 1.15). Next we show that they are continuous also if we
endow their domain with the subspace topology of the LOTS (ZzGX Y, Tg).
Before proving this fact, we mention a technical lemma.

Lemma 2.11. Let V C Y, be an open set. The set {x} x V is open in
(ZzeX YI,TE) if both of the following conditions are verified:

(a) if V contains maxY,, then either x = maxX or x has an immediate
successor x' and Yy has a minimum;

(b) if V' contains minYy, then either x = minX or x has an immediate
predecessor ' and Yy has a mazimum.

In particular, {z} x V is open in (3, Ya, Ts) whenever V contains neither

maxY, nor minY;.

reX

Proof. Straightforward from definition. O

Lemma 2.12. For each x € X, the function m, is continuous with respect to
the subspace topology of Ts.
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Proof. Let V C Y, be an open set. Then w;lv = X ®, V, using Lemma 1.14.
To prove the result, it suffices to show that X ®, V is open (in the subspace
topology of %) for V = («,y). If ¥, has no minimum element, then X ®, («—
,y) = {2z} X («,y) is open by Lemma 2.11. On the other hand, if Y, has a
minimum element yYuin, then 7, (<, y) = X @z [Ymin,y) = (<, (z,7)). O

Next we introduce the notion of pseudojump.

Definition 2.13. A pseudojump in the chain ) Y, is a jump (2/,2") in
X (i.e., a pair of consecutive points of X) with the property that either (a)
ImaxY,s and AminY,, or (b) AmaxY,, and IminY,n.

The notion of pseudojump of a chain L = Y, obviously depends on
the chosen representation of L as a sum of other chains. Consider, e.g., the
isomorphic chains (0,1) (which lacks pseudojumps), (0,1/2) @ [1/2,1) (which

has exactly one pseudojumps) and > (7#3, %H] ® (1/2,1) (which has

countably many pseudojumps). On the other hand, if we endow the chains with
additional structure, then the notion becomes significant. The next theorem
characterizes the order resolution as a LOTS.

Theorem 2.14. Let (X, =<, 7<) and {(Yz, <z, 7<) }zex be LOTS. The follow-
ing statements are equivalent:

(i) the order topology Ts: on Y .y Y is equal to the resolution topology
To 0n Quey Yo, -6, ey Yo 15 a LOTS;
(ii) the global projection 7: (3, cx Ya,7s) — (X, 7<) is continuous;
(iii) the chain ) . Yz has no pseudojumps.

Proof. (i) = (ii). This implication follows from Corollary 1.15.

(ii) = (i). By Lemma 2.9, it suffices to show that 7¢ C 7x. Let U ®, V be
a basic open set for 7g. Since U ®, V = (7T71U) N (w;lV) by Corollary 1.16,
the claim follows from hypothesis and Lemma 2.12.

(ii) = (iii). We prove the contrapositive. Without loss of generality, assume
that there exists a jump (2/,2”) in X such that Y, has no maximum and
Y, has a minimum y//... Consider the nonempty open ray (z/,—) C X.
Since the set 7 1(2/,—) = [(#”, ylhi,), —) is not open in (3, oy Yo, 7s) (cf.
Example 2.10), it follows that 7 is not continuous with respect to 7s.

(iii) = (ii). Assume that > _ Y, has no pseudojumps. It suffices to prove
that m—!(2/, —) is open in 75 for each 2’ € X. Let (x,y) € n~'(2/,—). We
find an interval I C )" _ Y such that (z,y) € I C n~*(2/,—). If y # minY,,
then there exists ¢ € Y, such that ¢ <, y. Set I := ((x,t), —).

Next assume that y = minY,. If (z/,z) is a jump in X, then by hypothesis
there exists y/ .. := maxY,,. Thus I := ((¢/,y},...), —) satisfies the claim. On
the other hand, if (2, z) is not a jump in X, then we can select w € (2, z) and
te€Y,, and set I := ((w,t), —). O
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3. UNIFICATIONS AND RESOLUTIONS

By TO-space we mean a triple (X, <, 7) such that X is a nonempty set, < is
a linear order on X and 7 is a Hausdorff topology on X (not necessarily related
to the order <). We describe how a TO-space can be canonically embedded
into a LOTS that is an order resolution.

