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Abstract 
 

The paper is concerned with, the behavior of the hydrostatic thrust bearings lubricated with liquid-solid lubricants 

using Einstein viscosity formula, and taking into account the centrifugal force resulting from high speed.  Also studied 

is the effect of the bearing dimensions on the pressure, flow rate, load capacity, shear stress, power consumption and 

stiffness.  

The theoretical results show an increase in load capacity by (8.3%) in the presence of solid graphite particles with 

concentration of (16%) by weight as compared with pure oil, with increasing shear stress.  .  
In general the performance of hydrostatic thrust bearings improve for load carrying capacity, volume flow rate, 

pumping power subjected to centrifugal parameter (S), recess position (r1), film thickness ratio (), particle 

concentration (). 
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1. Introduction: 
 

Hydrostatic thrust bearings are finding an 

increasing use in a wide variety of applications, 

particularly in machine tools, aerospace industries 
and large pumps used in pumping storage projects 

[1]. 

The fluid or lubricant may be a gas, in the case 

of pressurized gas bearing but in general high 
viscosity fluids are used such as oils and water.  In 

recent years many workers studied the effect of 

contaminants and or polymeric solutions that 
increase the viscosity index of the lubricant.  

In the theory of lubrication, it has been shown 

that the influence of the inertia terms on the 
equations of motion is negligible, as compared 

with effect of the viscous terms, when the 

Reynolds number Re << 1. Brand [2] carried out 

an order of magnitude analysis of the equation of 
motion in thrust bearings.  He showed that when 

Re = 1, the inertia and viscous terms are equally 

important in predicting the performance 
characteristics of thrust bearings.. 

 It has been shown by several workers [3-7] 

that centrifugal forces for bodies of polar 

symmetry have a significant effect and should be 
retained in the equations of motions.  

The classical theory of hydrostatic lubrication 

assumes that the lubricant behaves as a newtonian 
viscous fluid (shear rate varies linearly with the 

shear stress). However, non-newtonian 

characteristics have been in variably observed in 

various processes. 
This may be due to the high shear rates and the 

high pressure gradient, or may be due to additives 

such as solid lubricants mainly, molybdenum 
disulfide MoS2 and graphite.  Therefore, the linear 

relationship between the shear stress and the shear 

rate is not valid for non-newtonian behavior. 
 

 

2. Theoretical Analysis: 
 

A circular step thrust bearing is shown in 

Figure (1) oil from an externally pressurized 
source is fed to the bearing either through an 

orifice or a capillary restrictor. The radius of the 

recess is often appreciable. It enables the static 

supply pressure to separate the bearing surface. 
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Dowson [3] assumed that for such bearings the 
pressure at the lubricant supply hole extends to 

the step. He also confirmed the validity of the 

assumption. The theoretical results of Dowson [3] 
were experimentally corroborated by Coombs and 

Dowson [8], especially at low speeds.  

An approximate expression for the pressure 

distribution was obtained using the “energy 
integral method”.  The validity of applying an 

energy integral approach was justified by Kapur 

and Verma [9] who demonstrated the agreement 
between theoretical and experimental results for 

magnetohydro-dynamic thrust bearing and 

squeeze film bearings respectively. 

The solid fraction of powder particles 
contained within base oil is usually taken by 

weight. This is more acceptable from the physical 

point of view Einstein equation which takes the 
following form: 

 

   ..(.    5.21* c   

                         
where c, represents the volume concentration of 

the particles, 
*   and  are the viscosity of the 

suspension and the pure oil, respectively. 

Furthermore, the constant c, was replaced by a3 in 

the work of Yousif and Hassan [10], where a3 is 
postulated by: 

 

    ...     //11/13

 pa

                 

where,  is the percentage of the particles by 

weight. p and  are the densities of solid 

particles and oil respectively. 

Referring to equ. (2), it can be appreciated that 
the final form of Einstein formula is a more 

realistic form than that equation (1) since it deals 

with the weight rather than volume percentage. 

