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ABSTRACT

The aim of this paper is to give a systematic development of grill N-
topological spaces and discuss a few properties of local function. We
build a topology for the corresponding grill by using the local function.
Furthermore, we investigate the properties of weak forms of open sets
in the grill N-topological spaces and discuss the relationships between
them.
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1. INTRODUCTION

The grill concept proved to be an important and useful tool like nets and
filters, for studying some topological concepts such as proximity spaces, closure
spaces, the theory of compactifications and other similar extension problems.
The idea of grill on a topological space was first introduced by Choquet [4].
Later Chattopadhyay and Thorn [3] proved that grills are always unions of
ultra filters. Further Roy and Mukherjee [13] defined and studied the typical
topology associated with grill on a given topological space. Recently, Hatir
and Jafari [6] and Al-Omari and Noiri [1] investigated new classes of general-
ized open sets and the relevant generalizations of continuity in grill topological
spaces. Many more researchers [5, 7, 9, 10, 11, 12] defined and established the
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properties of generalized open sets in classical topology. We note that Corson
and Michael [5] used the term locally dense for pre open sets. Lellis Thivagar
et al. [8] introduced the concept of N-topological space that is a set equipped
with 71, 72, ..., 7w, and also established its open sets. In this paper, we extend
the notion of grill topological spaces into the grill N-topological spaces and we
obtain a kind of topology by an operator which satisfies Kuratowski’s closure
axioms for the corresponding grill. We also investigate the properties of some
generalized open sets in grill N-topological spaces.

2. PRELIMINARIES

In this section we recall some known results of N-topological spaces and grill
topological spaces which are used in the following sections. By a space X, we
mean a grill N-topological space (X, N7,G) with N-topology N7 and grill G
on X on which no separation axioms are assumed unless explicitly stated.

Definition 2.1 ([8]). Let X be a non empty set, 71, 72, ... , Tv be N-arbitrary
topologies defined on X and let the collection N7 be defined by
Nr={SCX:S=UY, 4) UL, B, Ai,B; € 7:},
satisfying the following axioms:
(i) X, o€ Nt
(ii) U;2, Si € N7 for all {S;}2, € N7

(iii) i, S; € N7 for all {S;}I~, € N.

Then the pair (X, N7) is called a N-topological space on X and the elements
of the collection N7 are known as N7-open sets on X. A subset A of X is said
to be N7-closed on X if the complement of A is N7-open on X. The set of
all N1-open sets on X and the set of all N7-closed sets on X are respectively
denoted by N70O(X) and N7C(X).

Definition 2.2 ([8]). Let (X, N7) be a N-topological space and S be a subset
of X. Then
(i) the N7-interior of S, denoted by N7-int(S), and is defined by
Nr1-int(S) = U{G : G C S and G is N7-open}.
(ii) the N7-closure of S, denoted by N7-cl(S), and is defined by
N7-cl(S) ={F :5 C F and F is N7-closed}.
Theorem 2.3 ([8]). Let (X, N7) be a N-topological space on X and A C X.

Then © € Nt-cl(A) if and only if ON A # &, for every Nt-open set O
containing x.

Definition 2.4 ([4]). A non empty collection G' of non empty subsets of a
topological space (X, 7) is called a grill on X if

(i) AcGand AC B= B e G and

(ii) ABCXand AUBeG=AcGor Beg.

A topological space (X, 7) together with a grill G on X is called a grill topolog-
ical space and is denoted by (X, 7,G). For any point = of a topological space
(X, 7), 7(x) means the collection of all open sets containing x.

© AGT, UPV, 2017 Appl. Gen. Topol. 18, no. 2 290



Generalized open sets in grill N-topology

Definition 2.5 ([13]). Let (X, 7,G) be a grill topological space and for every
A C X, the operator (A, 7) ={x € X : ANU € G,VU € 7(x)} is called the
local function associated with the grill G and the topology .

