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ABSTRACT. Textures were introduced by the second author as a
point-based setting for the study of fuzzy sets, and have since proved
to be an appropriate framework for the development of complement-free
mathematical concepts. In this paper the authors lay the foundation
for a theory of uniformities in a textural context. Analogues are given
for both the diagonal and covering approaches to the classical theory of
uniform structures, the notion of uniform topology is generalized and
an analogue given for the well known result that a topological space is
uniformizable if and only if it is completely regular. Finally a textural
analogue of the classical interplay between uniformities and families of
pseudo-metrics is presented.
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1. INTRODUCTION

Textures were introduced by the second author as a point-based setting for
the study of fuzzy sets, and have since proved to be an appropriate setting for
the development of complement-free mathematical concepts. In this paper the
authors lay the foundation for a theory of uniformities imposed on textures.
Analogues are given for both the diagonal and covering approaches to the clas-
sical theory of uniform structures, the notion of uniform topology is generalized
and an analogue given for the well known result that a topological space is uni-
formizable if and only if it is completely regular. Finally the notion of pseudo
dimetric is given and a pseudo metrization theorem for di-uniformities and for
ditopologies is presented.

*Dedicated to the memory of Professor Dogan Coker.
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Let S be a non-empty set. We recall [2] that a texturing on S is a point
separating, complete, completely distributive lattice § of subsets of S with
respect to inclusion, which contains S, &, and for which arbitrary meet A
coincides with intersection () and finite joins V coincide with unions U. The
pair (S,8) is then called a texture.

In general a texturing of S need not be closed under set complementation.
The sets

P.=(){A€8|seA}, Q. =\/{P.|ues s¢P} seSs,

are important in the study of textures, and the following facts concerning these
so called p—sets and g—sets will be used extensively below.

Lemma 1.1. [1]

(1) s¢ A = ACQ, = s¢ A" forallsc S, AcS.

(2) A ={s| AZQ.} for all A€ S.

(3) For A; €8, i €1 we have (V;c; Ai)* = U,er AS.

(4) A is the smallest element of 8 containing A® for all A € 8.

(5) For A, B € 8, if A € B then there exists s € S with A € Qs and
P, ¢ B.

(6) A:m{Qs | P, ZA} for all A €8.

(7) A=V{Ps | AZ Qs} forall A€S8.

Here A’ is defined by
A =N{Utailien [{aliencs a=\/{4ieD}

and known as the core of A € §. The above lemma exposes an important formal
duality in (5, 8), namely that between [ and \/, @ and Py, and P; A and
A Z Qs. Indeed, it is to emphasize this duality that we normally write Ps € A
in preference to s ¢ A.

5

Lemma 1.1 (5) is particularly useful in establishing inclusion by reductio ad
absurdum, and will be used without comment in the sequel.

The simplest example of a texture is (X, P(X)), for which P, = {z} and
Qs = X\ {z}, z € X. A natural texturing of the unit interval I = [0,1] is
defined by

J={[0,7) |reTu{[0,r] |r eI}
For the texture (I,J) we have P, = [0,7] and @, = [0,7), r € I. This texture
will prove useful in the later sections. Both (X,P(X)) and (I,J) have the
property that join coincides with union (equivalently, that Ps € Qs for all s),
but certainly this is not the case in general.

The definition of a diagonal uniformity on a set .S involves binary relations
on S, but the standard theory of binary relations and functions is largely inap-
propriate for general textures (S,8) because of their lack of symmetry. With
this in mind, the second author has recently introduced notions of relation and
corelation [1] for textures, based on the duality mentioned above. It is shown
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in [1] that, working in terms of direlations, which are pairs consisting of a rela-
tion and a corelation, a theory is obtained which resembles in many important
respects that of classical binary relations and functions. It will be appropriate,
therefore, to base our textural analogue of a diagonal uniformity on the con-
cept of direlation and for the convenience of the reader we recall some basic
definitions and results from [1]. The reader is referred to [1] for more details,
motivation and examples.

For textures (S,8), (T,7) we denote by 8§ ® T the product texturing of
S x T [@]. Thus, 8§ ® T consists of arbitrary intersections of sets of the form
(AxT)U(SxB),Ae 8, BeTJ. For s € S, P, and Q, will always denote
the p-sets and g-sets for the texture (5,8), while for ¢t € T, P, and @ will
denote the p-sets and g-sets for (7, 7). We reserve the notation P, 4, Q(s.¢),
s €S, teT, for the p-sets, g-sets in (S x T,8 ® T). On the other hand, ﬁ(&t)
and @(s,t) will denote the p-sets and g-sets for the texture (S x T, P(S) @ 7).
Hence (see [1]) we have P,y = {s} x P and Q) = [(S\ {s}) x T]U[S x Q{].
Likewise, P ;) and @(m) are the p-sets and g-sets for (T'x S, P(T) ®$§). It is
easy to verify that P(s,t) z @(S,,t,) < s=3s and P, € Qy. Again, we will
use this fact, and its companion F(t,s) Z G(t,’s,) <~ t=1t and Ps € Qy,
without comment in what follows. Now let us recall:

Definition 1.2. [1] Let (S,8), (T, 7) be textures. Then
(1) r € P(S) ® T is called a relation on (S,8) to (T,7) if it satisfies
RI v Z Q) Py L Qs = 7L Qg y)-
R2 rZ Q. = 35’ € Ssuchthat P, Z Qu and r € Qg 4.
(2) ReP(S)® T is called a co-relation on (S,8) to (T,T) if it satisfies
CR1 Pst) L R, Ps £ Qs = Py L R.
CR2 ﬁ(s,t) ¢ R = 3ds’ € S such that Py € Qs and ﬁ(s’,t) Z R.
(3) A pair (r,R), where r is a relation and R a co-relation on (5,8) to
(T,7) is called a direlation on (S,8) to (T, 7).

Normally, relations will be denoted by lower case and co-relations by upper

case letters, as in the above definition.

For direlations (p, P), (¢,Q) on (S5,8) to (T,7T) we write (p, P) C (¢, Q) if
and only if p C g and Q C P.

For a general texture (S, 8) we define
i=1ig= \/{?(s,s) |seStand I =1Ig = m{@(sﬁs) | s € S}.

If we note that i @(s,t) <~ P; € Q; and F(&t) Z1 < P, € Qs then
it is trivial to verify that i is a relation and I a co-relation on (S, 8) to (S5, 8).
We refer to (i, 1) as the identity direlation on (S, 8).

A direlation (r, R) on (5, 8) (that is, on (S, 8) to (S,8)) is reflexive if r and
R are reflexive, that is if (4, 1) C (r, R).
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If (r, R) is a direlation on (S,8) to (T,7T), the inverse (r,R)~ = (R~ ,r")
of (r, R) is the direlation on (7,7) to (S,8) defined by

ro = ﬁ{@(t,s) |r & G(S»t)}’

R™ = \[{Pus | Puy € R}

A direlation (r,R) on (S,8) is called symmetric if (r, R) = (r, R), that is
if and only if R = . This notion of symmetry is quite different from the
classical notion of symmetry for relations. However, as we will see, it will play
the same role in the theory of textural uniformities as does classical symmetry
in the theory of uniformities.

Definition 1.3. Let (S,8), (T, 7) be textures, r a relation and R a co-relation
on (S5,8) to (T, 7).
(1) For A C S the A-section of r is the element r(A) of T defined by

r(A) =([Q: Vs, r€Quy = ACQJET.
(2) For A C S the A-section of R is the element R(A) of T defined by
R(A) = \/{Pt ‘ vSvﬁ(s,t) Z R = P, C A} e7.

(3) For B C T the B—presection of r (B-presection of R) is the B—section
r(B) € 8 of the co-relation r~ (respectively, the B-section R~ (B) €
8 of the relation R) on (T, 7) to (S, 8).

The following lemma gives formulae for directly calculating the presections.

Lemma 1.4. For a relation r, a co-relation R and B C T we have:
(1) r—(B) = V{Ps | Vt, 7'_,@ G(s’t) = P, CB}eSs.

The following results from [1] will prove useful later on.

Lemma 1.5. For a direlation (r,R) on (S,8) to (T,T) we have
(1) rZQspy = P L1~ and Py £ R <= R~ € Q).
(2) 1€ Qpy = 1(P5) L Qrand Py L R <= P € R(Qs).
Proposition 1.6. With the notation as in Definition 1.3:

(1) For relations r1, ro with 11 C re, co-relations Ry, Ry with Ry C Rs,
Ay, Ay in 8 with A1 C Ay and By, By in T with By C By we have
r1(A1) Cra(Az), Ri(Ar) € Ra(Az), 5 (By) Cri (Bz) and Ry (B1) €
R (Bs).

(2) For any relation r we have (@) = &, A C r—(r(A)) for A € § and
r(r—(B)) C B for BeT.

(3) For any co-relation R we have R(S) =T, R~ (R(A)) C A for A€ §
and B C R(R™(B)) for BeT.

(4) For the identity direlation (i,I) on (S,8) and A € § we have i(A) =

I(A) = A and hence i~ (A) = I~ (A) = A.
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(5) If a relation r (co-relation R) on (S,8) is reflexive then for all A € §
we have A C r(A) (R(A) C A).

(6) For a relation v and co-relation R on (S,8) to (T,T) we have

r(\/ 4;) = \/ 7(4;) and R([] 4;) = () R(4))
jed jed jed jed
forany A; €8, j€J.
(7) For a relation v and co-relation R on (S,8) to (T,T) we have
r((B;) = r~(B;) and R~ (\/ Bj) = \/ R™(B))
jeJ JjEJ jeJ JjEJ
forany B; €T, j€J.
Another important concept for direlations is that of composition. We recall
the following:
Definition 1.7. [1] Let (S,8), (T,7), (U,U) be textures.

(1) If p is a relation on (S,8) to (7', 7T) and g a relation on (7,7) to (U, U)
then their composition is the relation g o p on (5, 8) to (U,U) defined
by

qop= \/{P(s,u) | 3t € T with p € Qs and ¢ £ Q4 }-

(2) If P is a co-relation on (5,8) to (T,7) and @ a co-relation on (T,T)
to (U,U) then their composition is the co-relation @ o P on (S,8) to
(U,U) defined by

QoP= ﬂ{@(w) | 3t € T with P(s 4y £ P and P,y Z Q).

(3) With p, ¢; P, @ as above, the composition of the direlations (p, P),
(¢, Q) is the direlation

(¢,Q) o (p,P)=(gop, Qo P).

It is shown in [1] that the operation of taking the composition of direlations
is associative, and that the identity direlations are identities for this operation.

If (r, R) is a direlation on (5,8) then (r,R) o (r,R) = (ror,Ro R) is also a
direlation on (9,8), which we denote by (r, R)?. We give the obvious meaning
to (r, R)™ for any n = 3,4, .... The direlation (r, R) on (S, 8) is called transitive
if (r, R)? C (1, R).

We will also have occasion to consider the greatest lower bound of direlations.
We give the definition for two direlations, but it may be extended in the obvious
way to any family of direlations.

Definition 1.8. [1] Let (p, P), (¢, Q) be direlations on (S, 8) to (7, 7). Then
pg=\/{Puy |FveS with Pe £ Q, and p,q Z Q(, 1},

PUQ=(NQ | Fv e S with P, Z Qs and P(, )  P,Q}, and
(p,P)1 (¢, Q) = (pMq,PUQ).



162 S. Ozcag and L. M. Brown

Proposition 1.9. With the notation as in Definition 1.8,

(1) pMgq is a relation on (S,8) to (T,T). It is the greatest lower bound of p
and q in the set of all relations on (S, 8) to (T,T), ordered by inclusion.

(2) PUQ is a co-relation on (S,8) to (T,7T). It is the least upper bound
of P and Q in the set of all co-relations on (S,8) to (T,T), ordered by
inclusion.

(3) The direlation (p, P) M (q, Q) is the greatest lower bound of (p, P) and
(q,Q) on the set of all direlations on (S,8) to (T,T), ordered by the
relation C.

(4) (pNg)™ =p~ Uq™ and (PUQ)™ =P7NQ".

