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Abstract 
 

The steady state laminar mixed convection and radiation through inclined rectangular duct with an interior circular 

tube is investigated numerically for a thermally and hydrodynamicaly fully developed flow. The two heat transfer 

mechanisms of convection and radiation are treated independently and simultaneously. The governing equations which 

used are continuity, momentum and energy equations. These equations are normalized and solved using the Vorticity-

Stream function and the Body Fitted Coordinates (B.F.C) methods. The finite difference approach with the Line 

Successive Over-Relaxation (LSOR) method is used to obtain all the computational results. The (B.F.C) method is used 
to generate the grid of the problem. A computer program (Fortran 90) is built to calculate the steady state Nusselt 

number (Nu) for Aspect Ratio AR (0.55-1) and Geometry Ratio GR (0.1-0.9). The fluid Prandtl number is 0.7, Rayleigh 

number Ra = 400, Reynolds number Re = 100, Optical Thickness (0 ≤ t ≤ 10), Conduction- Radiation parameter (0 ≤ N 

≤ 100) and Inclination angle λ = 45. For the range of parameters considered, results show that radiation enhance heat 

transfer. It is also indicated in the results that heat transfer from the surface of the circle exceeds that of the rectangular 

duct. Generally, Nu is increased with increasing GR, t and N but it decreased with AR increase. When the radiation 

effect added to the heat transfer mechanism, the heat transfer rate increased. This effect increased with increasing in GR 

and decreasing with AR. The increasing in radiation properties lead to increase the radiation effect. Tecplot 7 program 

was used to plot the curves which cleared these relations and isotherms and streamlines which illustrate the behavior of 

air through the channel and its variation with other parameters. A correlation equation is concluded to describe the 

radiation effect. Comparison of the results with the previous work shows a good agreement. 

 
Keywords:  Mixed Convection, Radiation, Rectangular Duct, Circular Tube, Laminar Flow. 

 

 

1. Introduction: 
  

 Various heat transfer mechanisms and 

geometries have been studied by some engineers 

and scientists purposely to augment heat transfer 
in heat exchangers and some other heat transfer 

equipments. A numerical study of natural 

convection in horizontal elliptic cylinder was 
studied by (Bello-Ochende, 1985) and (Siegel, 

1985) also analyzed the effect of buoyancy on 

heat transfer in a rotating tube. A perturbation 
analysis of combined free and forced laminar 

convection in a tilted elliptic cylinder was carried 

out by (Bello-Ochende and Adegun, 1993). 

Thermal radiation and laminar forced convection 
in the entrance region of a pipe with axial 

conduction and radiation were considered by 

(Yang and Ebadian, 1991) and (Dong et al, 1993) 

employed the geometry combination of a square 

duct with a centered circular core for the design of 
an oven for heat treatment of ceramic and metallic 

products. They studied a situation where the 

central core is solid. Combined natural 
convection- conduction and radiation heat transfer 

in discretely open cavity was studied by 

(Dehgham et al, 1996) and (Bello-Ochende and 

Adegun, 2002) also worked on combined 
convective and radiative heat transfer in a tilted, 

rotating, uniformly heated square duct with a 

centered circular cylinder. The work under 
investigation is to augment heat transfer in heat 

exchangers using geometric combination of a 

rectangular duct and a circular core. The working 

fluid flows between the inner surface of the 
rectangular duct and outer surface of the circular 

cylinder. 
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2.  Mathematical Model: 
 

The schematic drawing of the geometry and 

the Cartesian coordinate system employed in 

solving the problem is shown in Fig.(1). 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

Fig. 1.  Schematic of The Problem Geometry. 

 

 

The fluid flows between the circular tube and 
the rectangular duct (Annulus). This annulus is 

symmetrical about Y-axis (∂/∂x =  0). The width 

and height of the channel are L and H 
respectively. The diameter and radius of tube are 

D and R respectively and the hydraulic diameter 

is d: 
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The flow is upward, steady state, 

hydrodynamically and thermally fully developed 

laminar flow. Symmetrical three-dimensional 

flow (symmetry about y-axis). The working fluid 
is assumed absorbing and emitting. Heat transfer 

mechanism is convection (free-forced) and 

radiation. Viscous dissipation affect in energy 
equation is negligible. Boussineq approximation 

is used which means that the fluid density is 

assumed constant except when it directly causes 

buoyant forces (in momentum equation). All other 
fluid properties are assumed constant (Newtonian 

fluid). The axial (z-direction) shown in Fig.(1) is 

the predominant direction for the fluid flow. A 
viscous dissipation effect is neglected. Axial 

conduction and radiation are assumed negligible 

following (Yang and Ebadian, 1991) for a 
condition that (Re Pr t / H) >10. 