Definition 2.6 ([13]). Corresponding to a grill G on a topological space (X, 7),
then the operator 7g-cl : P(X) — P(X) defined by 7¢-cl(4) = AU ®(A)
VA C X, satisfies Kuratowski’s closure axioms and also there exists a unique
topology 7¢ = {U C X : 7¢-cl(U°) = U} which is finer than 7.

3. CLOSURE OPERATOR IN GRILL N-TOPOLOGICAL SPACES

In this section we introduce grill N-topological spaces and investigate the
properties of the local function ®¢(A, N7). Further we derive a topology by
the closure operator 7g-cl and we discuss some of its properties.

Definition 3.1. A non empty collection G of non empty subsets of a N-
topological space (X, N7) is called a grill on X if

(i) AcGand AC B= Be€G and
(ii) ABCXand AUBeG=AecGor BeaG.

Then a N-topological space (X, N7) together with a grill G is called a grill
N-topological space and is denoted by (X, N7, G). Particularly, if N = 1, then
(X, 17 = 7,G) is called the grill topological space, if N = 2, then (X, 27, G) is
called the grill bitopological space, if N = 3, then (X, 37, G) is called the grill
tritopological space defined on X and so on.

Remark 3.2.
(i) The grill G = P(X) — {@} is the maximal grill in any N-topological
space (X, NT1).
(ii) The grill G = {X} is the minimal grill in any N-topological space
(X,N7).

Definition 3.3. Let (X, N7,G) be a grill N-topological space and for each
A C X, the operator (A, N7) = {x € X : AnU € G,YU € N7(x)}, is
called the local function associated with the grill G and the N-topology N7. It
is denoted as ®(A). For any point x of a N-topological space (X, N7), N7(x)
means the collection of all N7-open sets containing z.

Theorem 3.4. Let (X, N7) be a N-topological space. Then the following are
true:
(i) If G is any grill on X, then ®¢g is an increasing function in the sense
that A C B implies ®g(A,N7) C &c(B, NT).
(ii) If G1 and G4 are two grills on X with G1 C Ga, then ®g, (A, N1) C
DG, (A, NT), for all AC X.
(iii) For any grill G on X and if A ¢ G, then ®g(A,N1) = @.

Proof. Tt trivially follows from the Definition 3.3. O
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Theorem 3.5. Let (X, N7,G) be a grill N-topological space. Then for all
A BCX,

(i) ®c(AUB) 2 ®¢(A) U Pg(B).

(ii) ®a(®a(A)) € Pa(A) = N7-cl(Pa(A)) € N7-cl(A).

Proof. We prove the part (ii) only and part(i) is trivial.

(i). If ¢ N7-cl(A), then there exists U € N7(x) such that UN A =2 ¢ G
implies ¢ ®(A). Thus ®c(A) C N7-cl(A). Now we shall show that N7-
cd(®c(A)) € ®g(A). Suppose that x € N7-cl(Pg(A)), then there exists a
U € N7(z) such that UNPg(A) # . Let y e UNPg(A). Then UNA € G
and so z € ®g(A). Thus N7-cl(Pg(A)) = ®c(A). Hence & (Pc(A)) C N7-
Cl(q)g(A)) = (I)G(A) - NT—CZ(A). O

Remark 3.6. Equality does not always hold in (i) of Theorem 3.5. Let N = 2
and X = {a,b,¢,d}, and consider 1O(X) = {2, X,{a}}, rO(X) = {2, X,
{a,b}}. Then 270(X) = {@, X, {a},{a,b}} is a bitopology and consider the
grill G = {{a, b}, {a,b,c},{a,b,d}, X}. Thus (X,27,G) is a grill bitopological
space on X. If A = {a} and B = {b, ¢}, then P5(A)UP(B) =@ C {b,c,d} =
(I)G(A @] B)

Definition 3.7. Corresponding to a grill G on a N-topological space (X, N1),
the operator N7g-cl : P(X) — P(X) defined by N7g-cl(A) = AU Dg(A)
VA C X, satisfies Kuratowski’s closure axioms and also there exists a unique
topology N7g = {U C X : N7g-cl(U°¢) = U°} which is finer than N7.

