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Abstract—In this paper we developed both deter-
ministic and stochastic models of community- and
hospital-acquired methicillin-resistant staphylococ-
cus aureus transmission (MRSA) to quantify their
interactions in a hospital settings. The disease-free
equilibrium of the model is locally-asymptotically
stable whenever the associated reproduction num-
ber is less than unity. The disease persists in the
community whenever the reproduction number is
greater than unity. Although our stochastic model
evolves on an unbounded state space, we show it
is positive recurrent. The result obtained from the
sensitivity analysis using the deterministic model
indicates that the dominant parameters are the hand
washing compliance rate, the health-care workers
decolonization rate, environmental contamination
rate, the admission rates into the hospital, isolation
rate of patients with CA-MRSA and isolation rate of
patients with HA-MRSA, the transmission probabil-
ities of CA- and HA-MRSA per contact with health-
care workers and transmission probability of health-
care workers per contact with patients. Numerical
simulations of the deterministic model obtained
from using the dominate parameters as combina-
tion of control strategies such as low-, moderate-
and high-effectiveness control strategies show that

disease prevalence among the hospital patients and
the bacterial in the hospital environment can be
controlled by moderate- and high-effectiveness con-
trol strategies. However, for health-care workers the
disease prevalence can only be effectively controlled
by the high-effectiveness control strategy.

Key words: community-associated MRSA, hospital-
acquired MRSA, disease prevalence, sensitivity anal-
ysis, continuous-time Markov chain, forward Kol-
mogorov equations

I. INTRODUCTION

Methicillin-resistant Staphylococcus aureus
(MRSA) is a gram-positive bacterium; a strain of
staphylococcus aureus bacteria that is resistant to
commonly used antibiotics used in the treatment
of ordinary staphylococcus aureus infections.
More than 70 percent of the bacteria that cause
hospital-acquired MRSA (HA-MRSA) infections
are resistant to at least one of the drugs most
commonly used in treatment of infections. HA-
MRSA infections mostly occur among hospital
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patients or residents of nursing homes and dialysis
centers and other health care settings. According
to the Centers for Disease Control (CDC) more
than two million people every year acquire some
form of clinically significant antibiotic-resistant
infection, with at least 23,000 deaths as a result
[4]. In particular, CDC estimated 80,461 invasive
MRSA infections in 2011 with 11,285 related
deaths. An unknown but much higher number
of less severe infections occurred in both the
community and in health-care settings [4]. The
economic impact of antibiotic resistance on the
U.S. economy is estimated to be as high as $20
billion in excess direct health-care costs, with
additional costs to society for lost productivity as
high as $35 billion a year (2008 dollars) [4].

MRSA causes substantial morbidity and mortality
and is endemic in hospitals and nursing homes.
Health-care-associated MRSA (HA-MRSA) infec-
tions are typically associated with individuals who
have had invasive procedures or indwelling medi-
cal devices, such as intravenous tubing or artificial
joints and/or antimicrobial therapy. Community-
associated MRSA (CA-MRSA) infections, on the
other hand, arise in otherwise healthy individuals
without such risk factors. CA-MRSA infections
were first described by Savoralatz et al. in 1982
among intravenous drug abusers [41], [42] and
later reported in the early 1990s in patients without
prior health-care contact in Western Australia and
New Zealand as well as in American children in
the late 1990s [14], [23], [46]. The CA-MRSA
strains were genetically distinct from traditional
health-care-associated MRSA [34], [44] and are
more virulent and rapidly spreading than the tradi-
tional hospital-associated MRSA strains [14]. Five
CA-MRSA lineages have been found worldwide:
ST1-IV (USA400); ST8-IV (USA300); ST30-IV
(Pacific/Oceania); ST59-IV and V (USA1000, Tai-
wan) and ST80-IV (European) [16]. CA-MRSA
outbreaks in hospitals have been reported since
2003 from North America, Germany, Israel,
Switzerland, Greece and the UK, often in units
such as paediatrics and obstetrics where the preva-

lence of HA-MRSA is low [38].

A number of mathematical modeling studies have
been carried out on HA-MRSA and CA-MRSA, to
quantify the potential impact of the burden of the
epidemic (see [6], [9], [12], [13], [26], [39], [44]).
For instance, Chamchod and Ruan [6] developed
and analyzed deterministic and stochastic models
to investigate the transmission dynamics of MRSA
and to determine factors that influence the preva-
lence of MRSA infection when antibiotics are
given to patients to treat or prevent infections with
either MRSA itself or other bacterial pathogens.
Cooper [9] presented a mathematical model of
both hospital and community reservoirs of MRSA
colonization to explain substantial increases in
HA-MRSA and CA-MRSA despite rigorous con-
trol policies. They showed how the timing of
the intervention, the level of resource provision,
and chance combine to determine whether control
measures succeed or fail. D′Agata et al. [12]
developed a deterministic model to characterize
the transmission dynamics of HA-MRSA and CA-
MRSA in the hospital setting and to quantify the
emergence of co-colonization with both strains.
Their results show that the state of co-colonization
becomes endemic over time and that typically
there is no competitive exclusion of either strain.
D′Agata et al. [13] developed a deterministic
model to characterize the factors contributing to
the replacement of hospital-acquired MRSA with
CA-MRSA and to quantify the effectiveness of
interventions aimed at limiting the spread of CA-
MRSA in health care settings. Their results sug-
gest that CA-MRSA will become the dominant
MRSA strain in hospitals and health care facilities.
Pressley [39] formulated a model of HA-MRSA
and CA-MRSA first under the assumption that
patients cannot be co-colonized by the two strains.
Their results show that competitive exclusion oc-
curs between HA-MRSA and CA-MRSA strains.
They further extended the model to include co-
colonization of patients with the two strains and
the extended model hardly exhibits competitive ex-
clusion. Skov [44] presented a mathematical model
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showing the influence of MRSA transmission in
the community on the prevalence of MRSA in
hospitals.

Some studies indicate the progression of MRSA
may be largely explained by contaminated health-
care workers coming in direct contact with patients
[9], [35]. Chamchod and Ruan [6] studied the
transmission dynamics of health-care workers in
nursing homes and found that minimizing contact
with the residents and following proper hand-
washing procedures reduced transmission of the
bacteria. Milazzo [35] showed certain measures
such as improving hand hygiene compliance, bar-
rier precaution policies, and effective staff man-
agement, can be taken to control the bacteria.
Milazzo further suggested relocating contaminated
patients to separate wards may prevent MRSA
from spreading quickly throughout the hospital
[35]. Chow [7] found isolation has the potential to
effectively control the progression of the disease.
Thus, in this study, we develop new deterministic
and stochastic models for the spread of CA-MRSA
and HA-MRSA in hospital settings and include
the health-care worker interactions with patients
and contamination of the environment a feature
that is absent in the models in [6], [7], [9], [12],
[35], [39]. Furthermore, we allow for isolation
of infected patients another feature absent in the
models in [6], [9], [12], [35], [39]. Our objective
in this study is to determine the model parameters
with the most dominant impact on the spread of
MRSA using the deterministic model conditions
for elimination of the disease in the hospital
setting. Using these parameters and a combina-
tion low-, moderate- and high-effectiveness control
strategies, we determine if disease prevalence can
be controlled in the hospital setting.

The current paper is organized as follows: In Sec-
tion II we describe the community-and hospital-
acquired MRSA transmission model, followed by
basic qualitative analysis in Section III. The sys-
tem is modeled as a continuous time Markov chain
in Section IV. The uncertainty and sensitivity

analysis of the model is investigated in Section V.
And in Section VI, we investigate the impact of
basic control measures defined as low-, moderate-
and high-effectiveness control strategies.

