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ABSTRACT

In this paper we introduce natural metrics in the hyperbolic a-Bloch and hyperbolic
general Besov-type classes F*(p, q,s). These classes are shown to be complete met-
ric spaces with respect to the corresponding metrics. Moreover, compact composition
operators C¢, acting from the hyperbolic «-Bloch class to the class F*(p, q, s) are char-
acterized by conditions depending on an analytic self-map ¢ : D — D.

RESUMEN

En este articulo introducimos una métrica natural en las clases hiperbélicas x-Bloch
v tipo Besov generales. Estas clases se muestra que son espacios métricos completos
respecto de las métricas correspondientes. Ademés se caracterizan los operadores de
composiciéon compactos C¢ que actian desde las clases hiperbdlicas «-Bloch en la clase
F*(p, g, s) por condiciones que dependen de la autoaplicacién analitica ¢ : D — D.
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1 Introduction

Let D :={z € C: |z| < 1} be the open unit disc of the complex plane C, 9D it’s boundary. Let
H (D) denote the space of all analytic functions in D and let B(ID) be the subset of H (D) consisting
of those f € H(D) for which [f(z)] < 1 for all z € D. Also, dA(z) be the normalized area measure
on D so that A(D) = 1.

Let the Green’s function of I be defined as g(z,a) = log ——, where @q(z) = 1=, for

loal(z)]? —az’
z,a € D is the M6bius transformation related to the point a € D.

If (X, d) is a metric space, we denote the open and closed balls with center x and radius r > 0
by B(x,7) :={y € X :d(y,x) < 1} and B(x,7) :={y € X: d(x,y) < 1}, respectively.

Hyperbolic function classes are usually defined by using either the hyperbolic derivative f*(z) =

% of f € B(D), or the hyperbolic distance p(f(z),0) := %log(tmg:

) between f(z) and zero.

A function f € B(D) is said to belong to the hyperbolic «-Bloch class B, if

1]

B: = supf*(z)(1 — |z1*)* < oo,
zeD
The little hyperbolic Bloch-type class B , consists of all f € By such that

lim f*(z)(1 —|z*)* = 0.

|z|—1

The usual a-Bloch spaces By and By,o are defined as the sets of those f € H(D) for which

If]l5. = supf'(2)I(1 — |21*)* < oo,
zeD

and

lim [f'(2)|(1 —|21*)* =0,

|z]—1
respectively.

It is obvious that B} is not a linear space since the sum of two functions in B(D) does not
necessarily belong to B(ID).

We now turn to consider hyperbolic F(p, g, s) type classes, which will be called F*(p, q, s).
For 0 < p,s < 00, —2 < q < 00, the hyperbolic class F*(p, q, s) consists of those functions f € B(DD)
for which (see [7])

If

P = 50 | (PP (1 )"z, 0)aA(2) < .
Moreover, we say that f € F*(p, q, s) belongs to the class F§(p, q,s) if

lim J (F(2))P (1 = [21*)9g° (2, a)dA(z) = 0.
D

lal—1
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The usual general Besov-type spaces F(p, q, s) (defined using the conventional derivative f’ instead
of f*) and their norms are denoted by the same symbols but with .

Yamashita was probably the first one considered systematically hyperbolic function classes.
He introduced and studied hyperbolic Hardy, BMOA and Dirichlet classes in [14] [I5 [16] and
others. More recently, Smith studied inner functions in the hyperbolic little Bloch-class [I1], and
the hyperbolic counterparts of the Qp spaces were studied by Li in [7] and Li et. al. in [§]. Further,
hyperbolic Qp, classes and composition operators studied by Pérez-Gonzalez et. al. in [10]. Very
recently the first author in [I], gave some characterizations of hyperbolic Q(p, &) classes and the
hyperbolic (p, «)-Bloch classes by composition operators.

In this paper we will study the hyperbolic «-Bloch classes B}, and the general hyperbolic
F*(p, q,s) type classes. We will also give some results to characterize Lipschitz continuous and
compact composition operators mapping from the hyperbolic a-Bloch class B to F*(p, q, s) class
by conditions depending on the symbol ¢ only.

Note that the general hyperbolic F*(p, q, s) type classes include the class of so-called Q; classes
and the class of (hyperbolic) Besov class BY. Thus, the results are generalizations of the recent
results of Pérez-Gonzdlez, Rittyd and Taskinen [10].