In this paper, the analysis was based on the 
flow with Einstein’s equation as special case in 

viscosity function:  

 

  )3...(        

                                   

where  

 

        5.21 3a

                         

 

3. Governing Equations:  
 

For the externally pressurized circular pad 

bearing illustrated schematically in Fig.(1) after 

applying the previous assumptions, the 
momentum equations can be expressed as follows, 

taking the centrifugal forces in to account . 

 
 

 

 

 
 

 

 
 

 

 

 
 

 

 
Fig.1. Thrust Hydrostatic Circular Step Bearing. 
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where the variation in pressure in the z-direction 

is negligible and the equation of continuity is: 
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The simplified momentum equations, in 

dimensionless form, reduce to: 
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where  k = /*R2 ,   

        = Pr/* ,   

      rPRS 22   

The volume flow rate Q can be evaluated 

from the integral  

      2
0

h

zdurQ





   

The velocity distribution without centrifugal 

effects, by integrating equ.(9) and applying 
boundary conditions that the radial velocity on the 

upper and lower surfaces of the bearing, satisfy 

equ. (12) is obtained as: 
The boundary conditions are: 

u =0  at    z =0                               

u =0 at    hz                         …(14)  

0
2

2






z

u
 at    z =0 

0
2






z

u
 at   hz   

 

The velocity v can be found by integrating equ. 

(10) twice, subject to the boundary conditions 
that, 

0v  at 0z  

rv   at       hz                   …(15) 

0
2

2






z

v
 at         hz ,0  

 

Thus, it can be shown that: 
 

        
h
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v



  

 

4. Pressure Distribution:  
 

The radial pressure gradient is obtained from 

equation (9) by applying an energy integral 
approach [9]. Multiplying equation (9) by u and 

integrating the resulting expression can be obtain 

as follows: 
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For a bearing of the form shown in fig.1 

expressions for the pressure distribution on the 

either side of the step are required. The pressure 
distribution takes the forms: 

For region I (recess) Fig.1 : 1rrr   
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where c1 is constants of integration. 
The boundary conditions are: 

1P  at       rr   and  hh   

Hence,  
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…(19) 

For region II (land) Fig.1: 11  rr   
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where c2 is constant of integration. 
The boundary conditions are: 

0P  at       1r  and hh   

 

Hence, 
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5. Lubricant Flow Rate: 
 
Assuming pressure continuity at the step, then 

from equations(18) and  (20)the dimensionless 

flow rate is obtained as: 
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6.  Load-Carrying Capacity:  
 

The dimensionless load-carrying capacity w , 

of the bearing considered above, can be calculated 

as: 

       22

1

2

1
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r
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Hence, the result is expressed as: 
 

      21

2 WWrW 

 

where 1W and 2W are the load capacities in the 

regions of recess ( 1rrr  ) and (land) 

( 11  rr ) respectively, such that: 
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7.  Bearing Power Consumption:  
 

There are two contributions to bearing power 

losses:  
1. The power lost due to pad rotation. 

2. Losses due to pumping the lubricant through 

the bearing clearance. 

The power loss due to pad rotation is obtained as 
follows. If the bearing components move relative 

to each other the frictional resistance to such 

motion is due to the force required to shear the 
lubricant. The shear stress for this case is: 

 

hzz

v















 *  

 
When the expression for the tangential velocity 

(v) given in equ. (14) is used, the frictional drag 

on an element of area (2rdr) is given by: 
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d= r.dF  
or 

dr
h

r
d






3
*2  

The frictional torque  is obtained by 

integrating the elemental torque over the bearing 
area: 
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The frictional power Pf is defined as: 
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The pumping power required to operate the 

bearing can be expressed as:  
Pp=Q.Ps                                                   …(30) 

 

The power factor is: 
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8. Stiffness:  
 

The bearing stiffness can be expressed 

 

)32...(     2 
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dkp
wPR s

  

The flow through the restrictor can be written 

in a general form as: 
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where kQ, q and n are the compensator flow 

constants. 

