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Abstract—In this paper, we propose a model
of transmission of arboviruses, which takes into
account a future vaccination strategy in human
population. A qualitative analysis based on stability
and bifurcation theory reveals that the phenomenon
of backward bifurcation may occur; the stable
disease-free equilibrium of the model coexists with
a stable endemic equilibrium when the associated
reproduction number, Rj, is less than unity. We
show that the backward bifurcation phenomenon
is caused by the arbovirus induced mortality. Using
the direct Lyapunov method, we prove the global
stability of the trivial equilibrium. Through a global
sensitivity analysis, we determine the relative impor-
tance of model parameters for disease transmission.
Simulation results using a nonstandard qualitatively
stable numerical scheme are provided to illustrate
the impact of vaccination strategy in human com-
munities.

Keywords-Mathematical model; Arboviral dis-
ease; Vaccination; Stability; Backward bifurcation;
Sensitivity analysis; Nonstandard numerical scheme.

I. INTRODUCTION

Arboviral diseases are affections transmitted by
hematophagous arthropods. There are currently
534 viruses registered in the International Cat-
alogue of Arboviruses and 25% of them have
caused documented illness in humans [20], [49],
[42]]. Examples of these kinds of diseases are
dengue, yellow fever, Saint Louis fever, en-
cephalitis, West Nile Fever and chikungunya. A
wide range of arbovirus diseases are transmit-
ted by mosquito bites and constitute a public
health emergency of international concern. Ac-
cording to WHO, dengue, caused by any of four
closely-related virus serotypes (DEN-1-4) of the
genus Flavivirus, causes 50—100 million infections
worldwide every year, and the majority of patients
worldwide are children aged 9 to 16 years [72],
[84]], [86]. The dynamics of arboviral diseases like
dengue or chikungunya are influenced by many
factors such as humans, the mosquito vector, the
virus itself, as well as the environment which af-
fects all the present mechanisms of control directly
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or indirectly.

For all mentioned diseases, only yellow fever
has a licensed vaccine. However, some works
are underway for development of a vaccine for
dengue [10}], [11], [33], [50[, [73], [85], Japanese
encephalitis [73l], and Chikungunya [33], [54],
[55]], [46]. Moreover, the existence of different
strains of dengue virus, for example, makes the
developpement of an efficient vaccine a challenge
for scientists. However, according to the French
newspaper Le Figaro, the SANOFI laboratory
hopes to market in the second half of 2015, the
first vaccine against dengue fever, with an overall
efficacy of 61% vaccine among young people
aged 9 to 16 years and the rate of protection
against severe dengue 95.5% [39]. Therefore, it
is important to assess the potential impact of such
vaccines in human communities.

As part of the necessary multi—disciplinary re-
search approach, mathematical models have been
extensively used to provide a framework for un-
derstanding arboviral diseases transmission and
control strategies of the infection spread in the host
population. In the literature, considerable works
can be found on the mathematical modeling of
specific arboviral diseases, like West Nile Fever,
yellow fever, dengue and chikungunya, see e.g.
(21, [17], [24], (301, [35], [36], 1381, [40], [56],
[60], [61], [64]], 168, [79]. Although these models
highlight the means to fight against these ar-
bovirus, few papers deal with models that consider
vaccination [40], [68]], [79].

In this paper, we formulate a model, described
by differential equations, in which we include two
aspects: vaccination in the human population and
the aquatic stage in the vectors population.We
perform a qualitative analysis of the model, based
on stability and bifurcation theory. In particular,
we use an approach based on the center manifold
theory [19], [31], [43] to evaluate the occurrence
of a transcritical backward bifurcation and, as a
consequence, the presence of multiple endemic
equilibria when the basic reproduction number
Ry is less than unity. Under the point of view
of disease control, the occurrence of backward
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bifurcation has relevant implications for disease
control because the classical threshold condition
Ry < 1, is no longer sufficient to ensure the
elimination of the disease from the population.

The global stability of the trivial equilibrium
and the disease—free equilibrium (the equilibrium
without disease in both populations), whenever the
associated thresholds (the net reproductive number
N and the basic reproduction number R) are
less than unity, is derived through the use of
Lyapunov stability theory and LaSalle’s invariant
set theorem, and the approach of Kamgang and
Sallet [48]], respectively.

Through global sensitivity analysis, we deter-
mine the relative importance of model parameters
for disease transmission. The analysis of the model
is completed by the construction of a nonstandard
numerical scheme which is qualitatively stable.

The rest of this paper is organized as follows. In
Section[Ml] we develop the mathematical model and
give the invariant set in which the model is defined.
In Section we compute two thresholds: the net
reproductive number A and the basic reproduction
number Ry. Depending of the values of these
thresholds, we identify two disease—free equilibria:
the trivial equilibrium which corresponds to the
extinction of vectors, when N/ < 1, and the
disease-free equilibrium (DFE) when A/ > 1 and
Ry < 1. The results concerning the local and
global stability of these two equilibria are also
given. The section[IV]is devoted to the existence of
endemic equilibria and bifurcation analysis. Vac-
cine impact is evaluated in Section [V] Uncertainty
and sensitivity analysis and the construction of a
stable numerical scheme, are made in sections [V]|
and respectively. A conclusion completes the

paper.

II. MODEL FORMULATION, INVARIANT
REGION.

In this section we describe the mathematical
model that we shall study in this paper. The for-
mulation is mostly inspired, with some exceptions,
by the models proposed in [30], [40], [68], [8O].
We assume that the human and vector populations
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are divided into compartments described by time—
dependent state variables. This said, the compart-
ments in which the populations are divided are the
following ones:

—For humans, we consider susceptible (denoted
by S}3), vaccinated (V4), exposed (F}), infectious
(Iy) and resistant or immune (). Humans sus-
ceptible population is recruited at a constant rates
Ap. Each human subpopulation comes out from
the dynamics at natural mortality rates pup. The
human susceptible population decreased following
infection, which can be acquired via effective con-
tact with an exposed or infectious vector at a rate
A, (the incidence rate of infection for humans),
given by
Ap = thvNNv (B + L) _

rtm

where m denote the alternatively sources of blood
[LL], [8Ol, @ is the biting rate per susceptible vector,
Bhy denotes the probability of transmission of
infection from an infectious vector (£, or I,) to
a susceptible human (S or V3). We obtain the
expression of A\, as follows: the probability that a
vector chooses a particular human or other source

1
————. Thus,

of blood to bite can be assumed as
Np+m

—— _ bites per
o . Np+m .
unit of times. Then, the infection rate per suscepti-

2 Nv E I
ble human is given aﬁth " (1 ]1<f+ v)' In
n+m
expression (I, the modification paramg:ter 0 <

1Ny < 1 accounts for the assumed reduction in
transmissibility of exposed mosquitoes relative to
infectious mosquitoes. It is worth emphasizing
that, unlike many of the published modelling stud-
ies on dengue transmission dynamics, we assume
in this study that exposed vectors can transmit
dengue disease to humans. This is in line with
some studies (see, for instance [34], [40], [87],
[90). However, it is significant to note that, in
the case of Chikungunya for example, the exposed
vectors do not play any role in the infectious
process, in this case 7, = 0.

The vaccinated population is generated by vac-
cination of susceptible humans at a rate £. Further,

a human receives in average a

Biomath 4 (2015), 1507241, http://dx.doi.org/10.11145/j.biomath.2015.07.241

it is expected that any future dengue vaccine
would be imperfect [40], [68]]. Thus, vaccinated
individuals acquire infection at a rate (1 — €)Ay
where € is the vaccine efficacy. Exposed humans
develop clinical symptoms of disease, and move to
the infectious class at rate 7. Infectious humans
may die as consequence of the infection, at a
disease—induced death rate §, or recover at a rate o.
It is assumed that individuals successfully acquire
lifelong immunity against the virus.

—Vectors population is classified into four com-
partments: susceptible (S,), exposed (E,), infec-
tious (I,) and aquatic (A,). The aquatic state
includes the eggs, larvae, and pupae. The vector
population does not have an immune class, since
it is assumed that their infectious period ends with
their death. The population of vectors consists
essentially of females which reached adulthood.
A susceptible vector is generated by the adulthood
females at rate 0. The susceptible vector popula-
tion decreased following infection, which can be
acquired via effective contact with an exposed or
infectious human at a rate A\, (the incidence rate
of infection for vectors), given by

N = af (mnEn + 1) Np _5 (mnEp + 1Ip)
v TN, Np+m P Nh+m(2)

where th is the probability of transmission of
infection from an infectious human (£}, or I;) to
a susceptible vector (S,), where the modification
parameter 0 < 7, < 1 accounts for the relative
infectiousness of exposed humans in relation to
infectious humans. Here too, it is assumed that
susceptible mosquitoes can acquire infection from
exposed humans [23]], [40]. Exposed vectors move
to the infectious class with the rate +,. As in the
case of the outbreak of Chikungunya on Réunion
Island, it has been shown that lifespan of the
infected mosquitoes is almost halved. This par-
ticular feature of infected mosquitoes therefore
influences the dynamics of the disease [32f], [30].
Thus, following Dumont and coworkers [29]], [30],
we assume in this work that the lifespan of a
vector depends on its epidemiological status. So
the average lifespan for susceptible mosquitoes is
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TABLE 1
THE STATE VARIABLES OF MODEL @

Humans Vectors
Sp:  Susceptible A,  Aquatic
Vi:  Vaccined Sy:  Susceptible
Er:  Infected E,: Exposed
In: Infectious I,: Infectious

Rp: Resistant (immune)

1/, days, the average lifespan of the exposed
mosquitoes is 1/u; days and the average adult
lifespan for infected vector is 1/ . Thus, we have
1/pe < 1/py < 1/p, (with equality for other
arboviral diseases). We do not consider vertical
transmission in this work, so only susceptible
humans are recruited, and vectors are assumed to
be born susceptible.

We are now in position to write the model (the
meaning of the state variables and parameters are
summarized in Table [[] and Table

( Sho=DAn — ApSh = ESh — unSh

Vi = &S — (1 = e)AVh — Vi

Ep =M [Sh+ (1= €)Va] = (un + n) En
I‘h :'YhEh — (,uh+5+0')fh

Ry =olp — upRp

Ay
v = Kb <1_ > (Sv‘i‘Ev"'Iv)_(e'i_/‘A)Av

s

K
= OA’U - )\US’U - NUSU
v = )\vSv - (,Ul + 'Yv)Ev
I, = /V’UE’U - /~L2Iv

3)
In model (3) the upper dot denotes the time deriva-
tive. K denote the carrying capacity of breeding
sites. The parameter K is highly dependent on
some factors such as (the location, temperature,
season). In this work, we follow Dumont and Chi-
roleu [30], and consider, in our sensitive analysis,
that K depend of the location, thus K = y NV,
where x is a positive integer which represent the
location and N}, the human population size. For
example, in the year 2005 at Saint-Denis and
Saint-Pierre in Réunion island, x = 2) [30]. up
represent the number of eggs at each deposit per
capita and p4 is the natural mortality of larvae.
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TABLE 11
DESCRIPTION OF PARAMETERS OF MODEL (3).

