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In this paper, a new method to solve the group decision-making problems is proposed, in which the preference
information on alternatives provided by decision makers is in the form of uncertain preference ordinals. This
paper firstly gives two new definitions on the probability that the alternative is ranked in each position. Then, in
order to process uncertain preference ordinals, two new definitions are used respectively to construct a
decision matrix in the form of probabilities. On this basis, a weight probability matrix and a collective
probability matrix on alternatives with regard to rank positions are constructed. Finally, an optimization model
is built based on the collective probability matrix, and the ranking of alternatives can be obtained by solving
the model.

1. Introduction

Multiple criteria decision making (MCDM) is a discipline aimed at supporting decision maker who is faced with
numerous and conflicting alternative to make an optimal decision (Pedrycz, 2013; Mardani et al., 2015). While
group decision-making (GDM) is decision-making in groups consisting of multiple members. Multiple criteria
group decision-making (MCGDM) problem involves a set of feasible alternatives that are evaluated on the
basis of multiple, conflicting and non-commensurate criteria by a group of individuals. Meanwhile, it is a
problem with extensive theoretical and practical backgrounds in industrial engineering (Soltani et al., 2015;
Wijenayake, et al. 2016; Ravindran, 2016).In the real world, due to the complexity and uncertainty of decision-
making problems, the limitation of cognition, the estimation inaccuracies and lack of decision makers’
knowledge, the preference rankings or ranking ordinals of alternatives provided by decision makers maybe in
the form of uncertain preference ordinals. However, few approaches to solve MCGDM problems with
preference rankings or uncertain preference ordinals can be found in the existing literature. The existing
approaches have made to solve the GDM problems with uncertain preference ordinals on alternatives.

This paper investigates the MCDM problems, where the preference information on alternatives provided by
decision makers is in the form of uncertain preference ordinals. In order to solve these problems Fan et al.
(2010) gave several definitions on uncertain preference ordinal, constructed a decision matrix in the form of
probabilities, and built an optimization model based on the collective probability matrix. Fan’s approach can
solve the GDM problem effectively. However, it is regarded that each ranking position of an uncertain
preference ordinal on alternative has the same probability in Fan’s approach but not in line with laws of human
cognition. For example, supposing as uncertain preference ordinal of an alternative on interval [3,7], the

decision maker often thinks the probability of the alternative ranked in 5th position is higher than in 3th or 7th
position (Xu, 2005). In fact, the closer a preference ordinal to the lower bound and upper bound of an
uncertain preference ordinal, the smaller the probability that the alternative is ranked in the corresponding
position. At the same time, the closer that preference ordinal in the centre of an uncertain preference ordinal,
the larger probability that the alternative is ranked in the corresponding position.

Focusing on the above object, this paper will firstly improve Fan’s model by giving two new definitions on the
probability that the alternative is ranked in each position, which is raised by Wang and Xu (2008). Then, to
process uncertain preference ordinals, a matrix in the form of probabilities is constructed. Based on the
probability matrix, a weight probability matrix and a collective probability matrix on alternatives with regard to
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rank positions are constructed. Furthermore, an optimization model is built based on the collective probability
matrix, and the ranking of alternatives can be obtained by solving the model.

2. Preliminaries

In this section, we will introduce some basic concepts related to multiple criteria group decision making
problems, which the preference information on alternatives provided by decision makers is in the form of
uncertain preference ordinals.

Definition 1. (Fan et al, 2010) Let Z* be the set of positive integer. An uncertain preference ordinal I is

expressed inF={rL,rL+1,---,rU} ,wherert r-+1--,rY €z*,r* <r" , rt and r" are the lower bound and upper

bound of ¥ .For simplicity, we express ' as f = [rL, rUJ )

Remark 1. Letm denotes the number of all alternatives in a GDM analysis as well as the total number of
ranking positions. LetM = {1, 2,---,m} be the set of all the ranking positions, where 1,2,---,m denote that the

ranking position is the 1st,2nd,---,mth, respectively. Ifk , k € M represents that the ranking position of an
alternative is the kth ,then the smallerk is, the better the corresponding alternative will be. Thus, for uncertain
preference ordinal F =[r",r ], r,i’ eM .

