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Continuous functions with compact support
S. K. AcHARYYA, K. C. CHATTOPADHYAYA AND PARTHA PRATIM GHOSH

ABSTRACT. The main aim of this paper is to investigate a subring of
the ring of continuous functions on a topological space X with values in
a linearly ordered field F' equipped with its order topology, namely the
ring of continuous functions with compact support. Unless X is com-
pact, these rings are commutative rings without unity. However, unlike
many other commutative rings without unity, these rings turn out to
have some nice properties, essentially in determining the property of X
being locally compact non-compact or the property of X being nowhere
locally compact. Also, one can associate with these rings a topological
space resembling the structure space of a commutative ring with unity,
such that the classical Banach Stone Theorem can be generalized to
the case when the range field is that of the reals.
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1. INTRODUCTION

The rings of continuous functions on a topological space X with values
in a linearly ordered field, equipped with its order topology, was initiated in
the paper [4]. The purpose of this paper is to investigate a lattice ordered
commutative subring of €* (X, F'), see Definition 2.1, which consists of precisely
those continuous functions defined on a topological space X and taking values
in a linearly ordered field equipped with its order topology that have a compact
support. Similar study for the case of real valued continuous functions have
been done elsewhere as well as in [5], many of whose results are generalised in
the present paper.

It is seen that unless X is compact, these rings are commutative rings with-
out the identity. Commutative rings without identity fail to have many nice
properties which hold in commutative rings with identity. For instance in
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a commutative ring K without identity it need not be true that all maxi-
mal ideals are prime, a fact that is crucially required in proving that the sets
K, = {M : M is a maximal ideal and a € M}, as one varies a € M make a
base for the closed sets of a topology on the set of all maximal ideals of K,
see the last part of §2. However, it turns out that these rings do provide much
information about the space X in the following sense :

(1) we can provide characterizations for completely F' regular locally com-
pact non-compact topological spaces (see Theorem 3.4) as well as com-
pletely F' regular nowhere locally compact topological spaces (see The-
orem 3.5),

(2) develop an analogue of the idea of structure spaces so as to determine
the class of locally compact non-compact Tychonoff topological spaces
in terms of these function rings (see Theorem 4.9), thereby generalizing
the Banach Stone Theorem, see [3, Theorem 4.9, page 57].

The paper is organized as follows : §2 introduces the basic notions and re-
sults from [4] that are required to make the paper self-contained. §3 develops
the basic properties of the function ring € (X, F') culminating in the character-
izations stated above. §4 develops the analogue of a structure space for these
rings and culminates in generalizing Banach Stone’s theorem as noted above.

We fix some conventions for this paper. The term “order” refers to a “linear
order” and all the topological spaces considered are at least Hausdorff topo-
logical spaces. Any ordered field F' is always equipped with its order topology.
The symbol f : A = B refers to an isomorphism in the category of which f
is a map. For instance the statement “f : A = B as topological spaces” will
mean that f is a homeomorphism between the topological spaces A and B.
The symbol A = B will mean that in the concerned category the objects A
and B are isomorphic.

2. PRELIMINARIES

Definition 2.1. Let X be a topological space and F be an ordered field.
(1) (X, F)={f € FX: fis continuous on X}.
(2) BX,F)={fe€(X,F):(Fte F)(Vz e X)(-t < f(z) <t)}.
(3) € (X, F)={f e €X,F):clp(f(X)) is compact}.
(4) The set clx(coz(f)) is said to be the support of the function f €
&(X, F) and will henceforth be denoted by the symbol suppy (f).
(5) C(X,F)={f € &X,F): f has compact support}.
(6) Zxp(f) ={zeX: f(z) =0}, forfel(X,F).
(7) 3(X,F) = {2x,r(f): f € €(X,F)}.

A subset A C X is said to be a zero set in X with respect to F, if and
only if, there exists an f € €(X, F') such that A = Zx p(f); the complement
of a zero set in X with respect to F' is called cozero set in X with respect
to F. The complement of the set Zx p(f) shall be denoted by coz(f), i.e.,

coz(f) = X \ Zx r(f).
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If one identifies the element ¢t € F with the constant function X £> F, de-
fined by t : z — ¢, then one easily gets F' C €*(X,F) C B(X,F) C (X, F).
Also, if one assigns the operations of addition, multiplication, maximum and
minimum pointwise on the functions, then one easily gets €(X, F') to be a lat-
tice ordered commutative ring with unity, and B(X, F), €*(X, F) and C¢(X, F)
as subsystems of it.