() For 4 €5, (pr1a)A) ()0 a(4) and PUA) UQUA) < (PLQ)A)

®) For B € T 5 (5) Uq™(8) < G10)~(B) and (P Q)(B) <

P=(B)N Q™ (B).

(7) Let (pl,Pl) (p2, P2) be direlations on (S,8) to (T,7) and (q1,Q1),
(g2,Q2) direlations on (T,7T) to (U,U). Then ((¢1,Q1) M (¢2,Q2)) ©
((p1, P1) M (g2, Q2)) E ((q1, Q1) o (p1, P1)) M ((g2, Q2) © (p2, I%)).

The notion of difunction is derived from that of direlation as follows.

Definition 1.10. [1] Let (f, F') be a direlation on (5, 8) to (T, T). Then (f, F)
is called a difunction on (S,8) to (T,7) if it satisfies the following two condi-
tions.

DF1 For s,s' € S, P, € Qo = It €T with f & @(s,t) and ?(8/7,5) Z F.
DF2 For t,t' € Tand s € S, f € Q(y 4y and Py € F = Py Z Q.

Difunctions are preserved under composition. It is easy to see that the
identity direlation (ig,Is) on (S,8) is in fact a difunction on (S,8) to (S, 8).
In this context we refer to (is, Is) as the identity difunction on (S,8).

If (f,F):(S,8) — (T,7) is a difunction, A € 8, then f(A) is called the
image and F(A) the co-image of A. Likewise, for B € T, f(B) is called the
inverse image and F*(B) the inverse co-image of B. It is shown in [1] that
f(B) = F—(B) for all B € T, that is the inverse image and inverse co-image
coincide.

Since a texturing is generally not closed under set complementation, when
discussing topological concepts we cannot insist that closed sets should be the
complement of open sets. This leads to the notion of a dichotomous topology,
or ditopology for short [2]. This is a pair (7, ) of subsets of §, where the set of
open sets T satisfies
(1) S, @ er,
(2) Gl, GoeT — G1NG €7 and
3) Gier,icel = V,Gier,

and the set of closed sets k satisfies
(1) S, @ € &,
(2) K1, Ks e k = K; UK, € k and
(3) Kiekr,iel = (), K; € k.



Di-uniform Texture Spaces 163
The reader is referred to [2, B, B, [] for some results on ditopological texture
spaces and their relation with fuzzy topologies.

A subset [ of 7 is called a base of 7 if every set in 7 can be written as a join
of sets in 3, while a subset 3 of k is a base of k if every set in k can be written
as an intersection of sets in 3.

For the unit interval texture (I,J) mentioned above, we may define a natural
ditopology (1, k1) by

m={[0,s) | s€T}U{T}, xk1={[0,s]|sel}u{o}.
Continuity of difunctions is the subject of the following definition.

Definition 1.11. [6] Let (S, Sk, 7, xx), & = 1,2, be ditopological texture
spaces and (f, F') a difunction on (S1,81) to (S2,82). Then

(1) (f,F) is continuous if G € 3 = F(G) € 71.

(2) (f, F) is cocontinuous if K € ks = [~ (K) € k1.

(3) (f, F) is bicontinuous if it is continuous and cocontinuous.

The reader is referred to [9] for general terms related to lattice theory.

This paper comprises part of the first author’s research towards her PhD
thesis to be submitted to Hacettepe University.

We pause here to mention our motivation for introducing textures as a sub-
strate for topology.

Ditopological texture spaces were conceived as a point-set setting for the
study of fuzzy topology, and provide a unified setting for the study of topology,
bitopology and fuzzy topology. Some of the links with Hutton spaces, L—fuzzy
sets and topologies are expressed in a categorical setting in [6]. Here it is the
choice of bicontinuous difunctions for the morphisms on the textural side which
makes possible a correspondence with the point-free concept of Hutton space.

Despite the close links with fuzzy sets and topologies, the development of
the theory of ditopological texture spaces has proceeded largely independently,
and has concentrated on the development of concepts which help to compensate
for the possible lack of complementation. One such is that of direlation and
difunction, another that of dicover ([2,3], see §2 below). Both play a crucial
role in this paper. If one takes the view that a texturing 8§ can provide a much
more economic computational model than P(S), it is important that we do not
lose power in other directions. For example J is certainly much simpler than
P(I), but if we consider only ordinary open covers (and closed cocovers) it is
trivial that for the usual ditopology, every closed subset is compact (and every
open set cocompact). However this is non-trivially equivalent [2] to the fact
that every open, coclosed dicover has a finite, cofinite subcover and this, via
a bitopological argument, can be shown to be equivalent to the compactness
of T under its usual topology. Hence this compactness property of (I,J) in its
dicovering form is as powerful as that of I, and we will see later that with an
appropriate di-uniformity (I,J) can again play the same role as I does in the
usual theory of uniformities.
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Duality is an important element in defining such concepts. When applied
to ditopologies it often gives rise to pairs of properties, such as compact —
cocompact, regular — coregular. In the case of uniform ditopologies, as we will
see, it actually links the open and closed sets via symmetry, and this causes the
ditopology to be simultaneously completely regular and completely coregular.

A form of duality also plays a role in Giovanni Sambin’s basic picture for
formal topology [11]. There are clear parallels here which warrant further study.
Likewise, links with the theory of locales and with domain theory have yet to
be worked out. Finally, complement free textural concepts can be expected
to find applications in negation free logics, and indeed (ditopological) textures
themselves could well prove to be useful models for certain classes of such logics.

2. DIRELATIONS AND DICOVERS

As mentioned in the introduction, the entourages of a diagonal uniformity
in the classical sense [13] will be replaced by direlations in the textural setting.
A second important formulation of the theory of uniformities is that of the
covering uniformity [12], so we will require an appropriate notion of cover in
order to obtain an analogous description for textures. In this section we show
that the notion of dicover, used in [2] to characterize the important form of
compactness mentioned above and in [3] to describe various covering properties
of ditopological texture spaces, is associated in a natural way with direlations.
Hence this notion will form the basis for our description of covering uniformities
in the textural sense.

Let us recall [2,3] that by a dicover of the texture (S,8) we mean a family
€ = {(Ai, Bi) | i € I} of elements of § x § which satisfies (;c; Bi € Vcy, 4i
for all partitions (Iy,I2) of I, including the trivial partitions. An important
example is the family P = {(Ps,Qs) | s € S}, which is shown in [3] to be a
dicover for any texture (S,8). If D is a dicover we often write LD M in place
of (L, M) € D. We recall the following notions for dicovers given in [3].

(1) @ is a refinement of D if given ¢ € T we have LD M so that A; C L
and M C B;. In this case we write C < D.
(2) The star and co-star of C' € § with respect to C are respectively the
sets
St(C,C)=V{A;|ielI, C< B;} €8, and
CSt(C,C)={B;|iel, A, ZC}eS.
We say that C is a delta refinement of D, and write € <(a) D, if
€A = {(St(€, P;),CSt(C,Qs)) | s € S} < D.
We say that € is a star refinement of D, and write € < (x) D, if
C* = {(St(C, 4;),CSt(C, B;)) | i e I} < D.
Before describing the link between direlations and dicovers, it will be appro-

priate for us to define a particular class of dicovers that will arise naturally in
this connection.
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Definition 2.1. A family € C 8§ x 8 is called an anchored dicover if it satisfies:
(1) PCe and
(2) Given AC B there exists s € S satisfying
(a) AZQ, = JA'CB with A’ £ Q, and Ps € B’, and
(b) P, B = 3A”CB"” with P,  B"” and A" Z Q.

Since P is a dicover, we see by (1) that an anchored dicover is a dicover. It
is straightforward to verify that P itself is anchored. The notion of anchored
dicover enables us to improve ([3], Lemma 4.7 (3)). Since these results will be
useful later on we present the modified lemma in full.

Lemma 2.2. Let C, D, & be dicovers on (S,8).
(1) <D = €=<D.
(2) IfP<CthenC<xD = C=<@na)D
(3) If C is anchored then
(i) <@ D = €=<9D.
(ii)) € <@) D=<@) &€ = C=<x E.

Proof. (1) and (2) are proved in [3] so we concentrate on (3).

(i). Take ACB and s € S as in Definition 2.1 (2). It will suffice to show
A C St(C, Ps) and CSt(C,Qs) C B. If A Z St(C, Ps) then we have u € S with
AZ Q, and P, Z St(C, Ps). By (2)(a) there exists A’ CB" with A’  @Q,, and
P, ¢ B'. But then A’ C St(C, Ps) so P, € A’, which gives the contradiction
A’ C Q. The inclusion CSt(C, Q) C B is proved likewise.

(ii). Take AC B and for s € S satisfying Definition 2.1 (2), choose LD M so
that St(D, Ps) C L and M C CSt(D, Q). It will suffice to show St(C, A) C L
and M C CSt(C, B). We prove the first inclusion, the second being dual.
Suppose St(C, A) € L and take w € S with St(C, A) € Q,, and P, € L. Now
we have A; C B; satisfying Ay € Q,, and A € B;. Let us choose u € S with
A ¢Z Q. and P, Z By. By condition (2)(a) we have A’ CB’ with A" € Q.
and Ps € B’. Choose U DV with St(€, P,) C U and V C CSt(€,Q,). Then
A; CSt(€,P,) CU and V C CSt(C,Q,) C B’'. Since Ps € B’ we now have
P, &V, and so U C St(D,Ps) C L, whence A; C L. A1 € Qu and P, € L
now give a contradiction, and the proof is complete. (I

Let us now show that we may associate an anchored dicover with each re-
flexive direlation (d, D) on (S, 8).
Proposition 2.3. Let (d, D) be a reflexive direlation on (S,8) and for s € S
let d[s] = d(Ps) and D[s] = D(Qs). Then

7(d, D) = {(d[s], D[s]) | s € $°}

is an anchored dicover of (S, 8).
Proof. Set € = ~(d,D). Since (d,D) is reflexive, P C d(Ps) = d[s] and
D[s] = D(Qs) C Qs by Proposition 1.6 (5)). Hence, P < C.

Let us associate s with d[s] C D[s] and take d[s] € Q.. Now d[s] = d(Ps) =
d(\V{Ps | Ps £ Qs }) = V{d(Ps) | Ps £ Qs } by Proposition 1.6 (6), so there
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exists s’ € S with Py € Qs and d[s'] € Q.. Since D[s'] C Qs we also have
P, ¢ DIs'], whence d[s'] € D[s'] satisfies the condition in Definition 2.1 (2a).
The proof of (2b) is dual to this. O

Let us denote by RDR the family of reflexive direlations and by ADC the
family of anchored dicovers on (S, 8). The above proposition can now be seen
as giving us a mapping v : RDR — ADC.

Proposition 2.4. For (d,D), (e, E) € RDR we have (d,D) o (d, D)~ C (e, E)
— 7(d7 D) <(4) ’)/(6, E)

Proof. We establish St(vy(d, D), P,) C e[s] for s € S*. Suppose this is not so.
Then we have z € S with d[z] € e[s] and Py € D[z]. Take ¢t € S with d[z] € Q:
and P; € e[s], and then t' € S satisfying d[z] € Q¢ and Py € Q. From
dlz] € Qu we obtain d € Q, ,, while Py € Dl[z] implies P,y € D, and
hence D™ ¢ @(s,z)' Thus F(s7t/) CD " odCes0oe? @(s,t) which gives the
contradiction P; C els].

In just the same way E[s] C CSt(v(d, D), Qs), and the proof is complete. [

Now let us show that a dicover gives rise to a reflexive, symmetric direlation
in a natural way.

Proposition 2.5. Let C = {(A4;,B;) | j € J} be a dicover on (S,8) and define
6(€) = (d(€), D(€)) by

d(€) =V{Py |35 €J with A; £ Q; and P, € Bj},
D(€) =Qy | i€ J with P, £ B;j and A; € Qs}.

Then 6(C) is a reflexive and symmetric direlation on (S, 8).