Example 3.8. Let N = 3 and X = {a,b,c} and consider 1 O(X) = {@, X, {a}},
0(X) = {2, X,{b}} and 30(X) = {2, X, {a,b}}. Then 370(X) = {2, X,
{a}, {b},{a,b}}is a tritopology and consider the grill G = {{a}, {a, b}, {a,c}, X}.
Thus (X, 37,G) is a grill tritopological space on X and 37¢ = {U C X : 37¢-
cd(U°) =U°} ={@,{a},{b},{a,b}, {a,c}, X} which is finer than 370(X).

Theorem 3.9.

(i) If G1 and Gy are two grills on a N-topological space (X, NT) with
G1 C G, then N1g, C N71¢,.

(ii) If G is a grill on a N-topological space (X,N7) and B ¢ G, then B is
Nr1g-closed set in (X, N71¢).

(iii) For any subset A of a N-topological space (X, NT) and any grill G on
X, ®g(A) is N1g-closed set in (X, N71¢).

(iv) If A is a N1g-closed, then ®5(A) C A.

(i) U € N7g, = N71g,-cdl(U°) = U°® = &g, (U°) CU°® = Pg,(U°) CU®
= N7g,-cl(U¢) =U°=U € N71¢g,.
(ii) If B ¢ G, then ®¢(B) = @ and N7g-cl(B) = B.
(iii) We have, NTg—Cl(Qg(A)) = (I)G(A) U @G(@G(A)) = @G(A) = (I)G(A)
is N71g-closed.
(iv) Assume that @ ¢ A= N7g-cl(A) = = ¢ ®q(A). Thus dg(4) CA. O
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Theorem 3.10. Let (X,N1,G) be a grill N-topological space. Then the col-
lection B(G,N7)={V — A:V € N7t and A ¢ G} is an open basis for N7q.

Proof. Let (X,N7,G) be a grill N-topological space and U € N7g and z €
U= X—-Uis Nrg-closed = P(X -U)CX-U= UCX—-dsX-0).
Therefore, x € U which implies that ¢ ®¢(X — U). Then there exists a
V € N7(z) such that VN (X —U) ¢ G. Let ustake A=V N(X -U) ¢ G and
we have € V — A C U where V is N7-open set and A ¢ G. Thus U is the
union of sets in §(G, N7). Clearly, 3(G, N1) is closed under finite intersections,
that is if V1 — A, Vo — B € 8(G, N1), then V1,V5 € N7 and A, B ¢ G and also
VinVa € Nt and AUB ¢ G. Now, (V1 —A)N(Va—B) = (VinV,)—(AUB) €
B(G,NT), and hence B(G,N7) ={V —A:V € N7 and A ¢ G} is an open
base for N7¢. O

Theorem 3.11. In a grill N-topological space (X, N7,G), Nt C (G, N1) C
N7 and in particular if G = P(X) — {@}, then N7 = 5(G,N7) = N7¢.

Proof. Let V.€ N7. Then V =V — @ € (G,N7). Hence N7 C 5(G,NT).
Now, let A € B(G,N7), then there exists V. € N7 and H ¢ G such that
A=V — H. Then, Ntg-cl(A°) = Nrg-cl((V — H)¢) = (V — H)* Udg((V —
H))=(VCUH)U(Pg(VE)UDg(H)). But, H ¢ G, then, by Theorem 3.4(iii),
(V) U DG(H) = Pc(VE). Since V€ is Nr-closed and by Theorem 3.9(iv),
Ds(VE) C Ve Thus, N7g-cl(A°) C A° and hence A € N7g. In particular,
if G = P(X)— {2}, then N7¢ = N7. Now V € B(G,N1) =V =U—- A
with U € N7 and A ¢ G, we have A = &, so that V = U € N7 and so
Nt =p8(G,NT) = N1¢. O

Corollary 3.12. Let (X,N7,G) be a grill N-topological space. If U € N,
then UN®G(A) =UNPg(UNA), for any AC X.