Definition 3.1. Let (X, <, 7) and (Y, <, 0) be TO-spaces. A function f: X —
Y is a TO-homomorphism if f: (X,7) — (Y, o) is open in the range (i.e., open
sets of X are mapped into open sets of f(X)) and f: (X, <) — (Y, <) is order-
preserving. In particular, a TO-embedding (respectively, a TO-isomorphism)
is an injective (respectively, bijective) TO-homomorphism.

Next we list some simple but useful properties of order-preserving maps
between chains. Their proof is easy and is omitted.

Lemma 3.2. Let f: X — Y be an order-preserving map between chains. We
have:

(i) the f-preimage of a convex subset of Y is a convex subset of X;

(ii) if f is surjective, then the f-preimage of an open [closed, half-open]
interval is an open [closed, half-open] interval;

(i) of X is a GO-space, Y is a LOTS and f is surjective, then f is con-
tinuous;

(iv) if X is a LOTS, Y is a GO-space and [ is injective, then f is a TO-
embedding;

(v) if X andY are LOTS and f is bijective, then f is a homeomorphism.

As the next example shows, the hypothesis that Y is a LOTS is necessary in
(iii) and (v). In particular, a TO-isomorphism may fail to be a homeomorphism.

Example 3.3. Let X be the unit interval [0, 1] (with the order topology) and
Y the topological sum [0,1) @ {1} (with the natural order). The identity map
is a TO-isomorphism but is not continuous. Note that X is a LOTS, whereas
Y is a GO-space but not a LOTS.

Let X be a TO-space. Observe that if f: X — Y is a TO-embedding of
X into a LOTS, then its (partial) inverse f~': f(X) — X is a continuous
and order-preserving map of a GO-space onto X. Vice versa, assume that
g: Z — X is a continuous and order-preserving map of a GO-space onto X.
Let Y be a LOTS such that Z C Y. Choose z, € Z is such that g(z,) = . The
function h: X — Y, defined by h(x) := z, for each z € X, is a TO-embedding
of X into a LOTS.

Definition 3.4. Let (X, X, 7) be a TO-space and 1: X — Y is a TO-embedding
of X into a LOTS (Y, <,7<). The pair ((Y,<,7<),2) is called a unification of
(the topology and the order of) X; if there is no risk of confusion, we simplify
the notation and write (Y,1).

Without loss of generality, we assume that a unification of a TO-space X is
a pair (Y,2) such that X is a subchain of ¥ and ¢ is the canonical inclusion.
(Note that X and 2(X) have different topologies, in general.)
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A unification (Y1) of X is continuous if the TO-embedding ¢ is a continuous
map. Further, (Y;¢) is a minimum unification if for any other unification (Z, ¢)
of X, there exists a TO-embedding ¢: Y <— Z such that ¢ = o1.

Example 3.5. Let X = 2 X} [0,1) = [0,1) & [0, 1) be a chain endowed with
the resolution topology. The following LOTS (together with the canonical
inclusions 2y, tw and 1z, respectively) are examples of unifications of X: Y =
0,1 @[0,1), W = [0,2] ©[0,1) and Z = [0,1) & (727 )new @ [0,1). Observe
that (Y,2y) is a continuous minimum unification of X, whereas (W, ) and
(Z,17) are continuous unifications of X, which fail to be minimum. Note also
that despite Y and Z are homeomorphic LOTS, the unifications (Y,uy) and
(Z,1z) are different.