Parameter Description
Ap Recruitment rate of humans
13 Vaccine coverage
€ The vaccine efficacy
Nhs Mo Modification parameters
Bhv Probability of transmission of infection
from an infectious vector to a susceptible human
th Probability of transmission of infection
from an infectious humans to a susceptible vector
Yh Progression rate from Ej, to I,
Yo Progression rate from E, to I,
Ih Natural mortality rate in humans
Lo Natural mortality rate of susceptible vectors
A Natural mortality of larvae
ufl Average lifespan of exposed mosquitoes
[y ! Average lifespan of infected mosquitoes

0 Maturation rate from larvae to adult

1) Disease—induced death rate in humans
o Recovery rate for humans

a Average number of bites

m Number of alternative source of blood
K Capacity of breeding sites

m Number of eggs at each deposit per capita

Wesetm=1—c¢, ki =pup+E&, ko= pp+ v,
k3 =pn+0+o0, kg = p1 + v, ke = pa + 0.

Let N}, the total human population and N, the
total of adult vectors, i.e. Ny, = Sy, + V), + Ep, +
In+ Ry and N, = S, + E, + I,,. System (3] can
be rewritten in the following way

ax
dt

with X = (Sh, Vi, En, In, Rn, Ay, S, Bu, 1),
A(X) = (Aij)lgi,jgﬁ) were Al,l = —()\h + ]ﬁ),

=AX)X +F 4)

Ag1 = & Ago = —(mAp + ), Az = A,
Ago = mAp, Ag3z = —ko, Au3z = Y, Ay =
—k3, Asa = 0, As5 = —pup, Ag7r = Ags =
Asog = tw, Arg = 0, Az = —(Ay + i),
Ag7 = Ay, Agg = —ky, Agg = Y, Agg = —pa,
Age = — | ko + ubw and the other

K
entries of A(X) are equal to zero; and F' =

(Ap,0,0,0,0,0,0,0,0)7.

Note that A(X) is a Metzler matrix, i.e. a matrix
such that off diagonal terms are non negative [8]],
[47], for all X € Ri. Thus, using the fact that
F > 0, system (@) is positively invariant in R,
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which means that any trajectory of the system
starting from an initial state in the positive orthant
R%r, remains forever in Ri. The right-hand side
is Lipschitz continuous: there exists an unique
maximal solution.

On the other hand, from the first four equations
of model system (3), it follows that

Nu(t) = Ay — pn Ny — 8, < A, — ppNjp. - (5)
So that

A
0< Ny(t) < =2 4 <Nh(0) - ) e Mt (6)
220
Ay,
Thus, at t — 00, 0 < Np(t) < —.

h
From the last three equations of model system
(@), it also follows that

Nv(t) =0A, — Sy — p1 By — paly

7
<0A, — foNy. @)

So that

0 < Ny(t) < o4, =+ <Nv(0) — 0AU> e Mt
Ho Ho
®)

0K
Thus, at t — o0, 0 < N,(t) < — since

A, < K. Therefore, all feasible solutions c;)f model
system enter the region:

D= {(Sha VhaEh7Ih7RhaAvas'U7EvaI”U> S Rg :

A
Sh+Vh+Eh+Ih+Rh§M—h;Av§K;
h

Sy + Ey+ 1, < 0K/ pi,} .

III. THE DISEASE—FREE EQUILIBRIA AND
STABILITY ANALYSIS
Now let NV the net reproductive number [25]]
given by
b
fo(0 + pa)
We prove the following result
Proposition 3.1: a) If N' < 1, then, system
has only one trivial disease—free equilibrium
TE = Py = A EAn

-—,0,0,0,0,0,0,0 |.
b) If N > 1, then, system (3) has a Disease-Free

(€))

ki’ pnk:
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Equilibrium P =
with

(5p,V2,0,0,0, 49,59,0,0),

Proof: See Appendix A. [ |
In Proposition [3.1) we have shown that system
have at least two equilibria depending of the
value of treshold N and the basic reproduction
number Ry. Precisely, we have proved that when
N < 1, model sytem (3) admits only one equi-
librium called trivial equilibrium (TE := Fp).
When A > 1, model sytem (3)) admits additionally
the disease—free equilibrium (DFE = P;). We
prove, in the following, that the trivial equilib-
rium is locally and globally asymptotically stable
whenever N’ < 1. Then, we prove that the trivial
equilibrium is unstable when N > 1, and the
disease—free equilibrium is locally asymptotically
stable whenever Ry < 1. Using Kamgang and
Sallet approach [48]], a necessary condition for the
global stabilty of the disease—free equilibrium is
also given.

A. Local stability analysis

The local stability of the trivial equilibrium
and the disease—free equilibrium is given in the
following result:

Proposition 3.2: a) If N' < 1, then the trivial
equilibrium TE is locally asymptotically stable.
b) If N > 1, then the trivial equilibrium is unstable
and the Disease Free Equilibrium P; is locally
asymptotically stable if Ry < 1 and unstable
if Ryp > 1, where Ry is the basic reproduction
number [26], [82]], given by

o BroBunKO(mE 4 pup) (kann + va)

R2 —
07 (un + &) (pn + ) (un + 3 +0)
Ah,uh(/@nv + ’Yv) <1 _ 1>
o2 (Mg +mpn)? (11 + o) N
(10)
Proof: See appendix B. ]
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B. Global stability analysis

1) Global asymptotic stability of the trivial
equilibrium TE = Py:
Proposition 3.3: If N < 1, then, TE := Py is
globally asymptotically stable on D.
Proof: See Appendix C. [ ]
2) Global asymptotic stability of the disease—
free equilibrium : Following [30]], we prove that
the disease—free equilibrium DF'E := P is glob-
ally asymptotically stable under a certain threshold
condition. To this aim, we use a result obtained by
Kamgang and Sallet [48]], which is an extension of
some results given in [|82]. Using the property of
DFE, it is possible to rewrite (3) in the following
manner
{ Xs = A(X)(Xs — Xprp) + A12(X) X,
Xr= AyX)Xr
(1D
where Xg is the vector representing the state of
different compartments of non transmitting indi-
viduals (S}, Vi, Ry, Ay, Sy) and the vector X
represents the state of compartments of different
transmitting individuals (Ep, I, E,, I,). Here,
we have XS = (Sh,Vh,Rh,AU,Sv)T, X] =
(Ep, In, By, I,)T, X = (Xg, X1) and
Xpre = (52,V0,0,0,0, A%,5,0,0)", with

-k 0 0 0 0

§ —mn O 0 0
Ai(X) = 0 0 —up O 0 ,
0 0 0 —-K¢ Kx
0O 0 0 0 —pu
0 0 —ai3 —ay O
0 0 —ag3 —a4 0
Ap(X) = 0 o 0 0o 0 |,
0 0 K K 0
—Qa41 —a49 0 0 0
—ky 0 bz bu
Y —ks 0 0
A X — I
2(X) b31 bz —ks O
0 0 Yo —H2
SO
with K¢ = <k6+ubKv>, K; =
1A L BremeSh o BroSh
227 Ak 13 Nh—I—m’ 14 Nh—l—m’
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" _ "BV a _ TBrVa
23 N, om0 Notm
_ R TSy _ BuonSv _ BronwH
ay) = ————, Q42 = , b1z = ,
Np+m Np+m Np +m

b OwH Sy, BuS,
N T B TN e TN T

A
K= p (l — I(7')> and H = (S + V).

A direct computation shows that the eigenvalues
of A;(X) are real and negative. Thus the system
X5 = A1(X)(Xs— Xprp) is globally asymptot-
ically stable at Xprp. Note also that Ay (X) is a
Metzler matrix, i.e. a matrix such that off diagonal
terms are non negative [8], [47].

Following D, we now consider the bounded set

g:

g - {(ShathEh7Ih7Rh7A’U75U7E’U7-[U) S Rg :
Sp < Np, Viy < Ny, By < Np, I, < Ny, Ry, < Ny,
N = A/ (un +6) < N < NP = A/ s
Ay < K;S,+E, +1, SHK//M;}

Let us recall the following theorem [48]]

Theorem 3.1: Let G ¢ U = R® x R The
system (TT)) is of class C, defined on U. If

(1) G is positively invariant relative to (LI).
(2) The system Xg = A1(X)(Xs — XprE) is

Globally asymptotically stable at Xprprg.
For any z € G, the matrix A2(X) is Metzler
irreducible.

There exists a matrix A5 , which is an upper
bound of the set

M = {Az(z) € My(R) : x € G} with the
property that if 4> € M, for any 2 € G,
such that Ay (%) = Ay, then 7 € R® x {0}.
The stability modulus of A,

a(A2) = max Re(N) satisfied a(Ag) <
0 A€sp(Az)

3)
)

®)

Then the DFE is GAS in G. (See [48] for a proof).

Let us now verify the assumptions of the previous
theorem: it is obvious that conditions (1-3) of the
theorem are satisfied. An upper bound of the set
of matrices M, which is the matrix Ay is given
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by
—ko 0 bis  bus
_ Yh B _kBL 0 0
A2 = | BonnSv  BonSu i 0 ;
= = — Ky
Np+m Np+m
0 0 Yo —H2
where 513 = BhanESh +7th), 614 =
(S + 7V3) A tm
Bro(Sh +7Vh) 5 0 0 1
S, =85,V, =V, A, = K,
Nh9+m h hA h h
S, = —K, and N}, = _Th
oo (1tn =+ 0)

To check condition (5) in theorem 3.1, we will
use the following useful lemma [48]] which is the
a characterization of Metzler stable matrices:

Lemma 3.1: Let M be a square Metzler matrix

A B .
C D with A and D
square matrices. M is Metzler stable if and only if
matrices A and

D — CA~1B are Metzler stable.

A necessary condition for a Metzler matrix to be
stable is that the elements on the diagonal are
negative. Note also that A is a Metzler stable
matrix is equivalent to A is invertible and — A~ >
0. Lemma [3.1] allows to reduce the problem of
Metzler stability, by induction, to the stability of
2 x 2 Metzler matrices [48]]. In our case, we have

written in block form

—ko O
A= Yoo —ks )7 B B
Brono(Sn +7Vi)  Bro(Sk + V)
B = Nh +m Nh +m s
0 0
thnhsv thSv
C= Nh +m Nh +m |»and
0 0

D= ( ka0 ) :
Yo o TH2
Clearly, A is a stable Metzler matrix. Then, after
some computations, we obtain D — CA™!'B is a
stable Metzler matrix if and only if

R% <1 (12)

Biomath 4 (2015), 1507241, http://dx.doi.org/10.11145/j.biomath.2015.07.241

where

RE

R = R}

_ BroBon KON (o2 + o) (ks + )
Hopopinkikoksky
(1 + 7€) (pn + 8)?
(An + m(pn +0))?
Thus we claim the following result

Theorem 3.2: If N' > 1 and RZ% < 1, then the
disease—free equilibrium P is globally asymptot-
ically stable in G.