Proof. Clearly, UN®g(A) D UN®g(U N A). On the other hand, let x € UN
®g(A)and V € N7(x). Then UNV € N7(x) and z € Pg(A) = (UNV)NA €
G,thatis, UNA)NVeEG= 2€Pg(UNA)= ze€UNdPs(UNA). Thus
Uﬂq)g(A)ZUﬂq)G(UﬂA). U

Corollary 3.13. Let (X, N1, Q) be a grill N-topological space. If NT—{@&} C
G, then U C ®¢(U) for allU € NT.

Proof. U = @, then ®¢(U) = @ = U and if N7—{@} C G, then ®¢(X) = X.
By Corollary 3.12, we have for any U € N7—{@},UN®¢(X) =UNdc(UNX)
and implies U = U N ®¢(U). Thus, ¢(U) D U.

Corollary 3.14. Let A be a subset of a grill N-topological space (X, N7, G).
If U € N7, then UN N7g-cl(A) C N1g-cl(U N A).

Proof. Since U € Nt and by Corollary 3.12, we obtain U N N7g-cl(A)
UNAUUNDG(A) C(UNA)UPGUNA)= Nrg-cl(UNA).

ol
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4. GENERALIZED OPEN SETS IN GRILL N-TOPOLOGICAL SPACES

In this section we introduce some weak forms of open sets in grill N-topological
spaces and also we discuss the relationships between them.

Definition 4.1. Let (X, N7,G) be a grill N-topological space and A C X.
Then A is said to be

(i) gNT-open if A C N7-int(Dg(A)).
) ¢N7-a open if A C N7-int(N71g-cl(N1-int(A))).
) ¢N7-semi open if A C N7g-cl(NT1-int(A)).

v) ¢N7-pre open if A C N7-int(N7g-cl(A)).
) ¢N7-8 open if A C N7-cl(N1-int(N71g-cl(A))).

The set of all ¢ N7-open (resp. ¢NT7-a open, ¢N7-semi open, gNT7-pre
open, ¢N7- open) sets in a grill N-topological space (X, N7, G) is denoted
by ¢ N7O(X) (resp. ¢N7aO(X), ¢ N7SO(X), ¢ NTPO(X), ¢ NTBO(X)).
The complements of ¢ N7-open ( resp. ¢NT7-a open, ¢ N7-semi open, ¢NT-
pre open, ¢ N7-/3 open) sets in a grill N-topological space (X, N7, G) are called
their respective closed sets and the set of all ¢ N7-closed (resp. ¢ N7-« closed,
aN7-semi closed, ¢ N7-pre closed, ¢ N7-3 closed) sets in a grill N-topological
space (X, N7,G) is denoted by ¢ NTC(X) (resp. ¢N1aC(X), ¢ NTSC(X),
aNTPC(X), ¢ NTBC(X)). For N = 1, then we take ¢17O(X) (resp. ¢aO(X),
¢SO(X), ¢PO(X), ¢BO(X)). For N = 2, then we take ¢270O(X) (resp.
c21a0(X), ¢27S0(X), ¢21PO(X), ¢2780(X)) and so on.

We observe that part (iii) of the next theorem is analogous to the 1985
topological space result of Reilly and Vamanamurthy [12].

Theorem 4.2. Let A be a subset of a grill N-topological space (X, N1,G).

(i) If A is NT-open, then A is g NT-a open.
(ii) If A is gNT-open, then A is g NT-pre open.
(i) A is ¢NT-a open if and only if it is ¢ NT-semi open and gNT-pre
open.
(iv) If A is g N7-semi open, then A is cNT-S open.
(v) If A is gNT-pre open, then A is g NT-f8 open.

Proof. Here we prove part (iii) only, and note that the remaining parts have
similar proofs.