An element of a commutative ring with identity is said to be a unit, if and
only if, there exists an inverse of it. It is easily seen that the units of €(X, F)

are precisely those continuous functions X I, F that do not vanish anywhere,
ie., with Zx p(f) = @. However, this condition is not enough to ensure that
the inverse will be bounded. It follows from this observation that f € B(X, F)
is a unit of the ring B(X, F), if and only if, it does not vanish anywhere and
that it is bounded away from zero, in the sense that there exists an € € FLoy =
{z € F: 2 >0} such that for all z € X, |f(z)| > €. Since f € €*(X, F), if and
only if, f has a pre-compact co-domain, and -~ : Fluo = Fo as topological
spaces, where Flyg = {x € F : z # 0}, it follows that f € €*(X,F) is a unit
of € (X, F), if and only if, f does not vanish anywhere on X and is bounded
away from O.

Remark 2.2. Note that a subset U of a topological space is said to be pre-
compact, if and only if, clx (U) is a compact subset of X.

The following result will be required in the sequel :

Theorem 2.3. If f,g € €(X,F) such that Zx p(f) C intx(Zx r(g)) C
Zx r(g) then f divides g.

g(z) . :
= if tx(Z

Proof. Consider the function h(z) = { f(x) if 2 & intx( X’F(g)). Clearly
0, otherwise

h € €(X, F) and consequently, g = hf, proving the theorem. (|

We shall require some regularity properties for the topological spaces under
consideration, see [4] for details.

Definition 2.4.

(1) A,B C X are said to be completely F separated, if and only if, there
exists some f € €(X, F) such that f(x) =0 on A and f(x) =1 on B.

(2) X is said to be completely F regular, if and only if, for every closed
subset A of X and every x € X \ A, the sets {x} and A are completely
F separated.

The property of being completely F' regular is clearly the analogue of the
Tychonoff property when F' = R, and the following statements strengthen the
similarity.

Theorem 2.5. For any topological space X the following are equivalent :
(1) X is completely F regular;
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(2) 3(X, F) is a base for the closed subsets of X ;

(3) X has the weak topology induced by €(X, F);

(4) X has the weak topology induced by a subset of €(X, F);
(5) B(X, F) separates points and closed subsets of X ;

(6) € (X, F) separates points and closed subsets of X .

The following provide examples of completely F' regular topological spaces :

Theorem 2.6. (1) F is completely F' regular.
(2) The property of complete F regularity is productive and hereditary.
(3) For F # R, a topological space X is completely F regular, if and only
if, it is zero dimensional.
(4) A topological space X is completely F regular, if and only if, it is home-
omorphic to a subspace of a product of F.

Theorem 2.6(4) equates the class of completely F' regular topological spaces
to the F-completely regular spaces of Mrowka, see [2]. Theorem 2.6(3) is an
immediate consequence of the equivalent formulations in Theorem 2.5 and the
fact that an ordered field F is either connected, in which case it is just isomor-
phic to R, or else is zero dimensional, see [1].

The next theorem settles our choice of spaces, and is the analogue of the
celebrated theorem of Stone :

Theorem 2.7. For any topological space X there exists a completely F' reg-
ular topological space Y and an isomorphism o : €(X, F) = €(Y, F) of lattice
ordered commutative rings with unity, such that o restricted to B(X,F) and
¢*(X, F) also produce isomorphisms.

In other words, o 1%(X, F)’ B(X,F) = B(Y,F) as well as the restriction

to (X, F), 0 lge(x, ) € (X F) = € (Y, F).

We will often deal with ideals of the rings. An ideal I of €(X, F') is called a
fized ideal, if and only if, the intersection of the zero sets in X with respect to F’
of the members of I be non-empty, i.e., the formula (3z € X)(Vf € I)(f(z) = 0)
is true. An ideal is said to be free, if and only if, it is not a fixed ideal.

In §4 we shall develop an entity like the structure space of a commutative ring
with unity, and for ease of reference when we compare it with our construction
we include the required definitions and results.

Given a commutative ring K with unity, let the set of all its maximal ideals
be denoted by 91, and let for any a € K, M, = {M € M :a € M}. It is easy
to see that {9, : a € K} makes a base for the closed subsets of some unique
topology on 91, often called the structure space of the commutative ring K,
and this topology is sometimes referred to as the Stone topology or as the hull
kernel topology on 9. It is easy to see that :

(1) For any r € M, clgp(x) = {M € M : M O (r}. Indeed, it is this fact
from which the name hull kernel topology is derived.

(2) For any ¢ C 9, ¢ is dense in M, if and only if, (r = (M.

