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ABSTRACT

Based upon SG (superconducting gravimeter) records, the autoregressive
method proposed by Chao and Gilbert [1980] is used to determine the fre-
quencies of the singlets of seven spheroidal modes (S, ,S,, 4S5 S, 1S,
oS and ;S,) and the degenerate frequencies of three toroidal modes (T,
oIy and \T,) below 1 mHz after two recent huge earthquakes, the 2010
Mw8.8 Maule earthquake and the 2011 Mw9.1 Tohoku earthquake. The
corresponding quality factors Qs are also determined for those modes, of
which the Qs of the five singlets of ;S, and the five singlets (m=0,
m=12, and m=13) of S, are estimated for the first time using the SG
observations. The singlet m=0 of ,S, is clearly observed from the power
spectra of the SG time series without using other special spectral analy-
sis methods or special time series of polar station records. In addition,
the splitting width ratio R of S, is 0.99, and consequently we conclude
that .S, is normally split. The frequencies and Qs of the modes below
1mHz can contribute to refining the 3D density and attenuation models
of the Earth.

1. Introduction

The normal modes below 1mHz are very sensitive
to density heterogeneities of the Earth, and precise de-
termination of the splitting frequencies of these modes
can provide further information to constrain the 3D
models, especially the core and mantle density distri-
bution and structures. For instance, the observations of
the splitting of 032 0S5
formation to constrain the mantle structure [Okal 1978,
He and Tromp 1996, Roult et al. 2010]; the observations
of the splitting of ,S, may help to constrain the outer

and (S, may provide further in-

core and mantle models [Rosat et al. 2003]; the obser-
vations of |S, may provide additional constraints on the
3D models, especially the mantle structure [Roult et al.
2010, Deuss et al. 2011]; and the observations of ,S,
may constrain the Earth’s density and the core struc-

ture [Chao and Gilbert 1980, He and Tromp 1996]. In
addition, determining the quality factors Qs of those
modes may also help to improve the knowledge of the
3D attenuation model of the Earth [Roult et al. 2006].

Numerous studies have dedicated to obtaining the
frequencies of all of the singlets of the modes below
ImHz. All of the singlets of S, and S, were completely
observed by Buland et al. [1979] using seismic datasets
from the International Deployment of Accerometers
(IDA) network, and the triplet of ,S, was first observed
by Rosat et al. [2003] based on five SG records. The
triplet of ,S, was first observed by Chao and Gilbert
[1980] using seismic datasets from IDA network. The
above mentioned four modes and the modes ,S,, (S,
oS5 have been extensively investigated by other scholars
[e.g., Ritzwoller et al. 1986, Giardini et al. 1988, Wid-
mer-Schnidrig et al. 1992a, Resovsky and Ritzwoller
1998, Hu et al. 2006, Widmer-Schnidrig and Laske 2007,
Roult et al. 2010, Deuss et al. 2011, Shen and Wu 2012,
Ding and Shen 2013].

Except for the mode S,
cerned about the quality factors Qs of the whole set of

only few studies con-

the singlets of those modes. The Q of S was deter-
mined by various authors [e.g., Sailor and Dziewonski
1978, Buland et al. 1979, Chao and Gilbert 1980,
Riedesel et al. 1980, Dziewonski and Anderson 1981,
Roult et al. 2006, Rosat et al. 2007, Xu et al. 2008, Abd
El-Gelil et al. 2010, Zabranova et al. 2012]. The Qs of all
of the five singlets of S, were first estimated by Tani-
moto [1990], and then re-estimated by Roult et al.
[2006], Rosat et al. [2008] and Abd El-Gelil et al. [2010].
The Qs of all of the singlets of S, and ,S, were first es-
timated by Roult et al. [2006]. Rosat et al. [2008] and
Abd El-Gelil et al. [2010] further provided the refined
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Figure 1. The amplitude spectra of the residual gravity sequences from CB station after the 2010 Maule event (gray area) and 2011 Tohoku
event (black area), both of the sequences starting 5h after the earthquake with a length of 200h.

measurements of Qs of the seven singlets of S,. As for
the toroidal modes below 1mHz, the degenerate fre-
» ol;and (T, and Qs of T, and T,
have been determined [e.g., Widmer-Schnidrig et al.
1992b, Tromp and Zanzerkia 1995, Hu et al. 2006, Abd
El-Gelil et al. 2010], and Roult et al. [2010] even have
determined the five split frequencies of T,. Due to the
525, and S, are very
close to each other, it is hard to distinguish them from
the spectra of the chosen time series. Since the singlets
m=0 of ,S, and S, are difficult to clearly observe to
date, the main purpose of this paper is to re-determine
or newly determine the frequencies and Qs of the
whole set of the singlets of the modes (S, .S,, ;S,, ,S;,
0530 351 0S4 0T 13 and (T,