II. MODEL FORMULATION

The model is formulated as follows: the total pa-
tient population in the hospital NH(t) is split into
mutually-exclusive sub-populations of individuals
who are uncolonized (UP ), colonized with CA-
MRSA strain (CCH ), colonized with HA-MRSA
strain (CH ), infected with CA-MRSA (ICH ), in-
fected with HA-MRSA (IH ), or isolated (Q), so
that

NH(t) =UP (t) + CCH(t) + ICH(t) + CH(t)

+ IH(t) +Q(t)

Similarly, the total population of health-care work-
ers at time t, denoted by NW (t), is split into
mutually-exclusive sub-populations of uncontam-
inated (UW ) and contaminated (CW ) health-care
workers, so that

NW (t) = UW (t) + CW (t)

We assume throughout that NW (t) remains con-
stant in time. In addition, the variable EH models
the overall contamination level of the hospital
environment and can be thought of as the total
amount of bacterial contamination on the floors,
walls, doorknobs, etc.

The hospital-and-community-acquired MRSA
transmission model in the hospital setting is given
by the following system of non-linear differential
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equations:

dUP
dt

= ΠP (1− πCC − πIC − πCH − πIH)

−(λCH + λH)UP − (µH + αP )UP

+τCHCCH + τHCH

dCCH
dt

= πCCΠP + λCHUP + γCHICH

−(τCH + σCH + ωCCH

+µH + αC)CCH

dICH
dt

= πICΠP + σCHCCH

−(γCH + ωICH + µH + δCH)ICH

dCH
dt

= πCHΠP + λHUP + γHIH−

(τH + σH + ωCH + µH + αH)CH

dIH
dt

= πIHΠP + σHCH

−(γH + ωIH + µH + δIH)IH

dQ

dt
= ωCCHCCH + ωICHICH + ωCHCH

+ωIHIH − (µH + δQ + αQ)Q

dUW
dt

= −λWUW + τWCW

dCW
dt

= λWUW − τWCW

dEH
dt

= εWCW − ρEHEH .
(2.1)

The flow diagram is depicted in Figure 1 and
the associated state variables and parameters are

described in Table I.

In system (2.1), the parameter ΠP is the total rate
at which patients are admitted into the hospital
(with units of number per day), and the parameters
πCC , πIC , πCH , πIH are the proportions of admit-
ted patients colonized with CA-MRSA (CCH ), in-
fected with CA-MRSA (ICH ), colonized with HA-
MRSA (CH ) or infected with HA-MRSA (IH ),
respectively. The parameters τCH , τH and τW are
decolonization rates of colonized individuals and
health-care workers. The parameters λCH , λH
and λW are infection rates of uncolonized pa-
tients and health-care workers (following effective
contact with colonized patients, health-care work-
ers and contaminated environment). The infection
rates λCH , λH and λW are defined as

λCH =
βC(CW + ζ1EH)(1− η)

NW

λH =
βH(CW + ζ2EH)(1− η)

NW

and

λW =
(
βW [η1(CCH + CH) + ICH + IH

+ζ3EH ](1− η)
)/(

NW

)
,

where βC and βH are CA-MRSA and HA-MRSA
are infection probabilities of uncolonized patients
per contact with health-care workers and the con-
taminated environment, while βW is the infection
probability of uncontaminated health-care workers
per contact with colonized or infected patients
and the contaminated environment. The parame-
ters ζ1, ζ2, ζ3 ∈ [0, 1] are modification parameters
that control for the effect of the contaminated
environment on the infection rates [8], [37], [49].
For example, ζ2 near 1 (0) implies a high (low)
contribution of the environmental contamination
to the HA-MRSA infection rate. The parameter
η ∈ [0, 1] models the health-care workers’ daily
hand-washing compliance rate. For example, when
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η = 1 there is perfect hand-washing compli-
ance each day and the infection rates become
0; η = 0 coincides with no hand-washing. The
unitless parameter η1 ∈ [0, 1] controls for the
contribution of the total number of colonized pa-
tients to the rate at which hospital workers become
colonized. The parameters αP , αC , αH and αQ
are the discharge rates from the hospital and µH
is the natural death rate of patients. The param-
eters γCH and γH represent the recovery rates
due to effective treatment, σCH and σH represent
the progression rates of colonized individuals into
the infectious class (ICH , IH ), and δCH , δIH
and δQ are MRSA induced death rates. The param-
eters ωCCH

, ωICH
, ωCH and ωIH correspond to

the isolation rates of the colonized individuals with
CA-MRSA and HA-MRSA strains respectively.
A simplifying assumption we have made for this
model is that the health-care workers are the only
ones contributing to environmental contamination,
since they can move around in the hospital and
are responsible for the sanitation of the hospital.
To this end, the parameter εW is the rate at
which a single contaminated health-care worker
contaminates the hospital environment. Also, ρEH
is the contaminant decay rate. Another simplifying
assumption we have made is that the patients are
not co-colonized with the two strains of MRSA.
We are aware that this is not what holds in reality
and as part of our future work, we intend to include
the co-colonization of patients with the two MRSA
strains.

The model (2.1) is an extension of numerous
published MRSA transmission models (e.g., those
in [6], [7], [9], [12], [35], [39]) by (inter alia):

(a) including environmental contamination by the
health-care workers (this was not considered
in [6], [7], [9], [12], [35], [39]);

(b) including isolation of infected patients to pre-
vent the further spread of the bacteria (this
was not considered in [6], [9], [12], [35],
[39]).

Fig. 1. Flow diagram of model (2.1)

III. QUALITATIVE ANALYSIS OF THE MODEL

In this section, the conditions for the existence
and stability of the equilibria of the model (2.1)
in the hospital setting are explored.

A. Basic Qualitative Properties

1) Positivity and boundedness of solutions: For
the model (2.1) to be epidemiologically meaning-
ful, all its state variables have to be non-negative
for all time (that is, the solutions of the model
system (2.1) with non-negative initial data will
remain non-negative for all time t > 0). The
following result can be established (using, for
instance, the method in Appendix A of [45]).

Lemma 1. Let the initial data UP (0) ≥
0, CCH(0) ≥ 0, ICH(0) ≥ 0, CH(0) ≥
0, IH(0) ≥ 0, Q(0) ≥ 0, UW (0) ≥
0, CW (0) ≥ 0. Then the solutions
(UP (t), CCH(t), ICH(t), CH(t), IH(t), Q(t),

Biomath 4 (2015), 1511161, http://dx.doi.org/10.11145/j.biomath.2015.11.161 Page 5 of 24

http://dx.doi.org/10.11145/j.biomath.2015.11.161


F. B. Agusto et al., Modeling of Community and Hospital-acquired Methicillin-resistant ...

Variable Description

UP (t) Population of uncolonized patients
CCH(t) Population of colonized with CA-MRSA strain
CH(t) Population of colonized with HA-MRSA strain
ICH(t) Population of infected with CA-MRSA
IH(t) Population of infected with HA-MRSA
Q(t) Population of isolated patients
UW (t) Population of uncontaminated health-care workers
CW (t) Population of contaminated health-care workers
EH(t) Contaminated hospital environment

