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A numerical study of the process of interphase mass transfer during the motion of a gas bubble at different 

inclination angles in case of movement in the channel between the layers of gel is presented. The 

dependence of the effective dimensionless mass transfer coefficient depending on the angle of inclination of 

the channel was obtained. The relation between effective dimensionless mass transfer coefficient and the 

speed of the freely rising gas bubble was found. A new exact method for solving 3D systems of hydrodynamic 

equations is described based on decomposing these systems into simpler equations. It is obtained that the 

exact solution to a 3D nonstationary system of the Navier–Stokes equations can be expressed in terms of two 

stream functions. 

1. Introduction 

One of the most common flow regimes in the pipes for energy systems, oil and gas production, as well as in 

microchannels is the slug flow regime of two-phase flow (Hessel et al., 2005). In such flow a large gas bubble 

is rising in a pipe or moving under the pressure in the capillary channels, separated by a fluid layer. Mixing of 

gas and liquid phases, combined with diffusion and low thermal resistance through the thin film between 

bubble and wall, leads to a substantial intensification of the processes of heat and mass transfer. A 

satisfactory theory of such flows has not yet been developed. This is due, primarily, to the complexity of such 

flows. Problems with the theoretical description arise even for the case of motion of a single slug in an inclined 

pipe (Pokusaev et al., 1999). 

Dynamics of gas liquid flow inside gels are not studies enough, both experimentally and numerically. Gel is a 

specific two-phase system. One phase represents a relatively sparse spatial network of polymer molecules 

which are bonded at the intersections of intermolecular bonds. The second phase is a liquid (in some cases - 

the water), which occupies the space between the polymer molecules. This fluid does not have any chemical 

bond with the polymer molecules, i.e. does not form chemical compounds with them. The transfer processes 

in gels have such features as unsteady and anisotropy: they are determined the nature, structure, and 

behavior of transfer medium (see, for example, research of Pokusaev et al., 2015). In the study of additive 

processes of application of gels in relation to problems of bioprinting, we found the effect of microchannels 

formation between the layers of gel, filled with gas and fluid (photo is shown in Figure 1). 

In the case of the presence of microorganisms within the gel, a carbon dioxide is produced within the gel due 

to activity of microorganisms. For the normal functioning of microorganisms in the gel it is required a 

withdrawal of produced products. In this case, the rate of drainage is influenced by the intensity of absorption 

and the speed of ascent of gas bubbles, which leads to the necessity of conducting experimental and 

theoretical studies of the process of mass transfer of gas bubbles in the gel. The relevance of such studies is 

also due to the active development of technologies of three-dimensional printing of living tissues (Mironov et 

al., 2003) and bodies (Jakab et al., 2010). 
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Figure 1: Gas bubble in inclined channel inside gel 

Using of modern numerical techniques such as smoothed particle hydrodynamics method, allows to simplify 

the mathematical description, which makes possible the numerical simulation of three-phase systems with 

solid phases of different geometry. Method of smoothed particle hydrodynamics was used in the simulation of 

multicomponent mixtures (Hu and Adams, 2006), the processes of expiration of gas-liquid flows (Das and 

Das, 2009) and heat-mass exchange processes (Jeong et al., 2003). Method of smoothed particle 

hydrodynamics is also used for solving problems of fluid flow dynamics in the channels of complex shape 

(Monaghan, 2012), including movement in porous and gel-like structures (Zhu and Patrick, 2001). 

Direct numerical simulation of 3D hydrodynamic problems by solving the Navier-Stokes equations requires 

significant computing resources. Using the decomposition method allows to reduce the solution of the original 

problem to a system of simpler equations. Previously a new exact method for solving 3D linear systems of 

hydrodynamic equations was described based on decomposing these systems into three simpler equations. It 

is shown that the general solution to 3D Stokes equations can be expressed by means of solutions to two 

independent equations: the heat conduction equation and the Laplace equation (see, for example, Polyanin 

and Vyazmin, 2013a). Later this approach was extended for description of the motion of viscoplastic media 

(Polyanin and Vyazmin, 2013b). 

The aim of this work is obtaining of new data on the intensity of interfacial mass transfer of gas bubbles 

depending on the angle of tilt in the motion of multiphase flow in the channel inside gel. It will also be shown 

that the solution to a 3D nonstationary system of the Navier–Stokes equations can be expressed in terms of 

two stream functions. 

