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Abstract
The paper concerns the influence of time and strain-rate effects on the clays in one-dimensional consolidation under
constant effective stress. An improved creep constitutive model is deduced, by analyzing the stress-strain theory
developed by yin and sekiguchi. Treating the sample as a single system and applying the boundary conditions at the
system level, differential mathematical equations to the consolidation problem of clays are obtained. The proposed
differential mathematical equations have advantages in their ability to (i) not clarify the primary consolidation and
secondary consolidation deformation. The error in calculating consolidation deformation which is caused by the
argument about end of primary consolidation can be avoided. (ii) obtain the model parameters easily. How to
achieve parameters by experiment is described in detail in the paper. (iii) be programmed and solved readily for
the finite difference description of the problem. Results from clays have been used to examine the validity of the
model. It is shown that the proposed model can describe the consolidation of clays well.

© 2019 The Authors. Published by IEREK press. This is an open access article under the CC BY license
(https://creativecommons.org/licenses/by/4.0/).
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1. Introduction

At present, the research on clay consolidation is mainly based on the consolidation theory of Terzaghi. After
considering the mutual influence of pore pressure and deformation, Biot improved the consolidation theory of
Terzaghi and introduced the effective stress coefficient. Such research suggests that the pore pressure gradually
dissipates until 0 with the increase of the consolidation degree during the drainage consolidation of saturated clay,
and the saturated soil sample is in the elastic state. However, by considering the viscous deformation of the soil
skeleton, some researchers argue that the volume change caused by the pore water pressure change in the Terzaghi
theory is just the initial consolidation of the soil samples. What’s more, due to the deformation of the soil skeleton,
under the fixed pressure, the clay will undergo second consolidation.

Based on the division of first consolidation and second consolidation, the consolidation analysis of clays is divided
into two parts: Terzaghi theory is adopted in analysis of the consolidation process of pore water pressure dissipa-
tion; creep theory is adopted in analysis of the secondary consolidation stage. Sun Mingqian found that selecting
the different end time of first consolidation, the second consolidation settlement calculated over a long period of
time would be very different. It turned out that the consolidation analysis depended on the researcher’s experience
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to a certain extent.

In order to reduce the dependence on the researcher’s experience, it is considered that during the whole compression
process, the deformation and drainage processes affect and adapt to each other in this paper. It means that the
gradual removal of pore water in the soil, the pore volume reduction of the soil skeleton particles and gradual
transference and adjustment of pore water pressure exist at the same time during the consolidation of clays. Then,
a one-dimensional consolidation model describing the whole process of consolidation is proposed in this paper.
And the first consolidation and the second consolidation are no longer distinguishable in the consolidation analysis
of clays. In order to describe the rheological properties during clay consolidation, part of the one-dimensional
consolidation model is based on the clay elastoplastic viscous model proposed by predecessors (yin, 2002 and
sekiguch, 1976). The results show that the one-dimensional consolidation process of clay can be well described by
the proposed consolidation model in this paper.

2. The governing equation of consolidation clay

In the one-dimensional drainage consolidation of the clay, the total load applied to the clay remains constant, and
the load is shared by the clay skeleton and the pore water. The external load is equal to the sum of the pressure
loaded on soil skeleton and pore pressure. The pressure loaded on soil skeleton is called effective stress of clay.
Compressive stresses and strains are taken as positive.

Referring to Terzaghi’s consolidation theory and Biot consolidation theory, the properties of the clay are assumed
to be as follows:

1) Clay is isotropic.

2) Clay deformation is small.

3) The seepage in clay follows darcy law.

4) The clay only undergoes vertical compression and vertical seepage.

5) The solid and liquid phases of the clay are incompressible.

2.1. Continuity Equation

As the deformation of the clay is small, the geometrical equation of deformation can be expressed as:

εz =
∂uz

∂ z
= εv (1)

Because the one-dimensional consolidation of clay is in accordance with the principle of material balance, the
decrease of clay volume is equal to the outflow of fluid volume. The continuous equation of seepage of clay can
be obtained,

∂εz

∂ε
=

∂qz

∂ z
(2)

The seepage in the clay conforms to the Darcy law:

qz =−
k
γw

∂u
∂ z

(3)

Substituting equation (3) into equation (2), the continuous equation of clay can be obtained:

2.2. Stress-strain relationship

In this section, the stress-strain relationship of the clay is mainly determined. According to the above assumptions,
the deformation of the clay is mainly composed of two parts, the elastic-plastic deformation and the viscoplastic
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deformation. The elastic-plastic deformation part can be written as:

ε
ep
v = ε

ep
v0 +

λ

V
+ In

(
P
′
m

P′m0

)
(5)