Remark 3.1: Note that

(un + 0)*(Ap + mpp)? < N )
pig, (A +m(pp +6))2 \N —1
and condition (12)) is equivalent to
B2 < <N 1> ph (An+m(un +6))°

CTNN (462 (An+mp)? 13)

In absence of disease-induced death in human
(0 = 0), inequality (13)) becomes

N -1
R<|[——) <1 14
0 = < N > ( )
This shows that with the establishment of an
effective treatment, it is possible to have Ry and
R¢ less than 1.

Theorem (3.2) means that for Ry < Rg < 1,
the DFE is the unique equilibrium (no co-existence
with an endemic equilibrium). If Ry € [Rg,1],
then it is possible to have co-existence with en-
demic equilibrium. To confirm whether or not the
backward bifurcation phenomenon occurs in this
case, one could use the approach developed in
[19], [31]], [82], which is based on the general
center manifold theory [43].

IV. THE ENDEMIC EQUILIBRIA AND
BIFURCATION ANALYSIS
A. Existence of endemic equilibria

We now turn to study the existence of an en-
demic equilibrium of model system (3). Let Ry
the basic reproduction number [26], [82] given by
Eq. (10).

we claim the following

Proposition 4.1: Let N' > 1 and p, < pp < po.
Then
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(i) There exists at least one endemic equilibrium
whenever Ry > 1.

The backward bifurcation phenomenon may
occurs when Ry < 1.

The disease—induced death is responsible of
the backward bifurcation phenomenon.

In the absence of the disease—induced death
(0 = 0 and p, = p1 = p2), system
have a unique endemic equilibrium whenever
Ry > 1, and the backward bifurcation phe-
nomenon not occurs whenever Ry < 1 (See

remark [4.1)).
Proof: See appendix D. [ ]

(ii)
(iii)
(iv)

The backward bifurcation phenomenon, in epi-
demiological systems, indicate the possibility of
existence of at least one endemic equilibrium
when Ry is less than unity. Thus, the classical
requirement of Ry < 1 is, although necessary, no
longer sufficient for disease elimination [6]], [14]],
[40l, [75]. In some epidemiological models, it has
been shown that the phenomenon of backward
bifurcation is caused by factors such as nonlinear
incidence (the infection force), disease—induced
death or imperfect vaccine [15]], [16], [31], [40],
[701], [75].

It is important to note that case (i) of Proposition
M.1] suggests the possibility of a pithcfork (For-
ward) bifurcation when Ry = 1. Also, case (iv) of
Proposition [4.1] suggests that the principal cause
of occurence of backward bifurcation phenomenon
is the disease-induced death in both humans and
vectors.

In the following remark, we prove that, in
absence of disease—induced death in both pop-
ulations, the disease—free equilibrium 1is the
unique equilibrium whenever ' > 1 and
Ro|s=0,u,=p=p, < 1. Using the direct Lya-
punov method, we prove the global asymptotic
stability of the disease—free equilibrium whenever
R0|5=07MUZM1:H2 <1

Remark 4.1: Assumed that N > 1.

Let k7 = Ap +mpp, ks = 7€+ pn, k11 = kg, +
v and Ry = Rols=0,1,—p,—u,- In the absence of
disease-induced death, i.e, § = 0 and p, = p1 =
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12, Eq. (see appendix D) becomes
A [Bo2(Mp)? + BotAy, + Boo] =0 (15)

with Bog = kokskZmp, + Bonkrkin Appnm > 0,
B()O = k‘lkgk‘;;kguh,uv (1 — R%) and

Bor = kikakskZpm (1 — ppRY) + koksk2 pn i
+Bunkrkgki1 Appin.

Equation have only one positive solution
whenever R > 1. If Ry < 1, then coefficients
Boo, Bo1, Bgz are always positive, and the disease-
free equilibrium is the unique equilibrium. From
this we conclude that the disease—induced mor-
tality is the possible cause for the occurrence of
multiple endemic equilibria below the classical
threshold R = 1.

The global stability of the disease—free equilib-
rium may be achieved by Lyapunov method. To
this aim, let us consider the following Lyapunov
functioﬁr; 1371, [40]

Y = > gil; where I = (Ep, I, E,, I,,) and g;,

=1
1= 1,1. .., 4 are positive weights given by ¢g; = 1;
g k'Q g kgkg(Nh + m)
2 = o 93 = )
(ksnp + vn) BonSY(ksnn + 1)
_ Bro [Sp + 7V
p2(Ny +m)
Along the solutions of (3)) we have:
4

-1
1[An [Sh+ (1 = €)Vi] = (pn + Y1) En]

+92 [YhEn — (pn + 0 + o)1)

+93 [)\’US’U - (Ml + ’YU)EU] + g4 ('YUEU - ,UZIU)

_ <g1 Brotw [Sh + TV

N£+m

v 1S %

_|_<91/3h [Sh + V4]
+<g

y = Z 9il; = 1B + goI, + g3Ey + gl
K2

+ 94v0 — 93k4> E,

— I
N2+m 94,[1’2) v

6vh77th
— —qgi1ky | E
3N£—|—m+gﬂh gira | L

ﬁvth
—— — goks | I,
+<93N£+m g2r3 | 1p
After replacing the constants g¢;, ¢ = 1,...,4

by their value, and using the fact that S, < SY,
v, < V,?, A, < A% and S, < SY in

D, = {(Sh,VmEth,Rh,Am SvaEvaIv) €D:

ShSsgavhgvf?uAnggas’vgsg}7
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it follows that

y < 511117711 [52 + Wv}?]
Ny +m

B k2k3k4(N,? + m)

BonSY(k3nn + Vh)

+ gavy — 93k4> E,

(Rt 1) E,

We have Y < 0if Ry <1, with Y =0if Ry =
1 or E, = 0. Whenever E, = 0, we also have
B, =0, 1, =0 and I, = 0 . Substituting F;, =
I, = E, = I, = 0 in the first, second, fifth, sixth
and seventh equations of Eq. (3) with §; = 0 gives
Sp(t) = S, Vi(t) = VU, Ru(t) — 0, Ay(t) —
A% S, (t) — SY as t — oo. Thus

[Sh(t)7Vh(t)’Eh(t)’Ih(t)aRh(t)7Av(t>7sv(t)7Ev(t>
()] — (Sh,V2,0,0,0,A4%,5%.0,0) as t — oc.

It follows from the LaSalle’s invariance principle
[45] that every solution of (@) (when R; < 1),
with initial conditions in D; converges to P, as
t — oo. Hence, the DFE (Pj), of model (3), is
GAS in Dy if Rq < 1.

B. Bifurcation analysis

Previous Analysis state that multiple endemic
equilibria may occur althougt Ry < 1. In order
to better investigate the variation of model’s pre-
diction as Ry varied, we perform a bifurcation
analysis at the criticality, i. e. at the Disease—
free Equilibrium DFFE := P, and Ry = 1.
On one hand, this will provide a rigorous proof
that the occurrence of multiple endemic equilibria
comes from a backward bifurcation. On the other
hand, we will get also information on the stability
of equilibria near the criticality. In particular, on
the stability of the endemic equilibrium points
emerging from the criticality. We study the center
manifold near the criticality by using the approach
developed in [19], [31], [82], which is based on the
general centre manifold theory [43]]. In summary,
this approach establishes that the normal form
representing the dynamics of the system on the
center manifold is given by u = a*u?® + b*wu,
where, u represent a real function of real variable,
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a* = % . Dxxf(xo,w)w2 =
= z”: Ukwiwjaaik,g):;())
k,ij=1 v
(16)
and

b* = v - Dyof(x0, @)W =

(a7
Note that the symbol w denotes a bifurcation
parameter to be chosen, f;’s denotes the right hand
side of system , x denotes the state vector, X
the Disease—free Equilibrium P;; v and w denote
the left and right eigenvectors, respectively, cor-
responding to the null eigenvalue of the Jacobian
matrix of system evaluated at the criticality.
In order to apply this approach, let us choose
Bny as bifurcation parameter. From Ry = 1 we
get the critical value

/éltv
o LA kikoksk (A +7TL,U, )2 N
v 2123 g h h N 1

Bon Anpin KO(TE + i) (p2mn + Vo) [nk3 +yn])

Note also that in f;(0,0), the first zero
corresponds to the disease—free equilibrium,
Py, for the system (3). Since Bp, = S},
is the bifurcation parameter, it follows from
w = Bry — B, that w = 0 when B4, = [,
which is the second component in fx(0,0).

The Jacobian matrix of the system (@) evaluated
at the disease—free equilibrium Py with 83, = 3},
is given by

k1 0 0 0 0

€ —pm 0 0 0

0 0 —ko 0 0

0 0 Yh —k3 0

0 0 0 o —bn,
JPy=| o o 0 0 0

0 0 - BoninSy _ BonSy

H H
0 Bunnn Sy Bun Sy
H H
0 0 0 0 0
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0 0 _5;’%%52 _621;52
* H 0 *H 0
0 0 7ﬁhv7”7v‘/h 7/8;“}71"/%
* H * H
0 5hu77v50 /BhvSO
H H
0 0 0 0 )
0 0 0 0
7K1 KQ Kz K2
0 — Ly 0 0
0 0 —ky 0
0 0 Yo —p2 p
where we have set H = N,? +m, K1 = Ho and
v
K, = Fol.

The eigenvalues of the Jacobian matrix J(P;)
are \1 = —pp, A2 = —ki, and the other
eigenvalues are the eigenvalue of the following
matrix

J=
e 0 0 0 Br,mvSo B, So
H H
Yh —k3 0 0 0 0
0 0 —-Ki Ko Ko Ky
S0 S0
7/81)}17]}1 v 7ﬁvh v 0 — iy 0 0
H 0 HO
thnhsu ﬂvth 0 k 0
—R4
H H
0 0 0 0 Yo —p2

The characteristic polynomial of .J is given
by

FO) = A +as A +ag ' +az 3 +aa\? + a1 M +ag
(18)
with
2 _
do — _k1k2k3k4k7M2MQbMv(k6Mv 1p0) (1-R2).
k1kz pppiy
The others coefficients a5, a4, a3, a9, and

a1 are obtained after computations on Maxima
software [58]], [89]. Since at the criticality, we
have Ry = 1, then ag = 0, thus equation (I8)
becomes

F) =
Then, the Jacobian J(P;) of the linearized system
has a simple zero eigenvalue and therefore P; is
a nonhyperbolic equilibrium for Ry = 1. In order
to get the coefficients (16) and (17), we need
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AN+ asAt + X3 + azA? + agd + aq) -

to calculate the right and the left eigenvectors
corresponding to the zero eigenvalue.
The right eigenvector of J(Pj) is given by

W = (w17w27w37w4aw57w67w77w87wg) where
BrpkonAp
wy = —A T g < 0,
1 Ak%’yf g 9 k
S h/B;wQ o(pn + 17T)w9 <o,
£ A kk%ﬂh')’vk;j
ws = Bry Anko(pon, + 17T)w9 S0,
. k1kak7y,
_ BruAnynko(pn + ki)
Wy = w9 > 0,
. AkleIZ:sk?% .
ws = Br Anoynko (pn + 17T)w9 >0,
P k1k%€5,k7ﬂh%1
vhh
= _PobHhRT (g <0,
wy Lok NG (Mpws + wy)
Bonpin K0 1
=—(1—-—— >0,
wg = 1%7;/,2(107+w8+w9) and wg > 0.