Proof. Write d = d(€), D = D(C) for short. First we verify that d is a relation
on (S, 8), leaving the proof that D is a co-relation to the reader. Take s,t € S
with d Z Q). Then we have ¢’ € S and j € J satisfying Py € Qs
A; € Qp and Py € B;. If Py € Q, then Py C Py, whence Py € B; and so
F(sﬂt’) C d, which gives d & @(S,,t). This establishes R1. On the other hand,
since Py Z Bj, we have s’ € S satisfying Ps € Qs and Py € B;. As before,
d¢ @(S,’t), which verifies R2.

To show d is reflexive, suppose i € d and take s,t € S with ¢ Q(S)t) and
F(s,t) Z d. Then P, € Q; and for all j € J we have A; C Q; or P, C B;.
Put J1 ={j € J| Ps C Bj} and let J, = J \ J1. Then (Ji, J2) is a partition
of J, so P, C ﬂjeJl B; C vj€J2 A; C @, since € is a dicover. This gives the
contradiction Ps C @y, so d is reflexive. The proof that D is reflexive is dual
to this. Hence, (d, D) is reflexive.

To show (d, D) is symmetric it will suffice to verify that d— = D. Suppose
that d~ ¢ D and take u,v € S satisfying d~ & Q) and P, ) € D. We
have v’ € S with P, € @, and ?(u/’v) Z D by CR2. There exists t € S with
F(u/w) z @(U,,t) and j € J for which P, € Bj and A; € @/, whence ?(t,u/) cd
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and so d € Q- This is easily seen to be equivalent to P,y € d and so

d— C Q(u,t). Finally Q; C @,, which gives the contradiction d~ C Q(uﬂ)).
Finally, suppose D € d~ and take u,v € S with D ¢ G(uw) and ﬁ(u’v) 4

d~. As above we have d  Q, ), whence ¢t € S and j € J so that P, ) €

Qs Aj £ Qv and P,  Bj. Since @, C Q¢ we also have A; Z Q,, whence
we have the contradiction D C @(u’v) from the definition of D. ]

If we denote by DC the set of dicovers and by SRDR the set of symmetric
reflexive direlations on (.9,8), this proposition defines a mapping § : DC —

SRDR.
Proposition 2.6. For €,D € DC, C <x) D = §(€) 0 4(C) C 4(D).

Proof. Suppose d(€) o d(€) € d(D). Then we have s,u € S so that P, €
d(D) and there exists ¢ € S satisfying d(C) € @(570 and d(C) € @(t,u)' Now
we have t' € S so that Py € @Q; and there exists A;CB; for which 41 Z Qy,
P, & B;. Also we have v/ € S so that Py, € @, and there exists A3CBs
for which Ay € Q.+, P € Bs. Since C < () D we may choose CDE with
St(C, A1) € C and E C CSt(C, By). Hence, since we clearly have A1 € Bo,
Ay C St(C, A1) CC and E C CSt(C,B1) C By. Thus C € Q. and P; € E,
and we obtain the contradiction ?(S’u) - ?(S’u/) C d(D).

This establishes d(€) o d(€) C d(D), and the proof of D(D) C D(C) o D(C)
is dual to this. (I

Let us now discuss the relation between the mappings v and 4.

Theorem 2.7. Let (S,8) be a texture. With the notation above,

(1) 6(~v(d, D)) = (d, D) o (d, D) for all (d, D) € SRDR.

(2) v(6(C)) = €A for all C € DE.
Proof. (1). Take (d, D) € SRDR and suppose d(y(d, D)) € dod. Then we have
s,t € S satisfying P54 € dod for which we have z € SP satisfying d[z] Z Qq
and Py Z D[z]. However, dz] £ Q; <= d € Q. and Ps  D[z] <=
Pio.o € D=d" < dZ Q. by Lemma 1.5, since (d, D) is symmetric,
and we obtain the contradiction P, ;) C dod.

Conversely, suppose dod € d(y(d, D)). Then we have s,u € S with F(S’u) Z
d(v(d, D)) for which we have t € S satisfying d  Q(, ;) and d £ Q). Firstly,
dg @(tu) gives us d[t] € Q.. Secondly, d € @(SJ) implies ¢ € S” and also gives
P.s) € d~ = D since (d, D) is symmetric. Hence we obtain P, Z D[t]. We
deduce that P, ) C d(v(d, D)), which is a contradiction.

This completes the proof that d(y(d, D)) = dod, and the proof of D(v(d, D))
= Do D is dual to this, so §(v(d, D)) = (d, D) o (d, D).

(2). Let C = {(A;,B;) | i € I} and take s € S°. Suppose that d(€)[s] Z
St(C, Ps). Then we have ¢t € S with d(C)[s] Z Q. and P, Z St(C, Ps). Now we
have w € S with d(€) € Q1) and Ps € Q.. Thus for some t' € S and i € I,
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Pwpy L Q) Ai € Qv and P, € B;. We deduce that P, ¢ B;, and hence
P, C Py C A; CSt(C, Ps), which is a contradiction.

Conversely, suppose St(C, P;) Z d(C)[s]. Then we have i € I with A; &
d(@)[s] and Ps € B;. Hence for some t € S we have A;  Q: and d(C) €
Quy = Ps C Q. foral 2 €S Take s',t' € S satisfying Ps Z Qy,
Py & By and A; € Qu, Py € Q. Now A;  Qu, Py € B; gives Py )y C
d(C), so d(C) & @(s,,t) and putting z = ¢’ in the above implication gives the
contradiction Ps C Qg .

This completes the proof that d(C)[s] = St(C, Ps). likewise, D(C)[s]
CSt(C, Qs), so v(6(€C)) = CA.

Corollary 2.8. With the notation above:

(1) (d,D) C é(v(d, D)) for all (d, D) € REDR.

(2) @A is anchored for all dicovers C. If @ is anchored then € < v(5(C)).
Proof. (1). Clear by Theorem 2.7 (1) since (d, D) C (d, D) o (d, D) when (d, D)
is reflexive.

(2). The first statement is clear from Theorem 2.7 (2) and Proposition 2.3.

For the second we need only note that € < (a) €2 and apply Lemma 2.2 (1)
when € is anchored to give € < €2, Hence € < +(5(C)) by Theorem 2.7 (2). O

Ol

Let us recall from [3] that the meet of two dicovers € and D is the dicover
CAD={(ANC,BUD)| ACB, CDD}. As might be expected, this notion
is closely related to that of the greatest lower bound for direlations.

Proposition 2.9. Let (S,8) be a texture. With the notation above,
(1) For(d,D), (e, E) € RDR we have v((d, D)M(e, E)) < v(d, D)Av(e, E).
(2) For C,D € DC we have 6(CAD) C §(C)Mao(D).
Proof. (1). Since v((d, D) M (e, E)) = {((dMe)[s],(DUE)[s]) | s € S°}, the
result follows trivially from Proposition 1.9 (5).

(2). If d(€ AD) € d(€) Md(D) then we have s,t € S satisfying P4 €
d(€)nd(D) for which we have ACB, CDE satisfying ANC € Q; and P, € BUE.
Take t' € S satisfying ANC € Qy and Py € Q. Now P, .y C d(€), d(D), so
d(€), d(D) € Ps ), which leads to the contradiction P, C d(€) Md(D).

This verifies d(CAD) C d(€)Md(D), and the proof of D(C)UD(D) C D(CAD)
is dual to this, so (2) is proved. O

3. DIRELATIONAL AND DICOVER UNIFORMITIES

We now have the tools necessary to define direlational and dicover unifor-
mities on a texture, and to prove their equivalence.

Definition 3.1. Let (5, 8) be a texture and U a family of direlations on (S, §).
If U satisfies the conditions

(1) (¢,1) E (d, D) for all (d,D) € U. That is, U C RDR.

(2) (d,D) €U, (e, E) € DR and (d, D) C (e, E) implies (e, E) € U.
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(3) (d,D), (e, E) € U implies (d, D) M (e, E) € U.
(4) Given (d,D) € U there exists (e, ) € U satisfying (e, E) o (e, E) C
(d, D).
(5) Given (d, D) € U there exists (¢, C') € U satisfying (¢, C)~ C (d, D).
then U is called a direlational uniformity on (S,8), and (S, 8,U) is known as a
direlational uniform texture space.

It will be noted that this definition is formally the same as the usual def-
inition of a diagonal uniformity, and the notions of base and subbase may be
defined in the obvious way. Exactly as for diagonal uniformities we have the
following lemma.

Lemma 3.2. A direlational uniformity U on (S,8) has a base of symmetric
direlations.

Proof. Take (d, D) € U. By condition (5) we have (e, E) € U with (e, E)" C
(d,D), so (e,E) C (d,D)~ and (d,D)~ € U by condition (2). But now
(f,F)=(d,D)n (d, ) € U by condition (3), and clearly (f, F') is symmetric
and satlsﬁes (f,F)C (d,D). O

The following example of a direlational uniformity will prove important later
on.

Example 3.3. Let (I,J) be the unit interval texture and for e > 0 define d. =
{(r,s) |r,s€l, s<r+e}, De ={(r,s) | r,s €1, s <r—e}. Clearly (de, D)
is a reflexive, symmetric direlation on (I,J). Moreover, (d, D.)? C (da., Dac),
while for € < 6, (d¢, D¢) C (ds, Ds) and so (de, De) M (ds, Ds) = (de, D). Hence

Up = {(d, D) | (d, D) € DR and there exists € > 0 with (d., D.) C (d, D)}

is a direlational uniformity on (I,J). We will call Uy the usual direlational
uniformity on (I, 7).

Definition 3.4. Let (S5,8,U) be a direlational uniform texture space and C a
dicover of S. Then € is called uniform if v(c,C) < € for some (¢, C) € U.

Lemma 3.5. Let (S,8,U) be a direlational uniform testure space and v the
family of uniform dicovers. Then v has the following properties:

(1) Given @€ € v there exists D € v NADC with D < C.

(2) Cev, DeDC and C <D implies D € v.

(3) €,D € v implies CAD € v.
(4) Given € € v there exists D € v with D < (») C.

Proof. (1). By hypothesis there exists (¢,C) € U with v(¢,C) < €. But
D =~(c,C)evnNADC and D < C.

(2). Immediate.

(3). Take C,D € v and (¢,C),(d, D) € U with v(¢,C) < €, v(d, D) < D.
Then (¢,C) M (d, D) € U by Definition 3.1 (3), and v((¢,C) M (d,D)) < €A D
by Proposition 2.9 (1), so CAD € v.
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(4). Take € € v and (¢,C) € U with y(¢,C) < €. By Definition 3.1 (4) we
have (d,D) € U with (d,D) o (d,D) C (¢,C), and then by Definition 3.1 (5)
we have (e, E) € U with (e, E)~ C (d D) If we let (f,F) = (d,D) M (e, E)
then (f,F) € U and (f,F) o (f,F)~ C (¢,C), 50 7(f, F) < (&) 7(c,C) < €
by Proposition 2.4. In exactly the same way we may find (¢9,G) € U with
v(g,G) < (&) y(f, F). If we let D = v(g,G) then D € v is anchored by
Proposition 2.3, so by Lemma 2.2 (31ii) we have D < (») C. O

This leads to the following definition.

Definition 3.6. Let (S,8) be a texture. If v is a family of dicovers of S
satisfying conditions (1)—(4) of Lemma 3.5 we say v is a dicovering uniformity
n (5,8), and call (S,8,v) a dicovering uniform texture space.

We can now see Lemma 3.5 as associating a dicovering uniformity with a
given direlational uniformity. The following theorem expresses the equivalence
of these two concepts.

Theorem 3.7. Let (S,8) be a texture.

(1) To each direlational uniformity U on (S, 8) we may associate a dicover-
ing uniformity v =T(U) = {€ € DC | I (¢, C) € U with v(c,C) < C}.

(2) To each dicovering uniformity v on (S,8) we may associate a direla-
tional uniformity U = A(v) = {(d,D) € RDR | 3€C € v with §(C) C
(4, D)}.

(3) A(T(W)) =U for every direlational uniformity U on (S, ).

(4) T(A(v)) = v for every dicovering uniformity v on (S, 8).