(iii). Since A is ¢N7-a-open, then A C N7-int(N71g-cl(N1-int(A))) C N7-
int(N1g-cl(A)) and A C N7-int(Ntg-cl(N7-int(A))) C Nrg-cl(NT-int(A)).
On the other hand, since A is ¢N7-semi open and ¢N7-pre open, then A C
N7-int(N1g-cl(A)) € N7-int(N1g-cl(N1g-cl(N1-int(A)))) C Nr-int(N7g-
c(N1-int(A))). O

The following examples show that the converse of the above theorem need

not be true, that ¢ N7-open sets and N71-open sets are independent, and that
aNT-semi open sets and @ N7-pre open sets are independent.
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Example 4.3. Let N = 5and X = {a,b,c} and consider ;O(X) = {@, X, {a}},
0(X) ={9, X, {b}}, mO0(X) = {2, X, {a,b}}, nO(X) = {2, X, {a}, {a,b}}
and 50(X) = {9, X, {b}, {a,b}}. Then 570(X) = {2, X, {a}, {b},{a,b}} is a
57-topology and consider the grill G = {{a}, {a, b}, {a,c}, X}. Thus (X, 57, Q)
is a grill 5-topological space. Here the set {b} is a 57-open but not a ¢57-open
set and the set {b, ¢} is ¢b7-B-open but not ¢57-semi open, not ¢57-pre open
and not ¢b7-a open. Also the set {a,c} is ¢57-semi open but not ¢57-pre
open and not ¢57-a open and the set {a, b} is ¢57-pre open but not ¢57-open.

Example 4.4. Let N = 3 and X = {a,b,c,d} and consider mO(X) =
{2, X}, nO(X) ={2,X,{a}} and 730(X) = {@, X, {a,b}}. Then 37r0(X) =
{@,X,{a},{a,b}}is a 3r-topology and consider the grill G = {{a}, {a, b}, {a, c},
{a,d},{a,b,c},{a,b,d},{a,c,d}, X}. Thus (X,37,G) is a grill tritopological
space. Here the set {a,b,c} is ¢37-open and ¢37-a open but not a 37-open
set. Also if N =2 and X = {a,b,c}, and consider 1 O(X) = {&, X, {a}} and
70(X) = {@,X}. Then 270(X) = {2, X, {a}} is a 27-topology and consider
the grill G = {{a,b}, X}. Thus (X,27,G) is a grill bitopological space. Here
the set {a, b} is ¢27-pre open but not ¢27-semi open and not ¢27-« open.

Theorem 4.5. In a grill N-topological space (X, Nt,G), the following are
true:
(i) If Nt —{@} C G, then every NT-open set is ¢ NT-open.
(ii)) If AC X is gN7-open and N71g-closed, then A is NT-open.
(i) If A C X is g N7-closed, then ®c(N7-int(A)) C N1-cl(N7-int(A)) C
A.

Proof.

(i) Let A be a N7-open set and by Corollary 3.13, A = N1-int(A) C N7-
int(Pa(A)).

(ii) Since A is N7g-closed, A = N71g-cl(A) = AU Pg(A) = Pc(4) C A
and since A is ¢ N7-open, A C N7-int(®c(A)) C N71-int(A). Thus
A = N1-int(A).

(iii) Assume A is gN7-closed, X — A is ¢N7-open and X — A C Nr-
int(Pq(X — A)) € &¢(X — A). Then by Theorem 3.5, Pg(X — A) =
Nt-cl(X — A) = X — N7-int(A) and now X — A C N7-int(Pq(X —
A)) C N7-int(X — N1-int(A)) C X — N7-cl(N7-int(A)). Thus N7-
c(N7-int(A)) C A and also ®g(N7-int(A)) C Nrg-cl(Nt-int(A)) C
N7-cl(N1-int(A)) C A.

(]

Theorem 4.6. Let (X, N7,G) be a grill N-topological space and ) be an index
set.
(i) If {Ai}ica € ¢NTO(X), then | A; € oNTO(X).
i€Q
(ii) If {Ai}ica € e NTaO(X), then U A; € ¢ N7aO(X).
ieQ
(iii) If {Ai}tica € ¢NTSO(X), then |J A; € gNTSO(X).
=)
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(iV) If {Ai}ieQ S GNTPO(X), then U A; € GNTPO(X).
i€Q
(v) If {Ai}ica € ¢ NTBO(X), then |J A; € o NTLO(X).
ieQ
Proof. We prove part (v) only, and note that the remaining parts have similar
proofs.
(v). Assume {4;}ico € ¢NTSO(X), then for each i € Q,A; C N7-cl(N7-
int(Ntg-cl(4;))) = U 4; € U (N7-cl(N7- int(N7g-cl(A;)))) = N7-cl( U