Since SGs deployed in the frame of the Global Ge-
odynamics Project (GGP) can outmatch the best seis-
mometers in the frequency band below 1mHz [e.g.,
Widmer-Schnidrig 2003], and since the 2010 Mw8.8
Maule earthquake and the 2011 Mw9.1 Tohoku earth-
quake have strongly excited the normal modes (see Fig-
ure 1), SG records after the two events are used to

determine the relevant frequencies and Qs. In this study,

quencies of | T

fact that the frequencies of | T

after the 2010 event, we use 13 SG records from differ-
ent stations, listing as Apache Point (AP), Bad Homburg
(BH), Schiltach (BF, the Black Forest Observatory),
Cantley (CA), Canberra (CB), Membach (MB), Medic-
ina (MC), Moxa (MO), Ny-Alesund (NY), Pecny (PE),
Sutherland (SU), Strasbourg (ST), and Wettzell (WE).
After the 2011 event, we use the records from 13 SG sta-
tions, listing as AP, BE, BH, CB, Conrad (CO), MB, MC,
MO, NY, PE, ST, Concepcion (TC), and WE. Accord-
ing to Dahlen [1982], in general cases, the optimum
record length should be about 1.1Q-cycle of the modes.
However, in order to obtain a sufficient frequency res-
olution, for each mode, the selection of the data length

needs not following that criterion [e.g., Rosat et al.
2005, Roult et al. 2010]. Because the noise levels of
those SG stations are different from each other [Rosat
and Hinderer 2011], we choose different groups of
records for different modes; and because different
events may excite different amplitudes even for the
same mode, we choose different groups of records for
a given mode (see details in Section 3).We note that, in
this study, the sampling interval of all records is 1min,
and for each of the target modes except for .S, all
records start 5h after the earthquakes; as for ,S,, data
sets with a 50h later starting point after the earthquake
are used to weaken the interference of |S, [Masters and
Gilbert 1983]. For each of the chosen records, after re-
moving the tidal and local atmospheric pressure effects,
we obtain the corresponding residual gravity time se-
ries for further use.

2. The estimate method for frequencies and Qs
For a vertical acceleration record, it can be simply
expressed as a sum of decaying cosinusoids [e.g., Aki
and Richards 1980, Chao and Gilbert 1980, Master and
Gilbert 1983, Master and Widmer-Schnidrig 19957]:
M
a(t) =2 Ajcos(wjt + ¢)e ", (1)
J
where A. is the amplitude, . the attenuation, @, the fre-

quency and ¢j the phase of the jth mode. And the qual-
ity factor Q of the jth mode can be estimated through

@; and o s by the following equation
@
=20 @)

According to Equation (2), one needs only to know
the complex frequency of a mode, and then the corre-
sponding Q can be estimated. There are numerous
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complex frequency estimation methods. Smith [1972]
reviewed the early observations of «, most of which
were obtained by the time lapse method. Chao and
Gilbert [1980] proposed a method, referred to as the au-
toregressive (AR) method, to estimate the complex fre-
quencies. Masters and Gilbert [1983] proposed a
nonlinear least-squares fitting method, named as least-
squares (LS) algorithm. Roult and Clévédé [2000] pro-
posed an improved method, which is based on the ‘time
lapse” method, to estimate the attenuation a. Rosat et
al. [2008] proposed a non-linear damped harmonic
analysis (NLDHA) method, which can be also used to
estimate the complex frequencies of a normal mode.
In addition, the complex frequencies can be also esti-
mated by fitting a Lorentzian function [e.g., Smylie
1992, Abd El-Gelil et al. 2010]. Here we should note
that we just want to give a short review about those
presented methods, rather than to explain their strengths
and weaknesses. In this study, due to the fact that the
validity of the AR method has been verified by previous
studies [Chao 1983, Masters and Gilbert 1983], we use
this method to estimate the complex frequencies of
those modes. Because the details of the estimation
process have been introduced in Chao and Gilbert
[1980], here we only provide a brief introduction of the
basic idea.

For a discrete time series (with N data points), set
o, = w, + ia, and Aj = Ajei‘?f, then Equation (1) can be

A B
rewritten as,

a(n) = Z [4;exp(ino)) + A} exp(ino))} n

j=1

=12,..,N

()
where * *’ denotes complex conjugate, M denotes the
number of the complex exponential functions. Then
a(n) can be expressed as the following linear equation,

a(n) = iw Sa(n—1), n=2M+1,.,.N (4
i=1
where S, is a real constant coefficient (i = 1,2,...,2M).
According to the Prony method [e.g., Chao and Gilbert
1980, Chao 1990a], the relationship between {o.} and
{S;} can be constructed through the following polyno-
mial equation

—§ZM-1—gzM2_ g =

[Z — exp(io;) [ Z — exp(io})] = (5)

[Zz2 +p,Z+ q]]