Example 3.6. Define on the set X = w U {w + 1}, endowed with the natural
order <, a topology o as follows. Let U be an ultrafilter on w containing the
cofinite filter. We define o as the topology on X such that all natural numbers
are isolated points and a system of o-neighborhoods for the point w+1 is given
by {UU{w+1}: U € U}. Then (X, <,0) is a TO-space that fails to be a GO-
space, because its character x(X, o) is uncountable but its pseudo-character
(X, 0) is countable (see [1], Problem 3.12.4). A (minimum) unification for X
is given by (Y1), where Y is the LOTS (w + 2, <,7<) and ¢ is the canonical
embedding.

Minimum unifications of a TO-space are essentially unique. To prove unique-
ness, we first define the so-called canonical unification of a TO-space and then
show that this is (up to a relabeling) its unique minimum unification.

The canonical unification of a TO-space (X, =, 7) is defined in two steps:
(i) we obtain a minimum (in the sense of Definition 3.7) refinement 7* of the
topology 7 such that (X, <X,7*) is a GO-space; (ii) we embed the GO-space
(X,=,7*) into a minimum (in the sense of Definition 3.9) LOTS that is an
order resolution @,y Ya-

Definition 3.7. Let (X, =<,7) be a TO-space. The GO-cone above X is the
(nonempty) family of all GO-spaces (X, <, o) such that o refines 7. The GO-
extension of X, denoted by (X, <, 7*), is the minimum of the GO-cone above
X, in the sense that if (X, =,0) is another GO-space such that o refines 7,
then o refines also 7*.

The GO-extension of X is well-defined.

Lemma 3.8. For each TO-space (X,=,7), the GO-cone above X has a mini-
mum (X, <, 7%).

Proof. We define 7*. Let € X. For each 7-neighborhood U of x, denote
by C(z,U) the union of all <-convex subsets of U containing z. Let B, :=
{C(2,U) : U € 7(z)}. Then B* :=J, x B: is a base for a topology 7* on X.
The topology 7* refines both the original topology 7 and the order topology
7< (because (X, 7) is Hausdorff). Further, (X, <, 7*) is a GO-space.
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Next we prove that (X, <,7*) is the minimum of the GO-cone above X. Let
(X, <,0) be a GO-space such that o refines 7. Let B be a base for o composed
of convex sets and C'(z,U) a basic open set in 7*. For each 2’ € C(z,U), there
exists B € B such that ' € B C U. Thus 2’ € B C C(z,U), hence C(x,U) is
open in ¢. This shows that o refines 7. (Il

Definition 3.9. Let (X, =<,7) be a GO-space. A completion of X is a pair
(Y,2), where Y is a LOTS and ¢: X — Y is an order-preserving homeomorphic
embedding. A completion (Y1) is minimum if for any other completion (Z, ¢),
there exists an order-preserving homeomorphic embedding ¥(z,¢): ¥ — Z
such that o = (2, ) o1

Note that if X is a GO-space, then both notions of unification of X (as a TO-
space) and completion of X make sense. We show that the unique minimum
unification of X is indeed its unique minimum completion.

Theorem 3.10. Let (X, =,0) be a GO-space.

(i) There exists a minimum completion (Q),cx Yz,1) of X such that the
space Q) x Yz is the order resolution of X at each point x into a chain
Y, with either one, two or three points.
(ii) The image +(X) is topologically dense in @,y Yz.
(iii) If (W,n) is another minimum completion of X, then the maps ¥ (1,7)
and W(n,1) are order-preserving homeomorphisms between @, ¢y Yz
and W such that V(1,n) = W(n,1)" L.

Proof. For each x € X, we define a chain Y, with either one, two or three points
as follows. If x has a o-neighborhood base consisting of open intervals, then
set Y := {y.}. On the other hand, if z has no neighborhood base consisting of
open intervals, then we define Y, according to cases (I)-(VII) described below.