Similarly, J(P;) has a left eigenvector
v = (v1, V2, V3, V4, U5, V6, U7, U, Vg) Where

V] =v9g =v5 =vg =v7 =0 ngmvg
' Bonnks ™
_ ﬁthHMh(nv,U'v + 711) <1 _ 1> v
N kskakz ity N)
_ (oo + )

vg and vg > 0.
k4

a) Computation of a*: Using the non-zero
components of v and the associated non-zero
partial derivatives of f (at the DFE P,), for system
(3), we obtain

9% 3(0,0)
a *”32 O o i0a;
7.]_
92 f3(0, 9*£3(0,0)
+ US 3221 Gt dx;idxj

We finally obtain (See the details in appendix
E)

a* = ¢1 — P2
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where
_1 Bhyobh
o= QUS {kl(Ah + m,U'h)Q
X (wgnw +wg +nu + 1)
—2Ap (1, + 7€) (w3 + wa + ws) (WeNy + we)] }

1 Bonn? K6 1
vg— TR (11— =) ws (pws + wa)

[(e€An + mpup) (w1 + 7w2)

—vs
2 po(Ap + prm)? N
1 Bohth

+ g ————— (Mhws + wy) wr
2 " (Ap + ppm) ( )

1
1 th:u%Ke (1 - N)
U8
2 lu”U(A}L + /J'hrn)2
X [2(77h + 1wswsg + 2 (thg + wi)]

<0

and

¢2 _ B’U’LI’L%KG (1 1 )

1
Lo Pk 80 (1
2" o (Ap, + pm)? N

X [(mpw3 4+ wa) (w1 + w2)] <0

b) Computation of b*:

b — gy Skttt TE)
k1(Ap + ppm)

Since b* > 0 according to the sign of w;,v;, for
i € {1...,9}, we conclude that the backward
bifurcation phenomenon may occurs if a* > 0.
We can summarize the results obtained above in
the following theorem:

Theorem 4.1: If a* > 0, then model (3] exhibits
backward bifurcation at Ry = 1. If the reversed
inequality holds, then the bifurcation at Ry =1 is
forward.

This is illustrated by simulating the model with
different set of parameter values (it should be
stated that these parameters are chosen for illus-
trative purpose only, and may not necessarily be
realistic epidemiologically):

—Using the parameters values in Table [lI} ex-
cept py, = p1 = po = 1/14, Ay, = 200, € = 0.80,
& = 0475, 6 = 0.6, Bry = 6, Bor, = 50 and
K = 1000 such that Ry = 0.6095 < 1 and
a* = 1.0348 x 107° > 0, the numerical resolu-
tion of equation (#4) (see appendix [A), gives the
following solution: A}, = 0, A3, = 0.0083, A3, =
10.9412, A}, = —0.0080 and A:, = —0.0001;
Note that the first solution A}, = 0 corresponds
to the disease free equilibrium. The second, and

(nvwg + wg) > 0.
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third solution, A3, = 0.0083, A3, = 10.9412,
correspond to endemic equilibria; A5, = 0.0083
correspond to unstable endemic equilibrium and
A3p, = 10.9412 corresponds to the stable endemic
equilibrium. The fourth and fifth solution A}, =
—0.0080 and A7, = —0.0001 are not biologically
meaningful.

4001

I
20

w
=]
=]

Infectious Humans, Ih(t)
= N
8 8

o

I ]
80 100

o

40 60
time (days)

Fig. 1. Time profile of infectious humans using different
initial conditions showing that the equilibrium A3, = 10.9412
is stable even if Ro = 0.6095 < 1.

—Using the parameters values in Table [[I, ex-
cept y = M1 = pg = 1/14,~ A, = 100,
e = 0.80, £ = 0.475, § = 0.6, Bp, = 4.0385,
Byrn = 100 and K = 1000 such that Ry = 1 and
a* = 2.3665x 10~* > 0, the numerical resolution
of equation (@4), gives the following solution:
AMip = 0, A3y, = 0.0114, A3, = 8.5310, and
Auap, = —0.0111; The first solution A7, = 0 corre-
sponds to the disease free equilibrium. The second,
and third solution, A5, = 0.0083, A35, = 8.5310,
correspond to endemic equilibria; A\J,, = 0.0114
correspond to unstable endemic equilibrium and
335, = 8.5310 corresponds to the stable endemic
equilibrium. The fourth solution A}, = —0.0111
is not biologically meaningful.

—1In the absence to disease induced death (§ =
0) and choosing Bhv = 4.0188 and K = 1000 such
that Rg = 1, equation (44)) admit only one solution
A, = 0 which corresponds to the disease—free
equilibrium. In this case, the backward bifurcation
phenomenon does not occurs.

—Choosing Bhv = 10 and K = 1000 such that
Ry = 1.630976 > 1 and ¢* = —1.8011 < 0,
equation admit only one positive solution
given by A, = 0.0001, which correspond to the
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Fig. 2. Time profile of infectious humans using different
initial conditions showing that the equilibrium 33, = 8.5310
is stable even if Rg =1 .

endemic equilibria when the basic reproduction
number, Ry, is greater than 1.

To conclude, depending to the values of param-
eters of model (3)), the phenomenon of backward
bifurcation may occurs when the classical basic
reproduction number Ry is less than unity.

V. THRESHOLD ANALYSIS AND VACCINE
IMPACT

Since a future dengue vaccine, for example,
is expected to be imperfect, it is instructive to
determine whether or not its widespread use in
a community will be benefic (or not) [10], [40],
[68]]. Now, consider the following model (model 3]
without vaccination).

Sh = Ay — MuSh — pnSh

Ep = ApSh — (n + ) En

I.h = ’YhEh - (/Jh + (5+O’)Ih

Ry =olp — ppRy

. A,

Av = b <1 - K> (Sv + E, +Iv) - (9 +/J/A)A’U
Sy =04y — MoSy — 116,

Ev = XSy — (Ml + 'Yv)Ev

I, =vE, — pal,

19)
with A, and \, defined at (I)) and (2)), respectively.
Following procedure in [26], [82]], the correspond-
ing basic reproduction number of model (19)), R,
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is given by

2 B Bon K O(k3nn + vn) (Vo + Nopi2)
o pop2(pn + yn) (e + 0+ o) (1 + Vo)

% 1— i
(Ah + mmuh)2 N
(20)
So we deduce that
(€ + pn)
Rvac =Ry = Rs —_ . 21
’ (pn +§) -

From Eq. (21)), it follows that, in the absence of
vaccination (§ = 0) or when the vaccine efficacy is
very low (¢ — 0), we have R,,. = Rs. However,
when humans vaccination comes to play, the basic
reproductive number is reduced by a factor of

(€ + pn)

(n +€)
efforts results in decreasing the magnitude of ar-
boviruses infection, humans vaccination can con-
tribute to control the spread of arboviral diseases.
In the following, we use the set of parameters
values given in Table which refer to Dengue
and Chikungunya. Figs. 3H5| show several simu-
lations, by varying the vaccine efficacy and the
percentage of population that is vaccinated. Figure
[3] shows simulations with different proportions of
succeptible human vaccinated, using an imperfect
vaccine, with a level of efficacy of 60%. Both total
number of infected humans and infected vectors
reache a peack after 25 days approximatively.
However, when ¢ = 60%, the variation of vaccine
coverage parameter have not a great impact in the
number of infected humans and vectors. Figure
4 illustrates the effect of vaccine efficacy in the
reduction of the total number of infected humans
and vectors. It is clear that the effectiveness of the
vaccine has a great impact when ¢ > 90%. Thus,
it is suitable to add to vaccination (when € < 90%)
another control, such as, treatment of infected
individuals, personal protection, and vector control
strategies to stop the spread of arboviral diseases.
Figure [5] shows the representation of the basic
reproduction number Ry plotted as function of the
vaccine efficacy parameter € and the proportion

< 1. Since increasing vaccination
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TABLE III
BASELINE VALUES OF PARAMETERS OF MODEL @ AND
THEIR SOURCES.

Parameter  Baseline value Sources
An 2.5 day ! [40]
I3 variable
€ Variable
Nhs Mo 0.35 Assumed
Bho 0.75 day ! [40]
Bho 0.75 day ! [40]
Th 173 day ! [30]
Yo 172 day ™! [30]
day™* g
Hn (71 x 365) L68]
oo (1/14) day™* [40]
Ha 1/5 day ! [30]
it 10 days [30]
[yt 5 days [30)
6 0.08 day~! [301, 1681
) 107 day™* [0
o 0.1428 day ! [21, [40]
a 1 day~! [40], (611
m 100 Assumed
K 2 x 5000 Assumed
b 6 day~* 1681, [60], [61]

of susceptible population vaccinated £. The use
of a vaccine with level of efficacy greather than
90% approximatively, dramaticaly decrease the
basic reproduction number, when the proportion
of susceptible humans vaccinated are greather than
85%. We observe the same result at Figure[6] Thus,
the use of a vaccine with a high level of efficacy
and a wide vaccine coverage has an impact on
stopping the spread of the disease. However, if the
vaccine efficacy is not high, it is important to add
another control strategies. Our sensitive analysis in
later section will further support this result.

VI. SENSITIVITY ANALYSIS

To determine the best way to fight against
arboviruses, it is necessary to know the relative
importance of the various factors responsible for
their transmission in both the human population
than in the vector population, as well as effective
means to fight these diseases. The transmission
of the disease is directly related to Ry, and the
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Fig. 3. Total number of infected humans and vectors
varying the proportion of susceptible huamans vaccinated
& = (0.05;0.25;0.5; 0.75; 1) with a vaccine simulating 60%
of effectiveness (i.e. e =0.60 orm =1 —¢ = 0.4).