—0.5Ing; and @, = cos_1<—pj/(2@)>.
Therefore, if {S} are obtained, {O'].} can be determined
by Equation (3). However, for a time series after an

M
[1
ji=1
M
=11

i=1
where o, =

earthquake, M is usually unknown; that means one can-

not solve Equation (4) for {S} in the time domain. Fortu-
nately, different modes could be separated into individual
peaks in the frequency domain (for most of the normal
modes). The technique is stated as follows. The Fourier
transform (FT') of Equation (4) can be expressed as
2M

Xy () = ;1 X (@)S, k=12,.,K (6
where X(wp),i=12,.,
transform of {a(n —1i),n =2M + 1,...
written as the matrix form

2M} corresponds to the Fourier
,N}. It can be also

X, (@,) X,(o,) Xou() [ S, X, (@)
X, (:a)z) X, (:a)z) XZM:(a)Z) S, |_ %o (:a)z) -
X, (wy) X, (o) Xy (@) [[Son X, (@)

It should be noted that a Hanning taper should be
multiplied by each new time sequence prior to FT to
weaken the spectral leakage. In addition, M becomes
the number of the cosinusoids residing in the target fre-
quency band. It is 1 for a single peak, and it is a small
number for a group of interfering peaks with close fre-
quencies and for some strongly coupled normal modes
or splitting of a multiplet [Chao and Gilbert 1980, Chao
1990a, 1990b]. Here we only take M=1 as an example,
and then, there are only two AR coefficients S, and S,.
However, considering that X,(@,) has a real part and an
imaginary part, if K=1, Equation (6) can be rewritten as

M-

Hence, taking K=M is enough to solve out {S;}

the matrix form

Re[X,(w,)] Re[X, (@

[, (@,)] 1m[X, (@ )

Re[ X, (@,)]
]

Im| X, (@,)

from Equation (7). And if K > M, a simple way to solve
Equation (7) is the linear least-squares estimate. After
{S;} are found, {O'].} can be determined by using some
numerical methods. The estimation of the complex
amplitudes {Aj} is another problem of linear least-
squares estimate, which is referred to Chao and Gilbert
[1980] for details.

The above process is known as the AR method.
And from Equation (7), one can see that this method has
the capability to process multiple records simultane-
ously to enhance the signal to noise ratio (SNR), namely,
one can stack the matrix from different records obtained
from different stations. Furthermore, the records even
can be obtained after different earthquakes. It is noted
that the AR method is very powerful in estimating the
parameters (complex frequency and amplitude) of the
singlets of a multiplet simultaneously [Chao 1990a].
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Figure 2. The power spectra of S;. (a) The results of 13 residual gravity time series after the 2010 Maule event; (b) the results of 12 resid-
ual gravity time series after the 2011 Tohoku; (c) the estimated frequencies from different series, the red symbols (e.g., circle point, squares,
etc.) indicate the results obtained from the 2010 event, and the green ones indicate the results obtained from the 2011 event (hereafter the
same). The corresponding theoretical frequency based on PREM is denoted by vertical dashed lines.

0So Frequency (mHz) Q
PREM 0.81431 5327
Sailor and Dziewonski [1978] 0.814564 4229
Buland et al. [1979] 0.81463461t2.4e-5 4100+1066
Riedesel et al. [1980] 0.814664+3.3e-6 5700+285
Chao and Gilbert [1980] 0.814695+2.0e-5 5280+25
Roult et al. [2006] 0.814661%5.0e-6 5489.1+19.0
Rosat et al.[2007] 0.8146566+1.6e-6 5506+19

Xu et al. [2008]
Abd El-Gelil et al. [2010]
Zabranova et al. [2012]

This paper (Average value)

0.8146565+1.2e-6

0.814666+0.7¢e-6

0.8146568+6.5e-7

5400.94122.4

5551.0 £ 9.1

5500+140

5566.6118.8

Table 1. Observed weighted average values of the frequencies and Qs of S

Due to the fact that the SNRs of different records
from the same event and those of the records from the
same station after the two events are different, and
some singlets of a mode may appear in a record but not
appear in some other records, we use AR method to es-
timate the singlets of one target mode from each sepa-
rated record, and take the weighted average of all of

» and the model predictions and observations of previous studies.
the estimates as the final estimation.

As for the estimated error, we prefer to use the
bootstrap method [see e.g., Efron and Tibshirani 1986]
as suggested by Hifner and Widmer-Schnidrig [2013],
where the details were presented. After the estimated
errors o, of a singlet frequency from different chosen
SG records are obtained, the following step is carried



COMPLEX FREQUENCIES OF THE NORMAL MODES

out to get a final estimation.

