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The discrete element method (DEM) is an important tool to simulate granular systems with high accuracy. 
Depending on the application, it is often unclear which model is more appropriate for the calculation of 
collision forces: the Hertzian approach is generally considered more accurate, but it makes the simulation 
significantly slower than the Hookean one. In this work, these two approaches are compared in two different 
situations: the stress distribution of static particles in a cylindrical column (DEM) and the onset of water 
fluidisation for a completely segregated mixture (CFD-DEM). In both cases, particle contact forces are of great 
relevance to determine the output. It is found that in the first case the Hookean approach does not produce the 
expected asymptotical stress trend and does not even respond satisfyingly to friction mobilisation. Conversely, 
in the fluidisation simulations the results are virtually identical, pointing out that the more complex Hertzian 
approach may be unnecessary in that case. 

1. Introduction

Granular materials are of the utmost importance in both natural and industrial processes. In recent decades, 
several methodologies have been proposed to simulate them at various degrees of accuracy and detail. The 
popularity of these methodologies has been aided by the great enhancement in computational capacity of 
modern computers. One of the most common is the Discrete Element Method (DEM), which was proposed by 
Cundall and Strack (1979). The method relies on solving the Newtonian equations of motion for each involved 
particle, which is achieved through numerical methods. The higher the number of the simulated particles is, 
the longer the simulation will need to reach the results. Typically, no more than a few hundred thousand 
particles are simulated, although there have been cases with higher numbers. Despite its limitations, the 
method is nowadays popular (Guo and Curtis, 2015), also for its coupling with computational fluid dynamics 
(CFD) to simulate multiphase gas- or liquid-solid flows (Zhu et al., 2008). The methodology has been 
successfully applied for several applications, both in its pure granular form (Elfeky et al., 2020; Tian et al., 
2019; Zhao et al., 2018) or for multiphase flow units (Golshan et al., 2017; Pietsch et al., 2018), including for 
geological applications (Wang et al., 2019). 
In spite of the previous positive points, the DEM still has some open issues and limitations (Berger and 
Hrenya, 2014; Liu and Hrenya, 2014). Among these, the role and correct choice of some sub-models are still 
unclear, including that of the particle-particle contact equations (Di Renzo and Di Maio, 2004; Lupo et al., 
2019). For elastic collision forces, either a linear Hookean approach or a Hertzian non-linear approach is 
generally employed. While the former makes the simulation less computationally intensive, the latter is 
generally deemed as more accurate (Paulick et al., 2015). Overall, there are no established guidelines on 
when it is recommendable to employ one model over the other. In this framework, this work aims at comparing 
the effect of the two contact models in two different situations: the stress distribution of static particles in a 
cylindrical column and the water fluidisation of segregated particles of different densities. Both comparisons 
are based on previously published experimental studies (Di Felice and Scapinello, 2010a, 2010b). Such a 
direct comparison between the two is quite lacking in the literature (Coetzee, 2017). As will be explained 
below, these situations present peculiar and possibly unexpected features that are caused by friction forces, 
which are calculated as a function of the normal contact force. 
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2. Simulation methodology

The simulations were performed with the program MFIX (Multiphase Flow with Interphase eXchanges) version 
20.2.1 (mfix.netl.doe.gov). It is developed by the National Energy Technology Laboratory of the U.S. 
Department of Energy and allows simulating granular materials through various methodologies. Most notably, 
it is open-source, freely available to anyone and transparent to the user. It is also provided with a graphical 
user interface (GUI) that makes it more user-friendly. 

2.1 Governing equations 

The simulations were based on the DEM, which determines the position and velocity of each computational 
particle through its Newtonian equations of motion. Every collision between two particles or a particle and the 
wall is handled by letting them slightly overlap, through what is known as the soft-sphere approach. The 
magnitude of the overlap determines the intensity of the collision force. For the sake of brevity, the equations 
of the model are not reported here, but can be found on the MFIX guide (Garg et al., 2012) or in prior 
publications (e.g. Yurata et al., 2020).  
The focus of this work is on the modelling of the elastic contact force that, for two colliding particles i and j and 
in the normal direction, is given as: 

, = −  (1) 

in which kn is the spring stiffness, δn is the normal overlap and nij is the normal versor. The subscript n 
indicates the normal direction, and an analogous equation is used for the calculation of the force in the 
tangential direction. When employing the linear Hookean approach, kn is given as a constant and is provided 
directly by the user. Conversely, in the Hertzian approach, kn is calculated at every time step and for every 
collision pair as a function of the overlap and particle properties: 

, = 43 ∗1 − + (1 − ) ,  (2) 

In this, E is the Young modulus, σ is the Poisson’s ratio, rij is the effective collision radius, and G is the shear 
modulus. This approach clearly entails larger computational requirements due to its additional equations and 
non-linearity and hence is avoided if unnecessary. 
Regardless of the approach, the value of the particle stiffness determines the collision time and, therefore, the 
simulation time step and duration. Employing a realistic value of the stiffness leads to very large computational 
time. Quite often, researchers employ much lower values, as this has been shown not to alter the simulation 
results significantly above a certain threshold (Marchelli et al., 2019). 
For the second batch of simulations, the coupled CFD-DEM methodology was employed to consider the effect 
of the flow of water on the particles. While the DEM equations are the same, the local mass and momentum 
balance equations for the fluid phase are added and solved simultaneously. The coupling between the fluid 
and solid phase is achieved through the drag force. Since these simulations focused on a simple case, the 
Gidaspow drag model (1994) was employed. It is perhaps the most commonly employed and it often provides 
acceptable results, although there often are better options (Marchelli et al., 2020). 