2500,
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S =—g=0.25
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Fig. 4. Infected humans and Vector varying the efficacy level
of the vaccine e = (0.25; 0.50; 0.80;0.90; 1) and considering
that 85% of susceptible humans is vaccinated.

prevalence of the disease is directly related to the
infected states, especially for sizes of Fj(t), I (t),
E,(t) and I,(t). These variables are relevant to

Page 13 of [30]


http://dx.doi.org/10.11145/j.biomath.2015.07.241

Fig. 5. The basic reproduction number Ry plotted as function
of the vaccine efficacy parameter € and the proportion of
susceptible population vaccinated . The set of parameter
values is given in Table [[II]

800

Without vaccination
===With vaccination:£=0.85, €=0.60
== With vaccination:£=0.85, €=0.80
== \\ith vaccination:&=0.85, e=1

¥

Total number of Infected humans

N
IK i 0 P 0 R i g i

0 50 100 150 200 250 300 350 400
time (days)

2500

s Without vaccination
g ===With vaccination:£=0.85, £=0.60
> 20001 = ='\With vaccination:£=0.85, £=0.80
3 ==\With vaccination:£=0.85, e=1
3 1500F
£
Y
S = il
51000 = 1
2 Y
€ - ey
=] = B
£ 50002 u,‘%
T T L e A P . "
E ON o TR A e A P i i
0 50 100 0 250 300 350 400

tim:g’?d ays) 20

Fig. 6. Time profile of total number of infected human and
vector without vaccination and with vaccination.

the individuals (humans and vectors) who have
some life stage of arboviruses in their bodies. The
number of infectious humans, [, is especially
important because it represents the people who
may be clinically ill, and is directly related to
the total number of arboviral deaths [22]]. We will
perform a global sensitivity analysis.

A. Mean values of parameters and initial values
of variables

Since we focus in this article, to a general
model of arboviral diseases, we will, in this sec-

Biomath 4 (2015), 1507241, http://dx.doi.org/10.11145/j.biomath.2015.07.241

Abboubakar et al., Modeling the Dynamics of Arboviral Diseases ...

TABLE IV
PARAMETER VALUE RANGES OF MODEL (ED USED AS
INPUT FOR THE LHS METHOD.

Parameter Range Parameter  Range
An [1,6] ua  [1/10,1/4]
13 [0.05,1] w1 [1/21,1/3]
€ [0.5,0.9] we  [1/21,1/3]
Nhy Mo [0.1,0.8] 0 [0.01,0.17]
Bho [0.375,1] 5§ [107°,1072]
,B;h [0.375,1] o [0.1428,1/3]
Yh [1/12,1/2] a [1,3]
Yo [1/21,1/2] m  [1,201]
1 1 3
Mo\ 78%365 B xaes] L 10xU0L
o [1/21,1/10] wy  [6,18]
TABLE V
INITIAL CONDITIONS.
Human Initial value vector Initial value
Sh: 1000 A, 1000
Vi: 0 Sy: 500
Ey: 20 E,: 20
Ip: 10 I,: 40
Rht 0

tion, use the parameters values of two particular
arboviruses, Dengue and Chikungunya. It is impor-
tant to note that these two diseases are transmitted
by the same mosquito: Aedes albopictus. However,
dengue is also transmited by Aedes aegypti [30],
(351, [36], [38], [40], [61], [68], [90].

The mean values of parameters are listed in
Table the range values of parameters are in
Table [[V] and the initial conditions are given in
Table [VI

B. Uncertainty and sensitivity analysis

1) Sensitivity analysis of Ry: We study the
impact of each parameter of the model on the
value of the basic reproduction number Ry. Fol-
lowing the approach of Wu and colleagues [88]],
we perform the analysis by calculating the Partial
Rank Correlation Coefficients (PRCC) between
each parameter of our model and the basic repro-
duction number, Ry. Table [II] troughly estimates
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the mean value for each parameter. It is important
to notice that, variations of these parameters in our
deterministic model lead to uncertainty to model
predictions since the basic reproductive number
varies with parameters. Due to the absence of data
on the distribution function, a uniform distribution
is chosen for all parameters. The sets of input pa-
rameter values sampled using the Latin Hypercube
Sampling (LHS) method were used to run 1,000
simulations.

With these 1,000 runs of Latin Hypercube Sam-
pling, the derived sampling distribution of Ry is
shown in Figure [/l From this sampling we get
that the mean of Ry is 1.9304 and the standard
deviation is 1.6128. Hence, statistically we are
very confidential that model (3) is in an endemic
state since Ry > 1.

Frequencies

8 rp 10 12 14 16 18
0

Fig. 7. Sampling distribution of Ro from 1,000 runs of
Latin hypercube sampling. The mean of Ry is 1.9304 and
the standard deviation is 1.6128.

From the previous sampling we compute the
Partial Rank Correlation Coefficients between R
and each parameter of model (3). The result
is displayed in Table [VIL According to Boloye
Gomero [13], the parameters with large PRCC
values (> 0.5 or < —0.5) as well as corresponding
small p-values (< 0.05) are most influential in
model (3).

Table [VI] show that the parameter e have the
highest influence on the reproduction number Rj.
Although e is the vaccine efficacy. This suggests
that the development of a vaccine with high level
of efficacy may potentially be an effective strategy
to reduce Ry. The other parameters with an im-
portant effect are 6, a, Ay, and p9. The parameters
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TABLE VI

PRCC BETWEEN Ry AND EACH PARAMETER.
Parameter Correlation Coefficients P—values
1 Ap, *-(0.6067 1.4578 E—99
2 I3 0.0529 0.0977
3 € #k%_(). 8043 2.6732FE—223
4 Nh 0.2879 4.0576 E—20
5 B;Nw 0.4354 1.3609FE—46
6 Yh -0.2598 1.4099FE—16
7 Ih 0.2526 9.9492FE—16
8 1) -0.0386 0.2274
9 o -0.3269 7.7785E—26
10 i 0.2039 1.1635E£—10
11 ﬂ;h 0.4215 1.7130E—43
12 Yo 0.2117 2.1787E—-11
13 o -0.3029 3.0015E—22
14 pa -0.0121 0.7049
15 1 -0.2948 42501 E-21
16 L2 *-(0.5087 1.2669FE—65
17 0 *%(), 7626 3.0823FE—187
18 a **%(0,7134 3.4096 E—153
19 m -0.0436 0.1724
20 K 0.3880 1.4683FE—36
21 L 0.0082 0.7973

which do not have almost any effect on Ry are &,
0, pa, m and pp. In particular, the least sensitive
parameters is uyp, the number of eggs at each
deposit per capita.

2) Sensitivity analysis of Infected states of
model (3): With 1,000 runs of Latin hypercube
sampling, we compute the PRCC between infected
states Fj(t), I(t), E,(t), and I,(t) and each
parameter of model (3). The result is displayed
in Tables As in Table [VI] the parameters
with large PRCC values (> 0.5 or < —0.5) as well
as corresponding small p-values (< 0.05) are most
influential in model (3).

From Tables [VIIHX]| we can observe the follow-
ing facts:

—For the value of Fj, the parameters with
more influence are 6, K, a, ¢, A, and us. The
parameters which do not have almost any effect
on the variation of Ej are up, 9, pa, m and .
In particular, the least sensitive parameters is pp,
the number of eggs at each deposit per capita;

—For the value of I, the parameters with more
influence are A; and ;. The least sensitive pa-
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TABLE VII TABLE IX
PRCC BETWEEN INFECTED HUMANS E} AND EACH PRCC BETWEEN INFECTED VECTORS F, AND EACH
PARAMETER. PARAMETER.
Parameter Correlation Coefficients P-values Parameter Correlation Coefficients = P-values
1 Apn *%(),6842 3.2080E—136 1 An -0.0186 0.5603
2 13 0.4115 2.4590F—41 2 I3 -0.0111 0.7280
3 € w40 7177 6.8762E—156 3 € 0.0135 0.6723
4 Nh -0.2457 6.1306 E—15 4 Mh -0.1086 6.6203FE—4
5 Bho -0.4215 1.7187FE—43 5 Bho -0.0664 0.0375
6 Yh 0.2172 6.2865E—12 6 Yh 0.0560 0.0798
7 Ih, 0.0086 0.7879 7 bh, -0.0295 0.3563
8 1 -0.0259 0.4176 8 o 0.0116 0.7170
9 o 0.3395 7.4246 E—28 9 o 0.0734 0.0215
10 Mo -2378 4.5858FE—14 10 Mo -0.0273 0.3928
11 Bon -0.4232 7.4972E—44 11 Bon -0.0913 0.0043
12 v -0.2311 2.4083E—-13 12 v 0.0069 0.8282
13 o 0.2906 1.5881E—20 13 Lo *%.0.5923 7.6830FE—94
14 pa 0.0210 0.5122 14 pa 0.0157 0.6235
15 0.3340 5.8090E—27 15 w 0.0331 0.3006
16 p2 *0.5747 3.1691 E—87 16 o 0.0043 0.8933
17 0 #4%k_(),7599 3.7832E—185 17 0 #43%() 9225 0
18 a **%_(.7597 4.9923FE—185 18 a -0.0822 0.0100
19 m 0.0537 0.0931 19 m 0.0027 0.9324
20 K **%_.7477 42124E—176 20 K *%%(.,9199 0
21 —0.0068 0.8328 21 e 0.1125 4.1594E—4
TABLE VIII TABLE X
PRCC BETWEEN INFECTIOUS HUMANS [}, AND EACH PRCC BETWEEN INFECTIOUS VECTORS I, AND EACH
PARAMETER. PARAMETER.
Parameter Correlation Coefficients P—values Parameter Correlation Coefficients P—values
1 An *#%().8727 9.1342FE—307 1 Ap 0.2254 9.3729FE—13
2 £ 0.0078 0.8062 2 £ —0.0090 0.7785
3 € -0.2887 2.8614FE—20 3 € -0.1228 1.1697E—4
4 nh 0.0711 0.0261 4 h 0.3126 1.1661 E—23
5 Bhe 0.0850 0.0078 5 Buw 0.0031 0.9216
6 Yh w4k _(),8722 5.9181E—-306 6 Yh -0.3233 2.7921E-25
7 h, -0.0363 0.2566 7 Lh, 0.0381 0.2338
8 1 0.0412 0.1978 8 1) -0.0215 0.5015
9 o -0.0531 0.0965 9 o -0.3869 2.4025FE—36
10 1y 0.0310 0.3316 10 0.0196 0.5402
11 Bon 0.1297 4.6364E—5 11 B 0.5584 2.0585E—109
12 -0.0179 0.5764 12 -0.6287 6.0859E—109
13 i —0.0544 0.0886 13 —0.4856 4.0722E-59
14 pa -0.0222 0.4877 14 pa 0.0294 0.3583
15 m —0.0580 0.0697 15 m —0.4380 3.3922FE—47
16 o —0.0423 0.1855 16 o -0.0103 0.7470
17 0 0.1312 3.7931E-5 17 7 **().8728 7.6088 E—307
18 a 0.1428 2.8933E—6 18 a *0.6011 2.5895E-97
19 m -0.0017 0.9586 19 m -0.0640 0.0451
20 K 0.1783 1.9260E—8 20 K *0.8600 5.9602F—288
21 e —-0.0054 0.8648 21 e -0.0770 0.0159
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rameters is 4, the number of eggs at each deposit A. A nonstandard scheme for the model

per capita;

—For the value of F,, the parameters with more
influence are the maturation rate from larvae to
adult 0, and the capacity of breeding sites K. The
other parameter is the natural mortality rate of
vector i,,. The least sensitive parameters is m, the
number of alternative source of blood;

—For the value of I, the parameters with more
influence are 6, K, -y,, a and th. The least
sensitive parameters is [y, the probability of
transmission of infection from an infectious vector
to a susceptible human.