Let x be a non-endpoint of X. If (I) « has an immediate predecessor and no
immediate successor, set Y, := {y,,y+}. If (Il)  has an immediate successor
and no immediate predecessor, set Yy := {y, , ¥, }. Further, if z has neither im-
mediate predecessor nor immediate successor, it follows that a o-neighborhood
base at « has one of the following forms: (IIT) the family of all half-open inter-
vals (a, z] containing a point different from x; (IV) the family of all half-open
intervals [x,b) containing a point different from z; (V) the singleton {z}. Let
Y, be the chain {y.,y}} in case (III), {y, ,y.} in case (IV), and {vy, , v,y }
in case (V). Finally, if (VI) z is the minimum point of X and has no imme-
diate successor, or (VII) z is the maximum point of X and has no immediate
predecessor, set Y, := {y,,y;} in case (VI), and Y, := {y;, 9.} in case (VII).

Let @,cx Yz be the order resolution of the LOTS (X, <, 7<) at each point
x into the LOTS Y, defined as above. By Theorem 2.14, the space @,y Yz
is a LOTS. Further, the correspondence z — (z,y,) gives a order-preserving
homeomorphic embedding 2: (X, =,0) — @,cx Yz Thus (Q,cx Yar?) is a
completion of X. Next we prove that it is minimum.

Assume that ¢: X < Z is an order-preserving homeomorphic embedding
of X into a LOTS. We define an order-preserving homeomorphic embedding
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U =V09): Q,cx Yo — Z such that o = Wos. For each x € X, denote
zy = @(x) and let ¥(z,yy) := 2z,. To define ¥ for the points of Q) Y, that
are not in the range of ¢, we carry a case by case analysis.

Since ¢ is a TO-embedding into a LOTS, in cases (I) and (VI) the point z,
is isolated in the range of o, whereas in case (III) the interval (<, z,] is open
in the range of . It follows that there exists z;7 € Z that is the immediate
successor of z,. Set W(x,y)) := 2. Further, cases (II), (IV) and (VII) are
dual to, respectively, (I), (IIT) and (VI). Thus, we set ¥(z,y, ) := z,, where
z, is the immediate predecessor of z, in Z. Finally, in case (V), a combination
of the arguments given above yields that there exist 2,2} € Z, which are,
respectively, the immediate predecessor and successor of z,,. Set U(z,y, ) 1= 2z,
and U (z,y}) := 2. By construction, ¥ is an injective order-preserving map
such that ¢ = ¥ os. Thus VU is a TO-embedding by Lemma 3.2.

Next we prove continuity of ¥ using continuity of ¢. It suffices to show that
for any open ray («,z) C Z, the preimage ¥~ !(—, z) is open in @, . v Y. If 2
belongs to the image of ¥, then ¥~ (—,z) = («, ¥~ !(2)) is open in Q) y Y.

Now let («,z) be such that z is not in the image of ¥. Without loss
of generality, assume that o= («,2) # @. Let (x,y) € V71(«,2). We claim
that either (z,y) has an immediate successor (x”,y"), or there exists (z”,y"”) €
&®,ex Yo such that (z,y) < (2”,y") and ¥(2”,y") < 2. Continuity of ¥ follows
from the claim, since (z,y) € («, (z",y")) C V1 (—, 2).

To prove the claim, assume by contradiction that (z,y) has no immediate
successor and for each (z”,7") € @ cx Yo, if (z,y) < (2”,y"”) then z <
U(z”,y"”). Then z has no immediate successor and +(z) = (z,y,) is such that
Yz is the maximum of Y. It follows that ¢ ~!(+, 2) = («, 2] is not open in X,
which contradicts the continuity of ¢. This finishes the proof of (i).

To prove (ii), observe that any two points in @,y Yz \ ¢(X) cannot be
consecutive. Furthermore, it is easy to show that all points in @,y Yz \ 2(X)

are not isolated in 7. It follows that +(X) = @, x Y-

Finally, assume that (W, n) is another minimum completion of X. We show
that the compositions ¥(n,2)o ¥ (2, 1) and ¥ (z,n)o ¥(n,?) are the identity maps
on &),y Yr and W, respectively. This will prove (iii).