For a given singlet after the two earthquakes, 1/
is used as a weight to obtain the finally estimated fre-
quency. The weight for the i-th observed singlet fre-
quency from a chosen SG series is given by

B = (1/0?)/27 1/0? 9)

where N is the number of all of the chosen series after
the two events, o, is the estimated egror of the estimated
frequepcy, and the denominator Z 1 / o?is applied to
make )’ 1 / o? = 1. For each singlet, we use the follow-
ing formula [Taylor 1997] to obtain a final estimate of
the corresponding frequency based on the records after
both earthquakes:

f= L ns )= S @D o

where )}is the finally estimated frequency value for a
given singlet, ¢( ]?) its error, P, the weight given by
Equation (9), f; and e( f;) are the estimates of the corre-
sponding frequency value and its corresponding error
bar for each chosen SG series.

3. The observations of different modes based on SG
records

In this study, as mentioned in Section 1, concern-
ing observing different modes, we use the records from
different stations, due to the fact that different stations
are differently sentsitive to different modes.

3.1. The frequencies and Qs of the modes S, .S,, ,S

Concerning the mode oSy We use the OSCO; geszic{)u:jll
time series from the first group of 13 stations (see Sec-
tion 1) after the 2010 Maule event and the second group
of 12 stations (except for the MC station) after the 2011
Tohoku event, with a length of 750h. The power spec-
tra are shown in Figure 2, and for the same event,
owing to the fact that the amplitudes of different
records are not the same, the normalized power spec-
tra are formulated for comparison (hereafter the same).
The final estimation provided by this study is the
weighted average of the 23 results estimated separately
from each of all of the time series (hereafter, the same
rule holds throughout this paper except for a special
statement), which is provided in Table 1. For a com-
parative purpose, the results of previous studies and the
theoretical predictions are also listed in Table 1. From
Figure 2a,b, we find that the observed peaks of S from
different records are almost overlapped, and from Fig-
ure 2¢ and Table 1, there is a large deviation between
our frequency estimate and the corresponding theoret-
ical prediction of PREM [Dziewonski and Anderson

1981], but our result is very close to those given by pre-
vious studies. The Q value is about 5500, which is in
consistent with PREM prediction and previous results.

Concerning the mode S,, we use nine residual
gravity time series after the 2010 Maule event and 11
residual gravity time series after the 2011 Tohoku event
(see Figure 3), with a length of 300h. The other records
are not used because the SNRs of them are not high
enough (hereafter the same reason for using different
records after the two events). The corresponding power
spectra are plotted in Figure 3. Comparing with the re-
sults excited by the 2004 Sumatra earthquake [e.g.,
Rosat et al. 2005, Roult et al. 2010], the singlets m=0 ex-
cited by the 2010 Maule event and 2011 Tohoku event
are both quite weak, and there is no detectable peak for
the singlet m=0 in the SG time series after the 2010
event, whereas it can be only weakly observed in three
SG time series (from BE, MB, and ST stations) after the
2011 event. In addition, excited by the 2004 Sumatra
event, the amplitudes of m=0 and m==2 are larger than
the amplitudes of m==1; whereas excited by the 2010
and 2011 event, the amplitudes of m==®1 are much
larger than the amplitudes of m=0 and m==2. This
phenomenon is related to the focal mechanism and ge-
ographical locations of different earthquakes.

The observed weighted average values of the fre-
quencies and Qs of S,, and the corresponding theoret-
ical predictions of PREM [Millot-Langet et al. 2003,
Rosat et al. 2008] and some previous estimates are listed
in Table 2. The estimated results of the frequencies and
Qs are very close to the results of the previous studies
as well as the PREM predictions.

We use eight residual gravity time series after the
2010 event and 12 residual gravity time series after the
2011 event to detect the mode S, (see Figure 4). The
length of each sequence is 350 h. The power spectra
and the estimated frequencies are shown in Figure 4.
Comparing with Rosat et al. [2005]’s result (see Figure
2 therein) observed at the ST station after the 2004
Sumatra event, the mode (S, observed at the ST station
after three different earthquakes are quite different. The
amplitudes of m==12 excited by the 2010 and 2011 event
are relatively larger. The observed average values of the
frequencies and Qs of S, are listed in Table 3.

3.2. The frequencies and Qs of the modes ,S, and ,S,

We use five residual gravity time series after the
2010 event and another five residual gravity time series
after the 2011 event to detect the mode ,S (see Figure 5),
with a length of 168h. From Figure 5, we find that the
singlet m=0 is clearly observed based on the SG records
with high SNRs after the two earthquakes, whereas
there are no records by which this singlet is observed
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Figure 3. The power spectra of (S, based on the residual gravity time series after the 2010 and 2011 events. (a) The results of 9 residual grav-
ity time series after the 2010 Maule event; (b) the results of 11 residual gravity time series after the 2011 Tohoku; (c) the estimated frequen-
cies from different series. The PREM predictions (from Rosat et al. [2008]) are denoted by vertical dashed lines.

