














group velocities; surface ellipticity of  Rayleigh waves is
obtained using equation (48). Considering dispersion
equation (47) as f(k,c)=0, group velocity (U) is obtained
using

where the above partial derivatives in the numerator
and denominator are obtained analytically from f. The
code may be shared on request. Using this code, dis-
persion curves are drawn here in Figures 2, 3 and 5 for
a few existing oceanic and continental VTI models.
Through generalized Reflection-Transmission method,
Bhattacharya and Arora [1997] obtained dispersion
equation with complex terms in a layered VTI spheri-
cal earth using a flattening transformation. This
method to get dispersion curves in a layered VTI half
space works in a complex domain and gives the same
results as from the present code.

8.1 Oceanic structure
Let us consider a crust and upper mantle structure

of  the Pacific region of  age 110+ Myr [Nishimura and
Forsyth, 1989]. We consider 5 layers for isotropic crust
over 5 layers of  VTI subcrust (Table 1a). Figure 2 shows
the phase (cVTI) and group (UVTI) velocities of  funda-
mental mode Rayleigh waves. During computation,
complex rj appears in subcrustal layers for periods up
to 18 s. The Table 1b gives the numerical values of  cVTI,
UVTI and εVTI, which can be used to test other codes.

8.2 Continental structure
As a continental structure, let us consider the VTI

model obtained by Huang et al. [2010] for SW China
using Love and Rayleigh waves up to the period 40 s.

For the model, they evaluated only bH and bV consid-
ering ξ = φ = η = 1. We have adopted this model and
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Figure 2. Phase and group velocities of  fundamental mode
Rayleigh waves for the isotropic crust over anisotropic upper man-
tle of  the Pacific region of  age 110+ Myr (Table 1a).

Layer
No.

Thickness
(km)

αH
(km/s)

bH
(km/s)

bV
(km/s) φ η

ρ
gm/cm3

1 16.0 5.63 3.25 3.20 0.9695 1.02 2.5

2 16.0 6.15 3.55 3.34 0.8852 1.02 2.7

3 17.0 6.70 3.87 3.63 0.8798 1.02 3.0

4 ∞ 7.70 4.39 4.28 0.9505 1.01 3.3

Table 2a. Example of  a VTI continental structure [based on
Huang et al. 2010].

Period (s) cVTI (km/s) UVTI (km/s) εVTI

05.000 2.9389 2.9264 -0.6765
10.000 2.9716 2.8784 -0.6719
15.000 3.0323 2.8244 -0.6691
20.000 3.1229 2.7448 -0.6664
25.000 3.2457 2.6857 -0.6650
30.000 3.3844 2.7254 -0.6715
35.000 3.5085 2.8842 -0.6914
40.000 3.5996 3.0878 -0.7219
50.000 3.7011 3.3980 -0.7870

Table 2b. Numerical values of  phase velocity (cVTI), group veloc-
ity (UVTI) and surface ellipticity (εVTI) of  fundamental mode of
Rayleigh wave at a few sample periods for the continental VTI
model in Table 2a.

Layer No.
Thickness

(km)
αH

(km/s)
bV

(km/s)
φ η

ρ
gm/cm3

1 6.1 1.5000 0.0000 1.0000 1.0000 1.03
2 0.3 2.0000   0.5000 1.0000 1.0000 1.50
3 1.0 5.6000 3.3000 1.0000 1.0000 2.60
4 2.0 6.4000 3.7000 1.0000 1.0000 2.80
5 3.0 7.2000 4.1000 1.0000 1.0000 3.00
6 2.6 8.1780 4.6357 0.9868 1.0000 3.3995
7 5.0 8.1747 4.6232 0.9786 1.0024 3.3924
8 10.0 8.1699 4.6051 0.9666 1.0094 3.3819
9 10.0 8.1677 4.5947 0.9620 1.0176 3.3669
10 ∞ 8.1618 4.6222 0.9712 1.0169 3.3530

Period (s) cVTI (km/s) UVTI (km/s) εVTI

05.000 1.5078 1.3497 0.9109
10.000 1.7819 1.1842 0.1457
15.000 2.7796 0.8923 -0.2401
20.000 3.9105 3.1159 -0.6831
25.000 4.0378 3.7239 -0.7429
30.000 4.0863 3.8858 -0.7505
35.000 4.1143 3.9625 -0.7483
40.000 4.1333 4.0092 -0.7438
50.000 4.1578 4.0654 -0.7346

Table 1a. Structure of  the Pacific region with age 110+ Myr 
[based on Nishimura and Forsyth, 1989].