For the viscoplastic part of clay, there have been various types of viscoplastic models have been proposed, which
can be divided into three categories. The first category is the component model, such as: Kelvin model, Burgers
model, etc. These models use different components to simulate the rheological properties of rock and soil, and
replacing the original components by new non-linear rheological components to simulate non-linear creep. The
second category is the empirical model, whose physical meaning is unclear, but the form is simple, what’s more,
easy to understand and apply. For example, the yin model and the sekiguch model, these model generally thought
that the relation of viscous deformation and time is logarithmic. The third model is the yield surface model
(Niemunis1996, Chen Yuanhong 2002), which is mainly a three-dimensional rheological model. It is different
from the first and second types of rheological models (mainly one-dimensional model). The main feature of this
model is the yield surface, which is used in transforming the volume stress rheological equation into partial stress
rheological equation. In this paper, empirical model and component model are more applicable compared to the
yield surface model, because the research focuses on one-dimensional clay consolidation.

Component model that describes the theory of linear rheology has been relatively perfect. However, the estab-
lishment of non-linear components has no uniform standard, which limits the application of component model
in nonlinear rheological research. And the nonlinear rheological phenomenon of clay is obvious. Therefore, the
research that describes the rheological behavior of clay with component model is little and the form is not unified
(Ma Bo Ning 2013, Qi Ya Jing 2012, Wang Zhongwen 2010). Compared to the component model, the model
which is used to describe the rheology of clay is mainly empirical model, such as yin model and sekiguchi model.
In this paper, the clay viscoplastic model is based on the empirical model.

yin model

Creep strains can be described by(Yin1999)

ε
vp
v =

ψ

V
In(1+

t
t0
) (6)

Where ψ

V and t0 are two material parameters.

At t = 0, the specific volume plots on the normal compression line at Vm=Vncl . At this time, the clay is in the
elastic-plastic stage. After the elastoplastic stage, the clay is in the viscoplastic state, and Vm is linearly related to
the logarithm of time t.

1. sekiguchi model

Sekiguchi (1974) has extend the stress-strain-time model proposed by Murayama, Sekiguchi and Ueda (1974) to
include the time-dependency of dilatancy of normally consolidated clays and obtained a relation predicting the
time-dependent variation of volumetric strain under axi-symmetric conditions of sustained loading. The relation is
rewritten here in the form:

εv =
λ

1+ e0
In

(
σ
′
m

σ
′
m0

)
+D(η−η0)+

3
2

H0

{
D+

λ

(1+ e0)N

}
xIn


(

∂εv

∂ t

)
σ
′
m0, η0

/

(
∂εv

∂ t

)
σ
′
m,η

 (7)

where λ is the compression index, D the coefficient of dilatancy (Shibata,1963), H0the relaxion spectrum of a box
–type which is normalized by the consolidation pressure, N the extra stress ratio,

(
∂εv
∂ t

)
σ
′
m0, η0

the volumetric strain

rate after the change of loading, and
(

∂εv
∂ t

)
σ
′
m,η

the volumetric strain rate after the change of loading.

Through the analysis of the above two models, it is found that although the assumptions and model parameters
proposed by the respective models are different, the relationship between the viscoplastic deformation and the time
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is generally considered to be logarithmic in the models. In this paper, the viscoplastic deformation and the time
were assumed to obey the following relationship:

ε
vp
v =

ψ

V
In(1+αt) (8)

If α = 1
t0

, then the model is equivalent to the yin model.

In the above equation, if the time approaches infinity, the strain approaches the infinity, which is clearly contra-
dictory to the fact. Therefore, it is considered that the parameter ψ is not fixed, but time-related. Assume that the
ultimate strain of clay is ε

vp
vm,

lim
t=∞

ε
vp
v = lim

t=∞

ψ

V
In(1+αt) = ε

vp
vm (9)

According to the above equation, and referring to clay model proposed by yin (yin,1999), we believe that the
parameter ψand time meet the following relationship:

ψ

V
=

ψ0

V
1+

ψ0

V ε
vp
vmIn(1+αt)

(10)

In this paper, it is considered that the elastic strain is produced simultaneously with the viscoplastic strain. Thus,
the stress and strain in the consolidation process of clay conform to the following relationship:

εv = εv0 +
λ

V
In

(
Pm−u

P′m0

)
+

ψ

V
In(1+αt) (11)

The partical derivative of the above formula is:

∂εv

∂ t
=

−λ

V (Pm−u)
∂u
∂ t

+

ψ0

V(
1+

ψ0

V ε
vp
vm

In(1+αt)
)2

(
α

1+αt

)
(12)

By substituting equation (12) into equation (4), the consolidation formula can be obtained:

∂εv

∂ t
=

−λ

V (Pm−u)
∂u
∂ t

+

ψ0

V(
1+

ψ0

V ε
vp
vm

In(1+αt)
)2

(
α

1+αt

)
=− k

γw

∂ 2u
∂ z2 (13)