Governing Equations: 
 

The governing equations are: 

 

Continuity Equation: 
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Momentum Transport Equation: 
 

The momentum transport equations in the x, y 

and z directions are respectively: 
 

)3...(    
1 2 













uv

x

p

y

x
v

x

u
u



)4...(cos)(
1 2 


















TTguv
y

p

y

v
v

x

u
u

w

)5...(sin)(
1 2 


















TTgwv
z

p

y

w
v

x

w
u

w

 

 

Energy Transport Equation: 
 

In the absence of energy sources and viscous 
energy dissipation, the energy equation for steady 

flow, with radiation incorporated is: 

 

  )6...(44

2

2

2

2




































TT
c

K

x

y

x

y

z

T
w

y

T
v

x

T
u

w

p

R







 

 
The boundary conditions for these equations are: 
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Vorticity-Stream Function Method: 
 

This method is used to eliminate the pressure 

terms in the two momentum equations in x and y 

directions by cross differentiation to the equations 
(3) and (4): 
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By subtracting equation (7) from (8) and 

substitute vorticity definition, the following 

equation can be obtained: 
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Normalization Parameters: 
 

The variables in the governing equations and 
boundary conditions are transformed to 

dimensionless formula by employing the 

following transformation parameters: 
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By using the relation above the equations (5, 

6 and 9) became: 
 

 

 

Vorticity Definition Equation: 
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Momentum Equations: 
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Energy Equation: 
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The boundary conditions applicable to these 
equations are (Fig. 2): 

 

(1) At the inlet of the duct (Z = 0): 
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(2) At the walls: 
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Fig. 2. The Inlet and Boundary Conditions. 
 

 

3.  Numerical Solution: 

Numerical Grid Generation: 
 

The elliptic transformation technique which 
was originally proposed by (Fletcher, 1988) is 

applied to generate the curvilinear grid for dealing 

with the irregular cross sections. The 

transformation functions  YX ,   and 

 YX ,   are obtained to accommodate the 

irregular shape by solving the following partial 

differential equations: 
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where G and S are two functions which are 

defined to artificially adjust the density of the grid 
locally. Using the curvilinear grid obtained, the 

governing eq. (10-13) and the boundary 

conditions are then discretized and solved in the 

computation domain   , . 

In this work, an (81 X 61) grid in the 

transformed domain     is adopted. Fig.(3) 

shows typical grid generated for the channel cross 

section. The grid systems have been properly 

adjusted to be orthogonal locally at the 
boundaries. 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

Fig. 3. The Generated Grid. 
 

 

By using this method, the following general 
equation can be used to generate all the governing 

equations (10-13) in computational coordinates 

formula: 
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Where  represent the general variable which 

may be ω, W or θ and su is the source term. 

 
 

4.  Finite Difference Formulation:   
       

The three-point central difference formula is 

applied to all the derivatives. Each of the 

governing equations can be rewritten in a general 
form as: 
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where: 
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In the equations above i and j indicate to the 

points of the grid in the generalized coordinates 

 and   respectively. 

As pointed out in (Anderson, 1984) the 

Relaxation method can be employed for the 

numerical solution of the eq. (10). For this study, 
the LSOR method [Fletcher, 1988 and Anderson, 

1984] is used to solve equations (11, 12 and 13). 

The convergence criterion for the inner iteration 

(Errorin) of   is 10
-4

 and for the outer iteration 

(Errorout) of b  is 10
-10

, where: 
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where RP is the Relaxation Parameter and equal 

to 1.1 and  it  represent the number of iterations. 

The outer iteration is checked only for   as 

follow: 
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5.  Evaluation of Heat Transfer: 
 

The peripheral heat transfer is defined through 

the conduction referenced Nusselt number as: 

 
 

Local Nusselt number: 
 

The peripheral local Nusselt number on the 

walls of the channel is computed from [Bello-

Ochende & Adegun]: 
 

)20...(
1










b

w
L

n
Nu





 

 
where n represent the normal outward unit vector. 

The mean Nusselt number on the wall of the 

rectangular duct and circular tube is obtained by 
using Simpson's rule: 
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where s represents the length of the wetted 
perimeter in the rectangular duct and circular 

tube. 