Parameter Description

βC Transmission probability of CA-MRSA per contact with health-care workers
βH Transmission probability of HA-MRSA per contact with health-care workers
βW Transmission probability of health-care workers per contact with patients
η Hand washing compliance rate
η1, ζ1, ζ2, ζ3 Modification parameters
ΠP Number of hospital admission per day
πCC Admission rate into colonized CA-MRSA class
πIC Admission rate into infected CA-MRSA class
πCH Admission rate into colonized HA-MRSA class
πIH Admission rate into infected HA-MRSA class
τCH Decolonization rate from CCH to the UP class
τH Decolonization rate from CH to the UP class
τW Decontamination rate from CW to the UW class
µH Natural death rate
αP Discharge rate for the uncolonized class
αH Discharge rate for the colonized HA-MRSA class
αC Discharge rate for the colonized CA-MRSA class
αQ Discharge rate for the isolated class
γCH Recovery rate from the infected CA-MRSA class
γH Recovery rate from the infected HA-MRSA class
σCH Progression rate to the infected CA-MRSA class
σH Progression rate to the infected HA-MRSA class
ωCCH Isolation rate of CCH class
ωICH Isolation rate of ICH class
ωCH Isolation rate of CH class
ωIH Isolation rate of IH class
δCH Mortality rate of the infected CA-MRSA class
δH Mortality rate of the infected HA-MRSA class
δQ Mortality rate of the isolated class
εW Environmental contamination rate
ρEH Environmental contaminant decay rate

TABLE I
VARIABLES AND PARAMETER DESCRIPTIONS OF MODEL (2.1).
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UW (t), CW (t), EH(t)) of the model (2.1) are
non-negative for all t > 0. Furthermore, the
region

Ω =

{
(UP , CCH , ICH , CH , IH , Q, UW , CW , EH)

∈ R9
+ : NP (t) ≤ ΠP

µH
, NW (t) = KW , EH(t)

≤ εWKW

ρEH

}
,

is positively-invariant for the model (2.1) with
non-negative initial conditions in R9

+.

The prove of Lemma 1 Appendix A.

B. Local Stability of the Disease-Free Equilibrium
(DFE)

In this section, the conditions for the existence
and stability of the equilibria of the model (2.1) is
explored.

The model (2.1) has a DFE, given by

EHC = (U∗P , C
∗
CH , I

∗
CH , C

∗
H , I

∗
H , Q

∗, U∗W , C∗W , E∗H)

=

(
ΠP

µH + αP
, 0, 0, 0, 0, 0, N∗W , 0, 0

)
.

(3.1)

Using the notations in [48], and rearranging the in-
fected compartments in the order: CCH , ICH , CH ,
IH , Q,CW and EH , the matrices F and V for
the new infection terms and the remaining transfer
terms are, respectively, given by,

F=



0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

βW η1(1− η) βW (1− η) βW η1(1− η) βW (1− η)
0 0 0 0

0
βC(1−η)U∗P

U∗
W

βCζ1(1−η)U∗P
U∗

W

0 0 0

0
βH (1−η)U∗P

U∗
W

βHζ2(1−η)U∗P
U∗

W

0 0 0
0 0 0
0 0 βW ζ3(1− η)
0 0 0


and

V=



k1 −γCH 0 0 0 0 0
−σCH k2 0 0 0 0 0

0 0 k3 −γH 0 0 0
0 0 −σH k4 0 0 0

−ωCCH −ωICH −ωCH −ωIH k5 0 0
0 0 0 0 0 τW 0
0 0 0 0 0 −εW ρEH



where, k1 = τCH + σCH + ωCCH + µH + αC , k2 =
γCH+ωICH+µH+δCH , k3 = τH+σH+ωCH+µH+
αH , k4 = γH+ωIH+µH+δH and K5 = αQ+µH+δQ.

It follows that the basic reproduction number of the
model (2.1), denoted by RHC , is given by

RHC = ρ(FV −1) =
(1− η)

2

{
βW ζ3εW
τW ρEH

+

[
βW

(
4(ρEH + εW ζ1)(σCH + k2η1)βC

ρEHτW (k1k2 − σCHγCH)

U∗P
U∗W

4(ρEH + εW ζ2)(k4η1 + σH)βH
ρEHτW (k3k4 − σHγH)

U∗P
U∗W

+
ζ23ε

2
WβW

τ2W ρ2EH

)1/2]}
.

The result below is a consequence of Theorem 2 of
[48].

Lemma 2. The disease free equilibrium (DFE) of the
hospital setting is locally asymptotically stable (LAS)
when RHC < 1, and unstable when RHC > 1.

The quantity RHC represents the reproduction number
of individuals with MRSA in the hospital. The threshold
quantity RHC measures the average number of new
infections generated by a single infected individual
in a completely-susceptible population [2], [15], [24],
[48]. Thus, Lemma 2 implies that the MRSA can be
eliminated (when RHC < 1) if the initial sizes of the
sub-populations of the model (2.1) are in the basin of
attraction of the DFE (EHC).

C. Interpretation of RHC
The basic reproduction number, given by Equation

(1), can be re-written in the following convenient form:
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RHC =
(1− η)

2

{
βW ζ3εW
ρEHτW

+

[
βW

(
4(σCH + k2η1)(ρEH + εW ζ1)βC

(k1k2 − σCHγCH)τW ρEH

U∗P
U∗W

4(k4η1 + σH)(ρEH + εW ζ2)βH
(k3k4 − σHγH)ρEHτW

U∗P
U∗W

+
ζ23ε

2
WβW

τ2W ρ2EH

)1/2]}
. (3.2)

The epidemiological quantity, RHC , can be in-
terpreted as follows. The first term in (3.2)
measures the average number of new cases
generated due to the contaminated health-care
workers (EH). It is the product of the con-
tamination rate of uncontaminated environment
EH by the contaminated health-care workers
CW

(
βW ζ3U∗W
N∗W

= βW ζ3; since N∗W = U∗W

)
, the

probability of been in the EH class
(
εW
ρEH

)
and

the average duration in the CW class
(

1
τW

)
.

The square root term in (3.2) accounts for the
average number of new infections generated by
patients with CA-MRSA, HA-MRSA and the con-
taminated environment due to their contact with
contaminated health-care workers. The first term
in the square root is the contribution to the average
number of new infections due to the interactions
of the health-care workers and patients with CA-
MRSA. The second term in the square root gives
the average number of new infections generated by
patients with HA-MRSA due to their interactions
with health-care workers. The third term gives the
average number of new infections generated by the
environment due to their contact with health-care
workers. The sum of these terms gives the basic
reproduction number, RHC . The disease can be
effectively controlled if RHC is less than unity,
and will persist if it exceeds unity.

In the next section, an analogous stochastic model
for model (2.1) is formulated using a continuous

time Markov chain.