Remark 2. Consider an uncertain preference ordinal I =[rL,rUJ Letd" =rY—r"+1, then i’ denotes the

number of possible ranking positions inf and it is also viewed as the uncertainty degree of r. Thus, the
greater (' is, the greater the uncertainty degree of i will be. In multiple criteria group decision-making
(MCGDM) process, letS ={s,,s,,---,s,,} (m=>2) be a finite set of alternativesC ={c,,c,,---,c,} (n>2)be a

set of criteria, w=(w,w, -, ®,) is the weight vector of criteria c,(j=1---,n) ,where w, >0 , Za)] =1,
j=1

LetE ={e, e, -, } (I = 2) be the set of decision makers, 1 =(4, 4,,---, 4 ) be the weighting vector of decision

|
makers, with 4, >0 , Zﬂt =1 .Suppose the decision makers e, (t :1,---,I) provide their preferences for
t=1

alternatives in the form of uncertain preference ordinals, then, the following definitions are obtained.
Definition 2. (You et al.,, 2013) LetZ* be the set of positive integer. An uncertain preference ordinal ﬁj‘ is

expressed inf;' = {rp,ri +1--, 1}, where rp,rp +1,--,r € 2", ri <r i indicates the preference information

it it

rt andr. are the lower bound and

that the alternative s, satisfies the criteria c; given by the decision makere, , I it

Ft

upper bound of ", L

_ U
ijt =T

i=12---m,j=12--,n,t=12---,1. Especially if r. it » then ﬂj’ reduces to a ranking

ordinal. For simplicity, we express ;' as f;' = [rijk, rij‘f] )

Remark 3. Letm denotes the number of all alternatives in a MCGDM analysis as well as the total number of
ranking positions. Let M :{1, 2,~~~,m} be the set of all the ranking positions, where 1,2,---,m denote that the
ranking position is the 1st,2nd,---,mth, respectively, ifk , k € M represents that the ranking position of an
alternative is the kth ,then the smallerk is, the better the corresponding alternative will be. Thus, for uncertain

L

preference ordinal ;' =[ry,r |, rp,r €M, the smaller ry orrl is, the better the ranking position of the

alternative will be. If F=[r",r”],r",r’ eMis an uncertain preference ordinal on an alternative provided by

the decision maker. Fan et al (2010) regarded that the alternative could be ranked in
positionr",r +1,---,r” with the same possibility, and gave the definition of the probability vector.

Definition 3. (Fan et al, 2010) Let F:[rL,rUJ (rt,rY eM) be an uncertain preference ordinal on an

alternative provided by the decision maker. Then, the probability vector on [ is represented
by b, = (17, p?,+, ") and the elements of p, are given by
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, k=rhrt 1Y (1)

Where p¥ (k =12,---,m) denotes the probability that the alternative is ranked in the kth position, satisfies
dpf=1and 0<pf<1, k=12--,m.

k=1

Definition 4. Let r =[rL,rUJ(rL,rU €M) be an uncertain preference ordinal on an alternative provided by

the decision maker, then, the probability that the alternative is ranked in each position in [rL, r“] is represented

by:

h-L

V=T —U—
2 ’h LL+1 ,U,n_U L+1 (2)

(@)

U
wherev, >0, ZVh =1,andC? =C? =1.That is, the alternative could be ranked in positionr",r* +1,---,r’ with
h=L
h-L
possibility Zgj .

Definition 5. Let =[rL,rUJ(rL,r” €M) be an uncertain preference ordinal on an alternative provided by

the decision maker, then, the probability that the alternative is ranked in each position in [rL, r”] is represented
by:

(h'-u, *
252

j=L (3)

U
whereun=1n(n+1)=1+—n,é‘= 1Z(h’—un)2,h’=h—L+1.
n 2 2 Ny

Remark 4. It is easy to improve thatv, in Definition 4 has the following well-known properties:1) v, is

symmetrical, i.e.,,v, =V, , ,(h=12,---,n). 2) the probability vector isv =(v,,v,,---,v, ) ,whenn =2k +1,which
satisfy

V, <V, <o <V
: (4)

2 2 (5)

While v; in Definiton 5 has a same property as V, . Consider an uncertain preference ordinal

fi = [rijﬁ, ri | % Ty €M and motivated by Definition 4 and Definition 5, we have the following definitions.