Using equs. (21) and (33) and differentiation 

of the resulting equation with respect to h one 
gets: 
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The stiffness per unit supply pressure (Ss) is 
defined in dimensionless form as: 
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9. Results and Discussion: 
 

Results are presented in terms of 

dimensionless pressure distribution P , load 

carrying capacity W , flow rate Q , stiffness per 

unit supply pressure SS, shear stress w , 

centrifugal parameter S, solid particle 

concentration .  The viscosity for pure oil at 

atmospheric pressure  sPao .04.0  SAE 30 

at 50 Co, density of the oil ( = 850 Kg/m
3
), 

Table (1) shows type of solid particle since the 

Non-Newtonian behavior of the liquid solid 

lubricant is attributed to the existence of these 
solid particles where (CO) uniaxial compressive 

strength (N/m
2
).   

 
 

Table 1 

  Properties of The Most common Solid Lubricants 

Solid lubricant 
Co 

(N/m
2
) 

EP 

(N/m
2
) 

p 

(kg/m
3
) 

p 

 

MoS2 3.2E10 2.8E9 4800 0.31 

Carbon graphite 2.7E10 2.8E8 1730 0.3 

Teflon 7E8 2.8E8 2160 0.3 

 

 
 The bearing radial direction is divided into 

two main parts, the first region is in the recess 

 1rrro   and second region is in the land 

 11  rr  to study the simultaneous influence of 

solid particle concentration  and centrifugal 

parameter S on the performance of hydrostatic 
thrust bearing. 

Fig. (2)-(5)  show the variation at different 

positions for various values of the parameters 

such as solid particle concentration , centrifugal 

parameter S, film thickness ratio , couple stress 

parameter , and recess radius 1r . 

Fig. (2) and Fig. (3) represent the theoretical 

pressure distribution increasing with increase the 

centrifugal parameter S when increase rotating 

speed () and film thickness ratio () because of 

increase in pocket pressure for pure oil.  These 
results is in agreement with Dowson’s[3]. 
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Fig. 2.  Effect of Centrifugal Parameter (S) on the 

Pressure Distribution for Pure Oil. 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 

 
 

 

 

Fig.3.  Effect of the Film Thickness Ratio () on the 

Pressure Distribution for Pure Oil. 

 
Fig. (4) represent effect of increasing the 

recess radius 1r  over the pressure distribution for 

pure oil because of increase in pocket area.  

Fig. (5) shows the pressure minus, if recess is 
less than 0.3, a negative pressure region will 

appear on the bearing land and cavitation may 

occur, for increasing rotating speed  has a 
beneficial effect on the pressure distribution if 

 3.01 r , but it is deleterious if  3.01 r  

because the negative pressure region in the 
bearing land increases with increasing rotating 

speed  which may lead to cavitation. 

 
 

 

 
 

 

 

 
 

 

 
 

 

 

 
 

 
Fig. 4.  Effect of the Recess Radius (r1 ) on the 

Pressure Distribution for Pure Oil. 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

Fig. 5.   Effect of the Solid Concentration () on the 

Pressure Distribution to Avoid Minus Pressure. 
 
 

In this work the results of additives of solid 

particle (lubricant with contaminant) we can avoid 

cavitation this case is shown in figure (5) when 

increasing concentration of solid particle  the 
pressure negative reduced.  

The pressure gradient changes sign at a point 

along the flow where the viscous and inertia 

forces are equal.  The position of this point 

depends on , ,  and 1r . 
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Fig. 6.  Effect of the Concentration of Solid Particles 

() on the Pressure Distribution in the Absence of 

the Hole of Radius ro. 
 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

Fig.7.  Effect the Concentration of Solid Particles 

() on the Pressure Distribution. 
 

  

Fig.(6) and Fig. (7) represent the concentration 

of solid particle  effect on the pressure 

distribution without effect of the hole radius or .  