Although the model is sensitive to the variations
of the vaccine efficacy parameter €, there are
other parameters (such as 0, a, K, pi,, t2) which
have a considerable impact on the value of the
basic reproduction number Ry and the number of
infected individuals. Thus, it is important to take
into account other control strategies in the fight
against arboviral diseases.

VII. NUMERICAL SIMULATION

In order to illustrate some of the results ob-
tained in the previous sections, we provide here
some numerical simulations. We use the nonstan-
dard scheme given by (22). It is important to
note that standard numerical methods may fail
to preserve the dynamics of continuous models
[4], [59], [81]. Generally, compartmental models
are solved using standard numerical methods, for
example, Euler or Runge Kutta methods included
in software package such as Scilab [/6] or Mat-
lab [57]. These methods can sometimes lead to
spurious behaviours which are not in adequacy
with the continuous system properties that they
aim to approximate. For example, they may lead to
negative solutions, exhibit numerical instabilities,
or even converge to the wrong equilibrium for
certain values of the time discretization or the
model parameters (see [3l], [4], [15], [81] for further
investigations).
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Following [30], system is discretized as
follows:

Xg“ _ Xlg‘ k k
— 2 = N (X" XS - XpFE

) — Dio( XP)XETL 4 Bio(XF) XY
X +1 Xk

I I _ AQ(XgJ’l)X}“

o(h)
(22)
such that

—D12(X1)Xs + Bi2(X) X1 = A12(X) X1 (23)

with
A, 0 0 0 O
0 @A, 0 0 O
Dip(Xp)= 0o 0o o0 o0 |,
0 0O 00 O
0 0 0 0 X\
and
Bia(X) =
0 0 0 0 0
0 0 0 0 0
0 o 0 0 0
0 ;,Lb(l—Ag> ,ub(l—Av) 0 7
K K
0 0 0

which implies that the scheme is consistant with
formulation (TT.

Rearranging (22), we obtain the foollowing new
expression

with
A = ( Is+¢(h2)D12(X§€) 105 >
and
By =

< X§+ o(h) [AL(X®)(XE — Xpre) + Bi2(X")X]] >
X7 [1s + 6(h) Az (X5 )] ‘

where I and I5 are the identity matrix of order 4

and 5 respectively. Thus, we claim the following
result:
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Lemma 7.1: Our non-standard numerical
scheme (22) is positively stable, i.e. for
Xk > 0 we obtain X*t1 > 0, where

Xk = (SE, V¥, BE IF, RE, Ak, Sk EE I}
Proof: We suppose Xy > 0. Ay, is a positive
diagonal matrix and thus, .A;l > 0. Bis is a pos-
itive matrix and we also have — A (X*)Xprp >
0. To show that By is a positive matrix, it suffices

to choose ¢(h) such that

I+ ¢(h)A1(X) > 1g+ ¢(h)A; >0,

Ii+ ¢(h)A2(X) > Ia+ ¢(h)A; > 0

where A, and A, are lower bounds for the sets
{X € D|A;(X)} and {X € D|A(X)} respec-
tively. Following [30], to have By > 0, it suffices
to consider the following time-step function

1—e @
h) = ——
¢(h) 0

with () > max (/{1, ko, k3, pin, ka, ke, fh, /12). We
have proved that X* > 0 implies X**1 >0. m
Concerning the equilibria of our numerical
scheme, we have the following result

Lemma 7.2: Our  non-standard  numerical
scheme (22) and the continuous model (3) have
the same equilibria.

(25)

Proof: See appendix F. [ ]
The stability of the trivial equilibrium is given by
the foollowing result

Lemma 7.3: If ¢(h) has choosen as equation
(23), then the tivial equilibrium TE := Py is
locally asymptotically stable for our numerical
scheme (22) whenever N < 1.

Proof: See appendix G. [ ]
Now, we also have the following result concerning
the stability of the disease—free equilibrium:

Lemma 7.4: If ¢(h) has choosen as equation
(23) and Ry < 1, then the disease—free equilibrium
DFFE := P is locally asymptotically stable for
our numerical scheme (22)) .

Proof: The proof of Lemma follows the
proof of Proposition 3.4 in [30]. See also [3]] for
a proof in a more general setting. [ ]
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B. Simulation Results

We now provide some numerical simulations
to illustrate the theoretical results (local stability,
global stability and backward bifurcation). We
use parameters values given in Table with
& = 0475, ¢ = 0.60, K = 1000 and initial
conditions given in Table [V]

Figure [§] illustrates the asymptotic stability of
the trivial equilbrium whenever the treshold N is
less than unity. In Figure O when N > 1 the
trivial equilibrium is unstable and the disease—
free equilibrium is stable (first panel). The phe-
nomenon of backward bifurcation occurs in the
second panel of figure [9] where the stable disease-
free equilibrium of the model co—exists with a
stable endemic equilibrium when the associated re-
production number, Ry, is less than unity. Figures
[[OHIT] show the existence of at least one endemic
equilibrium whenever Ry is equal or greather than
unity.

It is important to mentione that the simulation
results discussed in this work are subject to the
uncertainties (See section in the estimates of
the parameter values (tabulated in Table used
in the simulations. The effect of such uncertainties
on the results obtained can be assessed using
a sampling technique, such as Latin Hypercube
Sampling.

VIII. CONCLUSIONS

In this paper, we formulated a compartmental
model which takes into account a future vacci-
nation strategy in human population, the aquatic
development stage of vector and the alternative
sources of blood.

The analysis has been performed by means of
stability, bifurcation and sensitivity analysis. We
have obtained that the disease—induced mortal-
ity may be the main cause for the occurrence
of the backward bifurcation (see remark [4.1).
This means that relatively high values of disease—
induced mortality rate may induce stable endemic
states also when the basic reproduction number
Ry is below the classical threshold Ry = 1.
The stability analysis reveals that for AV < 1,
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the trivial equilibrium is globally asymptotically
stable. When A/ > 1 and Ry < 1, the disease—
free equilibrium is locally asymptotically stable. In
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the absence of disease-induced death, the disease—
free equilibrium is also globally asymptotically
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stable. The reduced version of the model (in
the absence of disease—induced mortality in both
human and vector populations) have a unique
endemic equilibrium point whenever its associated
reproduction number R; exceeds unity.

Taking as cases study the dengue and chikun-
gunya transmission, we used parameter values
from the literature to estimate statistically the
basic reproduction number, Ry, and to perform
a global sensitivity analysis on the basic repro-
duction number and infected states (Ej,, I, E,,
I,). Using Latin Hypercube Sampling, we obtain
that the mean of Ry is 1.9304. Hence, statistically
we are very confident that our model (3) is in
an endemic state. The global sensitivity analysis
reveals that, apart from the parameters related
to vaccination, particularly vaccine efficacy, other
parameters ( such as parameters related to vector
population) also have a great impact on the basic
reproduction number (Rp) and on the number of
infected humans and vectors (Ep, Iy, E,, I,).

Numerical simulations of the model (3), using a
nonstandard qualitatively stable scheme, show that
the use of a vaccine with high level of efficacy has
a proponderant role in the reduction of the disease
spread. However, since the efficacy of the proposed
vaccine for dengue, for example, has been around
60%, it is suitable to combine vaccination with
other mechanisms of control.

Also, to be the best control strategy, the vaccina-
tion process must verify the following conditions:

(a) The vaccine must be approved by the relevant

agencies (such as WHO, CDC), before its use.

The vaccine efficacy should be high, as well

as vaccine coverage.

(c) The price of the vaccine must be low for
countries affected by the disease.

(b)

There are already governments, affected by the
diseases, willing to use the vaccine before it is
approved, which can have unpredictable conse-
quences, so condition (a) does not hold. Moreover,
according to previous analysis and french labo-
ratory SANOFI, the condition (b) does not hold.
Thus it is important to know what happens when
we combine vaccination with other mechanisms

Biomath 4 (2015), 1507241, http://dx.doi.org/10.11145/j.biomath.2015.07.241

of control already studied in the literature, such
as personal protection, chemical interventions and
education campaigns [30]], [40], [60], [61], [63],
[64], [67], [68], [69]. This is the perspective of
our work.
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APPENDIX
Appendix A: PROOF OF PROPOSITION [3.1]

To find the equilibrium points of our system, we
will solve the following system

[ Ap = AnSh — (€ + pn)Sh =0
fSh — (1 - e))\th — /Lth =0
An [Sh+ (1 = €)Vi] — (un +vm)En =0
YER — (up +0+0)I, =0
olp — ppRp =0
Ay
b <1— X (Sv+Ey+1,)— (0 +pa)A, =0
OA, — \ySy — Sy =0
AvSy — (;UJI + 'YU)EU =0
Yoly — pady, =0

(26)
To this aim, let P =
(S5, B, Iy, Ry, A, Sy, E 1Y) represents  any

arbitrary endemic equilibrium of (3)). Further, let

o BrolmEy + 1)) 3o Bon(mn By, + 1)
PO (NfHm) T (Nf+m)
(27)
be the forces of infection of humans and vectors
at steady state, respectively. Solving the first five
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equations in at steady state gives
Ay . EAy
kAN (R A (A + )
o AN (TE 4 + A
M ka(ky A+ N (T )
. ’yhAh)\Z(ﬂ'f + pp + W)\;)
" koks (k1 4+ A5 (7N) + )
Rt = IARNL(TE 4 pp + TG

" pnkaks(ky + AL (TN + )

Sh

(28)
where m =1 —€, k1 = pp + &, k2 = pp + 7, and
ks = pp + o + 0. Solving the last three equations
in (26) at steady state gives

OA . OALNS
v A=\ T
(o + AF) ka(po + AY)
U poka(pe + AY)
where ky = p1 + vo-
Substituting in the sixth equation of gives

*

(29)

0 Al kg + ks A}
ok K oy + AE
(30)
with ks = po + v, and kg = 0 + p 4.
The trivial solution of is A% = 0. Substitut-
ing this solution in (29) gives S} = E}; = I} = 0.
When E;; = I; = 0, we also have \; = 0, thus

A A
E;:I;:R;:O,S,j:—handv,jzg—h.
. Y L1
Then we obtain the trivial equilibrium Fy =
Ap EAp
—,——,0,0,0,0,0,0,0 |.
(kl Lkt

Now we suppose that A} # 0. The possible so-
lution(s) of is the solution(s) of the following
equation

L0 (1 B AZ) <M2k4 + ks,
ok oy + %

% >—k6:0 (€2))

The direct resolution of equation (31) gives

1
Lo pipfky (1 — N) + al;

A=K 32
! 0 (p2ky + ks Xy) G2
0
where N = 7 and o = ks — pokyke.