Proof. (1). This is just Lemma 3.5.

(2). We need to establish the conditions (1)—(5) of Definition 3.1 for U =
A(v). Conditions (1) and (2) are an immediate consequence of the definition
of A(v), and (3) follows trivially from Proposition 2.9 (2). Take (d, D) € A(v).
Then we have € € v satistying 6(C) C (d, D). Now (¢,C) = §(C) € A(v), and
since (¢, C') is symmetric by Proposition 2.5 we have (¢, C)~ = (¢,C) C (d, D),
which proves (5). Finally we have £ € v satisfying € < (») €, and then (e, E) =
0(€) € A(v) and (e, E)o(e, E) C (d, D) by Proposition 2.6, so (4) is established
also.

(3). First take (d, D) € A(T'(U)). Then we have € € T'(U) with §(C) C
(d, D), and then (c,C) € U with v(¢,C) < €. Without loss of generality we
may take (¢, C) € REDR since the symmetric elements of U form a base, so by
Corollary 2.8,

(¢, C) Ed(v(c,C)) E4(C) C (d, D),
which shows (d, D) € U. Conversely, take (d,D) € U and choose (e,
with (e, E') symmetric so that (e, E)o(e, E) C (d, D). Then §(v(e, E))
by Theorem 2.7 (1), and we have established (d, D) € A(T'(U)).
(4). First take € € T'(A(v)). Then we have (¢,C) € A(v) with y(c,C) < €,
and then D € v with §(D) C (¢, C). Without loss of generality we may take

E) e
C (d, D)
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D € ADC since the anchored elements of v form a base, so by Corollary 2.8 (2).
D <7(6(D)) <~(e, C) <€,

whence € € v. Conversely, take € € v and choose € € v with &€ < (») C.
Without loss of generality we may assume €& is anchored, so by Lemma 2.2 (2)
we have & < (a) C, whence €2 < €. Now Theorem 2.7 (2) gives v(6(€)) < €,
so C € I'(A(v)), as required. O

We will use the term di-uniformity to refer to direlational and dicovering
uniformities in general.

Example 3.8. Consider the texture (I,J). The dicovering uniformity vy corre-
sponding to the direlational uniformity U; of Example 3.3 has a base consisting
of the dicovers D, € > 0, where

D ={([0,7+¢€),[0,7 —€]) | r € I},

and [0,7 + €) is understood to be [0,1] when r + € > 1 and [0,7 — €] is @ if
r—e<0.

4. THE UNIFORM DITOPOLOGY
We begin by associating a ditopology with a direlational uniformity.

Proposition 4.1. Let (S,8,U) be a direlational uniform texture space. Then
the family (mu(s), pu(s)), s € S°, defined by
nu(s) = {NE€S|NZQs, PsZQ = 3(d, D) €U, d[t] C N},
pu(s) = {MeS|P, M, R £ Qs = 3(d, D) €U, M C D]},
is the dineighbourhood system for a ditopology on (S, 8).

Proof. We must verify that the family my(s), s € S°

conditions [6]:
(1) N emls) — NZQ,
(2) Nenu(s), NCN €8 = N ens).
(3) Ny, N5 € nu(s), N1 N Ny g Qs =— NiNN;e€ Uu(s).
(4) (a) N €mq(s) = IN* €8, P, C N* C N so that N* Z Q; =
N*em(t), te S,
(b) For N € § and N € Qs, if there exists N* € §, P, C N* C N
which satisfies N* € Q; = N* € mqy(t), t € S°, then N € m(s).
Conditions (1) and (2) are immediate from the definitions, and (3) follows at
once from the inclusion (dMe)(P;) C d(P;) Ne(P:) (Proposition 1.9 (5)).
(4) (a). Take N € my(s) and define

N*=\/{P. | P. £ Q: = 3(d, D) € U with d[t] C N}.

Clearly P, C N* C N and if N* € @, it is easy to show that N € ny(t).

(4) (b). Take N € 8§ with N € Qs and N* € 8§ with P, C N* C N and
satisfying N*  Q; = N* € nu(t). To show N € my(s) take t € S with

, satisfies the following
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P, Z Q. Since P; C N* we have N* € ;. Choose t' € S with N* Z Q4 and
Py & Q. By hypothesis N € ny(t') so Py € Q¢ now gives (d, D) € U with
d[t] C N. Since N ¢ @, this shows that N € my(s), as required.

In just the same way the sets uy(s) satisfy the dual of conditions (1)—(4
above, and this completes the proof (cf. [6]). O

Definition 4.2. Let (.59, 8,U) be a direlational uniform texture space and my(s),
w1 (s) defined as above. The ditopology with dineighbourhood system { (ny(s),
mi(s)) | s € S°} is called the uniform ditopology of U and denoted by (1, k).

Lemma 4.3. Let (S,8,U) be a direlational uniform texture space with uniform
ditopology (1w, ku)-

(i) Gen <= (GZL Qs = 3(d,D) €U with d[s] C G).

(i) K€ rhy — (Ps¢€ K = 3(d,D) € U with K C Dls]).
Proof. We prove (i), leaving (ii) to the reader.

It is shown in [6] that the open sets are characterized by the property that
GZ Qs = Genus). Take G € 7y and s € S with G € Q5. Now we
have s’ € S with G € Q and Py € Qs. By the above G € my(s’) and now
Py € Qs implies there exists (d, D) € U with d[s] C G.

Conversely suppose G has the property stated in (i). Then if G € Qs we
have (d,D) € U with d[s] C G. Now if P; € Q; we have P, C P, and so
d[t] C d[s] C G, which shows that G € my(s). Thus G € 7. O

Proposition 4.4. Let v be a dicovering uniformity on (S,8). Denote by (1, k)
the uniform ditopology of the direlational uniformity A(v). Then:

(i) GerT <— (GZL Qs = IC € v with St(C, Ps) C G).

(ii) K€k < (PsZ€ K = 3C € v with K C CSt(C,Qy)).
Proof. (i). Take G € 7 and G € Q5. Then by Lemma 4.3 we have (d, D) € A(v)
with d[s] C G. We may take (e, E) € A(v) with (e, E) o (e, E)~ C (d, D) and
as in the proof of Proposition 2.4 we have St(vy(e, E), Ps) C d[s]. There exists
C € v with §(€) C (e, F) and without loss of generality we may assume C is
anchored. Hence by Corollary 2.8 (2), € < v(4(€)) < ~(e, E), so St(€, Ps) C
d[s] C G.

Conversely, suppose that given G Z @ there exists € € v with St(C, Ps) C
G. If we set (d, D) = §(€) then (d, D) € A(v) and by Theorem 2.7 (2) we have
d[s] = St(€, P;) C G. Hence G € 7.

(ii). The proof is dual to (i), and is omitted. O

This justifies the following definition.

Definition 4.5. Let v be a dicovering uniformity on (5, 8). Then the ditopol-
ogy (Tu, Ky ) defined by

T ={Ge8|GZLQ, = ICew, St(C,Ps) C G},
ky = {Ke8|P,ZK = JCecwv, K CCSt(C,Qs)},
is called the uniform ditopology of v.



Di-uniform Texture Spaces 173

In just the same way the dineighbourhood system (1, (s), it (s)), s € S°, for
(Tw, ko) 1s given by

nv(s) = {N€S|NQQS7 PS.ZQt — 3661}7 St(e,Pt)gN},
po(s) = {MeS|P,ZM, P, Q, = 3Ccwv, MCCSt(C,Q,}

We omit the details.

The following lemma enables us to generate open sets and closed sets for the
uniform ditopology of a dicovering uniformity.

Lemma 4.6. Let v be a dicovering uniformity on (S,8) and take L € 8.
(1) The set

G=G(L)=\/{P,|3D e, St(D,P,) C L}

1s open for the uniform ditopology.
(2) The set

K=K(L)=({Qu|3D€v, LCCSH(D,Qu)}
1s closed for the uniform ditopology.

Proof. We establish (1), leaving the dual proof of (2) to the reader.

Take G € Qs. Then we have u € S and D € v satisfying P, € @5 and
St(D, P,) C L. Take & € v with € < (x) D. By Definition 4.5 it will be sufficient
to show that St(&, Ps) C G. If this is not so then we have Ag € By with Ps € By
and Ay € G so we may take v € S with Ag € @, and P, € G. If we can show
that St(&€, P,) € St(D, P,) we will obtain an immediate contradiction to the
definition of G, so take A; € By with P, Z By, and choose Aj D B}, satisfying
St(€, Ag) C A} and B} C CSt(&, By). Since CSt(&, By) C By, Ps € By and
P, € Qs we see that P, € B{,, whence A; C St(&, Ag) C A} C St(D, P,),
using the evident fact that Ay ¢ Bj;. This establishes the required inclusion
and completes the proof. O

Corresponding results for direlational uniformities may easily be formulated
and the details are left to the interested reader.

It is well known that a classical uniformity has a base of open members
and a base of closed members. We now establish an analogous result for di-
uniformities. We confine our attention to the dicovering case since there is a
well established meaning to the notions of openness and closedness for dicovers
[3]. Namely, a dicover € of the ditopological texture space (5,8, T, ) is open
(respectively, closed, co-open, coclosed) if ACB — A€t (A€k, Ber,
B € k). First we require the following lemma.

Lemma 4.7. Let v be a dicovering uniformity on (S,8), € € v and L € 8.
Consider the uniform ditopology on (S,8). Then:

(1) L C]St(C,L)[ and [CSt(C, L)] C L.

(2) [L] € St(C, L) and CSt(C,L) C ]L].
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Proof. 1. It H = H(St(C, L)) is the open set defined in Lemma 4.6 (1) it is
trivial to verify that L C H C St(C, L), whence L C ]St(C, L)[. The second
inclusion follows in the same way from Lemma 4.6 (2).

2. If K = K(L) is the closed set defined in Lemma 4.6 (2) it is trivial to
verify that L C K C St(C, L), whence [L] C St(C, L). The second inclusion
follows in the same way from Lemma 4.6 (1). O

Proposition 4.8. A dicovering uniformity has a base of open, coclosed dicovers
and a base of closed, co-open dicovers.

Proof. Trivial from Lemma 4.7. O

Definition 4.9. A ditopological texture space (S, 8, 7, k) is called di-uniformiz-
able if there exists a di-uniformity on (.S, §) whose uniform ditopology coincides
with (7, k).

We recall the following regularity axioms for ditopological texture spaces.

Definition 4.10. [3] Let (7, %) be a ditopology on (S, 8). Then (7, k) is called
(1) RegularifGeT,G¢Z Qs =— IH € 7 with H € Qs, [H] C G.
(2) Coregularif F € k, P, F — 3K € k with P, € K, FF C |K].
(3) Biregular if it is regular and coregular.

Using Proposition 4.8 it is straightforward to verify that a di-uniformizable
ditopology is biregular. However we will shortly prove a more powerful result,
and so omit the details.

Definition 4.11. [7] Let (7, %) be a ditopology on (S,8). Then (7, k) is called

(1) Completely regular if given G € 7, G € Qs, there exists a bicontin-

uous difunction (f, F) : (S,8) — (L,J) satisfying Ps C f(F) and
F=(Q1) € G.

(2) Completely coregular if given K € 7, Py € K, there exists a bicon-
tinuous difunction (f, F) : (S,8) — (I,J) satisfying K C f~(P) and
F=(Q1) C Q.

(3) Completely biregular if it is completely regular and completely coregu-
lar.

We end this section by showing that a di-uniformizable ditopology is com-
pletely biregular. Since it is easy to see that the complete regularity condi-
tions imply the corresponding regularity conditions it will follow that a di-
uniformizable ditopology is biregular. We choose to work with direlational
uniformities. First we require the following lemma, which is the textural ana-
logue of the Metrization Lemma ([10], Page 185).