2. Mathematical model 

Model movement of a gas bubble in the tube based on the process of mass transfer is developed based on 

the smoothed particle hydrodynamics method. The method is based on representing the fluid as a set of 

particles, which are located at some distance from each other, the distance called smoothing (Liu and Liu, 

2003). The influence of each particle on the properties of nearby particles is calculated on the basis of its 

density and the distance from the particle for which parameters. For the calculation we introduce the notion of 

kernel functions. As a kernel function, typically uses a Gaussian function (Amada et al., 2004).  

In the case of motion of a gas bubble of carbon dioxide in the channel between the layers of gel, filled with 

ethanol, the computational domain is a rectangular parallelepiped with a straight channel of rectangular cross 

section. The channel length is 40 mm, width 8 mm and thickness 1 mm (see Figure 2). The gas bubble affects 

lift force, which is compensated by the force of gravity. Also on the ascent rate is influenced by the hydraulic 

resistance of the medium, which is caused by the curvature of the bubble head. The gas bubble is defined as 

a collection of particles forming area in the form of a rectangular parallelepiped having a density of carbon 

dioxide. Within a few tens of iterations after the beginning of process of modelling the source region with 

carbon dioxide is converted to form a gas bubble, observed in the experiment (Figure 1). 

3. Numerical simulation results 

For verification of the developed model was used for calculation of test problem on simulation of freely rising 

gas bubble in a pure liquid at various angles of inclination of the tube for the purpose of comparison with 

previously obtained experimental data (Pokusaev et al., 2011). The results of the calculation showed that the 

dependence of the velocity of ascent of a gas bubble from the angle of the tube shows extreme character, and 

the maximum ascent rate falls at an angle of 40°, which is consistent with the experimental results. 
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Figure 2: The computational domain of the channel in the gel: 1 – gel; 2 – channel filled with fluid; 3 – gas 

bubble 

To determine the intensification of mass transfer of a gas bubble at various angles of tilt was introduced 

dimensionless effective coefficient of mass transfer, calculated as the ratio of the volume of the gas bubble at 

the end of the working section at a given angle of inclination Vα to the volume of the gas bubble at the end of 

the work area when the vertical position of the tube V90 

𝛿 =
𝑉𝛼

𝑉90
  

Thus, it is possible to estimate the influence of the tilt angle of the tube at the intensity of the process of mass 

transfer. 

Contribution to the process of mass transfer makes the hydrodynamics of the bubble and the phase boundary 

surface. The maximum value of the effective mass transfer coefficient corresponds to the angle of inclination 

at which the speed of ascent of the bubble maximum. If you increase the speed of ascent of the gas bubble 

passes the work area in less time, respectively, the interaction time between phases decreases. The obtained 

dependence allows to conclude that the time of interfacial contact is the defining characteristic of the intensity 

of the process of mass transfer. 

The data obtained by numerical simulation of the motion of a gas bubble in the channel between the layers of 

the gel showed that the process of ascent of a gas bubble in the gel also has an external character; however, 

the extremum is not so pronounced compared with the movement of the bubble in the tube. The numerical 

result is at angles of tilt less than 10° movement of the bubble with a flat channel in the form of a disk. When 

you increase the angle of inclination of from 20 to 50° is observed a sharp increase in speed, after which the 

rate decreases slightly according to the linear law (see Figure 3).  

The dependence can be explained by the change in bubble shape with increasing lifting force. When the tilt 

angles in the range 20 - 50° the increase in lift leads to the growth rate of ascent. With further increase of 

angle of inclination of the bubble expansion is observed along the axis perpendicular to the direction of 

movement that causes an increase in hydraulic resistance and reduced ascent rate. The calculation of the 

effective dimensionless mass transfer coefficient showed that, similarly to the case with a pipe, dimensionless 

coefficient of mass transfer is directly dependent on the speed of ascent, the bubble (Figure 4). The nature of 

the dependences of the velocity of ascent of bubbles in the tube and in the channel inside the gel can be 

caused by changing the shape of the head bubble in the region of the critical point (Pokusaev et al., 2011).  

4. Reducing 3D Navier-Stokes equations to two equations for two stream functions 

A closed system of the Navier–Stokes equations describes the non-steady-state flow of a viscous 

incompressible Newtonian fluid. In vector form, it is written as 

,0div

,
1
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uuu
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p
t  (1) 

where the vector u has components u, v and w directed along the rectangular Cartesian coordinates x, y, and 

z, respectively; t is time; Δ is the Laplace operator; ∇ is the nabla operator; ρ is the density of the fluid; and 

ν is the kinematic viscosity of the fluid. 