The mean Nusselt number (Nu) is a measure 
of the average heat transfer over the internal 

surface of the rectangular duct and the outer 

surface of the circular configuration. It is 

computed from the following equation [Bello-
Ochende & Adegun]: 
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where, CC NuC is a measure of average heat 

transfer from the outer surface of the circular core 

while Cr Nur corresponds to heat transfer from of 

the internal surface of the rectangular duct. Cc and 
Cr are the perimetric ratios for the heat transfer 

and are defined as: 
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6. Results and Discussion: 
 

Results are presented for the following ranges 

of parameters: 

 
0.1 ≤ GR ≤ 0.9 

0.55 ≤ AR ≤ 1 

0 ≤ N ≤ 100 
0 ≤ t ≤ 10 

Re = 100, Ra = 400, Pr = 0.7 

 
 

6.1 Comparison of Results: 
 

The comparison was made for the value of 

NuL at the walls of the channel (rectangular duct 

and circular tube) with the previous results 
obtained by Bello-Ochende & Adegun. These 

comparisons are shown in Figs. (4a) and (4b). 

From these figures, a difference (approximately 

10%) is found between these results. 
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Fig.4a. Comparison Results (without radiation). 
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Fig.4b. Continued (with Radiation). 

The number of nodes in ξ and η directions has 

very small effect on the value of Nusselt number 
on the walls of the channel as shown in Figs (5a) 

and (5b). 
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Fig.5a. The Variation Of Nulr On The Rectangular 

Duct Walls With The Number of Nodes (along ξ). 
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Fig.5b. Continued (along η). 

 
 

6.2 Effect of GR: 
 
The heat transfer process through the channel 

suffers from many changes due to the layer of the 

still air in the corners as shown in Figs (6-8). This 
layer cause to increase the thermal resistance and 

that lead to decrease the rate of heat transfer. The 

heat transfer rate through the wall of the circular 
tube is uniform and greater than that on the walls 

of the rectangular duct. The direction of the heat 

transfer from the walls towards the core of the 
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channel is shown by the isotherm lines. When GR 

is larger than 0.2, two cells will be generated and 
the center of these cells had a minimum 

temperature. As shown in Figs (6-8), the volume 

of these cells decreased with increasing GR value 

and that because of the decreasing of the confined 
area between the walls and the temperature of 

these cells increased. 

 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

Fig.6. Streamlines and Isotherms for GR = 0.4. 
 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
Fig.7. Streamlines and Isotherms for GR = 0.6. 

 

 

 
 

 

 

 
 

 

 
 

 

 
 

 
 

Fig.8. Streamlines and Isotherms for GR = 0.8. 
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Streamlines are shown in Figs. (6-8). With 
increasing the value of GR, two cells will be 

generated inside this big cell. The maximum value 

of stream function is at the center of these two 

cells. When GR increased greater than 0.2, two 
additional cells will be generated and their centers 

have the minimum value of the stream function. 

These cells are generated because of the 
difference between the velocity of particles in the 

hot and cold regions, in addition to the impact 

between the rising and lowering air streams. The 
volume of these cells will be decreased with 

increasing in GR value until small four cells 

generated. 

Fig. (9) illustrates the variation of mean 
Nusselt number Nu through the channel with GR 

value. It is shown that when GR increased then 

Nu increased, this is due to the effect of 
increasing in the surface area of the circular wall. 

This increasing of the surface area leads to 

increase the rate of heat transfer. The radiation 
effect is very small for the small values of GR. 

This effect increased with increasing in GR value 

because of increasing the heat gain by air with 

decreasing in the air quantity. 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

 
Fig. 9. The Variation of Nu With GR 

 
 

The bulk temperature of air increased with 

increasing in GR value as shown in Fig. (10) and 
that because of increasing in the surface area 

which participating in the heat transfer process 

and that result to increase the rate of heat transfer. 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
 Fig.10. The Variation of the Bulk Temperature with GR. 

 

 

6.3 Effect of AR: 
 

Figs. (11-13) show the streamlines and 
isotherms of the fluid flow and heat transfer 

process. When AR is equal to 1, four cells will be 

generated. With variation in AR, the behavior of 

the streamlines will be changed. When AR 
decreased the two cells near the circular tube is 

beginning to vanish. When AR decreased less 

than 0.6, two cells will be occupied most the 
confined area between the walls of the rectangular 

duct and the circular tube. The intensity of these 
cells will be increased with decreasing in AR. 

While, the value of the stream function of the 

center of these cells will be decreased because of 
decreasing the confined area between the walls. 

For the isotherms, it shows that when AR 

decreased the two cells tends to be near top and 

bottom the channel walls since the outer and 
internal boundary of this channel is closer of low 

values.  
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Fig.11. Streamlines and Isotherms for AR = 0.6. 