For any holomorphic self-mapping ¢ of D. The symbol ¢ induces a linear composition operator
Co(f) = fod from H(D) or B(D) into itself. The study of composition operator Cy acting on
spaces of analytic functions has engaged many analysts for many years (see e.g. [2, 3] 4} 5] [8] 9, [17]
and others).

Recall that a linear operator T : X — Y is said to be bounded if there exists a constant C > 0
such that ||T(f)|ly < C||f]|x for all maps f € X. By elementary functional analysis, a linear operator
between normed spaces is bounded if and only if it is continuous, and the boundedness is trivially
also equivalent to the Lipschitz-continuity. Moreover, T : X — Y is said to be compact if it takes
bounded sets in X to sets in Y which have compact closure. For Banach spaces X and Y contained
in B(D) or H(D), T : X — Y is compact if and only if for each bounded sequence {x,,} € X, the
sequence {Tx,} € Y contains a subsequence converging to a function f € Y.

Definition 1.1. A composition operator Cy : Bl — F*(p,q,s) is said to be bounded, if there is a

positive constant C such that ||Cof| ¢ (p,q,s) < Cllfll for all f € By.

Definition 1.2. A composition operator Cg : B — F*(p,q,s) is said to be compact, if it maps
any ball in B, onto a precompact set in F*(p, q,s).

The following lemma follows by standard arguments similar to those outline in Lemma 3.8 of
[12]. Hence we omit the proof.

Lemma 1.3. Assume ¢ is a holomorphic mapping from D into itself. Let 0 < p,s < o0, —1 <
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q <ooand 0 < « < oco. Then Cy : By — F*(p,q,s) is compact if and only if for any bounded
sequence {fnnen € Bl which converges to zero uniformly on compact subsets of D as n — oo, we
have nlgréo ICofnllF(p,q,s) = O-

The following lemma can be found in [6], Theorem 2.1.1.

Lemma 1.4. Let 0 < o« < 00, then there exist two holomorphic maps f,g: D — C such that for
some constant C,

(f'(z2) +¢'(2) (1 — 1Zl2)* > C >0, for eachz e D.

2 Hyperbolic classes and natural metrics

In this section we introduce natural metrics on the hyperbolic «-Bloch classes B and the classes
F*(p, q,s).

Let 0 <p,s <o00,—2< q<oo and 0 < a < 1. First, we can find a natural metric in B}, (see
[10]) by defining

d(f, g;By) := dp: (f,g) + [If — gl 5, + [f(0) — g(0)], (1)
where
. f'lz)  g'(2) 2y«
453 (h,9) = 0Dl T ~ T Jerr | TS

for f,g € B. The presence of the conventional «-Bloch-norm here perhaps unexpected. It is
motivated by example (see [10], Example in Section 7 ). It shows the phenomenon that, though
trivially dg- (f,0) > ||f||s, for all f € By, the same does no more hold for the differences of two
functions: there does not even exist a constant C > 0 such that

flz)  g'lz)
=P T—19=)P

sup (1—1z*)* > Cllf — gli5.

zeD

would hold for all f,g € B},0 < a < 1.
For f, g € F*(p, q, s), define their distance by

d(f» g;F* (pa q, 5)) = dp- (fa 9) + ”f_ gHF(p,q,s) + ‘f(O) - 9(0)|,

where

1

/ 4 p v
f'(z) g'(z) 2 (1— ‘Z|2)QQS(Z) a)dA(Z))

1—[f(z)2  1-1g(z)

de-(f,g) == (supJ'
zeD JD

The following characterization of complete metric space d(., .; B:) can be proved as in Proposition
2.1 of [10].
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Proposition 2.1. The class B, equipped with the metric d(.,.;B%) is a complete metric space.
Moreover, B;,o is a closed (and therefore complete) subspace of BZ,.

Now we prove the following proposition

Proposition 2.2. The class F*(p, q,s) equipped with the metric d(.,.;F*(p,q,s)) is a complete
metric space. Moreover, F§(p, q,s) is a closed (and therefore complete) subspace of F*(p, q,s).