IV. THE STOCHASTIC MODEL OF CA- AND HA-
MRSA MODEL

In this section we model the system as a
stochastic process. For any time t ≥ 0, let UP(t),
CCH(t), ICH(t), CH(t), IH(t), Q(t), UW(t),
CW(t), and EH(t) be discrete random variables
denoting the numbers of uncolonized patients,
patients colonized with CA-MRSA strain, patients
infected with CA-MRSA, patients colonized with
HA-MRSA strain, patients infected with HA-
MRSA, isolated patients, uncontaminated health-
care workers, contaminated health-care workers,
and amount of colonization in the overall hospital
environment, respectively. The process

{(UP(t), CCH(t), ICH(t), CH(t), IH(t),Q(t),

UW(t), CW(t), EH(t)), t ≥ 0}

evolves over time as a vector-valued, time-
homogeneous, continuous-time Markov chain
(CTMC) over the state space Ω := {(x1, . . . , x9)}
with x8 + x9 = KW , a constant, and xi ∈
{0, 1, 2, . . .} otherwise. Here KW is the total
(constant) number of health-care workers. The
other processes are bounded below by zero, but
unconstrained otherwise, assuming the health-care
facility effectively has no capacity constraints lim-
iting the number of patients or the environmental
colonization level. We will use lower-case letters

{up, cch, ich, ch, ih, q, uw, cw, eh} (4.1)

as well as x1, . . . , x9 to denote the values of the
respective processes. Let

qxy = lim
h→0

h−1P (X(h) = y|X(0) = x)

denote the instantaneous transition rates of the
process, meaning the rate at which the process
attempts a jump from state x into state y given it is
currently in state x. Also for i ∈ {1, . . . , 9} let ei
denote the unit vector with a 1 in the ith position.
By examining the flow diagram in Figure 1, for
any state x, the only allowed transitions for the
vector-valued process in (1) are among the types
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x → x + ei, x → x − ei, or x → x − ei + ej ,
denoting a movement from outside the system into
compartment i, a movement from compartment i
to outside the system, and a movement from com-
partment i to compartment j, respectively. Then
the infinitesimal transition rates for our process are
given by

qx,x+eup
=ΠP (1−πCC−πIC−πCH−πIH)

qx,x−eup
= (µH + αP )up

qx,x+ecch
= πCCΠP

qx,x−eup+ecch
=
[βC(cw + ζ1eh)(1− η)

nw

]
up

qx,x−ecch+eup
= τCHcch

qx,x−ecch+eich
= σCHcch

qx,x−ecch+eq = ωCCHcch

qx,x−ecch = (µH + αC)cch

qx,x+eich
= πICΠP

qx,x−eich+ecch
= γCHich

qx,x−eich+eq = ωICHich

qx,x−eich = (µH + δCH)ich

qx,x+ech
= πCHΠP

qx,x−eup+ech
=
[βH(cw + ζ2eh)(1− η)

nw

]
up

qx,x−ech+eup
= τHch

qx,x−ech+eih
= σHch

qx,x−ech+eq = ωCHch

qx,x−ech = (µH + αH)ch

qx,x+eih
= πIHΠP

qx,x−eih+ech
= γHih

qx,x−eih+eq = ωIHih

qx,x−eih = (µH + δH)ih

qx,x−eq = (µH + δQ + αQ)q

qx,x−euw+ecw = uw

(
βW [η1(cch + ch) + ich

+ih + ζ3eh](1− η)
)/(

nw

)
qx,x−ecw+euw

= τW cw

qx,x+eeh
= εW cw

qx,x−eeh = ρEHeh

and 0 otherwise. Note our model does not allow
for permanent extinction of either bacterium due to
the non-zero arrival rates of colonized and infected
patients from outside the system.
Many disease transmission models such as those in
[6], [29], and [30] assume fixed population sizes.
Although the patient capacity of our hospital is
unconstrained from above, the form of the state
transition rates ensures the process is positive
recurrent, meaning if the process begins in an
arbitrary state x at time 0, the process returns to
state x in a finite amount of time with probability
1 and the expected time to do so is finite.

Proposition 1. The process in (1) is positive
recurrent.

V. SENSITIVITY ANALYSIS

Deterministic model output is determined by its
input parameters, which exhibit some uncertainty
in the process of their selection. To assess the im-
pact of uncertainty and sensitivity of the outcomes
of the numerical simulation of the model (2.1) to
variations in each parameter, a global sensitivity
analysis was carried out using Latin Hypercube
Sampling (LHS) and partial rank correlation co-
efficients (PRCC). LHS is a stratified sampling
without replacement technique which allows for
an efficient analysis of parameter variations across
simultaneous uncertainty ranges in each parameter
[3], [32], [33], [40]. PRCC measures the strength
of the relationship between the model outcome and
the parameters, stating the degree of the effect that
each parameter has on the outcome [3], [32], [33],
[40]. A total of 1,000 simulations of the model
(2.1) per LHS run were carried out, using the
parameters values given in Table II (with the stated
ranges).

The aim in this section is to determine the pa-
rameters with the largest impact on the model
outcome. The reproduction number RHC , given
by (1), was used as the model outcome. The PRCC
for each parameter used in the sensitivity analysis
is depicted in Figure 2(a) (and also tabulated in
Table III). It follows from Figure 2(a) and Table
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III that the key parameters that influence the value
of RHC are the environmental contamination rate
(εW ), the bacterial decay rate (ρEH ), hand wash-
ing compliance rate (η), the health-care workers’
decontamination rate (τW ) and the transmission
probability of health-care workers per contact with
patients (βW ).

The sensitivity analysis was also carried out using
prevalence of CA-MRSA among patients as out-
put (and the results obtained are given in Figure
2(b), and Table III). The dominant parameters
in this case are the transmission probability of
CA-MRSA per contact with health-care workers
(βC), hand washing compliance rate (η), environ-
mental contamination rate (εW ), the transmission
probability of HA-MRSA per contact with health-
care workers (βH ), isolation rate of patients with
CA-MRSA (ωCCH ), the admission rates into the
hospital (ΠP ).

The sensitivity analysis was also carried out using
prevalence of HA-MRSA among patients as out-
put (and the results obtained are given in Figure
2(c), and Table III). The dominant parameters in
this case are the transmission probability of CA-
MRSA per contact with health-care workers (βC),
hand washing compliance rate (η), environmental
contamination rate (εW ), the transmission proba-
bility of CA-MRSA per contact with health-care
workers (βH ), the admission rates into the hospital
(ΠP ), and isolation rate of patients with HA-
MRSA (ωCH ).

The sensitivity analysis was also carried out us-
ing as output the prevalence of MRSA among
health-care workers (and the results obtained are
given in Figure 2(d) and Table III). The domi-
nant parameters here are the admission rates into
the hospital (ΠP ), the transmission probability of
CA-MRSA per contact with health-care workers
(βC), the health-care workers decontamination rate
(τW ), isolation rate of patients with HA-MRSA
(ωCH ), the transmission probability of health-care
workers per contact with patients (βW ), and the

transmission probability of HA-MRSA per contact
with health-care workers (βH ).

To further analyze the parameters which have
the dominant impact, we used the hospital en-
vironment as model output (and the results are
given in Figure 2(e) and Table III). The dominant
parameters here are environmental contamination
rate (εW ), hand washing compliance rate (η),
the admission rates into the hospital (ΠP ), the
transmission probability of health-care workers
per contact with patients (βW ), the environmental
contamination rate (εW ), the transmission proba-
bility of CA-MRSA per contact with health-care
workers (βC), and the transmission probability of
HA-MRSA per contact with health-care workers
(βH ).

For each of the 1,000 runs, the prevalence
of CA-MRSA among patients is generated as
the output. Figure 3(a) display the boxplots of
the total number of colonized patients, for t =
20, 40, · · · , 100 days. It follows from this figure
that the prevalence of CA-MRSA among patients
increase monotonically over t = 20, 40, · · · , 100.
The presence of outliers in this figure indicates that
certain parameter configurations result in values of
the prevalence of CA-MRSA among patients that
are markedly higher than the typical values inside
the boxes. Similar observations are seen in Figures
3(b) and 3(d) for the boxplots of prevalence of HA-
MRSA among patients and prevalence of MRSA
(CA-MRSA and HA-MRSA) among health-care
workers and hospital environment.