By hypothesis, there exist order-preserving homeomorphic embedding ¥(z, 1)
and ¥ (n,2) such that n = ¥(,n) o2 and ¢ = ¥(n,12) on. Thus the composition
U(n,2) o W(1,1): Quex Yo = @, ex Ya is an order-preserving homeomorphic
embedding, whose restriction to 2(X) is the canonical inclusion of +(X) into
Xeex Yz By (ii), it follows that W(n,2) o W(2,n) is the identity on &),y Yo

To prove that ¥(z,n) o W(n,2) is the identity on W, we first show that
n(X) is topologically dense in W. By way of contradiction, assume that there
exists w € W and an open interval (a,b) C W such that w € (a,b) and
(a,b) Nn(X) = &. Tt follows that (¥(a),P(b)) is an open interval containing
U(w), which does not intersect ¢(X). This contradicts property (ii). Now the
equality ¥(:,n) o ¥(n,2) = idy follows by an argument similar to that given
above. O

reX
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Note that the topology of &),y Yz is the same as its order topology (see
Theorem 2.14). An immediate consequence of Theorem 3.10 is

Corollary 3.11. For each GO-space (X,=,0), the pair (Q,cx Yz,1) is the
unique (up to a relabeling) minimum completion.

Remark 3.12. For any GO-space (X, <X,0), a completion (Y,1) of X is also a
unification of X. The proof of Theorem 3.10 yields that the unique (up to a rela-
beling) minimum completion (&), .y Yz,) of X has the property that for each
TO-embedding ¢: X — Z of X into a LOTS, there exists a TO-embedding
U(2,0): Q,cx Yo — Z such that ¢ = ¥(s,¢) o2. Thus the minimum comple-
tion of X is also ¢ minimum unification of X (indeed, the minimum unification

of X, cf. Corollary 3.15).

Definition 3.13. Let (X, <X, 7) be a TO-space. Using Lemma 3.8 and Theo-
rem 3.10, we define the canonical unification (&) ¢ xYz,1) of X as follows. The

LOTS @meXYz is an order resolution obtained as in the proof of Theorem 3.10:
the global space is the GO-extension (X, X, 7*) of (X, =, 7), whereas the local
spaces Y, are the discrete LOTS with either one, two or three points. The TO-
embedding i is the composition of the identity id? : (X, =<,7) — (X, <,7*) and
the homeomorphic embedding 2: (X, X, 7*) — @zeXYw defined in the proof of
Theorem 3.10.

Theorem 3.14. Let (X,=,7) be a TO-space. The canonical unification of X
is a minimum unification. Further, for any other minimum unification (W, 1)

of X, there exist order-preserving homeomorphisms ¢: @, cxYe — W and
X: W = Q,cxYs such that poi=yx, xoi=1 and p~' = x.

Proof. First we show that (@wesz,i) is a minimum unification. Let (Z, 9)
be a unification of X. We define a TO-embedding ¢: @, xY, — Z such
that ¢ = ¢ oi. Note that ¢(X) C Z is a GO-space. Let o be the topology
on X such that ¢ gives a homeomorphism between (X, o) and ¢(X). Thus
(X,0) is an element of the GO-cone above (X, 7). Further, we have ¢ =
p 0id?, where id?: (X,7) — (X,0) is the identity map and ¢: (X,0) — Z
is the homeomorphic embedding defined as ¢. By definition of GO-extension
of (X, =,7), the identities id] : (X,7) — (X,7%), idZ.: (X,7*) — (X, 0) and
id?: (X,7) — (X, 0) are order-preserving open maps.

Set ¢ := poidl.. Then ¢: (X,=,7*) — Z is a TO-embedding. By
Theorem 3.10, there exists a TO-embedding ¥ (2, ¢"): @, x Yz — Z such that
¢ = W(1,¢') or It follows that ¢ = ¢’ 0idl = W(1,¢') 0. Thus ¢ := U(s,¢’)
satisfies the claim.