(average value)

509.4+12.1

484.719.3

394.4114.3

520.21+8.1

0S2 m=-2 m=-—1 m=0 m=+1 m=+2
f 0.30000117 0.30449303 0.30906353 0.31371556 0.31845238
PREM*
0 494.6 501.8 509.3 517.0 525.0
Buland et al. [1979] f 0.30001 0.30480 0.30949 0.31400 0.31850
Rosat et al. [2005] f 0.29997+6.3e-6  0.30458+4.7e-6  0.30924+6.0e-6  0.31381%1.le-5  0.31843+4.6e-6
Roult et al. f 0.299779+7.4e-5  0.304624+2.9¢-5 0.309397+1.57e-4 0.313892+6.9e-5  0.318465+8.9¢-5
[2006] 0 490.6+14.0 562.914.0 395.6+11.3 495.3+4.0 480.2+14.9
Rosat et al. f 0.299951+1.5e-6  0.304599+1.6e-6 0.3092607+2.5e-7 0.3138446%2.6e-7 0.3184385+2.8¢-7
[2008] ¢ 0 449.340.1 481.5+0.1 506.740.4 457.7+0.3 518.7+0.4
Abd ELGelil et al. f 0.300001+1.2¢-6  0.304533+1.1e-6  0.309296+1.1e-6  0.313882%0.5e-6  0.318402+1.0e-6
[2010] 0 509.9+3.9 677.9+11.5 512.343.9 592.7+8.1 520.3%3.1
Roult et al. [2010] f 0.29998+3.313e-4 0.3044714.985e-4 0.30922+3.560e-4 0.31374+4.480e-4 0.31835+3.548¢-4
Deuss et al. [2011] f 0.29993 0.30463 0.30928 0.31386 0.31840
Rosat et al. [2012] # f 0.29996+2.2e-5  0.30458%5.1e-5  0.30925%3.3e-5  0.31383+4.6e-5  0.31844+2.1e-5
Hifner and Widmer-
. f 0.299948+9.0e-6  0.304612+6.0e-6  0.309269+1.6e-5  0.313840%5.0e-6  0.318429+9.0e-6
Schnidrig [2013]
This paper f 0.299958+8.1e-6  0.304588+4.6e-6  0.309263+1.1e-5 0.313835+1.4e-6  0.318422+7.4e-6
Q

532.7+10.1

Table 2. The observed weighted average values of the frequencies and Qs of S,, compared with the previous estimates and the PREM pre-
dictions. (*): from Millot-Langet et al. [2003], Rosat et al. [2008]. ®): the results using the NLDHA method based on one SG record (ST) after
the 2004 Sumatra earthquake. (¥): correction to Rosat et al. [2005].
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Figure 4. The power spectra of S, based on the residual gravity time series after the 2010 and 2011 events. (a) The results of 8 residual grav-
ity time series after the 2010 Maule event; (b) the results of 12 residual gravity time series after the 2011 Tohoku; (c) the estimated frequen-
cies from different series. The PREM predictions (from Rosat et al. [2008]) are denoted by vertical dashed lines.

053 m=-3 m=—2 m=—1 m=0 m=+1 m=+2 m=+3
f 0.4618 0.4641 0.4664 0.4686 0.4707 0.4728 0.4748
PREM*
0 411.7 413.6 415.5 417.4 419.3 4213 4233
Buland et al. [1979] f 0.46167 0.46408 0.46617 0.46883 0.47091 0.47317 0.47450
Rosat t al. [2005] f 0.46167 0.46424 0.46639 0.47084 0.47266 0.47474
’ +3.0e-5 +2.0e-5 +1.8e-5 +1.1e-5 +4.8e-5 +2.1e-5
f 0.461646 0.464329 0.466236 0.468560 0.470877 0.472659 0.474269
Roult et al. +8.7e-5 +7.1e-5 +8.3e-5 +4.2e-5 +5.2e-5 +1.33¢-4 +4.68¢-4
[2006]
Q 450.5+63.3  442.5+46.3  456.6193.0 43424193  339.9468.9  493.9+56.3  382.6+39.2
f 0.4615728 0.4642270 0.4664168 0.4707937 0.4727150 0.4747854
Rosat et al. +4.9¢-6 +4.9¢-6 +4.6e-7 +3.8e-6 +6.9¢-6 +1.1e-6
[2008] §
Q 380.340.04 412.740.1 447.540.5 - 446.1+0.1 477.240.2 328.240.3
_ f 0.461662 0.464377 0.466121 0.468456 0.470920 0.472505 0.474535
Abd El-Gelil et al. +0.4e-6 +0.5¢-6 +0.2e-6 +0.2e-6 +0.3e-6 +0.7e-6 +2.1e-6
[2010]
0 393.248.2 47454247  466.6+25.6  468.5%18.4  501.5+32.4  573.4%41.5  605.3+49.4
Roult et al. [2010] f 0.46169 0.46417 0.46640 0.46860 0.47076 0.47275 0.47470
’ +3.515¢e-4 +3.480e-4 +4.036e-4 +4.220e-4 +1.760e-4 +4.059%- +1.786e-4
Rosat etal. [2012]%  f 0.46167 0.46424 0.46639 0.47084 0.47266 0.47474
: +5.4e-5 +7.8e-5 +3.6e-5 +3.0e-5 +7.8e-5 +6.8¢-5
f 0.461623 0.464219 0.466535 0.468549 0.470657 0.472843 0.474831
This paper +4.9¢-6 +1.8e-6 +2.6e-6 +5.2e-6 +2.4e-6 +1.7e-6 +3.5e-6
(average value)
Q 351.5+19.1 418.5+9.2 348.4+15.8  424.4422.5  356.9+14.5  397.7410.0  417.2%16.3