Comparing Figures 3(a) and 3(b), we observed at
every time point an increase in the difference in
the prevalence of CA-MRSA and HA-MRSA in
the hospital, reaching about 10% at the end of our
simulation period. Figure 3(c) on the other hand,
shows that MRSA prevalence among the health-
care workers is higher at every time point than the
prevalence among the hospital patience.

Hence, the aforementioned sensitivity analysis of
the model (2.1) suggests that to curtail the trans-
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Fig. 2. PRCC for the model (2.1), using as output (a) RHC ; (b) prevalence of CA-MRSA among patients;
(c) prevalence of HA-MRSA among patients; (d) prevalence MRSA among health-care workers; (e) the hospital
environment.

Biomath 4 (2015), 1511161, http://dx.doi.org/10.11145/j.biomath.2015.11.161 Page 11 of 24

http://dx.doi.org/10.11145/j.biomath.2015.11.161


F. B. Agusto et al., Modeling of Community and Hospital-acquired Methicillin-resistant ...

Parameter Baseline values Ranges Reference
βC 0.223 (0.045 − 0.4) [11], [39]
βH 0.224 (0.048 − 0.4) [11], [39]
βW 0.023 (0.015 − 0.03) [6], [21]
η 0.62 (0.40 − 0.83) [11], [39], [19], [51]
η1, ζ1, ζ2, ζ3 variable variable
ΠP 230 (50 − 400) [13]
πCC 0.03 (0.00063 − 0.057) [9], [13], [39]
πIC 0.07 ” [13]
πCH 0.005 ” [13], [39]
πIH 0.0017 ” [13]
τCH 0.0021 (1/370 − 0.10 × 1

7
) [6], [9]

τH 0.004 ” ”
τW 0.003 ” ”
µH 0.008 (0.0001 − 0.001) Assumed
αP

1
5

( 1
8
− 1

5
) [6], [9], [13], [17], [39], [21]

αH
1
7

” [6], [17], [39]
αC

1
8

” ”
αQ

1
5

” ”
γCH 0.967 × 1

10
(0.08 − 0.025) [13]

γH 0.0436 (0.6 × 1
14

− 0.8 × 1
18

) [6], [13]
σCH 0.10 × 1

5
(0.10 × 1

7
− 0.30 × 1

7
) [13]

σH 0.10 × 1
5

” [6], [13]
ωCCH 0.06 (0.02 − 0.1) [9], [44]
ωICH 0.065 ” ”
ωCH 0.063 ” ”
ωIH 0.065 ” ”
δCH

1
10

× 0.033 (0.20 × 1
18

− 0.4 × 1
14

) [13]
δH

1
10

× 0.20 ” [6], [13]
δQ 0.0198 ” Assumed
εW 0.5 (0.04 − 1.0) [18], [22], [25]
ρEH 0.001 (0.0002 − 0.00353) [10], [20], [31]

TABLE II
VALUES AND RANGES OF THE PARAMETERS OF MODEL (2.1). ALL PARAMETERS HAVE UNITS OF DAY−1 EXCEPT

βC , βH , βW , η1, ζ1, ζ2, ζ3, πCC , πIC , πCH , πIH , WHICH ARE UNITLESS PROPORTIONS, AND THE ARRIVAL RATE ΠP HAS
UNITS OF NUMBER PER DAY.

mission of MRSA in the hospital control efforts
should be focused on increasing the hand wash-
ing compliance rate (by increasing η), increas-
ing the health-care workers decontamination rate
(by increasing τW ), reducing the environmental
contamination rate (by decreasing εW ), ensuring
that the admission rates into the hospital (ΠP )
does not exceed the number of available beds
and increasing the isolation rate of patients with
CA-MRSA and HA-MRSA (by increasing ωCCH
and ωCH rates). The analysis further suggests that
MRSA transmission can curtail by reducing the
transmission of CA- and HA-MRSA to health-

care workers (via the reduction of βC and βH )
and reducing the transmission from health-care
workers to the patients (via the reduction of βW ).

In summary, sensitivity analysis of the model (2.1)
suggests the following:

(a) the key parameters that influences the value
of RHC are the environmental contami-
nation rate (εW ), the bacterial decay rate
(ρEH ), hand washing compliance rate (η),
the health-care workers decontamination rate
(τW ) and the transmission probability of
health-care workers per contact with patients
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Parameters PRCC PRCC PRCC PRCC PRCC
RHC Prevalence Prevalence Prevalence of MRSA Environment

of CA-MRSA of HA-MRSA among Health-care
among patients among patients workers

βC 0.0960 0.9115 −0.6316 −0.7531 0.3550
βH 0.0236 −0.6234 0.9011 0.3388 0.3323
βW 0.4921 0.1843 0.2112 0.3506 0.4993
ΠP 0.0074 0.5402 0.5144 −0.8991 0.7058
πCC −0.0262 0.0149 0.0141 0.0719 −0.0611
πIC −0.0587 −0.0438 0.0347 0.1010 −0.0300
πCH −0.0264 −0.0240 0.0349 0.0955 −0.0720
πIH 0.0580 −0.0197 −0.0444 0.0647 −0.0386
τCH −0.0426 −0.1046 0.0445 0.0582 −0.0705
τH 0.0290 0.0535 −0.0700 −0.0201 0.0121
τW −0.7572 −0.1467 −0.1563 −0.4161 −0.4031
αP −0.0079 −0.0799 −0.0220 0.2312 −0.1689
αH 0.0070 0.1797 −0.3113 0.0663 −0.0931
αC 0.0205 −0.3226 0.1292 0.2975 −0.0605
αQ 0.0531 0.0922 0.1216 0.2738 0.0070
γCH 0.0113 −0.1323 −0.0102 −0.0126 −0.0331
γH 0.0138 0.0516 −0.1313 0.0086 −0.0404
σCH −0.0151 0.1376 −0.0423 0.0585 −0.0013
σH −0.0136 −0.0736 −0.0061 0.0380 0.0339
ωCCH −0.0370 −0.5009 0.0312 −0.0289 −0.1401
ωICH 0.0312 −0.2523 0.0210 −0.0284 −0.0748
ωCH 0.0123 −0.0008 −0.4727 −0.3862 −0.0608
ωIH 0.0319 0.0010 −0.0052 −0.0783 −0.0139
µH −0.0550 −0.0492 −0.0640 0.0378 −0.0544
δCH −0.0512 −0.0536 0.0434 0.0282 −0.0069
δH 0.0198 −0.0219 0.0574 0.0442 −0.0041
δQ −0.0235 0.0727 0.0070 0.1115 0.0314
εW 0.8793 0.6976 0.6913 −0.2547 0.9773
ρEH −0.8760 −0.1021 −0.0666 0.0395 −0.2557
η −0.7125 −0.7483 −0.7506 −0.2478 −0.8289

TABLE III
PRCC FOR MODEL (2.1) USING AS OUTPUT RHC , PREVALENCE OF CA-MRSA, PREVALENCE OF
HA-MRSA, PREVALENCE AMONG HEALTH-CARE WORKERS AND THE HOSPITAL ENVIRONMENT.

(βW );
(b) the dominant parameters impacting the

prevalence of CA-MRSA among patients are
the transmission probability of CA-MRSA
per contact with health-care workers (βC),
hand washing compliance rate (η), environ-
mental contamination rate (εW ), the trans-
mission probability of HA-MRSA per con-
tact with health-care workers (βH ), isolation
rate of patients with CA-MRSA (ωCCH ), the
admission rates into the hospital (ΠP ).