Definition 6. Let Fu‘:[rijk,r,j‘f],ri;,r,j‘feM Then, the probability vector on F' is represented

by p., :(p:‘ , pf. prm) and the elements of p, are given by

Ok= 120, rf—1
. h-L
LS ot by Y =L L e, UL+ 1

P, = QUL it » Tiie S s

Ok =r/+1rf+2-,m.

(6)
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Where denotes pr_':‘ denotes the probability that the alternative is ranked in the k th position, such
thatif}§ =1and 0<p} <1k=12--,m.
ekl ;
Definition 7. Let f =[ry,r) |, rir) eM,h=LL+1-,U-L+1. Then, the probability vector on f is

represented by p,, = (prl pi pr'?) and the elements of p,, are given by

0, k=121t -1
_(h'—uq)
e 252
IS:; = Ty k:rijI;,rijlt'+1,-~-,I’ijL‘J,h’:h—L+1;
Y 2
e h
A
0, k=r’+1r’ +2,....m.
ijt ijt (7)

where f)ri denotes the probability that the alternative is ranked in the k th position, such thath)r.k‘ =1and
ij k=1 1)

0<pl<tk=12--,m

"L rU rL rU

Remark 5. Ifr; =r; for uncertain preference ordinal r} :[rm, i | T T

it = Tt eM, ie. ,ﬂj‘ reduced to a ranking

ordinal, then the elements of probability vector p., = (p: ) pf( p,m) on ﬁj‘ are given by

Ok= 12, r; -1

k L_ .u.
Py = 1k = [

Ok=r+1r/ +2,...,m
(8)

Definition 8. Let r},r},---,ii be n uncertain preference ordinals and ﬁﬁ‘zz(pg‘z,pi,~~~,pﬁ’{‘z), Py =

(p:lpip,"?) be the corresponding probability vectors. Let w =(w1,w2,---,wn) be a weight vector,
where w, denotes the weight of r, such thatij =1and0<w; <1j=12---,n.Then, the overall probability
j=1

vector on f)m, f)r.‘2,~-~, P, is represented by p.. = (pr1 AT o )and the elements of f)r.‘o are given by

Py, = zn:wj pY .k =1,2,--,m
c ©)
3. The proposed approach

In this section, this paper will present a handing method for MCGDM problems with uncertain preference
ordinals. Firstly, it gives a brief description of the MCGDM problems with uncertain preference ordinals. Then,
a probability matrix, the voting information matrix, the collective voting information matrix and an optimization
model are constructed. Finally, an algorithm for determining the ranking position of each alternative is given.

LetS ={s,s,, ,s,}(m>2)be a finite set of alternatives, C ={c,,c,,---,c,}(n>2) be a set of criteria, whose

weight vector isw = (w,,w,,---,w, ), wherew; > 0(j :1,~~,n),2wj =1 and E ={e, e, e} (I = 2)be the set
j=1

of decision makers whose weight vectoris 1 = (,11, Ay, /1,) .where 4, 20,t =1,---,1 ,and Iz/i1 =1.

t=1
Suppose the decision makers e, (t = 1,-~-,I)provide their preferences for alternatives in the form of uncertain
preference ordinals, i.e., i} =[r,n’ |,rp,r) €M, where f denotes the preference information that the
alternative s, satisfies the criteria c; given by the decision makere, ,i=12---,m,j=12--,nt=12--,1 .The

problem concerned in this paper is to rank alternatives or to select the most desirable alternative(s) among a
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finite set S based on uncertain preference ordinals I’J .The method is described as follow:

Let p; =(p51,pi‘jz,-~-,pi‘j”) be probability vector on uncertain preference ordinals ﬁjt At can be determined

according to Definition 2.6 or Definition 2.7, where ﬁi‘j" denotes the probability that criteria Cj is ranked in the
)

kth position, such that >’ pi* =1 and0 < pi‘jk <1i=12---,m; j=12,---,n.For the convenience of analysis, the
k=1

decision matrix in the form of probabilities based on fJG is constructed as follows:

