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SUMMARY. — T h e Rayle igh equa t ion has real coefficients; the re fore , 
also t h e case of complex c o n j u g a t e d roo t s m a y be expla ined physica l ly . 
T h e A u t h o r p roves t h a t t h e Somigl iana waves m a y be fo rmed for Poisson 
ra t io va lues un t i l 0.30543; for g radua l ly less rigid media , t h e y are missing 
a l toge the r and degenera te in to evanescen t waves . 

RIASSUNTO. — A causa de l l 'omogenei tà delle equazioni del mo to ed 
essendo l ' equazione di Rayle igh a coefficienti reali, anche il caso delle radic i 
complesse con iuga te può essere fisicamente i n t e r p r e t a t o . Viene p r o v a t o che 
le onde di Somigl iana possono insorgere per valori del r a p p o r t o di Poisson 
fino a 0.30543; m e n t r e nel c a m p o di va r i ab i l i t à 

0.30543 < a < 0.5, 

cioè in mezzi sempre p iù incompressibi l i , le onde di Somigl iana (possibili 
solo per inc idenza t rasversa le) degenerano in onde evanescent i . 

1. I n some previous notes 3' 4) I have deal t with the physical 
in terpre ta t ion of the roots of the Rayleigli equat ion which are above 
the uni t , for the values of the a coefficient of Poisson to which cor-
respond three real roots for the Rayleigh equat ion. And I have proved 
t h a t those roots have an exact physical meaning: they permi t the 
theoretical in te rpre ta t ion of sizable groups of seismic oscillations which 
I named waves of Somigliana. I found then the limits within which 
the Somigliana waves originate, wi thin the real roots above the uni t , 
and I emphasized how interest ing it was to include the s tudy of such 
waves in to the research of stratifications building up the E a r t h ' s crust. 

(*) I s t i t u t o Nazionale di Geofisica. R o m a . 



However, as was already noted by Somigliana in this th i rd con-
tr ibut ion to the propagat ion of seismic waves (6), due to the homo-
geneity of equat ions of mot ion and to the fac t t ha t the Eayleigh equa-
tion has real coefficients, also the case of complex, conjugated roots 
may be explained physically with the separat ion of the real f rom the 
imaginary pa r t of roots. 

This is w h a t I am under tak ing as follows. 

2. F i rs t of all, let us t ry to find analytically the value of a sepa-
ra t ing the real field f rom the complex field for roots above the uni t . 
This value has already been obtained empirically in the previous 
note (4). 

As is known, the Eayleigh equat ion is expressed in its most known 
form with the usual meaning of symbols (J): 

f rom which, a f te r having made f1) 

v3
2 = x 

follows 

Vi2 i — 2 a 
Remember ing t h a t — = , we pu t 

* 2 (1 — a) 1 

1 — — - 1 
6 - ~~ 2 (1 — a) ' 

whence [1] becomes 

X3 — 8 Z2 + 8 ( ! + 2 e) 1 — 1 6 6 = 0 • [2] 

Let us see how the roots of this equat ion va ry when a varies between 

0 and , t h a t is for 

Now we free [2] f rom the second degree t e rm in y. To this end we p u t 
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Equa t ion [2] changes then in to 

8 _ c 16 ( 28 \ 
¿3 + y (6 e - 5 ) 6 + — (5e — - y ) = 0 . 

We make 

8 „ 16 / , 28 \ 
y ( b e - 5 ) = p , 

thus obta ining 
d3 + p d + q = 0. 

If p and q are real, we know f rom the ma themat ica l analysis t h a t 
the condition for the three roots of [3] to be real is expressed in the 
relation 

q- p3 

- - + J — < 0 . 
4 27 

Considering the values of p and q, we have in our case 

(45 E — 28)2 + (12 B — 10)3j . 