(3) 9 is a compact T} space.
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(4) 9 is Hausdorff, if and only if, for every pair of distinct maximal ideals
M and N of K there exist points a,b € K such that a & M, b & N
and ab € (M. Thus, the structure space of Z is not Hausdorff, while
if X is completely F' regular then the structure space of €(X, F) is
Hausdorft.

For a much more detailed account of structure spaces see [3, Ex. TA (page
108), Ex. M and Ex. N (page 111)].

We will fix some notations for the rest of the paper. Henceforth, in this paper
F shall always refer to a fixed ordered field equipped with its order topology;
topological spaces shall always be completely F' regular, unless mentioned to
the contrary, and for any topological space X and z € X, N;X will refer to the
neighborhood filter at the point x.

3. FuncTIiONS WITH COMPACT SUPPORT

We first clarify the position of €¢(X, F) in the hierarchy of subsystems of
¢(X,F).

Theorem 3.1. For any topological space X, €(X, F) C €*(X, F), and if X is
non-compact then €(X, F) is a proper ideal of both €*(X,F) and €(X, F).

Proof. If X is a compact topological space, then clearly €¢(X, F) = €(X, F).

Let X be not compact. Then €(X, F) D €¢(X, F) and 1 & €¢(X, F); indeed
no unit of any of the function rings €(X, F'), B(X, F') or €*(X, F') then belongs
to €¢(X, F). Finally, for any f € €¢(X, F), as suppx(f) is compact and X =
Zxp(f) Usuppy (f) = F(X) = {0} U f(suppy (f)), s0 that f(X) is a compact
subset of F, implying thereby that f € €*(X, F). Thus we have €¢(X,F) C
(X, F).

We shall show that €¢(X, F) is a proper ideal of €*(X, F'). Obvious modifi-
cations of this argument will show that €¢(X, F') is a proper ideal of €(X, F),
too.

For f,g € € (X, F), since both supp(f) and suppy(g) are compact, it
follows from suppy(f + ¢g) C suppx(f) Usuppx(g), that f + g € €(X, F).
Similarly, if h € €*(X, F), then since suppx (fh) C suppx (f) Nsuppx (), it
follows that fh € €¢(X, F), too. Consequently €¢(X, F') is a proper ideal of
(X, F). 0

Indeed, not only €¢(X, F) is a proper ideal of €*(X, F) or €(X, F), but more
strongly we have :

Theorem 3.2. For any completely F' reqular topological space X, the subring
Ce(X, F) is contained in every free ideal of €(X, F) or € (X, F).

The proof depends on the lemma :

Lemma 3.3. An ideal I in €( X, F) or €*(X, F) is free, if and only if, for any
compact subset A C X there is an f € I such that Zx p(f)NA=@.

Proof.



108 S. K. Acharyya, K. C. Chattopadhyaya and P. P. Ghosh

Proof of the Sufficiency part: Suppose that I is a free ideal of 2,
where 2 is any of the rings €(X,F) or €*(X,F). Let A C X be
compact.

Since I is free, for every x € A, there exists an f, € I with f,(x) #
0. Then the set $ = {coz(f;) : © € A} is an open cover of A and
therefore from compactness of A, there exists a finite sub-cover $; =

{fars Jogs vy fu, } of A Let f = Z?:l ff Then f €I and Zx p(f)N
A=0

Proof of the Necessity part: Trivial.
O

We now prove Theorem 3.2 :

Proof. If I is a free ideal of A, where 2 is any one of €(X, F) or €*(X, F),
and f € (X, F), then from Lemma 3.3 it follows that there exists a g € T
such that Zx r(g) Nsuppx (f) = @. Consequently, Zx r(g9) C X \suppx(f) C
X\ coz(f) = Zx r(f), so that Zx p(f) is a zero set neighbourhood of Zx r(g),
and therefore by Theorem 2.3 it follows that g divides f. Consequently, f € I
as g € I. This proves that €¢(X, F) C I. O

The main objective in this section is to show that in the class of completely
F regular topological spaces both locally compact spaces and nowhere locally
compact spaces can be characterised in terms of the ring € (X, F).

Theorem 3.4. A non-compact completely F regular topological space X is
locally compact, if and only if, €(X, F) is a free ideal in both the rings €(X, F)
and € (X, F).

Proof. In view of Theorem 3.1 it is enough to consider any of the rings €(X, F')
or €*(X, F). The non-compactness of the space X is necessary and sufficient
to ensure the inequality €¢(X, F) C €*(X, F).