The solution of the above equation shows that the pore pressure increases with the increase of time and strain,
which is opposite to the fact that the pore pressure of clay dissipates with the increase of time and consolidation
degree. So there is a mistake in the consolidation equation and need to be fixed. In the previous research, it is
generally considered that rheological behavior does not exist in the main consolidation process, which indicates
that when the pore pressure is greater, the rheological phenomenon is not obvious. Therefore, for the rheological
parameter, we make the following assumption:

α = α0

(
1− u

Pm

)
(14)

Then, we can get the equation:

∂εv

∂ t
=

−λ

V (Pm−u)
∂u
∂ t

+
ψ0

V

α− α0

Pm

∂u
∂ t

1+αt

 1(
1+

ψ0

V ε
vp
vm

In(1+αt)
)2

 (15)

By substituting equation (15) into equation (4), the consolidation equation can be obtained:

∂u
∂ t

 λ

V (Pm−u)
+

ψ0

V Pm

α0

1+αt

 1(
1+

ψ0

V ε
vp
vm

In(1+αt)
)2


=

k
γw

∂ 2u
∂ z2 +

ψ0

V
α

1+αt

 1(
1+

ψ0

V ε
vp
vm

In(1+αt)
)2

 (16)
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2.3. The boundary and initial condition

It is necessary to increase the boundary condition to solve the consolidation equation. This research assumes that
the thickness of the consolidation clay is h, the bottom of clay is impermeable, the top of clay is the drainage layer,
and the initial pore pressure is evenly distributed.

Then, the boundary conditions are:

∂u
∂ z

∣∣∣∣
z=H

= 0, u|z=0 = 0 (17)

The initial condition is:

u|t=0 = u0 (18)

The pore pressure and the final settlement in the clay at any consolidation time can be obtained by solving the
governing equations 16, 17 and 18.

2.4. The Solution of Governing Equation

Due to the governing equations presented in the previous section appear too complex to yield an exact solution, so
this study decides to use the finite difference method to solve it.

The clay thickness is H, the step size of Z direction and T direction is4Zand4t. For the sake of simplicity, record
(k, j) = (zk, t j), u (k, j) = u (zk ,t j).

Figure 1. Finite difference grid

In the grid interior point (k, j), use the center difference quotient formula:

∂ 2u
∂ z2

∣∣∣∣
(k, j)

=
u(k+1, j)−u(k, j+1)−u(k, j−1)+(k−1, j)

4z2

∂u
∂ t

∣∣∣∣
(k, j)

=
u(k, j+1)−u(k, j)

4t

(19)

By substituting equation 19 into equation16, the formula can be obtained:

u(k, j) = u(k, j−1) +
k4t

(
λ

V (pm−u)
+

m
pm

α0)γw

u(k+1, j−1)−2u(k, j−1) = u(k−a, j−1)
4z2 +

mα4t(
λ

V (Pm−u)
+

mα0

Pm

)
α = α0

(
1− u(k, j−1)

Pm

)

m =
ψ0

V
1

1+αt

 1

1+
ψ0

V ε
vp
vm

In(1+αt)2


(20)

The above equation is the differential equation for one-dimensional consolidation equation.
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In the upper boundary, use the backward difference quotient in replacing partial derivative, obtain the approximate
difference of the boundary condition

∂u
∂ z

∣∣∣∣
(H, j)

=
u(H, j)−u(H−1, j)

4z
= 0 (21)

3. Determination of parameters in the theory

As can be seen from equation 20, the one-dimensional consolidation equation mainly contains the following
parameters:λ ,ψ0,α0. This section is mainly about how to obtain the values of these parameters by experiment.

3.1. Determination of parameter λ

The term λ is similar to that used in Modified Cam-Clay. When the compression experiment is carried out on
the normal-consolidated clay, the relationship curve between the compressed volume of clay and the effective
stress can be obtained. This relationship is called the normal consolidation line. The normal consolidation line
(e-lnp’) in the compression experiment is a straight line whose slope is the parameter λ , and Figure 2 shows
the reference diagram for this relationship(Lu Tinghao 2006). Thus, the parameter λ can be obtained by the
compression experiment of the normal consolidation clay.

Figure 2. Compression experiment

3.2. Determination of ψ, α0

The terms ψ, α0 are material constant parameters. The creep experiments show that the strain of clay is linear with
the logarithm of time. And the value of the parameters ψ0 and α0 can be obtained by fitting the creep experimental
data of normal consolidation clay. Figure 3 shows the reference diagram for this relationship (Lu Tinghao 2006).
Because of the large amount of pore pressure and its change in the early stage of creep experiment, when fitting the
experimental data, the experimental data of latter stage of creep should be used and the creep strain of this moment
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is dominated by viscoplasticity.