This result shows increase in the recess region and 

land region by using boundary condition in recess, 

when the pressure is constant see [15], but in this 

research boundary condition involves the hole 

radius or .  Hence, the pressure at this case can be 

represented in Fig. (7). 

Fig. (8) represents the effect of solid particle 

concentration  on the pressure distribution of the 
three types of solid particle used, graphite has 
higher effect than MoS2 and Teflon.  The increase 

in density of the addition the viscosity for mixture 

increases by effect on the formula   . 

 

 
 
 

 

 
 

 

 
 

 

 

 
 

 

 
 
Fig. 8.  Effect of the Type of Solid Concentration 

Particle () on the Pressure Distribution. 
 

 
 

 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

 
Fig. 9.   Effect the Concentration of Solid Particles 

() on the Pressure Distribution. 
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Fig. 10.   Effect the Concentration of Solid Particles 

() on the Pressure Distribution. 

 

 

Fig. (9) and Fig. (10) show the pressure 
distribution increasing with increase solid particle 

concentration  with (S=0, S=2, S=4) and 

5.01 r . 

 

 

9.1. Volume Flow Rates ( Q ):  
 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
Fig. 11.  Variation of the Flow Rate (Q) With 

Centrifugal Parameter (S) and Film Thickness 

Ratio (). 
 

 

Fig. (11) shows that the flow rates Q  

increases with increasing centrifugal parameter S 

and film thickness ratio . 

Fig. (12) shows the effect of solid particle 

concentration  for graphite and MoS2 and recess 

radius 1r .  The flow increases with increase of 

recess radius 1r  because of increase in pocket area 

and decreases with increasing solid particle 

concentration  because of increase in viscosity. 
 

 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
Fig. 12.  Variation in Flow Rate (Q) With Recess 

Position (r1). 

 
 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
Fig. 13.  Variation in Flow Rate (Q) Withthe of 

Solid Particle Concentration (). 

0.0 0.2 0.4 0.6 0.8 1.0

r

0.0

0.4

0.8

1.2

P











S = 4
r  = 0.05
r  = 0.51




0 2 4 6 8 10

S

0

2

4

6

Q





10
-10

0.0 0.2 0.4 0.6 0.8 1.0

r

0

20

40

60

80

Q

1

GRAPHITE









10
-10

S = 0
r  = 0.05



0 4 8 12



2.0

2.5

3.0

3.5

4.0

4.5

Q
 

S = 4

S = 0

MOS2

GRAPHITE

PURE OIL

S = 2

10
-10



Albert E. Yousif                                                        Al-Khwarizmi Engineering Journal, Vol.4, No.4, PP 57-70 (2008) 

 

 65 

Fig. (13) shows variation of flow rate Q  with 

solid particle concentration  for graphite and 

MoS2, flow rate Q  decreases with increasing 

solid particle concentration . 
 

 

9.2. Load Carrying Capacity (W ):  
 

Fig. (14) shows the variation of load carrying 

W with recess radius 1r  and centrifugal parameter 

S. Load carrying W increases with increase recess 

radius 1r and centrifugal parameter S. These 

results are similar to those reported by Dowson 

[3] where the classical viscous fluid theory (pure 
oil) was used. 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 

Fig.14. Effect of Recess Radius Ratio ( 1r ) 

Andcentrifugal Parameter (S) on the Load 

Factor( W ). 

 

 

Fig.(15) shows that increasing load capacity 

increases with increasing solid particle 

concentration , load carrying capacity is higher 
for graphite than for Teflon and MoS2 because of 

increasing in viscosity. 

Fig. (16) shows increase in load capacity with 
increase in solid particle concentration and recess 

radius because of increase in pocket area by 

increase recess radius. 

Load carrying capacity increase by 8.3% for 
solid particle concentration of 16% graphite by 

weight as compared with pure oil. When using 

couple stresses fluid load carrying capacity 
increased by 9.7% for solid particle concentration 

of 16% graphite by weight as compared with pure 
oil. 
 

 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

Fig.15.  Variation of the Load Factor ( W ) With 

Three Type of Solid Particle Concentration (). 
 