i€Q i€Q i€Q
(N7-int(N1g-cl(A;)))) € Nr-cl(N7-int(|J (N71g-cl(4;)))) € N7-cl(Nt-int
i€Q
(N7g-cl(|J 4;))). This shows that |J A4; € ¢ N7LO(X). O
i€Q i€Q

Theorem 4.7. Let (X, N7,G) be a grill N-topological space and A,B C X,
then the following statements are true:

(i) If A€ gN7SO(X) and B € aN1aO(X), then AN B € ¢ NTSO(X).
(i) If A€ GNTPO(X) and B € GNTaO(X), then AN B € gNTPO(X).

Proof. Here we prove part (i) only, and note that part (ii) has a similar proof.
(i) Since A C N1g-cl(N7-int(A)), B C N1-int(N1g-cl(NT-int(A))) and by
Corollary 3.14, AN B C N7g-cl(N7-int(A)) N N1-int(N7g-cl(N1-int(B))) C
Nrg-cl(Nt-int(A)NN7-int(N1g-cl(N1-int(B)))) C N1g-cl(N1-int(A)NN1g-
c(N7-int(B))) C Ntg-cl(N1g-cl(N7-int(AN B))). This shows that AN B €
cNTSO(X). O

Lemma 4.8. Let (X, N1, Q) be a grill N-topological space and A, B C X, then
the following statements are true:

(i) If A€ gN7SO(X) and B € NTO(X), then ANB € ¢N7SO(X).
(ii) If A€ gNTPO(X) and B € NTO(X), then AN B € ¢ NTPO(X).

Example 4.9. Let N = 5 and X = {a,b, ¢} and consider ;1 O(X) = {@, X, {a}},
0(X) ={2, X, {b}}, :30(X) = {2, X,{a,b}}, mO(X) = {2, X, {a},{a, b}}
and 750(X) = {2, X, {b},{a,b}}. Then 570(X) = {2, X, {a}, {b},{a,b}} is a
57-topology and consider the grill G = {{a}, {b}, {a,b}, {a,c},{b,c}, X}. Thus
(X, 57, Q) is a grill 5-topological space. The sets {a, ¢} and {b, ¢} are ¢57-open
( resp. ¢b7-pre open, ¢57-8 open) sets but their intersection {c} is not a ¢57-
open ( resp. ¢57-pre open, ¢57-0 open) set. In the same 57-topology, consider
the maximal grill G = P(X) — {@}. Thus (X,57,G) is a grill 5-topological
space. The set {a,c} and {b,c} are ¢H7-semi open sets but their intersection
{c} is not a ¢57-semi-open set.

Theorem 4.10. Let (X,N7,G) be a grill N-topological space and A, B €
aNTaO(X), then AN B € ¢ NT1aO(X).

Proof. Since A, B € ¢ NTaO(X), then by using Theorem 4.2 and Theorem 4.7
we get ANB € gNTSO(X), ANB € ¢NTPO(X), and therefore AN B €
aN1aO(X). O
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Theorem 4.11. In a grill N -topological space (X, NT,G), the family c NTaO(X)
is a topology and NTO(X) C ¢ N1aO(X).

Proof. Clearly, @, X € gN7aO(X). The desired result follows from
the Theorem 4.2, Theorem 4.6 and Theorem 4.10. (I

Theorem 4.12. Let (X, N7,G) be a grill N-topological space. Then A C X is

(i) ¢NT-semi open if and only if N1g-cl(A) = N1g-cl(NT-int(A)).

(ii) ¢NT-pre open, then N1-cl(Nt1-int(N1g-cl(A))) = N7-cl(A).

Proof.