System of four Eq(1) can be reduced to a system of two equations for two stream functions φ 

and ψ. To accomplish this, the fluid velocity vector components should be expressed in terms of stream 

functions by the formulas 
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Figure 3: Ascent rate of CO2 gas bubble in ethanol depending on the angle of the channel in the gel, the 

calculated data 
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where ai and bi are arbitrary constants (their number is redundant) 

Substituting Eq(2) into the continuity equation (the last equation in Eq(1)) reduces it to an identity. 

Pressure p is eliminated from the first three equations in Eq(1) by cross differentiation, which leads to the 

following two equations: 
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Substituting Eqs(2) into (3) yields two equations for φ and ψ. 

A special case where a1 = a2 = a3 = b2 = b3 = 0 and b1 = 1 in Eq(2) corresponds to the well-known 

representation of the fluid velocity vector components by means of a single stream function for two-

dimensional flows as follows: 
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Setting a1 = a2 = b1 = b3 = 0, a3 = –1, and b2 = 1 in Eq(2), we obtain the following simple representation for the 

fluid velocity vector components in the case of a three dimensional flow by means of two 

stream functions: 
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Any of Eq(3) can be replaced by the equation 
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which is derived by different methods when pressure is eliminated. 

Eq(4) can be used to check exact solutions derived using set of Eq(3) (since, generally 

speaking, exact solutions to Eq(3) can contain additional arbitrary constants and functions). 
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Figure 4: Dimensionless effective coefficient of mass transfer, depending on the angle of the channel in the 

gel, the calculated data: dots – model; line – vertical pipe 

5. Motion of viscoelastic incompressible media 

Some models of viscoelastic incompressible media (for example, gels) lead to integrodifferential equations, 

which, for creeping flows, appear as 
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where u, v, and w are the fluid velocity components; P is the pressure divided by the density of the fluid; and L 

is the linear differential operator with respect to variables x, y, z, and t 
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The kernel K(t,t') of the integrodifferential operator in Eq(6) is usually a difference kernel, in particular for the 

Oldroyd model, we have K(t,t') = a exp[–λ(t–t')] (Araujo et al., 2009). The kernel K(t,t') ≡ 0 corresponds to the 

ordinary Navier–Stokes equations. 

The solution to system of Eqs(5), (6) can be represented as 

,]L[,,v, 0pP
z

w
yx

u 













 








  

where p0 is an arbitrary constant (for non-steady-state problems, p0 = p0(t) is an arbitrary function); functions  

ξ = ξ(x,y,z,t), η = η(x,y,z,t) and ζ = ζ(x,y,z,t) satisfy the three similar independent equations 

,0][,0][,0][   LLL   

and the pseudopotential φ is the arbitrary solution to Poisson equation 
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Without loss of generality, one of the functions ξ, η, and ζ can be set to be zero. 

If the K(t,t') is a difference kernel, i.e., has the form K(t–t'), solutions to Eq(5) are sought using the Laplace 

transform with respect to time. 
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6. Conclusions 

It is shown that in the case of the process of mass transfer in granular layer is the speed of the bubble 

depending on the angle of inclination of the tube is nonmonotonic, extreme nature and max speed when 

inclination angle is 60°. In the case of bubble movement in a flat channel inside a gel ascent rate 

monotonically increases up to 50°. Further increase of tilt angle leads to a slight monotonous decrease speed. 

Using the smoothed particle hydrodynamics method applied to the modelling of the gas bladder showed the 

effectiveness of this method in solving such problems. Smoothed particle hydrodynamics method allowed to 

simplify the mathematical description of the task and improve the speed of numerical calculation. To assess 

the intensification of interfacial mass transfer a dimensionless coefficient of mass transfer was introduced, the 

calculation of which showed the intensity of interfacial mass transfer is directly dependent on the average rate 

of ascent of the bubble. In general, the process of mass transfer is determined by the hydrodynamics of the 

bubble and the surface section of phases. The developed model allows simulation of multiphase flows in 

channels of complex geometry formed by filling spherical, and also allows to solve problems of mass transfer 

in gels. 

It is found that the solution to a 3D nonstationary system of the Navier–Stokes equations can be expressed in 
terms of two stream functions. The linearized equations of motion for a viscoelastic fluid are studied. The 
generalization of a method for constructing solutions to arbitrary linear hydrodynamic systems is proposed. It 
is shown that the solution of this system of equations can be reduced to solving set equations that take into 
account the rheological properties of the medium and to the Poisson equation. 
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