For the roots to be real, we mus t have 

, = 1 1 
4 27 36 

A(e) = (45 E — 28)2 + (12 £ — 10)3 < 0 . [3] 

I t is easily found t h a t the value of e which annulls zl(£) is 

£ = 0,6785. 
And since 

1 1 
a = 1 o £ 

it follows 
a = 0,26308, 

which practically coincides with the value previously obtained 
(<j = 0,26305). I t is in correspondence to this value t h a t the two 
roots above the uni t of the Rayleigh equat ion coincide; in fac t one 
obtains = 3,5754 (4). 

Therefore, in order to have a real root above the uni t and two 
complex conjugated roots, it mus t be 
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to which corresponds for a the field of variabi l i ty: 

0,26305 < a < 0,5 . 

3. There remained now to calculate a series of complex, conjugated 
root couples for a values within the above limits. 

Calculations have been made for the following a values: 0,265; 
0,27; 0,30; 0,305; 0,35; 0,40; 0,50. 

The Eayleigh equat ions per t inen t to the above a values are: 

for a = 0,265 3,1277 x3 — 25,022 x2 + 59,065 x — 34,043 = 0, 
for a = 0,27 3,1739 x3 — 25,391 X* + 60,174 x — 31,782 = 0, 
for a = 0,3 3,50 x3 ~ 2 8>° X2 + 68;° X ~ 40>° = °> 
for a = 0,305 3,564 x3 — 28,512 X

2 + 69,536 x — 41,024 = 0, 
for a = 0,35 4,333 x3 ~ 34,66 x2 + 8 8>° X ~~ 33>33 = °> 
for or = 0,4 3 X3 ~ 2 4 Z2 + 64 x — 40 = 0, 
for a = 0,5 Z3 — 8 X2 + 24 X ~ 1 6 = 

The corresponding roots are: 

T A B L E 1 

a X I 

0 , 2 6 5 0 , 8 4 9 8 3 , 5 7 5 2 ± i 0 , 1 6 2 2 1 

0 , 2 7 0 , 8 5 1 2 5 3 , 5 7 4 3 ± i 0 , 3 1 2 0 
0 , 3 0 , 8 6 0 0 9 3 , 5 7 1 4 ± i 0 , 7 2 8 4 

0 , 3 0 5 0 , 8 6 1 5 4 3 , 5 6 9 0 ± i 0 , 7 8 9 6 
0 , 3 5 0 , 8 7 4 0 3 , 5 6 2 5 ± i 1 , 1 7 9 1 
0 , 4 0 , 8 8 7 7 3 , 5 5 6 2 ± i 1 , 5 4 0 6 
0 , 5 0 , 9 1 2 8 3 , 5 4 3 6 ± i 2 , 2 3 0 2 

4. I asked myself whether all a values in the interval 0,26305 0,5, 
were leading to roots to which correspond Somigliana waves. 
Those roots are complex and conjugated and some of their values 
have been given under 3. They are complex, hence also the values 
of (i. 2), 

/ — Vr-
v3 = V2 V X , tang2 ei = — X — 1 , tang2 e2 = X — 1 . [4] 

Vi~ 

Let us indicate a general complex root as follows 

7.2.3 = r + ic . 
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The formulas [10J will t hen be wri t ten 

V22 . V22 . 1 — 
tang2 ei = r —- — 1 -(-1 c — , tang- e2 = r — 1 + i c, v3 = V2 v r + i c . 

Vi' Vi~ 

The relation 

R + iC=\Jr-\-ic, 

allows to obta in 

R = u j j * + c2 + r y / g c = | V r2 + c2 — r W, 

Af ter t h e value of a, included in t h e above interval , has been 
assigned, the Rayleigh equat ion furnishes the corresponding couple 
of complex, conjugated roots. Thus r and c are obtained and thence 
t ang ci, t ang e2 and va per ta in ing to the chosen a value. 