Table 3. The observed and predicted values of the frequencies (mHz) and Qs of (S,. (*): from Millot-Langet et al. [2003], Rosat et al. [2008].
(®): the results using the NLDHA method based on one SG record (ST) after the 2004 Sumatra earthquake. (*): correction to Rosat et al. [2005].
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Figure 5. The power spectra of ,S, based on the residual gravity time series after the 2010 and 2011 events. (a) The results of 5 residual grav-
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cies from different series. The PREM predictions are denoted by vertical dashed lines (for ,S,, the three values are from Roult et al. [2006]
denoted by black vertical dashed lines; for | T, the value is from Dziewonski and Anderson [1981], denoted by red vertical dashed line).

PREM* Rosatetal. Rosat et al. Roult et al. Roultetal. Deuss et al. This paper
s [2003] [2005] [2006] [2010] [2011] (average value)
21
f(mHz) Q f(mHz) f(mHz) f(mHz) Q f(mHz) f(mHz) f(mHz) Q
0.3986 0.39821 0.39779 0.398662
m=—1 0.39803582 391.1 0.39510 368.8 0.39792 365.9120.3
+1.9¢e-4 +6.0e-5 12.543e-3 t8.5e-6
0.4049 0.40394 0.405014
m=0 0.40368712 396.6 - 0.40645 428.2 0.40518 448.3+15.7
t2.1e-4 t1.352e-3 +2.7e-6
0.4111 0.41080 0.41063 0.410768
m=+1 0.41022196 403.1 0.41184 322.1 0.41045 385.6+11.8
t1.8e-4 t4.2e-5 t1.012e-3 t1.2e-6

Table 4. The observed and predicted values of frequencies and Qs of ,S,. (*): from Millot-Langet et al. [2003], Roult et al. [2006].

after the 2004 Sumatra event [see Rosat et al. 2005]. In
addition, the toroidal mode T, which is coupled with
the mode ,S , is also observed in the spectra, and there
is a very clear peak around 0.3826 mHz, which may cor-
respond to the singlet m=2 of T, (see Roult et al.
[2010]). From Figure 5c and Table 4, there is a large de-
viation between our frequency estimates with the re-
sults of Roult et al. [2006], but our results are very close
to the results of Rosat et al. [2003, 2005] and Deuss et
al. [2011]. Moreover, comparing with the PREM pre-
dictions [Millot-Langet et al. 2003, Roult et al. 2006],
our results perform a total shift toward a higher fre-

quency. Concerning the observed Q-values of ,S,, dif-
ferent authors give different results (see Table 4), and
our results show that the Q-values are between 360 and
450. Here we note that the estimated frequency and Q
value of [T, are listed in Table 7.

As for the mode ,S,, in order to weaken the inter-

ference of .S,, we use three SG records starting 50h after

the 2010 exlfeilt and seven SG records starting 50h after
the 2011 event (see Figure 6), the data length of each
record is taken as 680h. From Figure 6, there are no ob-
servable peaks for ,S, and |S, (blue dotted curves), but

the triplet (especially the singlet m=0) of S is clearly
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Figure 6. The power spectra of ;S based on the SG sequences after the 2010 and 2011 events. (a) The results of 3 residual gravity time se-
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ferent series. The PREM predictions (from Roult et al. [2010]) are denoted by vertical dashed lines.

PREM* Chao and Gilbert Roult et al. Shen and Wu This paper
S [1980] [2010] [2012] (average value)
f(mHz) f(mHz) Q f(mHz) f(mHz) f(mHz) Q
m=-—1 0.942267  0.94270%5.5e-5 884+0.11 0.94256t1.241e-4 0.942598 +4.20e-4 0.9424261t2.5e-6 943.8+12.5
m=0 0.944217  0.9453519.0e-5 1450£0.2 0.9441913.444e-4 0.944113 t2.65e-4 0.944713t1.7e-6 773.6+10.1
m=+1 0.945472  0.945631t4.0e-5 890%0.08 0.9457911.493e-4 0.945864 +2.13e-4 0.945612t4.6e-6 629.5+18.4