2.2 Simulation conditions 

The simulations focused on two different physical situations, but both involved a vertical cylindrical container 
and are based on previously published experimental data (Di Felice and Scapinello, 2010a, 2010b). Table 1 
contains the employed values for the parameters, while Fig. 1 presents snapshots from the two simulations. 

Table 1: Simulation parameters (the contact parameters are for both interparticle and particle-wall collisions) 

Parameter  Value Parameter Value 

Spring constant (k) 1000 N/m Average particle filling flux 
(DEM simulations) 

3.18 kg/(cm2 s) 
Young modulus (E) 107 Pa 
Poisson’s ratio (σ) 0.29 DEM time step 1/50 of the collision time 
Friction coefficient 0.3 CFD time step 10-4 s (adaptive) 
Restitution coefficients 0.9 Water density 1000 kg/m3 
Particle diameter 1.7 mm Water viscosity 0.001 Pa s 

Particle density 
2500 kg/m3 (glass) 
10800 kg/m3 (lead) 

Initial bed height (CFD-
DEM simulations) 

0.12 m 
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Figure 1: (a) Particles falling and stabilising in the DEM simulations; (b) onset of fluidisation in the CFD-DEM 
simulations (blue is glass while red is lead) 

The pure DEM simulations focused on the stress distribution of 1.7 mm static glass particles in a 
28-mm-diameter cylindrical column. Particles were gradually let into the column through a funnel, until they 
settled under the effect of gravity. After the system had stabilised, the stress distribution was analysed through 
the values of the contact forces. To force the particles into reaching the active state, the lateral wall was then 
let move upwards for 1 s with a velocity of 1 mm/s. After this, the stress distribution was analysed again. 
The CFD-DEM simulations regarded the water fluidisation of 1.7 mm glass and lead particles in a 
30-mm-diameter column. The geometry was discretised in a cut-cell cartesian mesh with a size of 4 times the 
particle diameter, in accordance with common heuristics (Boyce et al., 2015). At the beginning, particles were 
settled at the bottom of the column and completely segregated, with the layer of lead particles placed above 
the layer of glass particles. Water was let flow from the bottom of the column at gradually increasing velocity. 
The pressure drop at the bottom of the column was measured after it had stabilised, for each inlet velocity 
value.  

3. Results and discussion

3.1 DEM simulations 

The first group of simulations focused on static particles in a cylindrical column. As known from the literature, 
and especially from the pioneering work by Janssen (1895), the pressure exerted on the bottom of such a 
column does not increase linearly with the number of particles, but tends to an asymptotical value. This effect 
is caused by the particle-wall friction, which sustains part of the particles’ weight. If the forces are properly 
calculated, the same effect should be visible from DEM simulations. In recent years, this topic has experience 
moderate popularity in the DEM field (Ramírez-Gómez, 2020) and we focused on it in greater detail in a recent 
publication (Marchelli and Di Felice, 2020).  
Fig. 2a shows the trend of the obtained solids pressure at the bottom of the column for different bed heights, 
from the experiments and simulations, obtained with the two approaches. The results are very evident: while 
with the Hertzian approach the curve correctly shows the asymptotical behaviour, this is not achieved with the 
Hookean approach. With the latter, the force exerted on the bottom of the column almost coincides with the 
weight of the particles, with no significant friction action exerted by the walls. The values are not perfectly 
matched even with the Hertzian approach, but this is probably due to the impossibility of perfectly reproducing 
all the phenomena involved in the settling phase, including the filling methodology. 
In the experiments it is expected that walls slightly expand in response to the force exerted by particles, in 
addition to the bottom possibly moving downwards if a balance is employed. This leads particles to move 
towards the so-called active state (Nedderman, 1992). As these effects could not be captured in the 
simulations, we let the lateral wall slightly move upwards (this is called ‘friction mobilisation’ (Horabik et al., 
2018)) to achieve the same effect. Fig. 2b displays the results of this procedure, normalised dividing them by 
the pressure in a frictionless column. The Hertzian approach leads to the expected result: the vertical 
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movement of the wall increases the particle-wall friction force, and thus the pressure exerted on the bottom 
decreases. This happens as well with the Hookean approach, but the extent of the pressure decrease is 
almost negligible compared to the very abrupt change observed with the Hertzian approach. The problem is 
also not caused by the relatively low value of the spring constant: even with a 100-fold increase of its value, 
the results are nearly identical. With a further analogous increase, the program stopped functioning properly, 
with particles keeping bouncing instead of stabilising at the bottom of the column. On the one hand, this 
suggests that the particle stiffness has a low influence on the results, but on the other hand it clearly proves 
that the Hookean method is unable to capture the studied physical behaviour. Since higher values of k lead to 
lower time steps, this probably does not play a role in determining the observed effect. The incorrect friction 
calculation is probably due to the formation of the settled particles’ configuration: since in the Hertzian 
approach the value of k is modified iteratively, for every collisional pair and at every time step, it may lead to a 
more accurate prediction of the particles’ positions and, therefore, of the force network. 