 

 

 
 

 

 

 
 

 

 
 

 

 

 
 

 

 
 

Fig.16.   Effect of Recess Radius Ratio ( 1r ) and 

Concentration of Solid Particle () on the Load 

Factor (w). 
 

 

9.3. Power Factor ( PH ): 

 

Fig. (17) shows the effect of recess radius 1r  

and centrifugal parameter S on the power factor 

PH  for pure oil.  It can be stated that as 1r  
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decreases until it reaches a minimum value at 

certain 1r  and then PH  increases as 1r  increases.  

The value of 1r  at which PH  is a minimum 

depends on S, i.e. as S increases from 2 to 4. The 

value of 1r  at minimum PH increases.  It is also 

clear that as S increases from 0 to 2, PH  

decreases and as S increases from 2 to 4, PH  may 

increase or decrease depending on the value of 1r .  

The results are in agreement with those Khalil and 

Ismail [15]. 
 

 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 

Fig.17. Effect of Recess Radius Ratio ( 1r ) and  

Centrifugal Parameter (S) on the Power Factor(Hp). 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

 
 

Fig. 18.  Effect of Recess Radius Ratio ( 1r ) and 

Solid Particle Concentration () on the Power 

Factor (Hp). 

Fig. (18) shows the effect of concentration of 

the solid particle   (graphite by weight) on the 

power factor PH .  It is clear that the power factor 

PH decreases when solid particle concentration  

increases with recess radius 1r  (0.05 to 1). 

 

 

 9.4. Stiffness Per Unit Supply Pressure 

( SS ): 

 

Fig. (19) shows the effect of compensation 

(orifice and capillary) and recess radius 1r  on the 

stiffness per unit supply pressure SS .  The ratios 

PK  and  are taken as 0.5 and 5 respectively. It is 

clear that as recess radius 1r  increases from 0.05 

to 0.9 stiffness factor SS  increases.  However, the 

orifice compensation is stiffer than the capillary 

compensation. 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 

 
 

 

 

Fig. 19.  Effect of Recess Radius Ratio ( 1r ) on the 

Stiffness Factor (SS) for (Capillary and Orifice) 

Compensation. 

 

 
Fig. (20) shows the effect of the solid particle 

concentration , the ratio PK  varying from 0.1 to 

0.9 and with values of  take 5, the recess radius 

1r  is taken as 0.6.  It clear that SS  increases with 

increasing solid particle concentration  .Graphite 

increases the stiffness per unit supply pressure SS  

more than MoS2 because of its higher density, 
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hence causing an increase in the viscosity of 
the mixture. 

 

 
 

 

 

 
 

 

 
 

 

 

 
 

 

 
 

 
Fig.20.  Effect of the Solid Particle Concentration 

() and Pressure Ratio (KP) on the Stiffness    

Factor (SS). 
 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

Fig.21.  Effect of Film Thickness Ratio () on the 

Stiffness Factor (SS). 

 
Fig. (21) shows the effect of film thickness 

ratio  on the stiffness factor SS , recess radius 1r  

has range from 0.1 to 0.9, the ratio KP takes 0.5.  

It is clear that SS  increases when  increases for 

capillary compensation. 
Fig. (22) shows the effect of the centrifugal 

parameter S on the stiffness factor SS . It is clear 

that when centrifugal parameters S increases 

stiffness factor SS  increases because of 

increasing rotating speed , hence increase load 
carrying capacity.  

 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 
 
Fig. 22.  Effect of Centrifugal Parameter (S) on the 

Stiffness Factor (SS). 
 

 

 9.5.  Frictional Power Fp: 
 

Fig. (23) show the frictional power Fp 
variation with different values of film h and Fig. 