Lemma 4.12. Let (S,8) be a texture and r,, n € N, a sequence of reflexive
relations satisfying rf’LH C rn, n € N. Define the function ¢ : S xS — [0,1] by

0 Zf Tn Z @(u,v) Vne N’
cp(u, ’U) = 1 Zf Tn - @(u,v) Vn e N’
27" dfAneN, rn € Qs i1 S Q)



Di-uniform Texture Spaces 175

Then there exists a function q : S x S — [0,00) satisfying
(1) 39(u,v) < qlu,v) < p(u,v), Yu,v € S.
(2) P, Z Qv = q(u,v) =0Vu,ves.
(3) q(u,v) < q(u,w) + q(w,v) Yu,v,w € 5.

Proof. We consider chains wug, u1,...,u, of elements of S and write
n—1
s(ug, Uty .oy Up) = Z o(ug, uig1), n >0, s(ug, uo) = ¢(uo, up) =0.
i=1
Consider the function ¢ : S x S — [0, 00) defined by
q(u,v) = inf{s(ug,...,u,) | u =1up and v = u,, n € N}.

(1) Tt is clearly sufficient to prove that ¢(u,v) < 2s(ug,. .., u,) for any chain
UQ, Ul, - - -, Uy With w = ug and v = u,,. The proof is by induction on n € N
and follows essentially the same steps as the proof of the Metrizaton Lemma.
We therefore omit the details.

(2) For each n € N we have ig C 1y, so P, Z Q, implies ig Q(wj), and
hence r,, @(u,v)' By (1) we now have 0 < ¢(u,v) < ¢(u,v) = 0, whence
q(u,v) = 0.

(3) Immediate from the definition of g. O

Lemma 4.13. If we consider a sequence of corelations R, n € N, satisfying
R, C R}, and define

ifﬁ(u’v) g R, Vn eN,
Zfﬁ(u,v) c Zin Vn e Na o
lfﬂn €N, P(u,v) g Ry, P(u,v) - Rn+17
we obtain ¢* : S x S — [0,00) satisfying
(1) 59" (u,v) < g*(u,v) < ¢*(u,v), Yu,v € S.
(2) P, Z Qu = ¢*(u,v) =0Vu,ves.
(3) ¢*(u,v) < ¢*(u,w) + ¢*(w,v) Yu,v,w € S.
In case R, = r; then we clearly have o*(u,v) = p(v,u) and ¢*(u,v) = q(v,u)
for allu,v € S.

©* (u7 U) =

)

9

Now we may give:

Theorem 4.14. A diuniformizable ditopological texture space is completely
biregular.

Proof. Let (S, 8,7, k) be a ditopological texture space and U a compatible dire-
lational uniformity.

To show that (7, k) is completely regular take G € 7 and a € S with G €
Qo. Then there exists (r,R) € U with »(P,) € G. Let (ro,Ry) = (r, R).
By Definition 3.1 there exists (ry, R;) € U such that (ri, R1)® T (ro, Ro),

(r2, Re) € U with (r9, R2)® C (r1, R1), and so on. Hence we obtain a sequence
(7, Ry) of reflexive direlations satisfying (711, Rni1)® C (rp, R,), and by
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Lemma 3.2 there is no loss of generality in assuming that the (r,, R,) are
symmetric, i.e. R,, = r; for each n € N. Let ¢ and ¢ be the functions given
in Lemma 4.12 for the sequence r,, n € N of reflexive relations and define
6:S8 —10,1] by
0(s) = 2¢q(a, s) A 1.

We take the texture J on I = [0, 1] and verify that the point function 6 satisfies
the condition P, € Q, = Pyw) € Qo) of ([1], Theorem 3.14). However
if P, € Q, then q(a,v) < q(a,u) + q(u,v) = ¢(a,u) by Lemma 4.12(2),(3), so
0(v) < 0(u), which is equivalent to Py(,y € Qg(v in (I,J). It follows that

F=\{P(p | Fv € S with Ps @, and t < 6(v)},

F=( Q. | Fv € S with P, Z Q, and 0(v) < t},

define a difunction (f,F) : (S,8) — (I,J). If we take the usual ditopology
(1, k1) on (I,J) then (f, F) is bicontinuous. We prove continuity, leaving the
dual proof of cocontinuity to the reader.

For s € S suppose F([0,7)) € Qs. Then we have t € I with F(&t) Z
F and t < r. From the definition of F' we have v € S and ¢’ € I with
Py € Q(syt,), P, € Qs and 6(v) < t'. From P, € Qp we have ¢ < ¢t and
so O(v) < r. Clearly 6(v) < 1 and so 6(v) = 2¢(a,v) < r, whence there exists
n with 2(¢q(a,v) +27") < r. We verify that r,(Ps) € F([0,7)). Suppose
the contrary and take w € S with r,(Ps) € Q. and P, € F‘l_([O,r)). Now

we have z € S with r, € @(z,w) and P, € @,, whence r, < Q(’u,w) and so
q(v,w) < p(v,w) < 27" by Lemma 4.12. Hence we have

0(w) < 2q(a, w) < 2(q(a,v) + q(v,w)) < 2(q(a,v) +27") <.
On the other hand, from P, € F<([0,7)) we have w' € S with P, € Q. for
which
(4.1)

P
Choose ' € T satisfying 0(w) < r’ <. Then P.v € Qg(w) and Py Z Qu, so by
the definition of F' we have F' C Q(w/ﬂ,,), which is equivalent to ?(w’,r’) Z F.
Applying implication (f1]) with v = 7/ now gives the contradiction r < 7/,
and we have proved F([0,7)) € Qs = ro(Ps) C F—([0,7)). Hence
F<([0,r)) € 7 since (rn, R,) € U and 7 = 7. This proves continuity since
F(I)=Ser.

It remains to show that P, C f(P) and F*(Q1) C G. Suppose first that
P, Z f~(Py). Then we have b € I with f € Q(%b) and P, € Py, that is b > 0.
By the definition of f we have b’ € I with P, & @(a)b) and v € S with
P, € Q, satisfying o’ < 6(v). Hence 0 < b < b < 6(v) whence ¢(a,v) > 0.
However P, € @, implies g(a,v) = 0 by Lemma 4.12, which is a contradiction.

If now we suppose F([0,1)) € G then we have s € S satisfying F([0,1)) &
Q. and P, € G. Hence we have t € T with ﬁ(s}t) Z F and [0,1) € Q:, that
is t < 1. From the definition of F we now have t’ € I with F(&t) z @(s,t’)

(o LF = u<r.
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and v € S with P, € @, and 6(v) < t’. Hence 8(v) < t’ <t < 1, whence
2¢q(a,v) < 1 and so ¢(a,v) < 1 by Lemma 4.12. Hence there exists n € N
with 7, € Q4. and so 7 = 19 € Q(,,y- This leads to r(P,) € Qq and so
G Z @,. On the other hand P, € Qs and Py € G give P, G, and we have
the contradiction G C Q,,.

This completes the proof of complete regularity, and complete coregularity
can be proved in a similar way using the conjugate functions ¢* and ¢* of
Lemma 4.13. O

The converse of the above proposition is also true, but we postpone the proof
until we have discussed initial di-uniformities in the next section.

Definition 4.15. A direlational uniformity U satisfying [ U = (4, I) is called
separated.

We recall from [7] the following characteristic property of T, ditopological
spaces:

(1,k) is Tp if and only if Qs € Q@ = IB € 71Uk with Py € B € Q.

Theorem 4.16. Let U be a direlational uniformity. Then the uniform ditopol-
ogy (Tu, ku) s To if and only if U is separated.

Proof. =>. We know that ¢ C [ [{d | (d, D) € U}, so suppose [ {d | (d,D) €
U} & i. Then we have s,t € S with Py, Z i for which we have s’ € §
satisfying d Z @(S,ﬁ for all (d, D) € U. Now ﬁ(s,t) & i implies P, € P, which
with Py € Qg gives Q; € Qs. Since (my,ky) is Tp we have B € 1y U Ky
satisfying P, € B € Q. There are two cases to consider:

(a) B € my. Now B Z Qg implies d[s'] C B for some (d, D) € U. It follows
that P, € d[s'] = d(Py). But now d(Py) C Q4, so by Lemma 1.5(2)
we have d C @(S,’t), which is a contradiction.

(b) B € ky. Noting that U has a base of symmetric direlations, a dual
argument again leads to a contradiction.

This completes the proof of [ |{d | (d,D) € U} =i, and | {D | (d,D) e U} =1
is dual.

<. Take s,t € S with Qs € Q;. By the definition of @, there exists u € S
with Py P, and P, € @Q;. Take s',t € S satistying Ps € Qy, Py € P, and
P, Z Qu, Py £ Q. Then P, oy € i =[|{d| (d,D) € U} since Py Z P,, so
as P, Z Qu there exists (e, F) € U with e C G(t,75,), whence e(Py) C Q.

Now let G = V{P. |z € S, 3(d,D) € U with d[z] C Q«}. It may be shown
that G € Ty (compare Lemma 4.6). Clearly Py C G, and so G € Q. On the
other hand if d[z] C Q then P, C d[z] C Qs so G C Q4 and hence Ps; € G.
This verifies that (7, ky) is To. |
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5. UNIFORM BICONTINUITY AND INITIAL DI-UNIFORMITIES

In order to define uniform bicontinuity it will be necessary to say what we
mean by the inverse of a direlation and of a dicover under a difunction. We
begin with the following:

Definition 5.1. Let (S,8), (T, T) be textures, (r, R) a direlation on (7', T) and
(f, F) a difunction on (S,8) to (7, 7). Then

(£, F)71(r) = V{P(eys0) | TPy L Qup 50 that Py 4y  F, f L Qoy )
= P11, €1},

ﬂ{@(sl,sz) | 3Py, € Qs so that f Z Qe 4y Plastn) £ F,
= RC @(tl,tz)}a

(f, F)"H(R)

(f; )Y R) = (£, F)~1(r), (f, F)"*(R)).

Remark 5.2. In Definition 5.1, ﬁ(tl,tz) C r may be replaced by r € G(tlat2)
and R C @(tl,tz) by F(tl’tz) ¢Z R. Indeed, if s}, so satisfy the conditions in the
definition of (f, F)~1(r), and P(s’l,tl) CF, f& @(52@), then we may choose
th Wi_th fc Q(sz’té), F(swé) Z @(527t2). This gives us F(tl,t;) C r, and so
r¢ Q(t,,1,) since Py Z Q¢,. The opposite direction is trivial, and the second
property is dual.

It is trivial to verify that (f, F')~1(r, R) is indeed a direlation on (S, 8), and
we omit the proof. Let us examine the properties of this inverse mapping.

Proposition 5.3. Let (f, F) be a difunction on (S,8) to (T,T). Then
(f7 F)il(iT, IT) - (is, IS);

where (is, Is), (iT, IT) are the identity direlations on (S, 8), (T, T) respectively.
Proof. To establish (f, F)~!(i7) = is we first suppose that is Z (f, F)~(ir).
Then is € @(s,s’) and P, oy € (f,F)"!(ir) for some s, € S. We have
P, Z Qs sinceig £ G(sw/)' By Definition 5.1 there exists w1, we € T satisfying
?(S/’wl) CF, f¢& @(s’,wz) and ﬁ(wl’m) &« 7. On the other hand DF2 implies
Py, € Qu,- Hence ir & @(wl)m) which contradicts ﬁ(wl’w) < ir.

The proof of the reverse inclusion is similar and the proof of the dual equality
(f, F)~Y(Ir) = Is is left to the reader. O

Corollary 5.4. Let (f,F) be a difunction on (S,8) to (T,T). If (r,R) is
a reflexive direlation on (T,T) then (f,F)~1(r,R) is a reflexive direlation on

(S,8).
Proof. Let (r, R) be reflexive. Then
(i, Ir) E (1, R) = (is,Is) = (f,F)"'(ir, I7) E (f, F)"'(r, R)
by the proposition so (f, F)~1(r, R) is reflexive. O



Di-uniform Texture Spaces 179

Proposition 5.5. Let (f, F) be a difunction on (S,8) to (T,T) and (r,R) a
direlation on (T,7T). Then
((f, )M )™ = (£, F)7H((n R)7):

Proof. Tt is clearly sufficient to establish ((f, F)~(r))~ = (f, F)~*(r~), since
the dual equality ((f, F)~*(R))~ = (f, F)~1(R™) then follows by replacing r
by R~ and taking the inverse of both sides.