Figure 3. Creep experiment

4. Validation on one-dimensional consolidation experiment

4.1. Laboratory equipment

In this paper, the rheological tests of artificial clay were carried out in the laboratory according to the research
demands. Compared with the field experiment, the indoor experiment has many advantages: more repeated times,
less cost, easy for long-term observation, easy to control environmental factors and test conditions, and easier to
highlight the main factors to eliminate the influence of secondary factors.

The test device is improved on the basic of original triaxial rock mechanics testing unit. Experimental equipment
is shown in Fig.1, its main parts are followed:

1)Pressurization and constant pressure system

2)High pressure sealed system

3)Displacement measurement system

Pressurization and constant pressure system has two passages; a constant axial load is applied to the rock sample
by jack through one passage and a constant confining pressure through the other one. By the time the applied
pressure is showed in the digital display.

The displacement is measured by displacement sensor whose accuracy is 0.01mm. The results are displayed by
numbers

Figure 4. The consolidation testdevice

pg. 352



Zhuo / The Academic Research Community Publication

4.2. Experimental samples

The artificial cores are used to simulate the one-dimensional consolidation. The research adopt the recipe of 89.5%
Bentonite + 0.5% Na2CO3 solution + (10-X)% sand(200 mesh) + X% water to make the samples. The samples
were made using conventional steel ring blades (6.18 cm in diameter and 2 cm in height) in a volume of about
60 cm3 and prepared by the compact sample method. Before the test, extracting air in the sample and making it
saturated. The test conditions of each sample to be consistent.

4.3. Consolidation experiment

The sample is double-sided drain. Single-stage loading method is used for test. The load is 25kPa. The indoor test
is limited by the number of samples, time and test equipment. And long test process will make sample disturbance,
affecting the test accuracy and other conditions of the constraints. So the test is not suitable for a long test cycle.
At the same time, according to the previous research experience, shorter test time can achieve the desired goal, get
more meaningful conclusions. So the loading time is 24 hours. The results are as follows:

Figure 5. The relationship graph between the clay strain value and the time

4.4. Numerical calculation and analysis

According to the compression experiment and the creep experiment, the parameter values in the consolidation
equation can be obtained as follows:

Table 1. Parameters in rheological model

λ ψ0 α0 ε
vp
vm K/γw

0.0126 0.03 0.0283 0.03 1.13*10−3

It should be noted that ε
vp
vm and K/γw, these two parameter values are difficult to obtain directly from the compres-

sion experiment and the creep experiment. Therefore, the results of the consolidation experiments need to be fitted
to obtain the specific values of these parameters. The results of the consolidation experiment are calculated with
the rheological consolidation model and the Terzaghi model, and they are shown in Fig6.

By comparing the results of the rheological consolidation model and the consolidation experiment, it can be found
that there is a certain error when the time is short, such as within 1h. The change of permeability should be
responsible for the error. When the time is long, the permeability change is small, and then the rheological model
can be a wonderful simulation of the experimental results. The Terzaghi model is mainly used to describe the main
consolidation process of clay. It is difficult to use the Terzaghi model to simulate the whole consolidation process
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Figure 6. Comparison graph of clay strain value and time

of clay, and there is a great error in the simulation process by comparing the results of the Terzaghi model and the
consolidation experiment. One of the reasons for the error is that the permeability and compressibility are changing
with time. And another important reason is the hypothesis in Terzaghi model that the clay is in an elastoplastic
state.

5. Conclusion

1. The clay elastic-plastic viscous model proposed by yin is modified, and the stress-strain relationship in
modified model can better describe the consolidation behavior of clay.

2. On the basis of the modified model, a one-dimensional consolidation equation with rheology of the clay is
deduced. The equation can describe the consolidation behavior of one-dimensional clay well.

3. The proposed rheological consolidation model overcomes the problem to distinguish the first and second
consolidation process, which reduces the dependency on experience for the consolidation analysis calcula-
tion.

4. Due to the change of the permeability in the consolidation process, the rheological consolidation model has
some error in describing the initial consolidation, which should be taken into account in the follow-up study.
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7. Appendix

List of symbols

εz − axial strain
z, uz − displacement, axial displacement
εv− volume strain
t− time
qz− f luid volume
k− permeability
γw− speci f ic gravity o f water
u− pore−water pressure
ε

ep
v − elastic− plastic volume strain

ε
ep
v0 − volume strain at

′
m =

′
m0

λ − slope o f virgin compression line
V − speci f ic volume, volume occupied by unit volume o f solids
P
′
m−mean e f f ective stress under isotropic stressing

P
′
m0−model parameter

ε
vp
v − viscoplastic creep strain

ψ,ψ0− creep parameter
t0−model parameter
α,α0−model parameter
ε

vp
vm−model parameter

u0− initial pore−water pressure
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