(c) the dominant parameters influencing the
prevalence of HA-MRSA among patients
are the transmission probability of HA-
MRSA per contact with health-care workers
(βC), hand washing compliance rate (η),
environmental contamination rate (εW ), the
transmission probability of CA-MRSA per
contact with health-care workers (βH ), the
admission rates into the hospital (ΠP ), isola-
tion rate of patients with HA-MRSA (ωCH ).

(d) the key parameters impacting the prevalence

of MRSA among health-care workers are
the admission rates into the hospital (ΠP ),
the transmission probability of CA-MRSA
per contact with health-care workers (βC),
the health-care workers decolonization rate
(τW ), isolation rate of patients with HA-
MRSA (ωCH ), the transmission probabil-
ity of health-care workers per contact with
patients (βW ), the transmission probability
of HA-MRSA per contact with health-care
workers (βH ).

(e) the key parameters influencing the hospital
environment are environmental contamina-
tion rate (εW ), hand washing compliance
rate (η), the admission rates into the hospital
(ΠP ), the transmission probability of health-
care workers per contact with patients (βW ),
the environmental contamination rate (εW ),
the transmission probability of CA-MRSA
per contact with health-care workers (βC),
the transmission probability of HA-MRSA
per contact with health-care workers (βH ).
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Fig. 3. (a). Boxplots of prevalence of CA-MRSA among patients; (b). Boxplots of prevalence of HA-MRSA among patients;
(c). Boxplots of prevalence of MRSA among health-care workers; (d). Boxplots of the hospital environment.

VI. ASSESSMENT OF BASIC CONTROL

MEASURES

In order to reduce the number of MRSA cases
in the hospital the different dominant parame-
ters values were adjusted following the results
of the sensitivity analysis in Section V above.
This was done to reflect three control strategies:
low-effectiveness strategy, moderate-effectiveness
strategy, and high-effectiveness strategy.

A. Low-effectiveness control strategy

The low-effectiveness MRSA control strategy
assumes the health-care workers hand washing
compliance rate to be about 40% (i.e., η = 0.40)
and the health-care workers do not decontaminate
often (so that τW = 1/370). As a result there is a
high level of bacteria in the environmental, leading
to a high contamination rate (hence, εW = 1.0).
We assume that the hospital admission rates is

at the maximum capacity (i.e ΠP = 400). For
this control strategy we set the isolation rate
of patients with CA-MRSA and HA-MRSA as
(ωCCH = 0.02) and (ωCH = 0.02). In similar
manner, we set the transmission probabilities of
CA- and HA-MRSA per contact with health-care
workers (i.e., βC = 0.4 and βH = 0.4) and
transmission probability of health-care workers per
contact with patients (i.e., βW = 0.03).

B. Moderate-effectiveness control strategy

For the moderate-effectiveness level of the anti-
MRSA control strategy, the health-care workers
hand washing compliance rate is increased to
about 60% (i.e., η = 0.60) and the health-care
workers decontamination rate is also increased (so
that τW = 0.003). As a result there is a reduction
is a reduction in the level of bacteria in the
environmental, leading to a lower contamination
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rate (hence, εW = 0.5). We reduce the hospital
number admitted (i.e ΠP = 230). We increase the
isolation rate of patients with CA-MRSA and HA-
MRSA as (ωCCH = 0.06) and (ωCH = 0.063).
In similar manner, we reduce the transmission
probabilities of CA- and HA-MRSA per contact
with health-care workers (i.e., βC = 0.223 and
βH = 0.224) and transmission probability of
health-care workers per contact with patients (i.e.,
βW = 0.023).

C. High-effectiveness control strategy

For the high-effectiveness level of the MRSA
control strategy, the health-care workers hand
washing compliance rate is increased to 83%
and also increase the health-care workers
decontamination rate (so that τW = 0.10 × 1

7 ).
The environmental contamination rate is reduced
(hence, εW = 0.04). We reduce the hospital
number admitted (i.e ΠP = 130). We increase
the isolation rate of patients with CA-MRSA and
HA-MRSA as (ωCCH = 0.1) and (ωCH = 0.1).
In similar manner, we reduce the transmission
probabilities of CA- and HA-MRSA per contact
with health-care workers (i.e., βC = 0.045 and
βH = 0.048) and transmission probability of
health-care workers per contact with patients (i.e.,
βW = 0.015).

Figure 4(a) depicts the prevalence of community
acquired MRSA among hospital patients under
the various control strategies over a 60-day
period, from which it can be observed that about
80% cases were obtained with the low-effective
strategy and about 60% for the moderate-effective
strategy. However, for the high-effectiveness
control strategy, we observed a gradual decrease
and eventual elimination of MRSA in the hospital.
We observed similar behavior in Figure 4(b) for
the prevalence of hospital acquired MRSA among
the hospital patients under these control strategies.
On the other hand Figure 4(c), shows that with the
low-effective strategy the prevalence of MRSA
among the health-care workers quickly reaches
100%; however with the moderate-effective
strategy the prevalence of MRSA slowly reaches

100%. Figure 4(c), also depict the prevalence
of MRSA among the health-care workers with
the high-effectiveness control strategy, which
unlike the other two strategies reduces quickly
prevalence of MRSA among the health-care
workers and eventually eliminating it the hospital.
As expected, the high-effectiveness of the control
strategy is far more effective in curtailing the
prevalence of MRSA in the hospital. It is worth
noting, however, that the moderate-effectiveness
strategy also resulted in a reduction on the preva-
lence of MRSA among hospital patients in com-
parison to the low-effectiveness strategy. How-
ever, this is not the case among the health-care
workers. The high-effectiveness of the control
strategy is the best strategy to implement with
the healthcare workers. These simulations clearly
show that MRSA are controllable using basic
health control measures, such as the moderate- and
high-effectiveness levels of the control strategy
described above.

D. Mean time to colonization

Next we investigate for he deterministic model
(2.1) the mean time to colonization, while still
using the control strategies above; this is defined
as the average time a susceptible patient remain
susceptible upon admission into the hospital [6]
and it is give as:

W (t) =
1

[λCH(t) + λH(t) + αP + µH ]UP (t)
.

We observe from Figure 5 an increase in the mean
time to colonization with increasing effectiveness
level. In other words, the high-effectiveness strat-
egy leads to the lengthiest mean time to coloniza-
tion, this is followed by the moderate-effectiveness
strategy and then the low-effective strategy which
produces the least mean time to colonization. This
result indicate that the high-effective strategy has
the slowest colonization rate while with the low-
effective strategy patients are colonized quickly in
the hospital.
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Fig. 4. Simulations of the model (2.1), showing the
prevalence cases generated under various effectiveness levels
of the control strategies. (a). CA-MRSA prevalence among
hospital patients. (b). HA-MRSA prevalence among hospital
patients. (c). MRSA prevalence among health-care workers.
(d). MRSA in the environment. Other parameter values used
are as given in Table II.
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Fig. 5. Simulations of the model (2.1), showing the
Mean time to colonization among hospital patients un-
der various effectiveness levels of the control strategies.
Other parameter values used are as given in Table II.

In summary, the numerical simulations of the
deterministic model (2.1) show that prevalence of
CA- and HA-MRSA among patients and health-
care workers, mean-time to colonization since ad-
mission and the hospital environment are impacted
by using control strategies such as low-, moderate-
and high-effectiveness strategies. These strategies
are obtained by varying accordingly the dominant
parameters obtained from the sensitivity analysis
such as hand washing compliance rate (η), the
health-care workers decontamination rate (τW ),
environmental contamination rate (εW ), the admis-
sion rates into the hospital (ΠP ), isolation rate of
patients with CA-MRSA (ωCCH ), isolation rate of
patients with HA-MRSA (ωCH ), the transmission
probability of CA-MRSA per contact with health-
care workers (βC), and the transmission proba-
bility of HA-MRSA per contact with health-care
workers (βH ).