01 CZ cee Cn
S, ﬁ% f’:1 ﬁ’:n
_ s, | pt 0 !
o =(B),, = 7| PPy
~t ~t ~t
Sm[Pmi Pmz ' Pmn (10)

Using Eq.(10), the elements of the ith row of the probability matrix P' and the weight vectorw are aggregated
to form the weight probability vector on alternative s; ,which takes the weight of the criteria c, (j =12, n) in to

consideration, and it is given by
|
ar =D WP, i, k=12, mj=12--,n
e (11)
Through Eq.(11), it can be easily seen thath‘ik =1.Based on the obtained vectors q* (i :1,2,---,m) ,the

k=1
weight probability matrix Q" = (q*),.... can be constructed, i.e.,

mxm

1 2 e m

sija o -oaq”

Q (@), - 7|% F
SwlOm Ov - O (12)

The elements of the weight probability matrix Q' and vector A are aggregated to form the collective probability

vector on alternative S; , i.e., 7; :(;ri1,7zf,~~~,;ri"‘), where 7 denotes the collective results by all the decision

|
makers that alternative s, is ranked in the k th position and it is given by i :Zﬁtqi‘k, i, k=12--, m.

t=1

Based on vectors zik ,this paper constructs the following collective probability matrix 1 ,i.e.,

1 2 m
S| my mw o m
1 2 m
H=32 Ty T ottt T
1 2 m
S [ Tm Zm  Tm (13)

Based on collective probability matrixH, this paper attempts to develop a method to determine the ranking
position of each alternative that one alternative is only ranked in one ranking position. The description of this

method is given below. Letb, (i,k =1,2,---,m)be 0-1variable, where b =1represents that alternative s, is

ranked in the k th position and b* =0, otherwise. The total probability that M alternatives are ranked

in M positions can be expressed asZZﬁT b}, WhereZbik =1k= 12, m)andeT =1i=12--, m).To

i=1 k=1 i=1 k=1
rank alternatives or select the best alternative(s), we can construct the following optimization model
'z": i ﬂ_ikbik
max Z:i:1 k=1 (14)

Subjectto ' bf =1k =12--,m,> b =1i=12--,m,bi =0 or 1i,k=12--,m.
i=1 i
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Existing mathematical optimization software can be used to solve model (14). In summary, we give an
algorithm to determine the ranking position of alternatives and its steps are presented as follows:

step1: Calculate probability vectors f)i‘j by Eq.(7) or Eq.(8) based on f},i =1,2,---,mt=12,---,I .

it
step2: Construct probability matrix P* = (f),j )mxn based on pj ,i=12--,mj=12--n.
step3: Construct the weight probability matrix Q' = [qi‘k]mxm by Eq.(11).

step4: Construct collective probability matrix [[ = [ﬂﬂmxm based onQ' = [q}k]mxm .
step5: Build the optimization model (14) based on matrix [ and solves it by Hungarian method.

step6: Determine the ranking position of each alternative based on the obtained optimal solution(s) of model
(14) and record the probability of ranking position of alternative based on matrix [ .

4. Conclusion

In multiple criteria group decision-making situations that the decisions makers can not give the exact value,
the decision makers may be suitably expressed with preference ordinals. Focusing on this problem, this paper
proposes a new method to solve the MCDM problems that the preference information is in the form of
uncertain preference ordinal. It improves the method proposed by Fan, and is more in line with the law of
general human cognition. First, it develops two normal distribution-based methods to determine the probability
that the alternative is ranked in each position. Then, in order to process uncertain preference ordinals, a
matrix in the form of probabilities is constructed. Furthermore, a weight probability matrix and a collective
probability matrix on alternatives with regard to ranking positions are constructed. Finally, an optimization
model is built based on the collective probability matrix, and the ranking of alternatives can be obtained by
solving the model. The methods proposed in this paper may also be used in MCDM problems with other
preferences information formats, e.g., interval and set-values, uncertain linguistic variables, etc.
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