Proof. For f,g,h € F*(p, q,s), then clearly
e d(f,g;F(p,q,s)) =20,
e d(f,f;F*(p,q,s)) =0,
e d(f,g;F*(p,q,s)) =0 implies f = g.
e d(f,g;F*(p,q,s)) = d(g, f;F*(p, q,5)),
e d(f,h;F*(p, q,s)) < d(f,g;F*(p, q,s)) + dlg, h;F*(p, q,5)).

Hence, d is metric on F*(p, q, s).

For the completeness proof, let (fn ), be a Cauchy sequence in the metric space F*(p, g, s),
that is, for any ¢ > 0 there is an N = N(¢) € N such that d(fn,fm) < ¢, for all n,m > N.
Since f,, € B(D) such that f,, converges to f uniformly on compact subsets of D. Let m > N and
0 <1 < 1. Then Fatou’s lemma yields

J'D(O,T)

J lim
D(O,T) n—oo
< lim J

n—oo D

By letting r — 17, it follows from inequalities (2) and (a + b)P < 2P(aP + bP) that

P

f'(z) f(z) (1 —12)9¢% (2, a)dA(z)

T— [ 1= [fn(2)?
‘ 1z )
T—[fn@E 1= lfm(z)P
iz )
T— @ T—lfm(z)P

pﬂ —121)99° (2, a)dA(z)

pﬂ —1217)99° (2, a)dA(z) < €P. (2)

J (F(2))P (1 — 1217)99° (2, a)dA(z) < 2PeP +2"J (fa(2)P(1 = 122)9g%(z,@)dA(2).  (3)
D D

This yields

P

P
IE11E- F*(p,a,s))

S 2P 2P

P>d,s
and thus f € F*(p, q,s). We also find that f,, — f with respect to the metric of F*(p, q, s).

The second part of the assertion follows by (3.
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3 Compactness of Cy in hyperbolic classes

For 0 < p,s <oo,—2< q< oo and 0 < o < co. We define the following notations:

Dopra5,0) = | b B (1 )%z, 0)aA L2

and

¢’ (2)IP

o W(] —121)99°(z,a)dA(2).

Qc[),r(pa q, s, ‘1) = J

Theorem 3.1. Assume ¢ is a holomorphic mapping from D into itself. Let0 <p < o0, 0<s <1,
—1<g<ooand0< a <1. Then the following are equivalent:

(i) Cg¢:Bs — F(p,q,s) is bounded;
(i) Cgq : B — F(p,q,s) is Lipschitz continuous;

(iii) sup Pg(p,q,s,a) < oco.
aeD

Proof. First, assume that (i) holds, then there exists a constant C such that

[Cof

F+(p,q,s) < Cl|fllg=, forall f € B.

For given f € B, the function fi(z) = f(tz), where 0 < t < 1, belongs to B} with the property
Ifellsz < |Iflls:. Let f,g be the functions from Lemma [[.4 such that

1
m < f*(z) + 9" (2),

for all z € D, so that

9'(z) e e
W < (fod)*(z) + (go d)(z).

Thus, the inequalities

J |t (z)P
p (

(1—[td(z)2)er (1—12*)9g%(z, a)dA(z)

IN

2 JD[((fot¢)*(zJ)P+((got¢)*(z))‘° (1 121%)9g°(z, a)dA(2)
2°||Co P (I By )-

This estimate together with the Fatou’s lemma implies (iii).

IN

B + gl
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Conversely, assuming that (iii) holds and that f € B}, we see that

sup JD((fo $)*(2))" (1 —12*)9g*(z,a)dA(z))

acD

= sup JD(f*(¢(Z)))p\¢'(Z)\p(1 —21)9g°(z,a)dA(z)

aeD
P supJ l$’(2)IP
B aenlp (1 —1d(2)]2)P

Hence, it follows that (i) holds.

< il (1= 121*)9g%(z, a)dA(2).

