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R I A S S U N T O . — Un'espressione analitica per la distribuzione del con-
tenuto di umidità, in un problema di carico unidimensionale verticale di 
acqua sotterranea, è stata ot tenuta mediante il metodo di trasformazione 
di Laplace. Il coefficiente medio di diffusibilità, calcolato sull'intera fiam-
ma di valori di umidi tà contenuta si considera come costante , mentre si 
assume una variazione lineare di permeabil ità con contenuto di umidità. 

S U M M A R Y . — An analytical expression for the moisture content distri-
bution, in a problem of one dimensional vertical groundwater recharge, has 
been obtained by using the Laplace transform method. The average dif-
fus iv i tv coefficient over the whole range of moisture content is regarded 
as constant , and a linear variation of permeabil ity with moisture content 
is assumed. 

1 . - INTRODUCTION. 

R e c e n t l y K l u t e i1-2) a n d S a r m a (:1) h a v e d i s c u s s e d t h e n u m e r i c a l 
m e t h o d s of s o l u t i o n f o r t h e f l ow of w a t e r i n p a r t i a l l y s a t u r a t e d 
p o r o u s m e d i a . I n t h e p r e s e n t p a p e r w e h a v e o b t a i n e d a n a n a l y t i c a l 
s o l u t i o n of a o n e d i m e n s i o n a l p r o b l e m of g r o u n d w a t e r r e c h a r g e b y 
s p r e a d i n g . 

W e c o n s i d e r h e r e t h a t t h e r e c h a r g e t a k e s p l a c e o v e r a l a r g e b a s i n 
of s u c h g e o l o g i c a l l o c a t i o n t h a t t h e s i de s a r e l i m i t e d b y r i g i d b o u n d -
a r i e s , a n d t h e b o t t o m b y a t h i c k l a y e r of w a t e r t a b l e . U n d e r t h e s e 
c i r c u m s t a n c e s , w a t e r , f r o m t h e s p r e a d i n g g r o u n d s , wil l f l o w v e r t i c a l l y 
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downwards through the unsa tura ted porous media. I t is assumed 
t ha t the diffusivity coefficient is equivalent to its average value over 
the whole range of moisture content , and the permeabi l i ty of the media 
is a continuous linear funct ion of the moisture content . 

The nonlinear par t ia l differential equat ion for moisture content 
has been solved by employing the Laplace t ransform technique, and 
an analytical expression for moisture distr ibution is given. 

2 . - FORMULATION OF THE BOUNDARY VALUE PROBLEM. 

Following Klute (*), we may write the fundamen ta l equations 
as below. 

The equat ion of cont inui ty for an unsa tu ra ted medium is given by 

I M ) = - V - M , [2.11 

where q, is the bulk density of the medium, 0 is its moisture content 
on a dry weight basis, and M is the mass flux of moisture. 

Darcy ' s law governing the motion of water hi a porous medium 
may be written as: 

V = —KV<f>, [2.2] 

where represents the gradient of the to ta l moisture potential , 
V the volume flux of moisture, and K the coefficient of aqueous 
conduct ivi ty . 

F r o m equations [2.1] and [2.2], we get: 

* (Q.0) = V • (qKV(/>) , [2.3] 

where o is the fluid density. 
Since, in the present problem, flow takes place only in the vertical 

direction, therefore equat ion [2.3] reduces to : 

W 3 / \ S 
m = * r * ) ~ * { e K g ) - [ 2 - 4 ] 

where y> is the pressure (capillary) potent ia l , g is the gravi ta t ion content , 
and (j> — — gZ. The positive direction of Z axis is the same as 
t h a t of the gravi ty . 
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Considering 0 and ip to be connected by a single valued funct ion, 
we m a y write equat ion [4] as: 

W 3 / W \ 0 J A ' 

M = ^ R ~dz) + ¿ ; G * z ' [ 2 - 0 ] 

where D — - K \ , and is called the diffusivity coefficient. 
a» ¡>0 ' J 

Replacing D by its average value D„, and assuming K = Ko0, 
Ko = '232 (as in [3J and [1]), we have: 

= l>„ — • K o — = - . 2.(> 
i t M 2 qs 

Considering the water table to be s i tuated a t a dep th L, and 
pu t t i ng : 

= | t D " . = T 

L L2 ' 

we m a y write the boundary value problem as: 
j > 0 q K o <>0 

i>T p. Da ôf ' 
[2.7] 

0 ( 0 , 2 ' ) = 0„, 0(1,T) = 1 , [ 2 . 8 ] 

0(1,0) = 0, [2.9] 

where the moisture content th roughout the region is zero initially, 
a t t he layer Z = 0 i t is 0o, and a t the water table (Z = L) i t is 
assumed to remain 100% throughout the process of investigation. 
I t may be remarked t h a t the effect of capillary action a t the s ta t ionary 
groundwater level, being small, is neglected. 

3 . - A N A L Y T I C A L S O L U T I O N . 