Af te r separat ing the real p a r t f rom t h e imaginary one, we can 
thus arrive a t the real values of ei (if existing), of e2 and of v3. Let us 

indicate the l a t t e r 
Va = Vi R 

while p u t t i n g 
V3 = t'2 C , 

where the negat ive value for C is being taken. 
On t h e basis of the r and c values t aken f rom the previous table 1 

we obtain by vary ing a as follows: 

T A B L E 2 

a V^/Vj* t a n g 2 e1 ei t ang 2 e2 «2 R 

0,265 0,31973 0,14310 20°45' ,25 2,5752 58°04' ,25 1,8913 
0,27 0,31507 0,12615 19°33' 2.5743 58°04' 1,8924 
0,3 0,2857 0,02035 8°07' 2,5714 58°03' 1,8995 
0,305 0,2805 0,0011045 1°51' 2,5690 58°02' 1,9006 
0,35 0.23077 —0,1779 — 2,5625 58°00' 1,9125 
0,4 0,16667 —0,4073 — 2,5562 57°58',5 1,9277 
0,5 0 — 1 — 2,5436 57°55' 1,99605 

I t follows f rom the analysis of the table 2 t h a t the Somigliana 
waves m a y va ry for a values unt i l 0,31; for gradually less rigid medium 
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they are missing al together and degenerate into ordinary transversal 
waves. The values of efficient angles, for longitudinal incidence, pre-
suppose incidences nearing rapidly the right angle. So far as trans-
versal incidence is concerned, the efficient angles increase slightly 
as the rigidity of the med ium decreases and reach a limit angle of 
incidence of abou t 32° to which corresponds the tota l reflection. 

Considering as well the complex conjugated roots of the Rayleigh 
equat ion, the efficient angles bringing about Somigliana waves are 
the ones corresponding to the roots for the following field of variabil i ty 
of a : 

0 < a < 0,31 , 

al though, practically (4), this is reducing to 

0,25 < a < 0,31 . 

Anyhow, the use of complex conjugated roots indicates an en-
largement and the limit of the field of variabil i ty of the Poisson coef-
ficient. 

Concerning the propagat ion velocity of the Somigliana waves (if 
existing), it is noted t h a t it increases as a increases ( that is as rigidity 
decreases) and reaches the m a x i m u m value 

v'3 = 1,9006 -v2 

for the limit value of a = 0,305. 
If in the expressions of Mi, u2, wi, w2 (4) we pu t @ (x — v31) under 

power form 
(p (e—v31) = fl<P(*—V), 

and observing t h a t v3 = v'3 + i v3, we will have 

<t>[x — {v3 + iv„) t] = e<P<*—®'»t) •«?"»*, 

where p indicates the pulsat ion of the oscillation and v3 is a negat ive 
cons tant which m a y be considered as the ext inct ion coefficient of 
the oscillation in t ime. 

Fo r a = 0,265, for instance, v3 = — 0,043012 - v2, and for a = 0,27, 
v3 = -— 0,08277-V2-, whereas for a — 0,305, we have v3 = — 0,2076-»2. 
Therefore, a t equal frequencies the propagat ion of the Somigliana 
wave is extinguished more quickly as rigidity decreases. 
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5. Let. us have a closer look how the Somigliana waves change 
when their propagat ion is in elastic media whose a coefficient shows 
a t r end toward the value of 0,30543. 

Let us consider the case of t ransversal incidence, where we have 

t ang ei = — (y - - — 1 j 2 , t ang e2 = [y_ — 1 j ^. 

If 0{x — v31) is not periodical, here applies the relation (••) 

J t + i / U - i f 
1 Wo / »I2 I ,0 . 

ai = — a2 (2 — X ) . 