(ii)&=(iii). Assume first that Cy : B} — F*(p, q,s) is Lipschitz continuous, that is, there
exists a positive constant C such that

d(fod,god;F(p,q,s)) < Cdl(f,g;By), forallf,g e Bg.
Taking g = 0, this implies

Ifod

F(p,a,s) < C(If]

B +|[fll, +[f(0)]), forall f € B. (4)
The assertion (iii) for « = 1 follows by choosing f(z) =z in @). If 0 < & < 1, then

z |z]
= [ rslas+101|< il | =egys +110)

0
[fll5.
- (-

+ [f(0)],

and |f(z)] < tanh~1(|z])||f||5, + [f(0)|, where tanh~'(.) stands for inverse hyperbolic tangent
function. Then, for 0 < o« < 1, we deduce that

160 —geon| < L8 50— groy. o)

Moreover, Lemma [[.4] implies the existence of f, g € B such that
(f'(z) +9'(2)) 1 = zl*)* > C >0, forallzeD. (6)
Combining (@) and (@) we obtain

1]

s; +9llsy + Iflls. + ll9lls. +[F(0) +g(0)]

W@ e
CJD (1 —|¢(z)\2)ocp” 217)9g° (2, a)dA(z)

> C(ch(“»P»QaS»G)»

Vv

for which the assertion (iii) follows.
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Assume now that (iii) is satisfied, we have from (&l that

d(fo (b) go d);F*(P» q)S)) dF* (fo Cb) go d)) + Hfo (b —go chF(P»q‘S)

+[f(#(0)) — g(¢(0))]

* PXE LR )
s (1,9) (sup [ AT B (1 2997 2 @)aA )

1
P

IN

1
P

B OEP )
+F 9”’3“(22%JD Aoy |~ ez a)dAl)

If — gl
+W +[f(0) — g(0)]

< C'd(f,¢;BL).

Thus Cg : B, — F*(p, q,s) is Lipschitz continuous and the proof is completed.

Remark 3.2. Theorem [ shows that Cy : B} — F*(p,q,s) is bounded if and only if it is
Lipschitz-continuous, that is, if there exists a positive constant C such that

d(fo ¢, go b; F* (pa q, s)) < Cd(f, Q;B;)a for all f, g € By,.

By elementary functional analysis, a linear operator between normed spaces is bounded if and only
if it is continuous, and the boundedness is trivially also equivalent to the Lipschitz-continuity. So,
our result for composition operators in hyperbolic spaces is the correct and natural generalization

of the linear operator theory.

The following observation is sometimes useful.

Proposition 3.3. Assume ¢ is a holomorphic mapping from D into itself. Let 0 < p,s < oo,
—-l1<g<owand 0 < & < oo. If Cy : By — F*(p,q,s) is compact, it maps closed balls onto
compact sets.

Proof. If B C By, is a closed ball and g € F*(p, q,s) belongs to the closure of C¢(B), we can find
a sequence (f)$ ; C B such that f, o ¢ converges to g € F*(p, q,s) as n — oco. But (f,)32_; is
a normal family, hence it has a subsequence (fn; );’11 converging uniformly on the compact sub-
sets of D to an analytic function f. As in earlier arguments of Proposition 2.1 in [I0], we get a
positive estimate which shows that f must belong to the closed ball B. On the other hand, also
the sequence (fy; o d));)i] converges uniformly on compact subsets to an analytic function, which

isg € F*(p,q,s). We get g = fod, i.e. gbelongsto Cq(B). Thus, this set is closed and also compact.

Compactness of composition operators can be characterized in full analogy with the linear

case.
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Theorem 3.4. Assume ¢ is a holomorphic mapping from D into itself. Let 0 < p < oo, —1 <
q<oo,0<s<1and0<a<1. Then the following are equivalent:

(i) C¢:B% — F(p,q,s) is compact;

(i) lim supQg,+(p,q,s,a)=0.

=17 qeb

Proof. We first assume that (ii) holds. Let B := B(g,8) C B, where g € B, and & > 0, be a closed
ball, and let (f, )% ; C B be any sequence. We show that its image has a convergent subsequence
in F*(p, q, s), which proves the compactness of C¢ by definition.

Again, ()52 ; C B(D) implies that, there is a subsequence (fy, )52 1 which converges uniformly

on the compact subsets of D to an analytic function f. By the Cauchy formula for the derivative of
an analytic function, also the sequence (fT’H )1?21 converges uniformly on compact subsets of I to
f’. It follows that also the sequences (fy; o d));’; and (f;tj o cb)j°i1 converge uniformly on compact
subsets of D to fo¢d and f’ o ¢, respectively. Moreover, f € B C B since for any fixed R,0 < R < 1,

the uniform convergence yield d(f, g;B%) < & (see [10] pp.130).