Now let (W,#) be another minimum unification of X. Using the same no-
tation as above (and as in Theorem 3.10), one can show that the maps

—

— n. — n.
Y i=U(2,n): ®IEXYI - W and X =U(n,d): W — ®zeXYx
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are TO-embeddings such that ¥ o7 = y and xoi = ¢. Theorem 3.10 (iii) yields
that 1) and x are order-preserving homeomorphisms such that ¢! = y. (|

Remark 3.12 can now be restated as follows.

Corollary 3.15. The canonical unification of a GO-space is its unique (up to
a relabeling) minimum unification and minimum completion.

We conclude the paper by describing explicitly the minimum unification
(and completion) of an order resolution. Let (X, <) and (Yz, =4)zex be chains.
Endow the set | J,c x {2} x Y, with the lexicographic order <jex and the order

resolution topology 7. We denote this GO-space by (®mex Y., jlcx).

Definition 3.16. For each z € X, define a chain (Y,", <}) such that Y, C Y,"
and < extends <, in the following way:

(i) if = has an immediate predecessor ' and an immediate successor z”/
such that ImaxY,,, minY,, FmaxY, and IminY,~, then set Y=
Ve U{yo,y1} and yo <F y <7 y1 for all y € Yy,

(ii) if (i) does not hold and x has an immediate predecessor z’ such that
ImaxY,s but AminY,, then set Y, := Y, U {yo} and yo < y for all
Y € Yy

(iii) if (i) does not hold and x has an immediate successor z” such that
JminY,» but AmaxY,, then set Y& := Y, U{y1} and y <} ; for all
Y€ Yy

(iv) in all other cases, set Y, := Y.

Endow the chain ) . Y,;© with the order topology 78, We call the LOTS
(Xpex Yo, 75h) the lezicographic completion of the family (Y, =<4)zex. Open
intervals in this LOTS are denoted by ((z',v’), (z”,y"))"; a similar notation is
used for the other types of intervals and for rays. (Note that the lexicographic
completion of a family of chains is obtained by inserting a jump per pseudo-

jump, thus eliminating all pseudojumps in the representation of the sum.)

The set |J,cx {2} x Y can be endowed with two topologies (apart from the
resolution topology): the order topology 7s and the subspace topology of 75
(inherited from the lexicographic completion of the family (Y;)zex). Note that
> .exYe is an open dense subspace of (3, Y., 75h).

In the next result we list some sets that are always open in the subspace

topology (but possibly fail to be open in the order topology).

Lemma 3.17. For each x € X, the following sets are open in the space
(Usex{a} x Ya, 750)
(i) A= UU}G(CE.,H){U}} X Yu;
(i) B = Upe,—{w} x Yo, if either PminY,, or 3minY, and x has an
immediate predecessor;
(i) C = Uypepponfw} x Yo, if either PminY,, or 3minY, and x has an
immediate predecessor. (If x = maxX, then [x,2") = {z}.)
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Proof. For (i), note that A is always open in 7; (and hence in 73}), except for
the following case: Y, has no maximum, z has an immediate successor z” and
Yy~ has a minimum y”, . In this case, there exists ymax := max¥," € Y, \ Y,.
It follows that

A= [('r”ayllrr/lin)a _’) = ((x,ymax), _’)+ N ( U {I} X YI)

reX

is open in 3.

To prove (ii), first assume that Y, has no minimum and let (s,t) be a point
of B. If s = z, then we can select y € Y, such that y <; ¢ and so (s,t) €
((s,y),—) C B. If s # x, then (s,t) € ((z,y),—) C B, where y is an arbitrary
point of Y. Thus B is open in this case.

Next assume that Y, has a minimum yy,;, and x has an immediate predeces-
sor ’. If Y, has no maximum, then there exists y/, ., := max¥,} € Y. \ Y,
Since

B = [(2,ymin), =) = (@', Yhax)s =) 0 (| {2} x ¥2)
reX
it follows that B is open. On the other hand, if Y, has a maximum, then
B is open in the order topology 75 and thus the same holds in the subspace
topology of Tg .