(24) show solid particle concentration  effect on 
the frictional power Fp.  The frictional power 

decreases with film thickness h and increases with 

increase in solid particle concentration  because 
of increase in viscosity. 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

Fig. 23.  Effect of Solid Particle Concentration () 

on the Frictional Power (FP) (=0.04Pa.s, =5, 

r1=0.5m, =100rpm, R=1m). 
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Fig.24.  Effect of Solid Particle Concentration () on 

the Frictional Power (=0.04Pa.s, =5, r1=0.5m, 

=100rpm, R=1m). 
 
 

Fig.(25) shows the frictional power Fp 

increases with increase in recess radius 1r . 

 
 

 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

Fig. 25.  Effect of Recess Radius ( 1r ) on the 

Frictional Power (FP) (=0.04Pa.s, =5, =100rpm, 

ro=0.05m, R=1m). 
 

 

Fig. (26) shows the effect of rotating speed  
on the frictional power factor Fp, it increases with 

increase in rotating speed . 

 
 

 

 

 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 

 

Fig.26. Effect of Rotating Speed () on the 

Frictional Power (FP) (=0.04Pa.s, =5, r1=0.5m, 

ro=0.05m, R=1m). 
 

 

9.6.  Shear Stress ( w ):  

 
Fig.(27) shows the effect of solid particle 

concentration  on shear stress w , it is clear that 

shear stress w  increases with increase in solid 

particle concentration. 

 
 

 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

Fig.27. Effect of Solid Particle Concentration () on 

the Shear Stress ( w ). 
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10.  Nomenclatures: 
  

R Outside radius of bearing 

r / R dimensionless radial radius 

1r  r1 / R dimensionless radius of step 

or   ro / R dimensionless hole radius 

z   z / R dimensionless axial 

coordinate 

h  h / R dimensionless film thickness 

 Film thickness ratio 

 Angular speed   rev/min 

Ps Supply pressure 

P   P/ Pr 
dimensionless pressure 

* Equivalent viscosity of the 

two-phase lubricant 

o Viscosity for pure oil 

c Volume concentration of the 
particles 

p Particle density 

o Oil density 

 Weight concentration of 

solid particle 

 () New viscosity function for 

Einstein formula 

S  =  2 R2 / Pr centrifugal parameter 

Q  =  Q /  R3 Pr 
dimensionless volumetric 

flow rate 

W  =  W/  R2 Pr 
dimensionless load capacity 

m, q, KQ Compensator flow constant 

KP  = Pr / PS ratio between inlet pressure 

and supply pressure 
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تأثير الاضافات على سلوك المحامل  
 

 محمذ عبذ الستار محمذ           البرت يوسف نعمان
جاٍؼت اىْهشيِ  /مييت اىهْذست / قسٌ اىهْذست اىَيناّينيت 

 

 

 

الخلاصة 

بأضافت اىجسيَاث اىصيبت اىخي حْثش  (صيب-سائو)في هزا اىبحث حٌ دساست سيىك اىَحاٍو اىهيذسوسخاحينيت راث ٍضيخاث ثْائيت اىطىس 

ٍغ اىضيج اىْقي بخشميض وصّي ٍؼيِ ورىل باسخخذاً ٍؼادىت ايْشخايِ اىَطىسة ىيضوجت ، ٍغ الاخز بْظش الاػخباس حأثيش اىقىة اىطاسدة  (حخيط)

اىضغط، ٍؼذه اىجشياُ، سؼت اىخحَيو، )مَا حَج دساست حأثيش الابؼاد اىهْذسيت ىيَحَو ػيى . اىَشمضيت اىْاحجت ٍِ دوساُ اىَحَو بسشع ػاىيت

. (اجهاداث اىقص، اىطاقت اىلاصٍت واىصلابت

ىجسيَاث اىجشافيج باىَقاسّت ٍغ  (%16)ػْذ ّسبت اىخشميض اىىصّيت  ( %8,3)ىىحظ ٍِ خلاه اىْخائج اىْظشيت صيادة في اىحَو بَقذاس 

 .وصيادة في اجهاد اىقص (صيج ّقي)اىحَو في حاىت ػذً وجىد اىجسيَاث اىصيبت 

 

 

 

 