Let ¢ > 0. Since (ii) is satisfied, we may fix 1,0 < r < 1, such that

[p(z)P
sup

aEDJhb( o Tl 119 (5 a)dAE) <

By the uniform convergence, we may fix Ny € N such that

[fn; o ®(0) —fodp(0)] <  forallj > Nj. (7)

The condition (ii) is known to imply the compactness of C4 : By — F(p, q, s), hence, possibly
to passing once more to a subsequence and adjusting the notations, we may assume that

[fn; o d —fodlfp,qs <& forallj >Ny, for some N, € N. (8)

Now let

L(a,r) = supj [(fn; 0 $)°(2) — (g0 $)*(2)]7(1 — [2P)9g* (z, ) dA(2),
aeDJ|p(z)|>r

and

Lo(a,r) = supj [(fn; 0 $)°(2) — (g0 $)*(2)]7(1 — [2P)9g* (z, ) dA(2).
aeDJ|dp(z)|<r
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Since (fn;){2; C B and f € B, it follows from (1) that

Li(a,r) = Supjld)( . [(fn; 0 )" (2) = (g0 )" (2)]" (1 — [21*)9g° (2, a)dA(2)

a€eD
(fo)(2)  (god)(2) [P
= i‘é%ﬁw)zr T—(fr, 0o ®) 2P 1—1(god)2)P

- supj| L MU, 5,91~ )97 @)aALR
d(z)[>r

(1 —121*)99° (2, a)dA(2)

aeD

()P )
* niy —]_ dg° ) )

< sl ) ii%J|¢<z)zr T lgp)e | A1 (2 a)dAlR)
where

o i, ($(2)) g'(d(2)) O L PO B

M{Fn;> 9 b3 p) = ‘(1 T (GEIE T |g((¢>(z)|2)” —IEN T emee
Hence,
I1(a,7) <26 ¢. (9)

On the other hand, by the uniform convergence on compact subsets of D, we can find an N3 € N
such that for all j > N3,

<e

‘ 0= ()
=T, (G~ T—[f(d())P

for all z with |$(z)| < r. Hence, for such j,

L(a,7) supj [(Fn, 0 0)*(2) — (g 0 &) (2)]7 (1 — 2?)9g° (z, a)dA(2)
aeDJip(z)|<r
(fn, 0 0)'(2) (9o®) () i g
j _ 1 — q
< i‘éﬁﬁmzm1—|(fn,-o¢nz)|2 T lgod)E| ||~ )19 (= aldAl)
()P 11219 S )%
= s(iléPDJ|¢(z)<r (1—|d>(z)\2)°‘p“ A @Az )= G
hence,

Ir(a,7) < Ce. (10)

where C is the bounded obtained from (iii) of Theorem Bl Combining (@), &), @) and {I0) we
deduce that f,; — f in F*(p, q,s).

As for the converse direction, let f,,(z) := %n"‘qzn for all n € N,n > 2. Then the sequence

(fn)2°_; belongs to the ball B(0,3) C B (see [10] pp.131).

We are assuming that Cy, maps the closed ball B(0,3) C B, into a compact subset of F*(p, q, s),

hence, there exists an unbounded increasing subsequence (fy; );’21 such that the image subsequence

(Copfn, )f; converges with respect to the norm. Since, both (fn )52 and (Cgfn; )f; converge to
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the zero function uniformly on compact subsets of I, the limit of the latter sequence must be 0.
Hence,

oa—14mn;

Hnj ¢

F*(p,q,s) — 0y asj — oo. (11)

Now let 15 =1 — nl) For all numbers a,r; < a < 1, we have the estimate (see [10])

njrat ] ] 12
T—av — e(l—a)* (12)
Using (I2) we obtain
a1 om; % (p(2))M P! (2) |7 s
51N (g 2 ilégjl¢>fi | 1—dmi(2)? (1= 129" (2, a)dA(2)
1 ¢/ (z)]P 21q s
—_— (1 — q A(z).
= (e i??ujm»j (= pmar |~ )70 (m A)dAl)

Hence, the condition (ii) follows.

Received: February 2012. Accepted: November 2012.
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