To prove (iii), observe that C'= AN B, where A := {J,,¢(_ ,»n{w} x Y, and
B := Uyefs,—){w} x Y. Therefore, the claim follows from (the dual of) (i)
and (ii). O

Lemma 3.18. The inclusion 1g: (®16X Y., jlcx) — (ZIeXY;L,T;) s an
order-preserving homeomorphic embedding.

Proof. 1t suffices to prove that 1g is a homeomorphic embedding. First we show
that g is continuous. Let S = (—, (z,y))" N (U,ex{z} X Y2) be a subbasic
open set in 1g (®, ¢y Yz); we show that 15" (S) = S is open in @,y Ya-

If (x,y) is such that y € Y,, then Lemma 2.9 implies that S = («—, (z,y))
is open in 7g. Next, assume that y € Y7 \ Y,; thus, either y = minY," or
y = maxY,". If y = minY,", then = has an immediate predecessor z’ and Y,
has a maximum /... By Lemma ??, S = («, (2/, y/ax)] = 7 ' («, ) is open
in 7g. On the other hand, if y = minY,", then S is the open ray (<, (", y”:.)),
where z” is the immediate successor of = and y//; is the minimum of Y.

Next we show that zélz 1 (®1‘€X Ym) — @, cx Yz is continuous. Let U ®,
V be a subbasic open set in Sg; we prove that U®,V is open in 15 (®16X Ym) -
> wex Yy - By Lemma 2.3 and duality, it suffices to examine the following two
cases: (2) UR,V =X ®,(y,—) forsomey €Y,; D) U,V =(2/,—)Q,; Yz
for some 2’ < x.

For (a), Lemma 2.3 yields that X ®, (y,—) is equal to either {z} x (y,—)
(if Y, has no maximum) or ((z,y), —) (if ¥z has a maximum); in both cases
the claim holds. For (b), the claim follows from Lemma 2.3, Lemma 2.11 and
Lemma 3.17. O
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Theorem 3.19. ((EmeXYer’ 7';) ,z®) is the minimum unification of the GO-

Space (®meX YI; jlcx) .

Proof. Since Lemma 3.18 implies that ((3,cx Y, 75 ), t@) is a unification
of (®1‘€X Yy, j]ex), it suffices to show that it is minimum. Let (Z,¢) be a
unification of @, ¢ Yz. We define a TO-embedding : Y . Y," — Z such
that o = Y o1g. Let (z,y) € >, cxYa - If (2,9) € Uyex{zr} x Yz, then let
b(x,y) = (g (,9)).

If (,y) € YoexYs \ (Upex{z} x Yz), then either (i) # has an immediate
predecessor z’, Y, has a maximum and Y, has no minimum, or (ii) = has an
immediate successor z”, Y,» has a minimum and Y, has no maximum. We
define ¢ in case (ii) only, since (i) is dual to (ii). Observe that y € Y,;' \ 'Y,
is the maximum of Y,'. If we denote y”. := minY,~, then ((z,y),—)T =

min °

(2", yl:n), —)T is an open ray in ) (Y. Thus the set

[('r//vy;rlﬁn)a _’) = Z(;al ([(x//vy;rlun% _’)+ N 1® (®16XY90))
is openin ), x Y. Since ¢ is a TO-embedding, the sets A := (<, (2", y/;,))
and B := ¢[(2”,y/};,), —) are open in ¢ (Q,cy Yz); further, A < minB =
(", yll:). Note that there exists zg € Z such that A < zy < minB, since
otherwise B would fail to be open in ¢ (®zex Yx) C Z. Select such a zy € Z
and define ¢ (z,y) := zp. This completes the definition of ¢ in case (ii).

It is immediate to check that 1 is injective and order-preserving. Thus v is
a TO-embedding by Lemma 3.2. O

"
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