(i) Assume that A is gN7-semi open, then A C N7g-cl(N7-int(A)) =
Ntg-cl(A) C Nrg-cl(N7-int(A)) C N71g-cl(A). Thus N71g-cl(A) =
Nrg-cl(NT-int(A)). Converse is obvious, since A C N7g-cl(A).

(ii) Assume that A is ¢N7-pre open, then A C N7-int(N7g-cl(A)) =
N7-cl(A) C N7-cl(N7-int(N1g-cl(A))) C N7-cl(N1g-cl(A)) = N7-
c(AUDG(A)) = N7-cl(A)UNT-cl(®c(A)) = N7-cl(A)UDg(A) C N7-
cl(A). Thus N7-cl(N7-int(N1g-cl(A))) = N1-cl(A).

(]

Theorem 4.13. Let (X, N7,G) be a grill N-topological space and A C X.

(i) Then A is g NT-semi open if and only if there exists a U € N1 such
that U C A C N1g-cl(U).

(ii) If A is a gN7-semi open and A C B C N71g-cl(A), then B is ¢NT-
semzi open.

(i) Since A is ¢ N7-semi open, then A C N7g-cl(N7-int(A)). Take U =
Nt-int(A). Then we have U C A C N7g-cl(U). On the other hand,
assume U C A C N7g-cl(U) for some U € N7. Since U C A, then
U C N1-int(A) = N1g-c(U) C N1g-cl(N7-int(A)). Thus A C N7g-
cd(NT-int(A)).

(ii) Since A is ¢N7-semi open, then there exists a U € N7 such that
UCACNrg-c(U). Then U C AC B C Nrg-cl(A) C N1g-cl(N7¢-
cl(U)) = N1g-cl(U). By part(i), we have B is ¢ N7-semi open.

O

Theorem 4.14. Let (X, N7,G) be a grill N-topological space and A C X.

(i) If A is ¢ NT1-a closed, then N7-cl(Nt-int(N1g-cl(A))) C A.

(ii) If A is gNT-semi closed, then Nt-int(N1g-cl(A)) C A.

(i) If A is gNT1-pre closed, then N1g-cl(N7-int(A)) C A.

(iv) If A is gN7--closed, then Nt-int(Ntg-cl(N1-int(A))) C A.
Proof. (i). Assume A is ¢ N7-« closed, then X — A is ¢ N7-« open and implies
X —AC N71-int(N1g-cl(N7-int(X — A))) C Nr-int(N1g-cl(X —N7-cl(A))) C
Nr-int(N1-cl(X — N71g-cl(A))) C N1-int(X — N71-int(N1g-cl(A))) C X —N7-
c(N7-int(N1g-cl(A))). Thus N7-cl(Nt-int(N7g-cl(A))) C A. Similarly we
can prove the remaining parts. (I
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The proof of the next theorem is straightforward.

Theorem 4.15. Let A be a subset of a grill N-topological space (X, Nt,G).

(i) If A is N1-closed, then A is ¢ NT-a closed.
(ii) If A is g NT-closed, then A is gN7-pre closed.
(iii) A is gN7-a closed if and only if it is g NT-semi closed and ¢ NT-pre
closed.
(iv) If A is ¢ NT-semi closed, then A is gNT-f closed.
(v) If A is gNT1-pre closed, then A is ¢ NT-f closed.

Remark 4.16. From the above theorems, lemmas and examples we have the
following diagram. We depict by arrow the implications between the classes of
generalized open sets.

(1) Nr-open, (2) ¢N7-a open, (3) ¢N7-semi open, (4) ¢NT-open,
(5) ¢ N71-pre open, (6) ¢ N7-3 open.

CONCLUSION

A set is merely an amorphous collection of elements, without coherence or
form. When some kind of algebraic or geometric structure is imposed on a set,
so that its elements are organized into a systematic whole, then it becomes a
space. This paper is an attempt to provide a rigorous definition of generalized
open sets of grill topologies on a non empty set, and to establish their properties
with suitable examples. The grill N-topological concepts can be extended
to other applicable research areas of topology such as Nano topology, Fuzzy
topology, Intuitionistic topology, Digital topology and so on.
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