22y kﬁ
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Let us first compute the equilibrium without
Disease, i.e. Ay = A, =0or By =1, = B, =
I, = 0. From (32), we obtain

0._ LA _ 1
AU._K(l mﬂ)._K( N) (33)

Thus, the existence of vector is regulated by the
threshold V. If A/ < 1, the system (3) correspond
to human population of free vectors and the trivial
equilibrium in this case is Fj.

Now we suppose that N' > 1. From (28) and
(29) (with A} = \¥ = 0), we obtain the non trivial
equilibrium or the disease—free equilibrium P} =
(SO, V}?,0,0,0,Ag, SS,0,0), where

Ay EAp 1
F——] 0 _ AY—K([1- =
h /{17 h klﬂh’ v N ’
SY = iAO.
v ,U/U ()

Appendix B: PROOF OF PROPOSITION [3.2]

We consider the Jacobian matrix associated to
model (3) at the equilibrium T'E. we have

—k1 0 0 0 0 0
&€ —pn O 0 0 0
0 0 —ko 0 0 0
0 0 Yh 7k3 0 0
JTE)=| o 0 0 o —un O
0 0 0 0 0 —ke
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 _/Bhvnv52 _ /3;“,52
N) +m NY+m
0 _ﬂ_ﬁhv"]vv}? _ TI—/B}LUVh(,)
NY +m N)+m
0 ,8}“;771)50 ﬁhvSO
NY +m N)+m
0 0 0 ’
0 0 0
I b b
— 0 0
0 —ka 0
0 Yo —p2
were Sp = S) + 7V, The eigenvalues of

J(TFE) are given by \; = Ao = —pp, A\3 = —kj,
)\4 = —kQ, )\5 = —k‘g, and )\6’ )\7, /\8, )\9 are
eigenvalues of the submatrix
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LG T S

0 —uy O 0

0 0 —k4 O

0 0 Yo —H2

The characteristic polynomial of J is given
by

PA) = M+ AN+ 407+ A3 + A4, =0 (34)

j:

where A1 = py + po + ks + ke, A2 =
kepy (1 — N) + (kg + p2) (po + ke) + p2ka,

As = kepy (1 = N) (kg + po) + poky (o + ke)
and Ay = poks (1 —N). Thus, it is clear that
all coefficients are always positive since N < 1.
Now we just have to verify that the Routh—Hurwitz
criterion holds for polynomial P (). To this aim,
setting

A 1 A 1 0
H1=A1,H2=‘A1 A , H3 =1A3 Ay Aq,
3 a2 0 Ay A
A 1 0 0
As Ay A, 1
Hi=10" A, 4y 4, = A4Hs
0 0 0 Ay

The Routh-Hurwitz criterion of stability of the
trivial equilibrium T'g is given by

H; >0 H; >0
Hy >0 Hy >0
Hs >0 Hs; >0 (35)
Hy; >0 As >0

We have
Hy=A; = py+po+ks+ ke >0,

Hy = A1Ay — A3
0
= (ke + kg + p2) uf, + <;L2k36 (1 — ,LL(,)
pake
+k§ + 2kake + poks + k3 + 2paks + 113) fho

0
+ ok (1 U > + kak? + (kg + p2)? Kg
pake

+ pok? + piky,
Hy = AjAgAs — A2A, — A2
= (ks + p2) (o + ko)

X (Kot (1 = N) + papiy + poke + 113)
x (kepo (1 = N) + kapiy + kake + K3) ,
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Using inequality 1/po < 1/u1 < 1/p,, we obtain
Hy > 0. Hy > 0if N < 1; A4y > 0 if and
only if ' < 1. Thus we conclude that the trivial
equilibrium is locally asymptotically stable.

Now we assume that A/ > 1. Following the
procedure and the notation in [82], we may obtain
the basic reproduction number Ry as the dominant
eigenvalue of the next—generation matrix [26],
[82]. Observe that model has four infected
populations, namely FEj, I, E,, I,. It follows
that the matrices F' and V defined in [82], which
take into account the new infection terms and
remaining transfer terms, respectively, are given

by

Pl
Ny +m
0 0 BroMwSo  BrvSo
o 0 0 0 0
BonnSY BunSY 0 0 ’
0 0 0 0
A
with N0 = ="
Hh
V=
(1 + ) 0 0 0
Y (n+0+0) 0 0
0 0 (1 +w) 0 )7
0 0 —Yv 2

and the dominant eigenvalue of the next—
generation matrix F'V ! is given by Eq. (10).

The local stability of the disease—free equilib-
rium P; is a direct consequence of Theorem 2 of
[82]]. This ends the proof.

Appendix C: PROOF OF PROPOSITION 3.3

Setting Y=X-TE with
X = (Shv Vh7 Eha Ih7 Rha Avy Sva Eva Iv)T, we can
rewrite (3) in the following manner

ay

—r = BY)Y (36)
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where
“Ap — k1 0 0 0 0
5 —7'('>\h — Kp 0 0 0
An TR ks 0 0
0 0 Yh —k3 0
B(Y) = 0 0 0 o —Un
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 76}“/’7’052 _ ﬁ;“,S,OL
Np +m Np+m
0 0 _ Wﬁhvnv V}? _ Wﬂhv V}?
Nh + m Nh +m
0 0 BrwMvSo BhvSo
Nh +m Nh +m
0 0 0 0
0 0 0 0
—Ag6 b b Hb
0 Xy — o 0 0
0 v —kq 0
0 0 Yv —p2
with Sy = (Sg + WV}?), Agg =
Sy+Ey+1 .
(k@ + Mb% . It is clear that
Yy = (0,0,0,0,0,0,0,0,0) is the only

equilibrium. Then it suffices to consider the
following Lyapunov function £(Y) =< ¢,Y >

ke k¢ kg k
were g = (1,1,1,1,1,1,-8 26 26 6>.

060700
Straightforward computations lead that

LY)=<gV>¥<cgBY)Y >

=—pp(Y1+ Yo+ Y3 +Y, +Y5) —0Y)

ke piy ke 1 10
N —1)Y- —— — 1] Y%
g W e :
Y5
- be(% +Yg + Yy)
koo [ pwd
—_— — 1Y
Ty <k6u2 ’
Using the fact that 1/pe < 1/p1 < 1/p,, we
have 227 1 < 0 and 2% 1 < 0, which
ke pa ke o

implies that £(Y) < 0 if NV < 1. Moreover, the
maximal invariant set contained in {£|E(Y) = 0}
is {(0,0,0,0,0,0,0,0,0)}. Thus, from Lyapunov
theory, we deduce that (0,0,0,0,0,0,0,0,0) and
thus, TE := Py, is GAS if N < 1.

Appendix D: PROOF OF PROPOSITION [4.1]

We compute now the endemic equilibrium, i.e.
we are looking for an equilibrium such that A} # 0
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and A} # 0. We assume that N > 1.
From the sixth equation of (26), at equilibrium,
we have

KkeA},
po (K — A7)
From the last third equations of (26), at equilib-
rium, we have

S 4 Ef 4+ I = 37)

foSy 4 pEy + ol = 0A7 (38)

we will observe the following two cases.

a) Absence of disease—induced death in vec-
tor: The absence of disease—-induced death in
vector is traduce by the relation p, = p1 = uo,
then equation (38) becomes

S4BT = 5,4; (39)
v

Equalling Egs. and (39) gives like before

A ;:K<1—’“Zb]26> :K(l—;». (40)

Substituting A* by AY in equation (29) gives

. (. 1\ K¢
S”_<1 N) (ko + \3)’
. (1N Eox
o = (1 N) ka(p + A3) @

o <1 1 > Y
! N poka(po +X5)
Replacing (#1) in the expression of A} gives

AL = Bro (Mo By + 1)) - k1o A%
(Nj; +m) (ko + A7)
( Bropinkaks (k1 + Ap) (7], + pn) )
k2k3k7(k}1 + )\;‘L)(W)\; + uh) - 5’YhAh>\Z(k8 + 7T>\;‘L)

42)

where k7 = (A, + mup,), ks = 7€ + pp,
kg = pany + vy = niuu + Yy and

p— 9 —_
o Hoka N : .
Replacing in the expression of \}; gives

*

v =

( BonAnpnkii Ay (ks + TAR) )
k2k3k7(k/’1 =+ )\Z)(Tl’)\;; + Mh) — J’yhl\h)\;(kg + 71')\;:)
(43)
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where k11 = kanp + Yh.
Substituting in @2) gives the following
equation
FOR) = A5 [BaOi)* + Bs(Ai)?
+B2(Ah)? + Bidh + Bo] =0 (44)

where

By = 7 [kr(unks + va(pn + o)) + Sypmpn]
X { oo [k7(pnks + yu(pn + o)) + Synmp)
+Bonk11 Anpn

Bg =2nX {k2k3k7uh(1 + 7T) + 6’7hAth
+EX} py + BonmAppnkiy {mhaksY
+ky [ks(koks — 20vn) + pnkaks]}

By = iy [k1kokskrm — SApynmé + X pn)®
+ 2ky kokskrmpup o X
+ BunAnpjmhokskir {mkiks
—Bhokio [7(ks + k1) + pn]}
+ Bonksk11Anpn [kokskemuy, + ks X
By = 2k1kokskrpppiy [ke X + mupkoksky]
+ koksky1 BunAniy, {k1krks
—Bhokro(pnks + ki (ks + pn))}

with X = k2k3k7—(5’yhAh, Y = k1k7_,8hvﬂhk10;
and

By = pipokikikik? (1 — RY)

We consider \; # 0, otherwise we recover
DFE. The positive endemic equilibria P* =
Sy, Vi Ep Iy, Ry, Ay, Sy, By, 1) are obtained
by solving Eq. @4) for A\;. The coefficient By
is always positive and coefficient By is negative
(resp. positive) whenever Ry > 1 (resp. Ry < 1).
The number of possible nonnegative real roots of
the polynomial of Eq. (@4) depends on the signs
of B3, By and Bj. The various possibilities for the
roots of f(A;) are tabulated in Table |XI| and

From tables and , we deduce the fol-
lowing result which gives various possibilities of
nonnegative solutions of (44).

Lemma A.1: Assume that N > 1 and p, =
p1 = pe. Then, the arboviral-disease model (3)
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TABLE XI
TOTAL NUMBER OF POSSIBLE REAL ROOTS OF (44) WHEN
Ro > 1.

Number of

Cases By Bi B2 Bs Bi sign changes
- + + + + 1
1 - - + + + 1
- - - + + 1
- - - - + 1
- + + - + 3
- + - + + 3
2 - + - - + 3
- - + - + 3

TABLE XII
TOTAL NUMBER OF POSSIBLE REAL ROOTS OF (44) WHEN
Ry < 1.

Number of

Cases By Bi Bz Bz Ba sign changes
1 + + + + + 0
+ + + - + 2
+ + - + + 2
+ + - - + 2
2 + - + + + 2
+ - - + + 2
+ - - - + 2
3 + - + - + 4

1. has a unique endemic equilibrium when Case
1 of Table [X]|is satisfied and whenever Ry >
1.