 

 

 
 

 

 

 
 

 

 
 

 

 

 
 

 

 
Fig.12. Streamlines and Isotherms for AR = 0.8. 
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Fig.13. Streamlines and Isotherms for AR = 1. 
 
 

Fig. (14) illustrates the variation in the mean 

value of Nu with AR. This figure shows that when 
AR is increased Nu will decrease because of the 

increasing in AR lead to increase the cross section 

area, and that led to increase the intensity of the 
air vorticity and the effect of the buoyancy force 

which then decrease the rate of heat transfer. The 

effect of radiation is noted for AR < 0.8, but with 

increasing in AR, the effect of radiation will be 
neglected. 
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Fig.14. The Variation of Nu With AR 

 

 

6.4 Radiation Effect: 
 
The correlation equation for the plotted curves 

is presented to know the radiation effect on the 

rate of heat transfer. This equation is made by 

using the curve fitting method with using Data Fit 
program. The form of this equation is: 

 
3

21

a
aaNu   

 
where a1, a2 and a3 are coefficients and are 

tabulated in table (1). 

For the bulk temperature, the effect of 
radiation will be written as follow: 
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Table 1   

The Radiation Effect 

  
With Radiation Without Radiation 

a1 a2 a3 a1 a2 a3 

GR 7.577 44.648 3.1 6.5677 39.176 2.887 

AR 12.117 0.58597 - 4.55 13.0733 0.03231 - 9.0938 

 

 

6.5 Effect of Radiation Properties: 
 

Fig. (15) illustrates the effect of optical 

thickness t and conduction-radiation parameter N. 

It is shown that when t and N are increased Nu 

will be increased, but the increasing in t will be 
greater than N, this is because the optical 

thickness is powered to 2 into the radiation term 

as shown in eq.(10). 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.15. The Effect of Radiation Properties. 
 

 

7.  Conclusions: 
 

It can be concluded from the present work 

that: 
(1) The rate of heat transfer is increased by 87% 

with increasing GR from 0.1 to  0.9 and the 

heat transfer process is become conduction at 
GR = 0.9. 

(2) Nu increases by 45% with decreasing in AR 

from 0.55 to 1. 

(3) The isotherms show two cells formed for GR 
> 0.2 and the streamlines show two cells 

formed for GR < 0.4 but four cells will be 

generated when GR ≥ 0.4 until 0.8. 

(4) The radiation effect on the heat transfer 

coefficient is known by making a correlation 

equations and this effect show that Nu will be 
increased. 

(5) Increasing the radiation properties (t, N), the 

radiation effect will be also increased. 
 

 

8.  Nomenclature: 
 

A Cross-sectional area (m
2
) . 

AR Aspect Ratio (L/D). 

Cp Specific heat at constant pressure 

(J/kg.K). 

D Major diameter (m). 

d Hydraulic diameter (4A/ P
*
). 

g Acceleration due to gravity (m/s
2
). 

GR Geometric ratio (D/L). 

h Heat transfer coefficient (W/m
2
.
o
C). 

H Height of the rectangular cross 
section (m). 

J Jacobean of direct transformation. 

k Thermal conductivity of the 
working fluid (W/m.

o
C). 

KR Volumetric absorption coefficient 

(1/m). 

L Length of the rectangular cross 

section (m). 

n Outward normal on the wall. 

N Radiation-Conduction parameter. 

Nu Mean Nusselt number. 

NuC Mean Nusselt number for the 

circular surface. 

Nur Mean Nusselt number for the 

rectangular duct. 

NuLC Local Nusselt number. 

p The small pressure variation 
governing the flow distribution in 
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the cross stream plane (N/m
2
). 

P Average pressure over the duct 

cross section. 

P
*
 Wetted perimeter (m). 

Pr Prandtl number,  . 

R Radius (m). 

Ra Rayleigh number. 

Re Reynolds number . 

t Optical thickness. 

T Dimensional fluid temperature (K). 

Ti Dimensional inlet fluid temperature 

(K). 

Tw Wall temperature (K). 

u, v, w Dimensional velocity in x, y and z-

directions (m/s). 

U, V, W Normalized velocity in X, Y and Z-

directions. 

x, y, z Dimensional Cartesian coordinates                                                                         
(m). 

X, Y, Z Dimensionless Cartesian 

coordinates. 

 

 

9.  Greek Symbols: 
 

α 
Coefficient of thermal expansion 

(m
2
/s). 

β Thermal diffusivity (m
2
/s). 

ε Emissivity. 