Table 1b. Numerical values of  phase velocity (cVTI), group veloc-
ity (UVTI) and surface ellipticity (εVTI) of  fundamental mode of
Rayleigh wave at a few sample periods for the oceanic VTI model
in Table 1a.
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considered αH = 1.732bH and αV = 1.732bV; thus
φ=[αV ⁄ αH]2; bH or ξ has no effect on Rayleigh waves.
A small value of  η has been considered in the adopted
model (Table 2a). For this model Figure 3a shows the
phase velocities (cVTI) and group velocities (UVTI) of
fundamental mode Rayleigh waves. During computa-
tion, complex r1 and r2 appear at least in one of  the
lower layers up to period 39 s. An isotropic model is
considered with φ = η = 1 in Table 2a and the corre-
sponding phase velocities (cISO) and group velocities
(UISO) are obtained. The difference (cISO – cVTI) is as
large as 0.086 s around the period 26 s; further, the dif-
ference (UISO – UVTI) is as large as 0.15 around the pe-
riod 35 s (Figure 3b). Surface ellipticity (ε) is shown in
Figure 4. The table 2b gives the numerical values of
cVTI, UVTI and εVTI.

As indicated in the Introduction, there are a few
studies where observed surface wave velocities are ini-
tially inverted to get an isotropic model for which the-
oretical dispersion curves for Love and Rayleigh waves
are plotted along with the observed velocity data. In a
region of  positive S-wave anisotropy (bH > bV), these
theoretical velocities for Love waves are lesser than the
observed data, while those for Rayleigh waves are more
than the data on an average. The fit of  theoretical
curves to the observed data is improved by considering
S-wave velocity as bH with ξ = 1 for Love waves and S-
wave velocity as bV with φ = η = 1 for Rayleigh waves
with bH > bV. In such a case, we can use the code of  a

layered isotropic half  space. However, Figure 3b shows
that consideration of  φ ≠ 1 and η ≠ 1 significantly
changes the Rayleigh wave velocities. Thus reducing
Rayleigh wave theoretical velocities only by bV may
give lower bV than actual and this overestimates S-wave
anisotropy ξ. This was also explained by Bhattacharya
[2015] through sensitivity of  Love and Rayleigh wave
velocities to VTI medium parameters. A similar erro-
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Figure 3. (a) Phase velocity (cVTI) and group velocity (UVTI) of
fundamental mode Rayleigh waves for the continental VTI struc-
ture in Table 2a. (b) cISO and UISO are respectively phase and group
velocities of  fundamental mode Rayleigh waves for an isotropic
structure with φ = η = 1 in all the layers in Table 2a. The differ-
ences (cISO - cVTI) and (UISO - UVTI) are shown.
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Figure 4. Surface ellipticity (εVTI) of  fundamental mode Rayleigh
waves for the continental VTI structure in Table 2a. Surface ellip-
ticity (εISO) is also shown for an isotropic structure with φ = η = 1
in all the layers in Table 2a.
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Figure 5. (a) Phase velocity (cVTI) and group velocity (UVTI) of
fundamental mode Rayleigh waves for the subsurface VTI struc-
ture in Table 3. (b) cISO and UISO are respectively phase and group
velocities of  fundamental mode Rayleigh waves for the isotropic
structure with φ = η = 1 in all the layers in Table 3. The differ-
ences ( cISO - cVTI) and (UISO - UVTI) are shown.



neous estimate of  ξ may be obtained in a region with
negative S-wave anisotropy (bH < bV) for considering
φ = η = 1.

8.3 Subsurface structure
Surface waves have been used for near surface

studies [Socco et al. 2010, Dal Moro 2014]. Considera-
tion of  VTI gives better subsurface structure in explo-
ration seismology. In a VTI subsurface, Levin [1979]
considered reflections from interfaces. Thomsen [1986]
derived relations between NMO (normal move out) ve-
locities and anisotropic parameters. These studies en-
couraged to obtain subsurface structure through
anisotropic travel time inversion and NMO velocity
analysis [Tsvankin and Thomsen 1995, Alkalifah and
Tsvankin 1995]. In such studies the five stiff  elastic co-
efficients of  VTI medium are replaced by α0, b0 and the
Thomsen parameters γ, εT and δ given by

and

These equations can be used to convert Thomsen
parameters to the present representation of  VTI pa-
rameters. From equation (49) we obtain φ from

Thus αH = αV ⁄ √φ. Further (50) gives

say

Hence we obtain, η = VF
2/(αH

2 - 2bV
2 ), where VF

2 is
given by left hand side of  (51).