Table 5. The predictions and observations of frequencies and Qs of ,S,. (*): from Roult et al. [2010].

observed in the direct power spectra of the series.
Some studies [e.g., Giardini et al. 1988, Widmer-
Schnidrig et al. 1992a] considered that the ,S, was
anomalously split. For example, Widmer-Schnidrig et
al. [1992a] declared that ,S, was anomalously split based
upon the observations of the m=0 singlet using only
the record from the Amundsen-Scott South Pole sta-
tion, but the SNR of their observations is not high, and
the length of the data is only 100h long (far less than
the 1.1Q-cycle), which may not provide a sufficient fre-
quency resolution. Moreover, according to the results
of Roult et al. [2010], there are only the singlets m==®1
which are excited to the detectable level by the 2004
Sumatra event. Our results show that all of the three
singlets are excited to the detectable level by the 2010
and 2011 events, and the amplitude of m=0 is even

larger than that of m==1 (Figure 6). In addition, our re-
sults show a systematic shift from the PREM predic-
tions toward a higher frequency (see Figure 6c and
Table 5). The observed weighted average values of Qs
of .S, are also listed in Table 5. If we accept the state-
ment that a multiplet is anomalously split if the split-
ting width ratio R (ratio of observed splitting width to
the predicted splitting width) is larger than 1.5 [Wid-
mer-Schnidrig et al. 1992a], then according to Table 5,
our results (R=0.99) suggest that ,S, is a normally split
mode (consistent with the result of Roult et al. [20107).

3.3. The frequencies and Qs of the modes ,S, and S,
In order to identify all of the singlets of S,
long record should be used. However, the SNRs of

avery

the modes will gradually decrease with the increase
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f(mHz) Q
m=—3 0.631015+2.2e-6 292.7+14.1
m=—2 0.644624+2.4e-6 35434125
oSa m=0 0.64715+5.5e-6 325.1%15.7
m=-+2 0.649545+4.5e-7 349.616.8
m=+3 0.650534+5.9e-7 462.8%7.2

f(mHz) Q
m=—2 0.673533+3.2¢-6 325.749.5
m=—1 0.677671%1.2¢-6 312.3%5.8
S, m=0 0.680915+7.4¢-6 269.9+16.7
m=-+1 0.683541£1.7e-6 270.4+6.4
m=-+2 0.685372+3.4e-6 279.3£10.3

Table 6. The observed weighted average values of frequencies and Qs of (S, and |S, in this study.

of the length of data. Hence, there must be a trade-
off between the chosen data length and the SNR. In
this paper, 13 residual gravity time series with a
length of 550h are chosen to observe the S, modes
(see Figure 7). The power spectra of the S, modes
are shown in Figure 7a,b, and the product spectra of
the series after each of the two events are shown in
Figure 7c. The two dashed vertical lines (Figure 7a,b)
indicate the observed frequencies of the singlets
m=14 given by Roult et al. [2010], and the PREM pre-
dictions [Roult et al. 2010] are shown in Figure 7d.
There are only five singlets that can be found from
the spectra, and according to Figure 7d, they are cor-
responding to the singlets m=0, m=%2, and m==+3.
The estimated values of the corresponding frequen-
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cies and Qs are listed in Table 6. Here, the Qs of five
singlets of S, were determined for the first time by
observation.

Concerning the observation of the mode ,S,, we
use two SG records after the 2010 event and six SG
records after the 2011 event (see Figure 8). Each of the
time series has a length of 330h. The corresponding
spectra are shown in Figure 8, and we find that there is
no observable peak for the singlet m=0 after the 2010
event (Figure 8a), whereas all of the five singlets are ob-
served after the 2011 Tohoku earthquake (Figure 8b).
The PREM predictions are plotted in Figure 8 (dashed
vertical lines), where the effects of rotation and ellip-
ticity have been taken into account. The estimated
weighted average values of the frequencies and Qs of
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T T T

02 03 04
f(mHz) 0.37917 0.58616 0.76566
PREM
Q 250.4 240.0 228.2
f(mHz) 0.3766 0.58726 0.76673
Widmer-Schnidrig et al. [1992b]
0 - 2222 265.3
f(mHz) = - 0.76583
Tromp and Zanzerkia [1995]
0 - - 195
Hu et al. [2006] f(mHz) 0.37823 0.58634 0.76586
Abd El-Gelil et al. [2010] f(mHz) 0.37760 0.58690 0.76460
f(mHz) 0.379130+2.4e-6 0.586918+4.9¢e-7 0.765803+5.6e-7
This paper (average value)
Q 271.6+14.2 232.9+8.4 242.4+9.5

Table 7. The observed weighted average values of frequencies and Qs of |T,, /T;, and | T ,, compared to the PREM predictions and the re-

22073 04
sults of some previous studies.
S, are listed in Table 6. The PREM predictions of S, 3.4. The frequencies and Qs of the toroidal modes T,
and S, are not tabulated in Table 6, which are referred oI;and | T,
to Roult et al. [2010]. It is noted that the Qs of the The power spectra of T, have been shown in Fig-
whole set of the singlets of |S, are determined by ob- ure 5, and the estimated weighted average values of the
servation for the first time in this study. frequencies and Qs are listed in Table 7.
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For the purpose of observing the /T, mode, we
use five residual gravity time series after the 2010 event
and four residual gravity time series after the 2011
event, each of them with a length of 70h. The power
spectra are shown in Figure 9, where one can find that
the results are larger than the theoretical predictions of
PREM [Dziewonski and Anderson 1981].