Proof of the Sufficiency part: Let + € X. Since X is locally com-
pact it follows that there exists an open neighbourhood V € ‘ﬂf SO
that clx (V) is compact. Since X is completely F' regular, €*(X, F)
separates points and closed subsets of X, so that there exists some
f € €(X,F) such that f(z) = 1 and X \ V C Zx p(f). Thus
coz(f) C V = suppx(f) C clx(V), so that suppx(f) is a com-
pact set, entailing thereby that f € €¢(X, F). Thus there exists some
f € €(X, F) so that f(z) # 0; and as this holds for any = € X, it fol-
lows that €¢(X, F') is a free ideal of any of the function rings €(X, F)
or €*(X,F).

Proof of the Necessity part: If €(X,F) is a free ideal of €*(X, F)
then for any x € X there exists a g € €¢(X, F') so that g(x) # 0. Since
suppx (¢) is a compact neighbourhood of z, it follows that every point
of X has a pre-compact neighbourhood. Hence X is locally compact.

O
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Theorem 3.5. A completely F' regular topological space X is nowhere locally
compact, if and only if, €(X, F) = {0}.

Proof.

Proof of the Sufficiency part: If X is nowhere locally compact then
for any non-zero f € €(X, F), coz(f) is a non-empty open set in X with
supp x (f) non-compact — for otherwise suppy (f) will be a compact
neighbourhood for every point of coz(f), contradicting the fact that X
is nowhere locally compact. Consequently, f & €¢(X, F'). This implies
that €¢(X, F) = {0}.

Proof of the Necessity part: It is enough to show that for any x € X
there cannot exist any open U € ‘ﬁf with clx (U) compact.

Choose and fix any x € X and any open U € AN;X. Then since
X is completely F' regular there exists an f € €(X,F) such that
f(x) =1and X\ U C Zx p(f). Consequently, coz(f) C U, and thus
if clx (U) is compact then suppy (f) will be compact implying thereby
that €¢(X, F) contains a non-zero member, namely f, contradicting
the hypothesis €¢(X, F') = {0}. Hence clx(U) is non-compact.

d

4. STRUCTURE SPACE OF &¢(X, F)

With any commutative ring with unity one can associate a topological space,
called its structure space, [3, Ex. 7A (page 108), Ex. M and Ex. N (page 111)].
The result that in a commutative ring with unity every maximal ideal is prime
is a crucial tool in showing the set of all sets of maximal ideals that contain
a given point of the ring is a base for the topology of the structure space.
Since €¢(X, F') does not have units and a maximal ideal need not be prime, the
classical construction fails. We show here that the set of those maximal ideals
which are also prime is the right analogue for building the structure space. We
will use the term prime mazimal ideal for a maximal ideal which is prime.

Theorem 4.1. If X s locally compact then the set B = {Zx p(f) : [ €
Ce(X, F)} is a base for the closed subsets of X.

Proof. Let A be a closed subset of X with z € X \ A. Since X is locally
compact there exists an open set V € ’ﬂf so that cly (V) is compact and that
cx (V) C X\ A

Since V is open and z ¢ X \ 'V, it follows from complete F' regularity of X
that there exists an f € €(X, F) such that f(z) =1 and X \V C Zx p(f).
Consequently, coz(f) C V = suppy(f) C clx(V), and thus supp(f) is a
compact subset of X, i.e., f € € (X, F).

Thus we have f € €¢(X, F') such that & Zx p(f) 2O A. Hence the assertion
is proved. (I

Theorem 4.2. Mf ={f € €X,F): f(x) =0}, x € X, are precisely the
fized mazimal ideals of €¢(X, F).
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; ¢ ¢
Furthermore, if x,y € X, x #y then M, # M,.

Proof. Tt is clear from Theorem 3.4 that for each z € X, Mf is a proper ideal
of €¢(X, F) and it remains to show that these are maximal.

Choose and fix one z € X and let g € €¢(X, F)\ Mf It suffices to show that
the ideal (Mf, g) generated by ME and g in €¢(X, F) is the whole of €¢(X, F).
For this purpose let h € €¢(X, F) \ Mf From Theorem 4.1 it follows that

there exists an s € €¢(X, F') such that s(z) = 1. Consequently, if f = s%
Ce(X, F), then f(z) = MY Hence, h— gf € €(X, F) with (h — gf)(x) = 0,

so that h — gf € Mf, implying thereby h € (Mf,g). Hence, Mf is a maximal
ideal of €¢(X, F).