Set t ing 

e K ° _ » 

Qs D„ P 

in equation [2.7], we get : 

W **0 ft 00 R11 
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On mul t ip ly ing each t e r m of equa t ion [3. J J by e~STdT, in tegra t -
ing the resul t f r o m zero to inf ini ty , and using condi t ion [2.9], we obta in 

d*6 dB 
dp P d£ 

86 = 0. [3.2] 

where 

0(£,S) = I e-sr d(£,T) dT, 

represents t h e Lap lace t r a n s f o r m of 0(i,T). 
Tlie Lap lace t r a n s f o r m a t i o n of t h e b o u n d a r y condi t ions [2.8] yields 

0(0,8) Oo 
8 

6(1,8) = 
8 

[3.3] 

Since equa t ion [3.2] is a l inear equa t ion wi th cons t an t coefficient, 
we m a y wr i te i ts general solut ion as: 

0(Ç,S) = E cosh (f J//?»/4 + 8) + F sinh (f J / p * ] i +8) 
P 

e2 , [3.4] 

where E a n d F a re cons tan t s of in tegra t ion . F o r eva lua t ing E and 
F, we app ly condi t ions [3.3] to equa t ion [3.4], so t h a t , a f t e r some 
simplif icat ion, we h a v e : 

P 

S 
IO_ 

8 cosh (l /?2M + 8 ) 

sinh (j//?z/4 + # ) 

S u b s t i t u t i n g these values in equa t ion [3.4], we have : 

0(f ,0) = e 
•{ ( do 

8 

sinh (1 — i ) + 8 

sinh j//52/4 + 8 
~ + 

+ e - W 
sinh f j ' ^ / l + 8 

8 s inh | > / 4 + 8 
[3.5] 
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The inverse t rans form (L~l) of the right hand side te rms in 
equat ion [3.5] m a y be determined by recalling a s t andard result [4] viz.. 

L 1 m 
r,(8) 

= X C(<S'n) eSvT 
-o nHS.) 

[3.6] 

where £(<S') and r](iS') represents two entire t ranscendenta l funct ions 
such t ha t degree of rj{iS) is at least one greater in 8 (when expressed 

£ (8) as power series) than t h a t of £($), 8 n is a simple pole of b — , and 
V («) 

i f (Sn) denotes the value of 
drj(S) 
d 8 

a t S = Sn. Pu t t i ng : 

C (8) 
sinh (f J / > / 4 + 8) sinh ( i f f > / 4 + £) 

V ('S>) 8 sinh (yp'li +S) 8 sinh (t J//j»/4 + 
, [3.7] 

and noting t h a t the roots of equat ion 

sinh ( | ' p / i + S ) = 0 , 

are given by 

= — /S2/4 — n* Tt2, 

we may write: 

*(Sn) = sin (n,3t(), C(0) = i sinh ' £ 

= ^i(O) = i sinh (/?/2) . 

[3.8] 

F r o m equat ions [3.6], [3.7] and [3.8], we get: 

sinh & 
L-1 

+ 271 2 
n = l 

sinh f | /32/4 + <S' 

« sinh J//S2/4 + S 

2 

sinh 0/2 
+ 

(— 1)" il sin (« 7T I) - (/32/4 + n» jr»)T 
[3.9] 
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Similarly, we have: 

L - 1 

P sinh (1 — I) | /?2/4 + S sinh (1 — f ) 

.V sinh | /?2/-l +»S' sinh /3/2 

£ » B i n h ( n a g ) ~ (/32/4 + M2 TT2) 2' 

" „ i £ 2 / 4 + 
[3.10] 

The inverse t rans format ion of equation [3.5] with the help of 
equat ion [3.9] and [3.10], yields: 

Oo e 2 
sinh f f + 
sinh /Î/2 

; (— 1)i » n sinh (n j r | ] ^ - (/92/4 + m2 ti2) T 
„ _ ! /52/4 + W27t2 

0 
+ e 

(1 - f ) sinh (1 f ) 

sinh /?/2 

f, M sin (wTif) - ( / 5 2 / 4 + vzjt2) T 9,7T >i 
B _ , /?2/4 + 11*71' [3.11] 

This is the desired analytical expression for the moisture conten t 
distr ibution. 

I t follows immediately f rom equation [3.11] t h a t the graph of 
the moisture content versus distance (for given values of t ime, say 
t = 1, 4, 16 etc.) may be easily drawn (as in [1]). A numerical 
i l lustration is equally obvious. However, these are not included here 
due to our par t icular interest in only an analytical solution. 

4. - CONCLUSION. 

An analytical solution for the nonlinear differential equat ion 
governing moisture content distr ibution lias been obtained, by using 
Laplace t ransform method, for those cases of groundwater recharge 
by spreading where the flow is essentially one dimensional, and in 
the vertical direction. 

Though no numerical illustration is included in the present paper 
(because of our part icular interest) ye t the convenient form of the 
moisture content expression is immediate ly evident. 
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N O M E N C L A T U R E 

D = diffusivity coefflcient. (cm2 sec 1 ) 
I>„ = average value of the diffusivity coefficient over the whole 

range of moisture content (cm2 sec-1) 
K0 = slope of the permeabi l i ty vs mois ture content plot (cm sec 1 ) 
K = permeabi l i ty coefflcient (cm sec 1 ) 
L = depth of permeable s t r a t um (cm) 
M = mass flux of moisture (gm) 
t = t ime (sec) 
T = t ime (dimensionless) 
V = velocity of flow of water (cm sec 1 ) 
7J = dep th of pene t ra t ion of water a t any ins tan t t (cm) 
ß = a flow paramete r (cm2) 
f = penet ra t ion depth (dimensionless) 
ft = t o t a l pressure potent ia l (cm sec 2 ) 
ip = capillary potent ia l (cm sec 2 ) 
g = acceleration due to gravi ty (cm sec 2 ) 
o = mass density of water (gm) 
Qs = bulk densi ty of the medium on dry weight basis (gm cm 3) 
Oo = moisture content a t Z 0 for all t ime (gm/gm) 
0 — moisture content a t any depth Z (gm g m 1 ) 

V — vector operator = i + J + A {), j, K are 
7>x 7)// 7>z 

uni t vectors) 