Concerning the mode ,T,, we use five residual
gravity time series after the 2010 event (Figure 10a),
each of the records with a length of 120h, and seven
residual gravity time series after the 2011 event (Fig-
ure 10b), each of the series starting 5h after the event
with a length of 80h. Here we choose the records
with different lengths, because the SNRs of the
records after the two events are significantly different.
Due to different lengths (120h and 80h) of the
records, the discrepancy of the frequency resolutions
of the spectra of the two events is about 1.16puHz.
From Figure 10c, we find that the discrepancy be-
tween the weighted average values obtained respec-
tively from the records after the 2010 event and the
2011 event is only 0.48uHz, which is far less than
1.16uHz. This implies that both the results (based on
respectively the records after the 2010 and 2011
events) are physically meaningful and should be used
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as parts of the estimates of the frequencies and Qs of
the mode. Hence, the final results (see Table 7) of the
frequencies and Qs are given by the weighted average
of the 2010 and 2011 results.

The observed weighted average values of the fre-
quencies and Qs of I D and oI, are listed in Table
7. Comparing with the results of Widmer-Schnidrig et
al. [1992b], Tromp and Zanzerkia [1995], Hu et al.
[2006] and Abd El-Gelil et al. [2010], we provide addi-
tional estimates of the Q-values of the three modes,
which are comparable with the corresponding PREM
predictions.

4. Conclusions

After the 2010 Mw8.8 Maule earthquake and the
2011 Mw9.1 Tohoku earthquake, we used the SG
records to determine the frequencies and Qs of the sin-
glets of the modes below 1mHz based on the AR
method proposed by Chao and Gilbert [1980]. The fre-
quencies and Qs of all the singlets of the modes S, .S

02 2°1
033> ¢Sp» and ;S , and the frequencies of S,, |S,, /T

2 1°2 0" 2
oI5, and (T, were re-estimated. Moreover, the Qs of all
of the five singlets of |S,, the Qs of the five singlets
(m=0,m=12,and m=13) of S, and the Qs of [ T,, | T},

and T, were first time or re-estimated by observation.
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Figure 9. The power spectra of [T, based on the residual gravity time series after the 2010 and 2011 events. (2) The results of 5 residual grav-
ity time series after the 2010 Maule event; (b) the results of 4 residual gravity time series after the 2011 Tohoku; (c) the estimated frequen-
cies from different series. The PREM prediction is denoted by the vertical dashed line. The red symbols indicate the results obtained from
the 2010 event, and the green symbols indicate the results obtained from the 2011 event.
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Figure 10. The power spectra of |T,. (a) The results of 5 residual gravity time series after the 2010 Maule event; (b) the results of 7 residual grav-
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have a length of 120h, and the series after the 2011 event have a length of 80h. The PREM prediction is denoted by the vertical dashed line.

In addition, the singlets m=0 of the modes ,S, and ,S,
were clearly observed in the direct spectra of the resid-
ual gravity time series without using other special spec-
tral analysis methods or special series of polar station
records, especially for ;S,. Due to the fact that, some
studies considered that ;S, was anomalously split [e.g.,
Giardini et al. 1988, Widmer-Schnidrig et al. 1992a],
while others [e.g., Ritzwoller et al. 1986, He and Tromp
1996, Roult et al. 2010] considered normal, a clear ob-
servation of the singlet m=0 may provide further evi-
dence to judge whether ,S, is normally split. Taking
into account the fact that the splitting width ratio R of
,S, obtained in this study is 0.99, we conclude that .S,
is normally split.

Comparing with previous studies, our results again
clearly show that the amplitudes of the singlets of a
given mode excited by different earthquakes (which
have similar magnitude) are different (of course, it is a
well-known statement). For instance, the singlet m=0
of ,S, cannot be observed using the SG records after
the 2004 Mw?9.0 Sumatra earthquake whereas it can be
clearly observed from the SG residual sequences after
the 2010 Mw8.8 Maule earthquake and the 2011 Mw9.1
Tohoku earthquake.

In summary, our estimations of the frequencies
and Qs of the singlets of the modes below 1mHz pro-
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vide further valuable information for constraining and
refining the 3D density structure and attenuation mod-
els of the Earth.
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