First suppose that ((f, F)”'(r))” & (f,F)"'(r"). Then ((f,F)"'(r))” £
@(875,) and Py o) Z (f, F)~'(r—) for some s,s’ € S. Since r is a corelation,
by Remark 5.2 we have u,v € S with F(S’S,) g @(sw)’ P, Z Qs so that

(5.2) FZ Qi) Plogs) LF = Py L7
for all t1,ts € T. On the other hand ((f, F)~1(r))~ ¢ @(S’S,) gives (f, F)~(r) C
@(s’,s) and so F(s/,u) Z (f,F)~(r). Since Py Z Q. we have wy,ws € T for
which Py w) € F, [ € Quuuw,) and 7 € Qy, 4, by Remark 5.2. Putting
t1 = wa, to = wy in the implication (@) now gives Py, w,) € 7, so giving
the contradiction 7 € @, u,)- Hence ((f, F)~'(r))~ € (f, F)~'(r™).

The proof of (f, F)~1(r—) C ((f, F)~'(r))~ is similar, and is omitted. [
Corollary 5.6. Let (f,F) be a difunction on (S,8) to (T,7). If (r,R) is a

symmetric direlation on (T,T) then (f, F)~1(r, R) is a symmetric direlation on

(5.8).
Proof. Immediate. U
Proposition 5.7. Let (f,F) be a difunction on (S,8) to (T,7), (p,P) and
(¢,Q) direlations on (T,T). Then
(f, )" o, P) o (f, F) 1@, Q) S (£, F)"H((p, P) 0 (4,Q)).

Proof. Suppose that (f, F)~'(p) o (f, F)~"(q) € (f, F)~"(poq). By the defini-
tion of composition of relations we have s, u, z € S with P, ) Z (f, F)~(poq),
(f,F)"Yq) € Q(s..y and (f, F) "' (p) € Q(..u)- By R2 there exists s’ € S with
P, ,@ Qs’ and (f? F)_l(q) gﬁ@(s’,z)' By Deﬁniiion 5.1, P(Sil.) g (f7 F)_l(po q)
gives wi, we € S SatiSfying P(s/,wl) Z F, f /@ Q(u,wg) and P(wl,wg) g pog.

On the other hand from (f, F)~!(q) & G(S,’Z) we have z/,s” € S with
F(s/,z/) Z @(s/,z)’ Ps/ Z QS// for which
(5.3) Py LF, fZLQusy = 4L Quyita
for all t1,t € T by Remark 5.2. Likewise, (f, F)~(p) € @(%u) givesu', 2" € S
with F(z,u/) z @(z,u)7 P. € Q. for which

(54) F(z”,vl) ,@ F7 f Z @(u/,'ug) =D g 6(’1117?12)
for all vi,v2 € T. Finally P,y € Q. so by DFI we have v € T' for which
f L Q) and Py E F.
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By CR1, Py ) € F and Py € Qg gives Py ) € F so implication (f.d)
may be applied with t; = wy, to = v to give ¢ £ @(whv). Likewise (@) may be
applied with v; = v, va = wy to give p £ @(v,w)' This gives the contradiction
Py wy) € pog and we have shown (f, F)~'(p)o (f,F)~'(a) € (f,F)~ (poq).

The proof of (f,F)"Y(PoQ) C (f,F)"Y(P)o (f, F)~1Q) is dual to the
above, and is omitted. O
Corollary 5.8. Let (f,F) be a difunction on (S,8) to (T,T). If (r,R) is a
transitive direlation on (T,T) then (f,F)~1(r,R) is a transitive direlation on
(5,8).

Proof. Straightforward. O

Now let us make the following definition.

Definition 5.9. Let U be a direlational uniformity on (S,8), V a direlational
uniformity on (7', 7) and (f, F') a difunction from (S, 8) to (T,7). If (d, D) €
V = (f,F)71(d,D) € U the difunction (f, F) is said to be U-V uniformly

bicontinuous.

Example 5.10. Let U be a direlational uniformity on (S, 8). Then the identity
difunction (¢, I) on (.5, 8) is U-U~uniformly bicontinuous. To see this it is clearly
sufficient to note that

(i, 1) (r,R) = (1, R)
for all direlations (r, R) on (S,8). The proof of this equality is straightforward
and is left to the interested reader.

Now let us consider the composition of uniformly bicontinuous difunctions.
The following lemma will be useful.

Lemma 5.11. Let (S,8), (T,7T) and (W, W) be textures, (f, F) a difunction on
(S,8) to (T,T), (9,G) a difunction on (T,T) to (W, W) and (r, R) a direlation
on (W, W). Then
(f,F)"H(9,G) (. R)) = ((9:G) o (f, F)) "} (1, R).

Proof. First suppose that (f, F)~*((g,G)"(r)) € (go f,Go F)~1(r). Then we
have s,s’,u € S with ﬁ(s’u) Z (go f,Go F)"Y(r), P, Z Qy, satisfying
(5.5) Py LF [ € Quu = (9:G)7'(r) € Quy oy
for all t1,t2 € T by Remark 5.2. Now P,y Z (9o f,Go F)"*(r), Ps £ Qy,
gives wy,ws € W for which ﬁ(s,’wl) ZGoF,gof¢ @(u’w) and r C @(wl,wz)'

Now we obtain w] € W, v; € T with F(S/’vl) g F, ﬁ(vl,wi) Z G, and

wh €W, vg € T with f & Q(um) and g @(vz,wé)' Hence we may apply (@)
with ¢ = v1, t2 = vz to give (9,G) 7' (r) € Q(y, 4,)- Hence we have vj,vy € T

satisfying F(vl,v;) z Q(vlm), Py, € Qy;, for which
(56) F(Ui,zl) g G7 g g 6(@’2,22) =T g @(zl,zg)
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for all z1, zo € W by Remark 5.2. Now F(vhw’l) LG, Py, € Qur and Py,  Qyr
gives F(v{,wl) Z G. Also, g £ @(U2’wé)7 Py & Qu, and Py € Qu, gives f £
@(vg,wz)- Hence we may apply (@) with 21 = wy, 20 = ws to give r € @(wl)wz),
which is a contradiction. Hence (f, F)~1((g,G)~1(r)) C (go f,G o F)~(r),
and the proof of the reverse inclusion is similar and is omitted.

The proof of the dual equality (f, F)~((g,G)"Y(R)) = (go f,G o F)"}(R)
is left to the interested reader. O

The following is now immediate from the definitions:

Proposition 5.12. Uniform bicontinuity is preserved under composition of
difunctions.

As expected we also have:

Proposition 5.13. Let (1, ki), k = 1,2, be the uniform ditopology of the dire-
lational uniformity Uy on (Sk,Sk), and let (f, F) be a difunction on (S1,81) to
(S2,82). Then if (f, F) is U1 -Us uniformly bicontinuous it is (11, k1)—(T2, K2)
bicontinuous.

Proof. Take G € 15 and s € S; with F~(G) € Qs. Then we have t € Sy
with ﬁ(s’t) Z F and G € Q;, whence by Lemma 4.3 there exists (d, D) € Uy
satisfying d[t] C G. Let (e, E) = (f, F)~!(d, D) € U;. It may be shown that
els] € F—(G), whence F<(G) € 71, again by Lemma 4.3. Hence (f,F) is
T1—To continuous, and the proof of k1—ky cocontinuity is dual to this. O

Now let us turn our attention to the notion of initial di-uniformity.

Theorem 5.14. Let (S,8) be a texture, V;, i € I, direlational uniformities on
the textures (T;,7T;) and (f;, F;) difunctions on (S,8) to (T;,7;), i € I. Then
the family

(fi7Fi)_1(di7Di)7 (dZ7D’L) S Vi7 1 S I
is a subbase for a direlational di-uniformity U on (S, §).

P’l"OOf. Let U = {(d,D) € DR | Fit, ...y in € I,(lele) S Vikv 1 <k <
n with [, (fies Fi) (i, Diy) € (d, D)}. We must verify conditions (1)-
(5) of Definition 3.1. Clearly (1) is immediate from Proposition 5.3 and (2), (3)
are trivial from the definition of U. If (d, D) € U then we have (d;, , D;, ) € V;,,
1 < k < n, with [1}_,(fi,, Fi,) " '(di,, Di,) T (d, D). For each k we may
choose (e;,, E;,) € Vi, satisfying (e;,, Ei,) o (€i,, Ei,,) T (diy,, Ds,,). If we set

%)
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(e, B) = HZ_l(fik,Fik)f (€s,, Ei,) then (e, E) € U and

(eE BE E|—| flk’ 1k elk? k) (flm Zk) (eik7Eik))

ES
Il
—

ezkink) © (eikﬂEik))

Zk: lk7D )E<d7D)7

n
E |—| flka 1k
|—| flk7
k=1
by Proposition 1.9 (7) and Proposition 5.7. Hence (4) is satisfied. Finally, (5)
may be verified in a similar way using Proposition 1.9 (4) and Proposition 5.5.
]

Definition 5.15. The di-uniformity U on (.5, 8) defined in Theorem p.19 is
called the initial direlational di-uniformity on (S,8) defined by the spaces
(T;,T:,V;) and the difunctions (f;, F;), i € I.

Clearly the initial di-uniformity is the coarsest di-uniformity on (S,8) for
which the difunctions (f;, F;) are U-V; uniformly bicontinuous for all i € I.

We are now in a position to prove the converse of Theorem 4.14, and so
complete our characterization of di-uniformizable ditopological texture spaces.

Theorem 5.16. (5,8, 7, k) is di-uniformizable if and only if it is completely
biregular.

Proof. Tt remains to show that if (7, k) is completely biregular then there ex-
ists a compatible di-uniformity. Let U denote the initial direlational unifor-
mity generated by the family of all bicontinuous difunctions from (5, 8, 7, k) to
(I3, 71, k1). We show that (7, k) = (7, ku)-

First take G € 7y and G € Q. Then there exist z,s',s”,s"”,w € S so
that G € Q., P. € Qu, Py € Qu, Por € Qgry Psn € Qy and P, € Q.
Choose (d, D) € U with d[z] C G. Now there exist (7, %)— (1, k1) bicontinuous
difunctions (f1, F1), ..., (fn, Fy) and € > 0 for which

€= (flaFl)_l(de) r...n (fn;Fn)_l(de) Cd.

Since Py € Qu, by DF1 there exists r; € I for each ¢ = 1,...,n, so that
fi & Q(sm ry) and P(w,r y € F;. We show that

(a) Niy F7([0,75 +€)) Ce[z] € d[2] € G, and

(b) Mizy F([0,73 +€)) £ Qs
from which it follows at once that G € 7.

Suppose that (a) is false. Take u,u’,v” € S with ([_; F;~([0,r;+¢€)) € Qur,
Py € Qu, Py € Qu and P, € e[z]. Now for each i =1,...,n we have t; € [
with F(u’ﬁti) & F; and [0,7; + €) € Q¢,, that is t; < r; + €. Take any v1,v3 € I
with

P vy € Fyand fi € Q)
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By DF1 we have P,, € Q., a_nd P, € Q,, whence r; < vy and ve <¢;. Thus

ve <t; <ri+e< v +€ 80 Py ) ©de. Since Py € Qg and Py € Qy we
deduce that
(fi, F)"Nde) € Quen iy Vi=1,...,n,

whence Py ) C (f1, F1) " (de) ... 1 (fn, Fn) " (de). Since P, € Qur we now
have e & @(S,’u,). On the other hand P, € e[z] gives v € S with P, € Q, for
which e € Q(z,v) = P, C Q,Vz € S. From the above we have e @(s’,v)
so setting = s’ in the above implication leads to the contradiction P, C Q.

To prove (b) it will suffice to show P, C (", F;~([0,7; +€)), so assume the
contrary. Now we have j, 1 < j <mn, and P, Z Q. for which F(w/’y) ZF =
[0,7; +¢€) C Q. However F(wﬂ.j) Z F; and Py, € Q. gives F(w/7,nj) ¢ F;, and
we obtain the contradiction [0,r; +€) C [0,7;) by taking y = r; in the above
implication.