— + z - i r 
Wo \ J 

X always differs f r o m 2. 
The following t a b l e 3 is valid: 

T A B L E 3 

a ( ' v 4 ~ t 

0,26305 0,3868 1,6048 
0,265 0,3783 1,60475 
0,27 0,3552 1,60445 
0,3 0,14265 1,60355 
0,305 0,033235 1,6028 
0,30543 0,0 1,6028 
0,4 imag ina ry 1,5988 

As a tends toward the value 0,30543, ai is thus tending toward the 
infinite. Now, in the expressions of u0, w„ [see [1] of (4)], e^, the quan-
t i ty characterizing the longitudinal component , acts as a denominator 
in the relative terms. Therefore, these annul l each other, namely 
the contr ibution of the longitudinal wave in the formation of the 
Somigliana wave falls away, and this degenerates into a trasversal wave. 

However for a = 0,30543, the efficient angle of incidence of the 
t ransversal waves, is 31°57',4, which coincides with the angle of total 
reflection of the incident t ransversal wave. I n fac t is: 
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so t h a t 

sin ¿2 = — = 0,52927 , 
Vi 

which gives for i2 the above value. 
Therefore, the efficient angle for t ransversal waves incident a t 

the intersurface with the outer stratif ication, approximates in less 
rigid media the angle of incidence to which corresponds the to ta l 
reflection, which is reached, as could be seen, for a = 0,30543. Hence, 
in the field where a varies f rom 0,30543 to 0,5 there are no Somigliana 
waves, since for t hem the tota l reflection of the incident t ransversal 
waves takes place. 

The formation of Somigliana waves requires a physically finite 
medium beyond the surface which is hi t by Ihe wave coming f rom 
an indefinite med ium (3). When the longitudinal reflected wave vani-
shes as progressive ordinary wave, for sat isfying the conditions a t 
the intersurface it is necessary to introduce an evanescent wave. If 
we indicate the t ransversal reflected wave (oscillating, of course, in 
the principal plane) by 

y> = ekz sin (cot — ax) 

we will have 

Dm 7)w ... 
u = — = — a e cos(co t — a x) : w = = A- e sin(a>i — a x) , 

' 1 t>z " 

where u and w are the horizontal and vertical mot ion components . 
The resu l tan t of these movements , however, is the socalled eva-

nescent wave which — as the Rayleigh waves — forces the reached 
part icle to describe an elliptical motion [(5) pages 300-304], In the 
variabi l i ty field 

,-i 0,30543 < a < 0,5 , 

which means t ha t in always more incompressible media the Somi-
gliana waves (possible only by t ransversal incidence) degenerate into 
evanescent waves. 

In conformity to wha t happens in the propagat ion of the light, 
t he velocity of evanescent waves in the second medium is t>2/sin¿2, 
where ¿2 is the angle of incidence. Pract ical ly i t coincides, therefore, 
with Bv2 where R is to be t aken f rom the table 2. I n case of the 
limit angle of incidence (¿2 = 31°58'), is in fac t VífsinU = 1,8894 vo, 
equal — a t lower t han 1/1000 — to the value of v'3. 
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Fig. 1 - E x a m p l e s of C0,i (T = 68 s ab.) , Ci,2 (T = 34 s ab . ) a n d C2,3 (71 = 23s ab . ) w a v e s - b y t h e a u t h o r gener ical ly ind ica te as 
Somigliana waves — record a t Somplago (011 t h e Cavazzo Lake) b y a se i smograph , wi th free per iod of a b o u t 120s a n d opt ical 
magnif ica t ion, in occasion of Alaska e a r t h q u a k e of J u l y 30, 1972 (57°,ON - 135",9\V: H = 21.45.11,1 GMT: li = 10 k m : 
M = 7,8) a t an ep icent ra l d i s t ance of a b o u t 8350 kins. Fo r large e a r t h q u a k e (as t h i s Alaska e a r t h q u a k e ) C0.i waves can 
affect t he ou te r layer of man t l e , f r om t h e t o p of t h e a s t enosphe re (low-velocity channel ) to t he E a r t h ' s sur face ( th ickness 

of a b o u t 70 kms) . 
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