Xiao et al. [2004] compared four reflection-travel-
time inversion methods to get VTI subsurface structure
on synthetic data based on a 4-layered structure shown
in Table 3, where the VTI parameters of  Xiao et al.
[2004] has been converted to the present representa-
tion; approximate density values have been considered.
Figure 5a shows the phase velocities (cVTI) and group
velocities (UVTI) of  fundamental mode Rayleigh waves
for this model (Table 3). During computation complex
r1 and r2 appear at least in one of  the lower layers even
up to period 10 s. We obtain phase velocities (cISO) and
group velocities (UISO) for an isotropic model by con-

sidering φ = η = 1 in Table 3. The difference (cISO – cVTI)
is as large as 0.43 s around the period 1 s (Figure 5b).
Even at a very low period of  0.1 s, this difference is 0.42
s. The difference (UISO – UVTI) is as large as 0.57 around
the period 1.25 s. When period tends to zero, the phase
velocity tends to that of  the top layer as a half  space.
The phase velocity top VTI layer as a half  space is 0.899
km/s using the dispersion equation of  Stoneley [1963]
and Vinh and Ogden [2004]; velocity of  such a half
space decreases as S3

2 decreases. While considering the
top layer as an isotropic half  space (φ = η = 1), we have
phase velocity as 0.9194*bV = 0.9194*1.4 km/s = 1.287
km/s [Ewing et al. 1957]. Thus the difference between
Rayleigh wave velocities of  the two half  spaces are
0.388 km/s. Grechka et al. [2002] noted that the reflec-
tion data cannot be uniquely inverted for VTI parame-
ters without additional information. The large velocity
difference in Figure 5b shows that short period phase
and group velocities can be used to improve the result
of  anisotropy in subsurface obtained through
anisotropic travel time inversion and NMO velocity
analysis. The sensitivities of  surface wave velocities to
the medium parameters are significant down to about
half  the wavelength of  the wave [Bhattacharya 2015];
the short period range may be considered accordingly.

9. Conclusions
(a) In a VTI medium, when S3

2 ≥ 0, the decay factor
rj (j = 1, 2) is real or imaginary as in a isotropic
medium.

(b) In a VTI medium, when S3
2 < 0, the decay fac-

tor rj becomes complex (j = 1, 2). This occur-
rence depends on the medium parameters and
c. In the φ −η plane, the complex region of  rj is
bounded by two nearly parallel lines for given
c/bV and αH/bV (Figure 1). The area of  this re-
gion decreases with increase of  c/bV, or
αH/bV. We find that S3

2 < 0 only if  c < bV.
(c) We obtain a layer matrix and a delta layer ma-

trix with real elements when rj is real or imag-
inary. When rj is complex, r1 and r2 are complex
conjugates; using this property, we get these
matrices with real elements. 

(d) Using T-H method with reduced delta matrix,
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(49)

(50)

(51)

Layer No.
Thickness

(km)
αH

(km/s)
bV

(km/s)
φ η

ρ
gm/cm3

1 0.5 3.3130 1.400 0.7143 1.1882 2.2
2 0.5 3.4206 1.500 0.7692 1.1523 2.3
3 0.5 3.5055 1.600 0.8333 1.0780 2.4
4 ∞ 3.7695 1.750 0.8621 1.0395 2.5

Table 3. Example of  a VTI subsurface [Xiao et al. 2004].
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we obtain Rayleigh dispersion equation (47)
with real terms in a layered VTI half  space.

(e) We evaluate Rayleigh wave phase and group
velocities for oceanic and continental VTI mod-
els through dispersion equation (47) (Figures 2,
3 and 5). Surface ellipticity has been evaluated
from equation (48) (Figure 4).

(f ) The dispersion equation (47) contains real
terms as in isotropic case. Thus for inversion of
observed surface waves to get VTI structure, it
may not be necessary to simplify the structure
assuming φ = η = 1 to compute dispersion
curves of  Rayleigh waves with isotropic codes
as has been done in a few studies.

(g) Strong VTI is seen in subsurface particularly
with organic rich shales. Such subsurface shows
significant difference between dispersion
curves of  Rayleigh waves for VTI and isotropic
subsurface (Figure 5). Thus short period sur-
face waves dispersion data can be used to im-
prove the VTI parameters of  the subsurface in
conjunction with reflection studies in explo-
ration seismology. 
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