2. could have more than one endemic equilib-
rium when Case 2 of Table is satisfied
whenever Ry > 1.

3. could have more than one endemic equilib-
rium when Case 2, 3 of Table[XTl| are satisfied
and whenever Ry < 1.

4. has no endemic equilibrium when Case 1 of
Table is satisfied and whenever Ry < 1.

Case 3 of Lemma [A.T] suggests that co-existence
of the disease—free equilibrium and the endemic
equilibrium for the arboviral-disease model (3) is
possible, and hence the potential occurrence of the
backward bifurcation phenomenon when Ry < 1.
Also, case 2 of Lemmal[A.T|suggests the possibility
of a pithcfork (Forward) bifurcation when Ry = 1.
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b) Presence of disease—induced death in vec-
tor:: Here, we will consider p, < p1 < pg with
iy 7# p2. Equation becomes
Ap =

Bhotnpokzkskio(k1 + Ap) (un + TAL)
k2k3k7(k1 + AZ)(M}L + W)\Z) — 5’}/},Ah)\2(k8 + W)\Z)

% (,UQMbekélNl + OZ)\Z) ( )\v )
ﬂbe(ﬂ2k4 + k5)‘$) oy + Av

Jk 1
with kyp = 220 A = (1 - ) and

(45)

K N
A=
ﬂvh,uhAhkllA;;(kS + W)\Z)

k2k3k7(k’1 + )\;;)(Mh + 7T)\;;) — (S’yhAh)\;;(kg + W)\Z)
(46)

Substituting in gives the following equa-
tion

6

A G =0 (47)
i=0

where Cy =

and

Co = —ppm30X (pokaX + BonkskiiAppn)

X (o X + Bonk11Anpin) ,

ki k3 k3kak3 0o, (R — 1)

with X = (k2k3k7 — 5Ah’yh) > 0. The others
coefficients C5, Cy, C3, Cs, and C; are obtained
after computations on Maxima software. We also
obtain the following result which gives various
possibilities of solutions of Eq. (47).

Lemma A.2: Assume that A > 1. Then, the
arboviral-disease model

1. could have a unique endemic equilibrium
whenever Ry > 1.
2. could have more than one endemic equilib-
rium whenever Ry > 1.
3. haven’t endemic equilibrium whenever Ry <
1.
4. could have one or more than one endemic
equilibrium whenever Ry < 1.
Case 4 of Lemma [A.2] suggests that co-existence
of the disease—free equilibrium and endemic equi-
librium for the arboviral-disease model (3) is
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possible, and hence the potential occurrence of a
backward bifurcation phenomenon when Ry < 1.
Also, case 2 of Lemmal[A.2]suggests the possibility
of a pithcfork (Forward) bifurcation when Ry = 1.

Appendix E: COMPUTATION OF a* OF

THEOREM (4.1
, 1 < 92 f3(0,0)
@Y Wity 0z;0x;
”9:1 ) (48)
1 0” f3(0,0)
+ 2U8 Z wzw] 0.%,81‘3
7,7=1
2
Let a3 = Z?,j:l wiij and
ULy
A82f8(0, 0)

* _ V9 )
ag =3 i1 wzw]W. After few computa-

tions, we obtain

af = Biobin(€€hn + mitn)
Ei(An + mpp)?
Bhompn (e€AR + mypn)
ki(An + mpn)?
o B;vﬂhAh(ﬂh + ﬂf)
ki(An +mpn)?
_ BroknAn(pn + 7E)
k1(An +mpp)?
_ BrotnAn(pn + 7€)
E1(An 4+ mpn)?
R (€ + ) -+ 7 )
—Ap(pn + 7€) ws (w3 + wa + ws)]
T (€ + ) (01 + 7 )
—An(pn + mEwo (ws + wa + ws)]
T (€€ ) (01 7 00)
—An(pn + 7€) (ws + wa + ws) } (wsNy + wo)
Bhubtn
k1(An + mpun)?
—Ap(pn + 7€) (ws + wa + ws) (Nuws + wy) }
_ Bhvolth
k1(An + mpp)?
{(e€An + mpn) (w1 + 7 w2) (wsny + we + My + 1)
—2An(pn + 7€) (w3 + wa + ws) (wen + wo)},

w1 (Nows + wy)

+ wa (News + wy)

ws (wsny + wo)

wy (weny + wy)

ws (WsMNy + wo)

{(e€An +mpn) (w1 + Twa) (N + 1)
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2

9 9
* 82f8 8 f8
s = Ws ; e 8wga$j (XO7 0) + s ;w] 3x48wj

2

9 2 9
0 19}
Fr S e 0 D w0
: 2

52
fs
+wgzw]8m98x (x0,0)

1
ﬂq;h/,l,hKe (1 — N)

5
= T e+ pm)? {”h (w‘“‘*Zw’)”‘* "

=1
Bonp2 KO (1 — L
vhh N
o (Ap + pnm)?

5
<w4 + Z wi) + 77hw3:| W4

=1
Buontth
(A + prm)

ﬁvh,u‘iKe (1 -

= - o (An + )2 [(Mhws + wa) (w1 + w2 + ws)

+2(nn + Dwsws + 2 (nrws + w}) ]
B/uh,UJh
(An + pnm)

(nhws + wa) wr

x

(nrws + wa) wr

Using above results, Eq. (@8) becomes

a* = ¢1 — P2
where
pr=1 {M[@A + mpn) (w1 + 7 w2)
2 k1(Ap + mpp)? h h

X (w877'u + w9 + Ny + 1)
—2Ap (pp + 7€) (w3 + wa + ws) (weny + we)]}

1 Buntij, K6 ( 1 )

— U — — | ws (Mpw3 + w4
2" po(Ap + ppm)? N g )
1

+ *UgM (nth + w4) wy

2 (Ap +pam)
1
thN%KH (1 - *)
1
— s N [2(

2 po(Ap + ppm)?
+2 (i +wi)] <0

(%)

Mh + Dwzwa

and

1 51)}1#%[(9
P2 = Sus
27 po(Ap + ppm)

X [(nhws 4+ wy) (w1 +w2)] <0

Appendix F: PROOF OF LEMMA

The Kamgang-Sallet approach used for (22)

(X07 0)

the disease—free equilibrium (DF'E := Py) are the

fixed point of (22). Indeed, rewriting (22)) gives
d(R)An + (1= o(h)k1) S}

Sk+1 —
h 1+ ¢(h)AK

it _ SMESH + (1= 6(h)pn) Vi
h 1+ ¢(h)mAF

Byt = (1= ¢(h)k2) BE + 6(h) A

% (S}’j'f‘l + thk+1)

+ (1= ¢(h)ks)IF
= ¢(h)oIf + (1 — ¢(h)un)RY

SE+ES+IFN] 1
R

+ ¢(h)up(SE + EE +1D)

ot = g(h)wEf
k1
Rth

g _ SOAL + (1~ () S
v T 1+ p(h) Ak
EM = (1 — (h)ks)EY + ¢(h)AESHH

G(h) o) IF

If X* = (S,,V7, E;, I}, R}, A%, S5, E;,I;j)
an equilibrium of the discrete system (@9), then
we have after few simplifications

Lt = o)y By + (1 -

\

Ap — 1Sy — k1S), =0
£S5 — TALVY — HaVy =
AR (Sy + Vi) — ke B =0
mE, — k3l =0
ol — pnRRj, =0
A*
(S + EX + 1) <1 — K) —keAl =
0A; = X555 + 1S} _
kiEj — N353 —0
\ /}/UE’ZIK - MQI: =0
(50)
which is equivalent to
A1(X*)(XE — XprEe) + A(X*) X7 =0
A (X7) X} =0
(51)

where A4, A2 and A are given at Equation (TT).
Appendix G: PROOF OF LEMMA

The Jacobian matrix associated with the right-

ensures that the trivial equilibrium(TE := Py) and hand side of the numerical scheme [22)) at the
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tivial equilibrium T'E := Py is given by Jrg =
(jij)lgi,jgg with

. o ¢(h)5hvnvAh:uh .
Jri=1 :ﬁf}tfﬁ(h)/’\hs T Ei(Ap A+ pam)
hv{AhHh
Jig = Ay + ) Jo1 = ¢p(h)E;
Jo2 =1 — pupp(h);
Jpg = AR T Brumu€An
’ ki(Ap + ppm)
Tyo = — P(h) 7 Bro€ A
’ k1 (Ap + an)’
J33=1—kao(h);
J3 g = ¢(h)6hvnvAh(/~Lh + T(f) .
’ k1(Ap + ppm)
Jog — o () BroAn (pin + 775);!]473 .

’ k1(Ap + pnm)
Jua=1—kzp(h); Js54=¢(h)o;
Js5=1—ppp(h); Jog=1— ¢(h)ke;

Jor = Jo g = Jo.9 = O(h)up;

Jre = ¢(h)0, Jr7z=1—¢(h)py,

Jgg =1—¢(h)ks; Jog = d(h)Ves

Joo =1 — p2¢(h)

The eigenvalues of Jrp are given by A\ = Ao =
L—pnd(h), A3 = 1 = kid(h), A = 1 — kaop(h),
A5 = 1 —ksop(h), and Ng, A7, Ag, g are eigenval-
ues of the submatrix

Jog oMo (M) d(h)p
7— Jre  Jrr 0 0
|l o o0 Jss 0
0 0 Jog Jo,9

)

Since ¢(h) > 0, it is clear that |)\;| < 1, for
1,2,...,5. We need also to show that the
characteristic polynomial associated with J is
Schur polynomials, i.e. polynomials such that all
roots \; verify |\;| < 1.
The characteristic polynomial associated with
J is given by
P(A) = (A4 p2o(h) = 1) (A + kag(h) — 1) H(X)
where

7 =

H() = 2\ + (¢(h) (o + k6) — 2) A
+ 14 ¢(h)* (kspro — o) — G(h) (o + ko)

The roots of P(\) are \¢ = 1 — pad(h), \y =
1 — k4¢(h) and the others roots are the roots of
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H(X). Note that [Ag] < 1 and |\7| < 1. Now, we
need to show that H () is a Schur polynomial. To
this aim, let q; = (¢(h) (o + ke) — 2)

and g2 = 1+ ¢(h)? (k6o — p0) — (h) (1o + ko).
Using Lemma 11 in [29], we just show that the
following conditions hold:

l+q1+q2 >0, l-q1+¢2>0, 1-¢2>0
(52)
We compute 1+ q1 + g2 = ¢(h)*kepto(1 — N),
1—qi+q2=2[(1 = d(h)pv) + (1 = d(h)ks)] +
#(h)%kepy(1 — N) and
1= g2 = ¢(h) [ + k6(1 — ¢(h) o) + d(h) 0]
If ¢(h) has choosen as equation (25]), then
conditions (52)) hold whenever N < 1. Thus, H(\)

is a Schur polynomial. This ends the proof.
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