The numerical simulations further shows that
prevalence of MRSA among the hospital patients
can be curtail using the high-effectiveness strategy.
This is followed by the moderate-effectiveness
strategy and the low strategy gave the least perfor-
mance. This result indicates that a moderate strat-
egy will do a fairly good job in controlling but not
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eliminating MRSA from the hospital. However,
for the health-care worker, the high-effectiveness
strategy is the only strategy that can effectively
control and curtail the disease. The performance
of the moderate strategy is just as poor as the low
strategy. The difference between them is that the
prevalence in the moderate strategy slowly reaches
100% while it quickly reaches 100% for the low-
effective strategy.

VII. STOCHASTIC MODEL

The deterministic model gives a detailed bio-
logical understanding of the disease transmission
dynamics and characteristics. However, this cannot
capture small variations and fadeout effects in
the various sub-populations, in order to determine
the disease incidence and persistence [30]. Thus,
we simulated the stochastic model developed in
Section IV to investigate these random effects.

Figure 6 depicts twenty realizations of the time
series of the total number of hospital patients
colonized and infected with CA- and HA-MARSA
from the stochastic model and the corresponding
result from the deterministic model. From the
figures, we observed that the population dynamics
of the patients fluctuate over time in the stochastic
framework. Moreover, the number of colonized
and infected patients are different among the
twenty realizations (see Table IV).
Using the result of Section V, we further inves-
tigate the prevalence of CA- and HA-MARSA
among patients when varying the dominant pa-
rameters (hand washing compliance rate (η), the
health-care workers decontamination rate (τW ),
isolation rate of patients with CA-MRSA (ωCCH )
and isolation rate of patients with HA-MRSA
(ωCH ). We observed from Figures 7 and 8 that the
prevalence among patients decreases with increas-
ing values of these parameters (η, τW , ωCCH and
ωCH ). Figures 7 and 8 indicate a gradual increase
in the disease prevalence before converging in
distribution after 100 days. The disease prevalence
does not converge to a stable state; it is a function
of the random state of the process and so, it is a
random variable which converges in distribution.

Furthermore, Figures 7 and 8 indicate a nonlinear
relationship between the disease prevalence and
the model interventions (such as η, τW , ωCCH ,
and ωCH ). In Figure 7(a), the disease prevalence
is lowest at the highest values of the hand washing
compliance rate (η). However, the prevalence of
MRSA is highest among the hospital patients in
the absence of health-care workers decontami-
nation (i.e., τW = 0, see in Figure 7(b)) and
absence of isolation of colonized patients (i.e.,
ωCCH = ωCH = 0, see Figures 7(e) and 7(f)). We
observe in Figure 8 similar effects of the parameter
values for HA-MRSA prevalence among patients.

VIII. DISCUSSIONS AND CONCLUSION

In this paper, we have designed and studied
deterministic and stochastic models of community-
acquired and hospital-acquired methicillin-
resistant staphylococcus aureus transmission in
hospital settings. Unique to our model is the
incorporation of the isolated class patients with
both CA- and HA-MRSA and the contamination
of the hospital environment by the health-care
workers. Our goal in this study was to determine
an effective control strategy that will curtail and
possibly eliminate the spread of the bacteria in the
hospital setting. Thus, the intervention strategies
we analyzed include the hand washing compliance
of healthcare workers, the contamination of the
environment, the isolation of infected patients,
and the natural decay of the contaminants in the
hospital environment.

In the deterministic framework, results indicate the
disease-free equilibrium of the model is locally-
asymptotically stable whenever the associated re-
production number is less than unity and stable
otherwise. The implication of this result is that
the disease will continue to spread whenever the
reproduction is greater than unity. Likewise, these
results show that we may expect the disease to die
out whenever the reproduction number is less than
unity.

Sensitivity analysis was performed using the Latin
Hypercube Sampling (LHS) technique and the par-
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Realizations 1 2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20

CCH 536 567 613 547 568 552 565 559 598 585
553 565 591 632 588 559 524 583 561 568

ICH 141 172 159 161 194 172 168 177 153 169
175 152 161 150 170 169 149 164 137 166

CH 450 422 442 404 455 426 461 403 420 434
457 404 439 442 455 426 397 404 430 462

IH 86 57 72 54 64 54 76 61 69 73
63 69 57 51 71 57 66 52 80 70

Q 317 331 319 317 327 351 325 352 335 322
312 368 339 337 337 340 318 307 343 322

TABLE IV
SIMULATION OF STOCHASTIC MODEL (2.1) AT TIME t = 400 USING 20 REALIZATIONS.
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Fig. 6. Simulation of stochastic model (2.1) as a
function of time using 20 realizations. (a). Total number
of hospital patients with CA-MRSA; and (b). Total
number of hospital patients with HA-MRSA,

tial rank correlation coefficient (PRCC) method.
The LHS stratifies parameters sample space based
on the ranges given in Table II and then sample
from these space without replacement. Using re-
sponse functions the reproduction number (RHC),
the prevalence of CA-and HA-MRSA among pa-
tients and healthcare workers and the hospital
environment, a total of 1,000 simulations of the
model (2.1) per LHS run were then carried out
and the outcome ranked using PRCC. From Figure
2 and Table III, we conclude that the prevalence
of MRSA was the lowest when the rates for
hand washing compliance and the bacterial decay
were at their highest values. Consequently, the
prevalence would increase when the environmental
contamination and the transmission rates were
high.

In the stochastic framework, we considered a
continuous-time Markov chain and assumed the
number of health-care workers to be constant. The
stochastic process of model (2.1) is shown to be
positive recurrent. Using the transitions from the
deterministic model (2.1), we derived the instan-
taneous transition rates for our stochastic model.
Numerical simulations of the stochastic model dis-
played similar results to the deterministic model.
We observed an interesting, nonlinear relationship
among the prevalence of MRSA among hospital
patients and the intervention parameters (η, τW ,
ωCCH , and ωCH ).
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Fig. 7. Simulation of stochastic model (2.1) using the prevalence of CA-MRSA among hospital patients as model
output. Varying: (a). hand washing compliance rate (η); (b). health-care workers decontamination rate (τW ); (c).
environmental contamination rate (εW ); (d). hospital admission per day (ΠP ); (e). isolation rate of colonized
patients with CA-MRSA (ωCCH ); (f). isolation rate of colonized patients with HA-MRSA (ωCH ).

In summary some of the main theoretical and epi-
demiological findings of this study are summarized
below:

(i) The disease-free equilibrium of the model
is locally-asymptotically stable whenever the
associated reproduction number (RHC) is
less than unity.