ξ, η 
Dimensionless Computational 

coordinates. 

θ Normalized fluid temperature. 

θi Normalized inlet fluid temperature. 

θb Normalized bulk temperature. 

λ Inclination to the horizontal (°). 

υ Kinematic viscosity of the fluid (m
2
/s). 

ρ Fluid density (kg/m
3
). 

σ Stefan Boltzmann constant (Wm
2
 / k

4
). 

ψ Dimensionless Stream function. 

ω Dimensionless Vorticity. 

 

 

10.  Supscripts: 
 

b Bulk 

c Circle 

i Inlet 

L Local 

r Rectangle 

w Wall 

R Radiation 
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 أنتقال الحرارة بالحمل المختلط والأشعاع خلال قناة مستطيلت مائلت مع أنبىب داخلي

 

             رائذ كاطع صيهىد منال هادي الحافظ
 جاٍؼت بغذاد  /قسٌ اىهْذست اىَُناُّنُت

 

 
 

 الخلاصت

 أّخقاه اىذزارة باىذَو الاشؼاع اىَخخيط ىجزَاُ ٍسخقز خلاه قْاة ٍسخطُيت ٍائيت ٍغ أّبىب دائزٌ داخيٍ ٍخغُز اىَىقغ درسج رقَُاً 

اىَؼادلاث اىخٍ أسخخذٍج هٍ . حٌ اىخؼاٍو بَُناُّنُت إّخقاه اىطاقت اىذزارَت باىذَو والإشؼاع بشنو ٍْفصو وفٍ آُ وادذ. ىجزَاُ حاً اىخطىر

 اىذواٍُت ثٌ اىً صُغت-ّسُابلإحٌ حذىَو هذٓ اىَؼادلاث اىً ٍؼادلاث بذوُ ودذاث ثٌ اىً صُغت داىت ا. (سخَزارَت، اىشخٌ وٍؼادىت اىطاقتلإا)

حٌ . دذاثُاث ىبْاء شبنت اىْظاًلإجزاء جَُغ اىذساباث باسخخذاً ّظاً ٍطابقت الإأسخخذٍج طزَقت اىفزوق اىَذذدة . اىَطابقت ىيجسٌ دذاثُاثلإا

 (1-0.55)وىْسبت باػُت  ((0.9-0.1  ىذساب ٍؼاٍو الادخناك ورقٌ ّسيج ىذاىت ٍسخقزة وىْسبت شنو حخزاوح بُِ ٩٠بْاء بزّاٍج فىرحزاُ 

 ، ٍؼاٍو  (t ≤ 10 ≥ 0)، اىسَل اىبصزٌ Re = 100  ، رقٌ رَْىىذRa = 400، رقٌ راَيٍ Pr = 0.7))  وىخىاص جزَاُ رقٌ بزاّخو

 ىيَذَاث اىسابقت اىْخائج بُْج سَادة أّخقاه اىطاقت اىذزارَت بخأثُز الإشؼاع وأُ λ = 45  وساوَت اىَُو  (N ≤ 100 ≥ 0)الإشؼاع- اىخىصُو

بصىرة ػاٍت، فأُ رقٌ ّسيج سىف َشداد ٍغ سَادة . إّخقاه اىطاقت اىذزارَت ٍِ سطخ الأسطىاّت أمثز ٍِ أّخقاىها ٍِ سطخ اىَجزي اىَسخطُو

هذا . ػْذ اضافت حأثُز الاشؼاع اىً ػَيُت اّخقاه اىذزارة فأُ ٍؼذه اّخقاه اىذزارة سىف َشداد. ARبَُْا َقو ٍغ أسدَاد   N وGR ، tملاً ٍِ 

أُ سَادة خىاص الاشؼاع حؤدٌ اىً سَادة حأثُز الاشؼاع و باىخاىٍ سَادة ٍؼذه اّخقاه . AR و ٍغ ّقصاُ GRاىخأثُز َشداد ٍغ اسدَاد قَُت 

 ىزسٌ ٍخططاث مْخىرَت ىذاىت الاّسُاب و حىسَغ درجاث اىذزارة ىَؼزفت سيىك اىهىاء خلاه ػَيُت اّخقاه ٧أسخخذً بزّاٍج حنبيىث . اىذزارة

. حٌ اىخىصو اىً ػلاقت حصف حاثُز الاشؼاع ػيً ػَيُت اّخقاه اىذيزارة. اىذزارة و حغُز هذا اىسيىك ٍغ حغُُز اىَؼاٍلاث اىَؼخَذة

 

 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 

 
 