(a) (b)

Figure 2: (a) Effect of the contact model on the vertical solids stress at various bed heights; (b) effect of the 
contact model and particle stiffness on the bottom solids pressure before and after mobilisation (bed height 
7.2 cm). The experimental data are from Di Felice and Scapinello (2010a). 

3.2 CFD-DEM simulations 

The second group of simulations regarded the water fluidisation of a heterogeneous mixture of particles, 
starting from a completely segregated configuration with the heavier ones at the top. This phenomenon has in 
common with the previous one the fact that is heavily affected by the friction force, and has indeed been 
described with the same approach (Di Felice and Scapinello, 2010b). Contrarily to the fluidisation of standard 
homogeneous mixtures, in this case the bed of solid particles remains in a fixed state even after the pressure 
drop at the inlet becomes larger than the weight of the particles. This is caused by the particle-wall friction 
force, which impedes the movement of the heavy particles by balancing the upward force exerted by the lower 
layer of light particles. Due to the similarity with the previous case, it interesting to assess whether the role of 
the contact model is the same. Fig. 3 depicts the obtained trend of the water pressure drop as a function of its 
inlet velocity. 

Figure 3: Trend of the pressure drop of water as a function of its inlet velocity. The values of the Ergun 
equation (Ergun, 1952) are calculated with the parameters of Table 1 and a porosity of 0.4. 
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From the Figure, it is evident that both approaches produce nearly identical values of the water pressure drop, 
and both are in accordance with the value provided by the Ergun equation (Ergun, 1952) for a fixed bed of 
such composition. As expected in this peculiar case, particles remain in a fixed state even after the pressure 
drop has exceeded their weight, and only start getting fluidised when the inlet water velocity exceeds a value 
of 0.0625 m/s. This value, defined as the ‘critical velocity’, is the same through both approaches, and no 
visible difference is observed. The data are also in agreement with the experimental value: in the experiments, 
the calculated critical velocity for this mixture was 4.7 % less than that of pure lead, while these simulations 
led to a value that is 3.8 % lower than the experimental one.  
Given the similarity of the results, in this case the use of the Hertzian approach appears nonsensical, provided 
that, even with this moderate number of particles, it made the simulations about 26 times slower. The different 
performance compared to the first case is probably due to the preponderance of the drag force in the current 
system: since it is the main force, particles respond to it and the program correctly predicts the force network 
even if the calculation of the contacts is less accurate. 

4. Conclusions

This work focused on comparing the linear Hookean and non-linear Hertzian contact modelling approaches in 
DEM and CFD-DEM simulations through the open-source program MFIX. Two different systems were 
simulated: static particles in a cylindrical column and the onset of water fluidisation for a completely 
segregated binary mixture. In both systems, particles are packed and interparticle contact forces play a key 
role in determining the final output. The simulations show that, in the first case, the Hookean approach does 
not permit to yield the asymptotic behaviour of the vertical solids stress that is known from practice and often 
described through the model of Janssen. Regardless of the bed height, the pressure exerted on the bottom of 
the column coincides with the weight of the particles, and this is not even markedly modified by an upward 
movement of the lateral wall. Conversely, through the Hertzian approach, the expected asymptotic behaviour 
is correctly displayed. The bottom pressure becomes almost constant after the ratio between bed height and 
the column’s diameter exceeds one. Moreover, upon a wall increase, the bottom pressure drastically 
decreases, becoming less than one third of the original value in response to the increase of friction forces.  
In the second batch of simulations, employing the CFD-DEM methodology, a similar disparity is not observed: 
the water pressure drop during fluidisation is nearly identical with both methods, following the values of the 
Ergun equation. With the layer of heavier particles placed at the bottom, the simulation reproduces what is 
observed experimentally: the pressure drop visibly exceeds the weight of the particles before a critical value of 
inlet water velocity is reached and fluidisation starts. This is caused by the particle-wall friction force, which 
hinders the movement of heavy particles. Considering the similarity of the results, in this case it appears 
pointless to employ the Hertzian approach, given that it slows down the simulation by 2600 % with no 
apparent advantage. 
The difference between the first and the second case may be due to the prominence of the drag force 
compared to contact forces when water flows. Despite the importance of contact forces in hindering 
fluidisation, the program correctly predicts the configuration of particles and the force network even with the 
Hookean approach. In the first case, instead, the Hookean approach leads to a wrong determination of the 
collisional forces, and particles do not manage to adapt their configuration in response to the falling of other 
particles. In conclusion, these simulations point in favour of the theory that the Hertzian approach is only vital 
when particles are closely packed, and gravity is the main force acting on them. 
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