(ii) The disease persists in the community when-

ever RHC > 1.
(iii) The stochastic process of model (2.1) is pos-

itive recurrent.
(iv) The sensitivity analysis of the parameter vari-

ations using the prevalence rate of CA- and
HA-MRSA among patients and health-care
workers and the hospital environment as re-
sponse function the shows the most common
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Fig. 8. Simulation of stochastic model (2.1) using the prevalence of CA-MRSA among hospital patients as model
output. Varying: (a). hand washing compliance rate (η); (b). health-care workers decontamination rate (τW ); (c).
environmental contamination rate (εW ); (d). hospital admission per day (ΠP ); (e). isolation rate of colonized
patients with CA-MRSA (ωCCH ); (f). isolation rate of colonized patients with HA-MRSA (ωCH ).

dominant parameters are the hand washing
compliance rate (η), the health-care workers
decolonization rate (τW ), environmental con-
tamination rate (εW ), the admission rates into
the hospital (ΠP ), isolation rate of patients
with CA-MRSA (ωCCH ) and isolation rate
of patients with HA-MRSA (ωCH ). In similar
dominant are the transmission probabilities of

CA- and HA-MRSA per contact with health-
care workers (βC and βH ) and transmission
probability of health-care workers per contact
with patients (βW ).

(v) Numerical simulations of both deterministic
model (2.1) show that prevalence of CA-
and HA-MRSA among patients and health-
care workers, mean-time to colonization since
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admission and the hospital environment are
impacted by using control strategies such as
low-, moderate- and high-effectiveness strate-
gies.

(vi) The prevalence of MRSA among the hos-
pital patients can be curtail using the high-
effectiveness strategy.
(a) This result indicates that a moderate

strategy will do a fairly good job in
controlling but not eliminating MRSA
from the hospital;

(b) For the health-care worker, the high-
effectiveness strategy is the only strategy
that can effectively control and curtail the
disease;

(c) On the stochastic frame work, there exist
a nonlinear relationship among the preva-
lence of MRSA among hospital patients
and the intervention parameters (η, τW ,
ωCCH , and ωCH ).
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APPENDIX

Proof of Lemma 1: It follows from the sum of
the first six equations of model (2.1) that

dNP (t)

dt
= ΠP − µHNH(t)− αPUP

−αCCCH − δCHIHC(t)
−αHCH − δHIH − (δQ + αQ)Q,

(A.1)

so that,

dNP (t)

dt
≤ ΠP − µHNP (t). (A.2)

Hence,
dNP (t)

dt
≤ 0 if NP (0) ≥ ΠP

µH
. Thus,

NP (t) ≤ NP (0)e−µHt +
ΠP

µH
(1 − e−µHt). In

particular, NP (t) ≤ ΠP

µH
.

From the sum of the equations six and seven of
model (2.1) we have

dNW (t)

dt
= 0.

Thus,
NW (t) = KW ,

where KW is a constant. Hence,

CW ≤ NW . (A.3)

From the last equations of model (2.1), we have

dEH
dt

= εWCW − ρEHEH .

Using (A.3), we have

dEH
dt
≤ εWKW − ρEHEH .

Hence,
dEH
dt

≤ 0, if EH(0) ≥ εWKW

ρEH
. Thus,

EH(t) ≤ EH(0)e−ρEHt+
εWKW

ρEH
(1−e−ρEHt). In

particular EH(t) ≤ εWKW

ρEH
.

Thus, the region Ω is positively-invariant. Further-
more, if NH(0) > ΠH

µH
and EH(0) > εWKW

ρEH
,

then either the solutions enters Ω in finite time,
or NH(t) approaches ΠP

µH
, with NW (t) = KW and

EH(t) approaches εWKW

ρEH
asymptotically. Hence,

the region Ω attracts all solutions in R9
+.

Proof of Proposition 1

To prove Proposition 1 we need the following
lemma.

Lemma 3. Let {X (t), t ≥ 0} be a non-negative,
vector-valued CTMC on state space
Γ = {x : xi ∈ {0, 1, 2, . . .}, i ∈ {1, . . . , n}} with
instantaneous transition rates of the form

qx,x+ei = λi, qx,x−ei = µixi, qx,x−ei+ej = αijxi

with λi, αij ≥ 0, µi > 0 for all i, j. Then
{X (t), t ≥ 0} is positive recurrent.

We will prove Lemma 3 with the following two
facts, both of which are proved in [28].

Lemma 4. A CTMC is recurrent (transient) iff its
embedded DTMC is recurrent (transient).

Lemma 5. Foster’s Criterion. Let {Xn, n ≥ 0}
be an irreducible, discrete-time Markov chain
(DTMC) on a countable state space Γ. The DTMC
is positive recurrent if there exists a non-negative
function g on Γ, a finite set S ⊂ Γ, and an ε > 0
such that

|E[g(Xn+1)− g(Xn)|Xn = x]| <∞ for x ∈ S
E[g(Xn+1)− g(Xn)|Xn = x] < −ε for x ∈ S

Proof of Lemma 3. Set T0 = 0 and let 0 <
T1 < T2 < · · · denote the transition times of
the CTMC {X (t)}. Then the embedded DTMC
{Xi, i ∈ {0, 1, 2, . . .}} is defined through the ran-
dom vectors Xi := X (Ti). Both {Xi} and {X (t)}
are irreducible because for any two states x, y ∈ Γ,
state y is accessible from state x.

It remains to show the embedded DTMC {Xi} sat-
isfies Foster’s criterion. Take g(x) = Sx :=

∑
i xi

Biomath 4 (2015), 1511161, http://dx.doi.org/10.11145/j.biomath.2015.11.161 Page 23 of 24

http://dx.doi.org/10.11145/j.biomath.2015.11.161


F. B. Agusto et al., Modeling of Community and Hospital-acquired Methicillin-resistant ...

in Lemma 5 and define βi :=
∑

j αij and

ι(x) :=
∑
i,j

qx,x−ei+ej =
∑
i,j

xiαij =
∑
i

βixi

(A.4)
We must satisfy the second inequality in Lemma
5 which is

−ε > E[g(Xn+1)− g(Xn)|Xn = x]

=
(
Sxι(x) + (Sx + 1)

∑
j

λj

+ (Sx − 1)
∑
j

µjxj

)/(
ι(x) +

∑
j

λj

+
∑
j

µjxj

)
− Sx

=

∑
j λj −

∑
j µjxj

ι(x) +
∑

j λj +
∑

j µjxj

(A.5)

Choose ε small enough so that µi > εβi/(1 − ε)
for each i and set

x∗i =

⌈
(1 + ε)

∑
k λk

µi − ε(µi + βi)

⌉

and S = {x ∈ Γ : xi < x∗i for all i} in Lemma
5. Then for any state x ∈ SC , there exists i such
that xi ≥ x∗i , which implies

1 + ε

1− ε
∑
k

λk < xi

(
µi −

ε

1− ε
βi

)
which clearly implies

1 + ε

1− ε
∑
k

λk <
∑
i

xi

(
µi −

ε

1− ε
βi

)
But this inequality is the same as (A.5).

Proof of Proposition 1. The sub-process
{(Uw(t), Cw(t)), t ≥ 0} is trivially positive
recurrent because Uw(t) + Cw(t) = Kw for
all time t. Then the {Eh(t), t ≥ 0} process
is also positive recurrent because the process
{E′h(t), t ≥ 0} with transition rates

qe′h,e′h+1 = KwεW ∈ {0 ≤ e′h ≤ Kw − 1},

qe′h,e′h−1 = ρEHe
′
h ∈ {1 ≤ e′h ≤ Kw}

is positive recurrent by Lemma 3, and the arrival
rate for the primed process bounds that of the
original. Finally, all the remaining transition rates
of the process in (1) are of the type in Lemma 3 ex-
cept those involving transitions from compartment
Up to CCH or CH . However, even if one takes the
inter-compartmental transition rates qx,x−eup+eCCH

and qx,x−eup+eCH
to be infinite, the arrival rate

of patients from outside the system is a bounded
constant and Lemma 3 implies positive recurrence
for (1).
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