If M is a fixed maximal ideal of €¢(X, F') then there exists an x € X such
that M C Mf, and then the maximality of M ensures M = Mf

The last part regarding the one-to-oneness of the map z ME follows from
Theorem 4.1. (]

Theorem 4.3. FEvery proper prime ideal of €(X, F) is also a proper prime
ideal of €(X, F).

Proof. Tt is enough to show that if P is a proper prime ideal in € (X,F)
then it is a proper ideal of €(X,F). Therefore, we show : if h € P and
g € €(X,F)\ €(X, F), then gh € P.

As €(X, F) is an ideal of ¢(X, F) it follows that gh, g>h € €¢(X, F) which
implies that (g?h)h = g*>h? € P. As P is prime in €¢(X, F), it follows that
gh € P. O

Theorem 4.4. There does not exist any proper free prime ideal in C¢(X, F).

Proof. If possible, let P be a proper free prime ideal in €¢(X, F). Then by
Theorem 4.3 it follows that P is a prime ideal of €(X, F'); as P is a free ideal of
¢(X, F) it follows from Theorem 3.2 that (X, F) C P — contradicting the
fact that P is a proper ideal of € (X, F'). This proves the proposition. (]

Theorem 4.5. The entire family of prime maximal ideals in the ring C¢(X, F)
18 {Mf cx € X}, (We state again for emphasis : a mazimal ideal in a
commutative ring without identity need not be a prime).

Proof. The assertion follows from Theorem 4.2 and Theorem 4.4. O

We set S)'JTE(F to be the set of all prime maximal ideals of the ring €¢(X, F).
For f € €(X, F), let M 1(f) = {M e M 1 : f € M}. Then :

Theorem 4.6. {DJIE(F(f) : f € (X, F)} is a base for the closed subsets of

some topology on DJIE(F
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Proof. Since for f,g € €(X,F) and M € SJIE(F :

M em§ 1 (fg) & fge M
sSfeMorgeM

(since M is prime)
< M e mtE(,F(f) U WE(,F(Q)a

so that S)'JTE(F(fg) = SJTE(F(f) U S)JTE(F(Q) The remaining statements follow
exactly as in the case of a commutative ring with unity. ]

Definition 4.7. We shall call the set EI)TE()F equipped with the topology described
in Theorem 4.6 the structure space of the ring C¢(X, F).

Theorem 4.8. If X is a locally compact non-compact topological space then
ng X = DJT?F, where ng tT = Mf

£
p
Proof. 1t follows from Theorem 4.2 and Theorem 4.5 that X LESLIN S)JT?X risa

bijection from X onto S)'JTE(F Furthermore, for f € €(X,F) and z € X, z €
Zxr(f)e flr)=0& fe ME & ME € SJIEQF(f), so that using Theorem 4.1
and Theorem 4.6 the map pgg r establishes a one-to-one map between the basic

closed sets in the two spaces concerned and therefore p§(7 X > DJTE( oo 4

It is well known that the structure space of a commutative ring with identity
is a compact topological space. The proof for this assertion heavily depends on
the existence of the identity element in the ring. Theorem 4.8 sounds something
contrary in this regard — the structure space of a commutative ring without
identity may fail to be compact — indeed for a locally compact non-compact

topological space X the structure space S)JTE( r of (X, F) is locally compact
without being compact.

Nevertheless we are now in a position to formulate the principal theorem of
this paper.

Theorem 4.9. Suppose that X and Y are two locally compact non-compact
Hausdorff topological spaces. Then :
(1) X =Y as topological spaces, if and only if, €:(X,R) = €¢(Y,R), as
lattice ordered commutative rings.
(2) If further, X andY are zero dimensional and F, G be two ordered fields

then X =Y, as topological spaces, if C¢(X,F) = €(Y, F), as lattice
ordered commutative rings.

Proof.
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(1) If X = Y then it is trivial that €¢(X,R) = €¢(Y,R). Conversely,
Ce(X,R) = €(Y,R) implies that WE(R = S)JTE,R, since the struc-
ture spaces of two isomorphic rings are homeomofphic, so that from
Theorem 4.8 it follows that X = Y.

(2) By Theorem 2.6(3), for F' # R the completely F' regular topological
spaces are precisely the zero dimensional topological spaces; also any
zero dimensional Hausdorff topological space is completely regular, i.e.,
completely R regular in our terminology.

Thus, ¢ (X, F) = (Y, G) implies that SJIEQF = SJIE/G, since the
structure spaces of two isomorphic rings are homeomorphic, so that
from Theorem 4.8 it follows that X = Y.

d
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