Conversely, take G € 7 and s € S with G € Q. Since (7, k) is completely
regular there exists a bicontinuous difunction (f, F') on (S, 8) to (I, J) for which

I~ (Py) € Qs and F(Q1) C G. Take € > 0 and define e = (f, F)~!(d.). Then
e € U and we will show that e[s] C G, whence G € 7.

It will be sufficient to show e[s] C F (Q1), so assume the contrary and take
v € S with e[s] £ Q, and P, € F(Q1). The latter gives us v’ € S with
(57) ?(v/,w) g F = Ql Q Qw — W = ].,

and the former gives z € S with e Z Q, and Ps £ Q.. Now we have v e S
with P, ) £ Q. and 2’ € S with P, € Q. so that

(58) P(z’,tl) Z F, f g @(U/7t2) E==4 F(tl,tz) - de — 19 <t + e

Clearly P, € Q. so by DF1 there exists t' € T with f & Q(U,,7t,) and F(v/,t/) Z
F. Now (7) with w =1t givest' =1 and so f € @(u”,1)~

On the other hand, from f<(Py) € Qs we have s’ € S with f(P) € Qy,
P, Z Qs. Hence we have u € S with P, Z Q4 so that

(5.9) FLQuuw = PuCP = w=0.

Clearly P, € @, so by DF1 we have t € I so that f & @(uwt), F(zl,t) Z F. Now
(9) with w =t gives t =0, so P(,/ o) € F and (8) with t; = 0, t = 1 gives the
contradiction 1 < e.

We have now established 7 = 7, and a dual proof gives k = Ky, so the
proof is complete. O

Before leaving the topics of uniform bicontinuity and initial di-uniformity
we must see how these should be defined for dicovering di-uniformities. The
following gives a fairly obvious notion of inverse image of a dicover under a
difunction.
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Definition 5.17. Let (S,8), (T,7) be textures, (f,F) a difunction on (S, 8)
o (T,7) and € a dicover of (T, T). Then

(f, F)7H(€) = {(F~(4),f~(B))| AeB}.

It is a straightforward matter to verify that (f, F)~1(C) is a dicover of (S, §),
but the authors do not know if this inverse operation preserves the property
of being anchored, or even of being refined by the dicover P. This will cause
some technical difficulties, but will not prevent us using this operation to char-
acterize uniform bicontinuity and initial diuniformities in terms of dicovers, as
we will see. We begin by relating this inverse image with that given earlier for
direlations.

Proposition 5.18. Let (f,F) : (5,8) — (T,7) be a difunction and (d,D) a
reflexive direlation on (T,T). Then
V(£ F)7Hd, D) < ((f, )~ (v(d, D)%

Proof. Let D = ~(d,D) and C = (f,F)~Y(D). If we set ¢ = (f,F)~(d)
and C = (f, F)~1(D) we must verify c[s] C St(C, P,) and CSt(C,Q,) C C]s].
We prove the first inclusion, the second being dual. Recall that c[s] = ¢(Ps)
and suppose that c(Ps) € St(C, Ps). Now we have u € T with ¢(Fs) € Qu,
P, € St(€, Ps) and hence s" € S with ¢ Z Q(y ), Ps £ Q. By Remark 5.2
we have P(y ) € Qs and Py € Qg for which

(5.10) Py CF, L Qi = dZ Qi

for all t1,t2 € T. On the other hand, P, Z St(C, P) = V{f~(d[7]) | z €
T, Ps £ F(D[z])} = f=(V{d[z] | z € T, P £ F~(D[z])}) by Proposi-
tion 1.6 (7), and so we have w € T' satistying f € Q(, ) and Py, € V{d[7] |
ze€T, P, F—(D[z])}.

Since Py € @, we have f ¢ @(u,’w). On the other hand applying DF1
to Py € Qg gives v € T satisfying f € @(S,,U) and F(s”,v) Z F. We may
now apply implication () with t; = v, to = w to give d & @(U,w). This is
equivalent to d[v] € Q., and so P, C d[v]. To obtain a contradiction it will
therefore suffice to show that F(D[v]) C Qg , for then P, € F~ (D[v]) and
so Py, Z d[v].

Suppose, therefore, that F (D[v]) € Q. Then we have t € T with ﬁ(sl’t) Z
F and D[v] € Q. Using DF2 now gives P; Z Q,, whence D[v] C Q, C Q:
since D is reflexive. This contradiction completes the proof. O

Proposition 5.19. Let (f,F) : (S,8) — (T,7) be a difunction and (c,C),
(d, D) reflexive direlations on (T,T). Then

(d, D)o (d, D)~ C(c,C) = &((f, F)~'(+(d, D))) C (f, F)~(c,C).
Proof. Assume that (d, D)o (d, D) C (¢,C), i.e. doD” Ccand C C Dod*.

Let D = v(d,D), & = (f,F)"Y(D), and assume that d(&) Z (f, F)"(c).
Now we have s,s' € S with P,y € (f,F)"*(c) and t € T with P, ¢
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F(D(Qy), F~(d(P,)) € Qu. Hence we have v € T with f Z Q)
P, € D(Q:), and v' € T with Py € F, d(P;) € Q.. Also, by R2 for
the relation f, we have u € S with Py € Q, and f € Q(,,,. Hence, since
Ps,sn € (f, F)~*(c), there exists t1,ta € T such that P4,y € F, f € Qg 1,
and F(tl,tz) Z c.

On the other hand, from d(P;) € Q, we have d ¢ @(t,v’) and from P, Z
D(Q¢) we have P ) € D, that is D™  Q, ). Since (f, F) is a difunction,
F(s/m/) Z Fand f £ @(s/,m) imply P, € @, by DF2,s0d € @(t,tg). Likewise,
Py, € Qp and so D™ € Q, ) by RI for the relation D™. We now obtain
P, 1) ©do D™ Cc, which is a contradiction.

The proof of D(E) C (f, F)~1(C) is dual to the above, and is omitted. [

With the notation of Theorem 3.7 we now have:

Proposition 5.20. Let (f,F) : (S,8) — (T,7) be a difunction. If U, V are
direlational di-uniformities on (S,8), (T,7), respectively, then (f,F) is U-V
uniformly bicontinuous if and only if C € T(V) = (f, F)~H(€)» € T'(U).

Proof. Suppose (f, F) is U=V uniformly bicontinuous and take € € T'(V). Now
we have (c¢,C) € V with v(¢,C) < €, so (d,D) = (f,F)"(c,C) € U and
v(d, D) € T(W). However v(d, D) < (f,F)~*(€)» by Proposition 5.18, so
(/,F)(©)* € T(W).

Conversely suppose € € T(V) = (f,F)"1(€)» € I'(U) and take (e, E) €
V. Choose a symmetric (¢,C) € V with (¢,C) o (¢,C) C (e, E) and (d,D) €
V with (d,D) o (d,D)~ C (¢,C). By Corollary 5.6, (f,F)~!(c,C) is also
symmetric, and it is reflexive by Corollary 5.4. Hence by Theorem 2.7 (1) and
Proposition 5.7,

By Proposition 5.19, 6((f, F)~1(v(d, D)) C (f,
5((f,F)~'(v(d, D))*)

(
by Theorem 2.7 (2). Since (d, D) € V, € = v(d, D) € I'(V) and so, by hypothe-
sis, (£, )~ (7(d, D) = (f, F)~1(€)® € T(W). Hence 8((f, F)~'(+(d, D)) €
A(T(U)) = U by Theorem 3.7(3). It follows from the above inclusion that
(f,F)~! (e, E) € U, and we have shown that (f, F) is U~V uniformly bicontin-
uous. g

This justifies the following definition.
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Definition 5.21. Let v, v be dicovering uniformities on (5, 8), (T, T) respec-
tively and (f,F) : (S,8) — (T,7) a difunction. Then (f, F) is called v-v
uniformly bicontinuous if € € v = (f, F)"1(C)» € v.

Finally we have the following:

Proposition 5.22. Let (S,8) be a texture and for i € I let (T;,7T;,V;) be a
direlational di-uniform texture space and (fi, F;) : (S,8) — (T;,7:) a difunc-
tion. If W is the initial direlational uniformity on (S,8) for the given system,
the family

n A
</\(f1k,F1k)1(eZk)A> s nGN*, ikGI, Gik GF(V%), 1§k§n,
k=1

is a base for the dicovering di-uniformity T'(U).

Proof. Take € € I'(U). Then there exists (e, E') € U satisfying (e, ) < €, and
hence iy, € I, (e;,, Ei,) € Vi, for 1 < k <n with [,_, (fir, i) " (e, Bi) T
(e, E). If we choose a symmetric (¢;,,C;,) € V;, with (¢;,,C,) © (Cz“ k) C
(eir., Eip.), and then (dzk,D ) € V;, with (dzk,D ) o (di,, Ds, ) C (¢, Ciy)s
we have 5((flk7FZk) ( (dlkale))A C (flkv 'Lk) l(elkaE ) exactly as in the
proof of Proposition 5.20. In view of Proposition 2.9 (2) we deduce

5(/\(f1k7Flk) ( (dlmD ) |_|5 flm lk ( (dlka )) )

k=1
|_| flk7 Zk e?,k7Ek)) E(E,E)

Applying v to both sides and using Theorem 2.7 (2) now gives

( /\ <fmFik>1<eik)A>A <€,

k=1

where we have set C;, = v(d;,,D;,) € I'(V;,). It remains to show that the
dicover on the left belongs to I'(U). Now D = ~v([;_, (fir, Fi) " *(diy, Diy)) €
I'(U) is anchored by Proposition 2.3, and D < Ay_; v((fir, Fi,) ' (diy, Dy,.) by
Proposition 2.8 (1), so by Lemma 2.2 (i) we have

D < </n\7((fik,Fik) H(diy, Diy >)>A< <;\(f“’Fik)1(e“‘)A>A

k=1 k=1

by Proposition 5.18, and this gives the required result. O

In view of the above proposition, the following definition is compatible with
Definition BT3.

Definition 5.23. Let (5, 8) be a texture and for each i € I let (T}, T;,v;) be a
dicovering di-uniform texture space and (f;, F;) : (S,8) — (T3, 7T;) a difunction.
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Then the covering di-uniformity v on (S, 8) with base

n A
{ /\ ((f“Fl>_1(elk)A) | i €1, Gik € Viy» 1<k<n,nec N+}
k=1

is called the initial covering di-uniformity on (S,8) for the spaces (T3, T;, v;)
and difunctions (f;, F;), i € 1.

It is not known if the above results and definitions can be simplified in
general.

6. DIMETRICS AND DIUNIFORMITIES

Definition 6.1. Let (5,8) be a texture, 5, p : S x S — [0,00) two point

functions. Then p = (p, p) is called a pseudo dimetric on (S, 8) if

M1 (s, t) < p(s,u) +p(u,t) Vs,u,t €5,
M2 P, € Q: = p(s,t) =0Vs,t €S,
DM 7p(s,t) = p(t,s) Vs,t €5,
CM1 p(s,t) < p(s,u) + p(u,t) Vs,u,t €S,
CM2 P, £ Qs = p(s,t) =0Vs,teS.
In this case p is called the pseudo metric, p the pseudo cometric of p.

If p is a pseudo dimetric which satisfies the conditions

M3 Pngiu ﬁ(u,v)ZO, P’Uth — Pngt Vs,t,u,UES,
CM3 P, Z Qs, p(u,v) =0, PL,ZLQ, = P, Z Qs Vs, t,u,v €S,

it is called a dimetric.

When giving examples it will clearly suffice to give p satisfying the metric
conditions, since DM may then be used to define p, which will automatically
satisfy the cometric conditions. Note that for a pseudo dimetric to be a dimetric
it is sufficient that p(s,t) =0 = Ps € Q;, but example (4) below shows this
condition is not necessary in general.

Example 6.2. (1) Let (5, 8) be any texture and define

5o, 1) = {o if Py £ Qs

1 otherwise.

Clearly p defines a dimetric p, which we will call the discrete dimetric on (S, 8).
(2) If d is a (pseudo) metric on X in the usual sense, p = (d, d) is a (pseudo)
dimetric on (X, P(X)).
(3) Consider the texture (I,J) and set p(s,t) = (¢ —s) V0. Then p defines a
dimetric p on (I,J), which we will call the usual dimetric on (I, 7).

(4) Let (L,L) be the texture L = (0,1], L = {(0,7] | 0 < r < 1}. Again
p(s,t) = (t — s) V 0 defines a dimetric, called the usual dimetric on (L, L).
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Note that (2) and (4) may be combined to give a rich supply of pseudo
dimetrics on the product of (X,P(X)) and (L,L). Since this is the texture
corresponding to the lattice of classic fuzzy sets on X [4,6] the connection with
fuzzy topology is clear, although we will not pursue this line of enquiry here.

As expected, a (pseudo) dimetric p gives rise to a ditopology, which we will
refer to as the (pseudo) metric ditopology of p.

Proposition 6.3. Let p be a pseudo dimetric on (S,8) and for s € S°, € > 0
define

N?(s) = \/{P: | Ju € S with Py Z Qu, plu,t) < e},
MP(s) = ﬂ{Qt | 3u € S with Py £ Qs, p(u,t) < e}

Then B, = {Nf(s) | s € S°, € > 0} is a base and y, = {MF(s) | s € S°, € > 0}
a cobase for a ditopology (7,,K,) on (S, 8).

Proof. By M2 it is clear that Py C N’(s) for all s € S” and so \/3, = S.
Now take s1, 82,5 € S, €1, €2 > 0 with N? (51) " NP (s2) € Qs. Choose t € S
with N2 (s1) N NE,(s2) € Qt, Py € Qs and then for k = 1,2 take t; € S with
Py, € @ so that for some Py, € Qg , s, € S, we have p(s),,tr) < €. Since
p(tr,t) = 0 by M2 we deduce 5(s},,t) < €, for k = 1,2 by MI, so we may
choose € € R satisfying 0 < € < min(e; — p(s],1t), €2 — p(sh,t)). However it is
now straightforward to verify that

NE(t) © NE (1) N NE (s2), NE(E) € Qs

whence by ([6], Theorem 4.3), /3, is a base for some topology 7, on (5,8). The
proof that 7, is a base for some cotopology «, on (S, 8) is dual to this, and is
omitted. O

Clearly the discrete dimetric on (5, 8) gives rise to the discrete, codiscrete
ditopology. Likewise, the metric ditopology of the usual dimetric on (I, J) is the
usual ditopology on (I, J), while the same dimetric on (L, L) gives the discrete,
codiscrete ditopology.

Now let us verify that a pseudo dimetric also defines a di-uniformity.

Theorem 6.4. Let p be a pseudo dimetric on (S, 8).
i) Fore>0 let

re=rl= \/{ﬁ(s’t) |Jue S, PsZ Q, and p(u,t) < e},
R. =R/ = ﬂ{@(&t) | Jue S, P, Z Qs and p(u,t) < e}.

Then the family {(r?, R?) | € > 0} is a base for a direlational uniformity
U, on (S,8).

ii) The di-uniformity U, is separated if and only if p is a dimetric.

ili) The uniform ditopology of U, coincides with the pseudo metric ditop-
ology of p.
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Proof. (i) It is trivial to verify that (r., R.) is a direlation for all € > 0.
We must verify the conditions of Definition 3.1 for the family

U, ={(r,R) | Je > 0,(re,Re) C (1, R)}.

Condition (1) is trivial from M1, CM1; and (2) follows from the definition.
Condition (3) is a consequence of (r¢, Re) E (7¢;, Re;) M (Tey, Rey), Where € =
min(e, €2), which is trivial since clearly ¢ < § = (r.,Re) C (r5, Rs). To
prove (4) we need only show that (r., Rc)? T (roc, Rac). If 7c o7 € 7o there
exists s,t € S with ﬁ(s’t) Z r9e so that for some u,v € S we have Py € Q.,
re € @(u,v) and r. € @(v,t)' By M1, M2 and the definition of r. we obtain
plu,v) < e, p(v,t) < €, whence p(u,t) < p(u,v) + p(v,t) < 2¢. This gives the
contradiction P(S,t) C 1r9¢ 80 e 01 C 19, and the dual result Ryc C R o R,
is proved likewise. Finally (5) follows from (r¢, R.) = (r, R.). To prove this
we need only show that 7~ = R, for any € > 0. Suppose that R, Z r.. Then
we have s,t € S with R, ¢ @(s,t) and Py € v . Since r{ is a corelation,
F(&t) Z r< is equivalent to r. € @(t,s) and so we have s’ € S satisfying
Ptoy € Qt,5) for which we have t' € S with P, € Qp and p(t',s') < e
By M1 we have p(t,s’) < e, whence p(s’,t) < € by DM. Since Py € Qs we
obtain R. C @(M)’ which is a contradiction. This establishes R, C r, and
the reverse inclusion is proved in the same way. This completes the proof that
U, is a direlational uniformity on (.5, §).

(ii) It is sufficient to show that M3 is equivalent to [] r. € i. Suppose
e>0

that M3 holds but [] r. € i. Now we have s, € S with []re € Q) and
e>0 e>0

?(s’t) ¢ i. Hence we have t' € S with ﬁ(s’t/) ¢z Q(s,t) so that for some s’ € S
with P, € Q4 we have r, € @(S,,t,) Ve > 0. We deduce p(s',t') = 0 and so
P, & Q; by M3. However now i ¢ @(S’t), which contradicts ?(37,5) Z i. The

proof that [] r C ¢ implies M3 is left to the interested reader.
>0

(iii) By Lemma 4.3 the set G € 8 is open for the uniform ditopology if and
only if G € Qs = Je > 0 with r[s] C G. Since Ps C r(Ps) = re[s], if we
can show that r.[s] is uniformly open it will follow by ([6], Theorem 4.2) that
the family r[s], s € S°, € > 0, is a base for my,. However, if we take r[s] € Qy,
we then have ¢’ € S with P,y € Q4 4, so that p(s’,t') < e for some s’ € S
with Py € Qg . Since Py € Q¢ we have p(t',t) = 0 and so p(s',t) < ¢, whence
we may choose § > 0 with p(s’,t) +d < € and it is now easy to show that
r5[t] C re[s]. This establishes that r¢[s] is uniformly open, as required. Finally
it is straightforward to verify that

rels] = N£(s),

so the family N”(s), s € S°, € > 0, is a base for both Ty, and 7,, whence these
topologies coincide. Likewise, the cotopologies coincide. (I
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Corollary 6.5. A pseudo metric ditopology is completely bireqular. It is Ty,
and hence bingé [7] and in particular bi-Ts [7], if and only if p is a dimetric.

Proof. Immediate from Theorem 6.4, Theorem 4.14 and Theorem 4.16. (I

For the dimetric of Example 6.2 (3) we obtain the discrete direlational uni-
formity with base {(i,1)}. The metric di-uniformity of the usual dimetric on
(L,9) is the usual di-uniformity, while the dicovering uniformity corresponding
to the usual dimetric on (L, L) has base {((0,s+¢€],(0,s —€]) | 0 < s < 1} (cf.
Example 3.8).

Definition 6.6. A direlational uniformity U on (.5, 8) is called (pseudo) metriz-
able if there exists a (pseudo) dimetric p with U = U,.

Theorem 6.7. A direlational uniformity U is pseudo metrizable if and only if
it has a countable base. It is metrizable if and only if it is also separated.

Proof. If U is pseudo metrizable there is a pseudo dimetric p with U = U,. But
now, for example, (rf/n, R’f/n), n > 1, is a countable base of U,, and hence of
Uu.

Conversely, let U have the countable base (b, By,), n > 1. Take (dy, D7) € U
symmetric with (dy,D;) T (b1, B1), and by induction for n > 1 choose a
symmetric (d,, D,) € U so that (d,,D,)* C (dp_1,Dn_1) N (bp, Bn). Then
(dps1,Dns1)® E (dn, Dy) for all n = 1,2,... and (d,,D,) C (d,, D,)? C
(bn, Bn), so {(dn,Dy) | n = 1,2,...} is also a base of U. Now let g, ¢* be
as defined in Lemma 4.12 and Lemma 4.13 for the sequence (d,,, D,,). Clearly
p = (q,¢") is a pseudo dimetric, so we may consider the direlational uniformity
U,. However, Lemma 4.12 (1) and Remark 4.13 (1) immediately give

(dn-‘rlv DYL+1) C (rg—n 5 RS—W) C (dTH Dn)a
whence U = U,,.
The final statement is immediate from Theorem 4.16 and Corollary 6.5. [

Definition 6.8. A ditopology on (5, 8) is called (pseudo) metrizable if it is the
metric ditopology of some (pseudo) dimetric on (.5, 8).

Theorem 6.9. The ditopology (7, k) on (S,8) is pseudo metrizable if and only
if there exists a family C,,, n = 1,2, ... of anchored dicovers of (S, 8) satisfying
the conditions

(1) Chy1 = €, foralln > 1.

(2) Ger —= (GZL Qs = Tn, St(C,, Ps) CG).

8) Fek <— (P F = 3n, F C CSt(Cy,Qs))-

Proof. Suppose first that (7,x) = (7,,k,) for some pseudo dimetric p, and
consider the direlational uniformity U, on (S, 8). Note that (r{_,, Rj_.),n > 1,
is a base of U,, whence C, = 'y(rf;,n,RZ,n), n > 1, is a base of anchored
dicovers for v, = I'(U,). By the hypothesis and Theorem 6.4 (iii), (7, ) is the
uniform ditopology of U,, while U, = A(v,) by Theorem 3.7 (3). Clearly (2)
and (3) now follow from Proposition 4.4, so it remains to show (1). However
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noting that (r?, R?) is symmetric we may apply Proposition 2.4 to (r?, Rf)% C
(rh., RS.) for e = 4= and e = 2 x 4=("+1) 1o give
en—‘rl <(4) 7(7's><47(n+1), R5X47(n+1)) <(4) ena

whence C,,11 < (») C, by Lemma 2.2 (3ii), since the dicovers are anchored.

Conversely, suppose that there exists a sequence of anchored dicovers C,, sat-
isfying (1)—(3). Then these form a base for a dicovering uniformity v. Moreover,
by Proposition 4.4, conditions (2) and (3) imply that the uniform topology of
v, and hence of U = A(v), is (7, k). Clearly §(Cy,), n =1,2,... is a countable
base of U, so by Theorem 6.7 there is a pseudo dimetric p for which the uniform
ditopology of U, = U is the metric ditopology of p. Hence (7, k) = (7,, kp), s0
(1, k) is pseudo metrizable. O

Clearly conditions (2) and (3) may also be given in terms of the dineigh-
bourhood system and Theorem 6.9 is then seen as a ditopological analogue of
the Alexandroff-Urysohn metrization theorem [12].

We end by showing that arbitrary di-uniformities may be defined using
pseudo dimetrics.

Definition 6.10. Let U be a direlational uniformity on (5, 8). Then a pseudo
dimetric p on (5, 8) is called uniform for U if (r?, R?) € U Ve > 0.

For pseudo metrics p1, p2 on (5,8), p1V p2 = (py V P2, p, V p,) is a pseudo
metric on (S,8), and clearly (rf*, RP*) M (rf2, RP?) = (rf1VP2 RP1VP2). Hence
the family G of pseudo dimetrics on (S,8) uniform for U has the property
p1,p2 €9 = p1Vp2 €G. This leads to the following:

Theorem 6.11. Let § be a non-empty family of pseudo dimetrics on (S, 8)
which is closed under finite suprema. Then

Ug ={(r,R)|Ipe€§, e>0 with (r?, R?) C (r,R)}

is a direlational uniformity on (S,8). Moreover, if U is a direlational unifor-
mity on (S,8) and G the set of pseudo dimetrics uniform for U then Ug = U.

Proof. Straightforward. ]
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