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ABSTRACT

In this paper we have defined a multistep iterative scheme with errors involving a fam-
ily of asymptotically nonexpansive nonself mappings in Banach spaces. A retraction
has been used in the construction of the iteration. We prove here weak and strong
convergences of the iteration to common fixed points of the family of asymptotically
nonexpansive nonself mappings. We have used several concepts of Banach space geom-
etry. Our results improve and extend some recent results.

RESUMEN

En este articulo definimos un esquema de multi paso iterativo con errores que involucran
una familia de aplicaciones no expansivas y no auto asintéticamente en espacios de
Banach. Una retraccién se ha usado en la construccién de la iteracién. Probamos
convergencias débiles y fuertes de las iteraciones a puntos fijos cldsicos de la familia
de aplicaciones no expansivas no auto asintéticamente. Hemos usado varios conceptos
de geometria en espacios de Banach. Nuestro resultado mejora y extiende algunos
resultados recientes.
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1 Introduction

Let K be a nonempty subset of real normed space E. A self mapping T : K — K is called nonex-

pansive if
[Tx =Tyl < [lx —yl|, for all x,y € K

A self mapping T : K — K is called asymptotically nonexpansive if there exists a sequence {k,} C
[1,00) with limy, 400 kn = 1 such that

[T —T™y|| < kn|x —y]| for all x,y € Kand n > 1. (1.1)
T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that
[T — Tyl < L|jx —yl| for all x,y € K and n > 1. (1.2)

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk[7] in 1972
as a generalization of the class of nonexpansive self mappings. They proved that if T is a selfmap
on K where K is a nonempty closed convex subset of a real uniformly convex Banach space, then T
has a fixed point. Fixed point iterative processes for asymptotically nonexpansive self-mappings on
convex subsets of Banach spaces have been studied extensively by many authors. Since T remains a
self- mapping of a nonempty closed convex subset K of a Banach space E, the well known Mann[TT]
and Ishikawal|8| iterative processes are well defined. If however the domain K of T is a proper subset
of E (and it is the case of several applications) and T maps K into E, then the iteration processes
of Mann and Ishikawa and their modifications fail to be well defined. To overcome this problem
Chidume et al.|2] introduced the concept of nonself asymptotically nonexpansive mappings in 2003
as a generalization of asymptotically nonexpansive self mappings. A subset K of E is said to be a
retract of E if there exists a continuous mapping P : E — K such that Px = x for all x € K. Every
closed convex subset of a uniformly convex Banach space is a retract. A mapping P : E — E is said
to be a retraction if P2 = P. It follows that if a map P is a retraction then Py =1y for all y in the
range of P. The nonself asymptotically nonexpansive mapping is defined as follows:

Definition 1.1. ([2]) Let E be a real normed linear space, K be a nonempty subset of Eand P : E — K
be the nonexpansive retraction of E onto K. Let T : K — E be a non-self mapping. T is said to
be a non-self asymptotically nonexpansive mapping if there exists a sequence {kn} C [1,00) with
kn — 1 as 1 — oo such that the following inequality holds:

[TPT)™ "% — T(PT)™ "y|| < kn|x —vy], for all x,y € K and n > 1. (1.3)
T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that
[TPT)™ " — T(PT)™ y|| < L||x —y|, for all x,y € K and n > 1. (1.4)

If T is a self map, then P becomes the identity map so that (IL3]) and (4] coinside with (I.I]) and
([C2) respectively.
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Chidume et al.[2] introduced and studied the weak and strong convergences of the following

iterative process

Xne1 = P((T — otn)xXn + axn T(PT)™ %)

{ ¥ ek (1.5)

where {a,} is a appropriate real sequence in [0, 1]. If T is a self map, then P becomes the identity
map so that (5 reduces to the Mann-type iteration scheme[IT]. Then Wang[19] used a similar
scheme to prove the weak and strong convergence theorems for a pair of non-self asymptotically
nonexpansive mappings which is given by

x1 € K
Xnt1 = P((1 = on)xn + a1 (PT))™ Tyn) (1.6)
Yn = P((] - ﬁn)xn + BnTZ(PTZ)nilxn))n > 1.

If T is a self map, then P becomes the identity map so that (I.8) reduces to the Ishikawa-like
iteration scheme without errors [9] involving two asymptotically nonexpansive self mappings. After
that Chidume and Bashir ali [3] introduced a new iteration process for approximating common
fixed points for finite families of nonself asymptotically nonexpansive mappings which is defined
as follows:

x1 € K
Xn+1 = P[(] - oﬂn)xn + oin T (PTI )ni]ynJrer]
Yntr—2 = P[(] - aZn)Xn + OCZnTZ(PTZ)n_lyn+r—3]

Yn = P[(] - (xmn)xn + ocmnTm(PTm)n_]Xn]

Very recently Yang [20] introduced and studied a modified multistep iteration for a finite family
of nonself asymptotically nonexpensive mappings and discuss their convergences which is defined
as follows.
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For a given x1 € K and n > 1, compute the iterative sequences {Xn},{Unly ..--sy {Yntr—2} defined by

Yn = Pl(1 — anr)Xn + @na Te (PT) ™ Ty

Yni1 =Pl —anp—1) — bup1))Xn + an1) i1 (PTo )™ Tyn
+bn ) Tem1 (PTe)™ T

Yn+2 =Pl1 —anir—2) = bnp—2))xn + an(r_z)Trfz(PTrfz)“”ynH
+bnr—2)Tr2(PTr2)™ Tyl

Ynsr—2 = Pl(T — an2 = bn2)xn + an2 2 (PT)™ 'ynyrs3
b2 T2 (PT2)™ Mynr—al

Xnt1 =Pl —an1 —bn1)xn + a1 TH(PT)™ Tynir—2
+bn 1 T (PT)™ Ty v s3]

where {ani},{bni},{1 — ani — bni} are appropriate real sequences in [0,1] for i € I where I =
{1,2,.....,r}. Motivated by these facts we have introduced and studied a new type of multistep
iterative process with errors which is defined as follows:

Let E be a normed space, K be a nonempty convex subset of E which is also a nonexpansive retract
of E. Let T; : K = E(i € [ ={1,2,...,7}) be given nonself asymptotically nonexpansive mappings
with sequences {k} C [1,00) with limp_, ki = 1 for i € I. Then for a given x; € K and n > 1,
compute the iterative sequences {xn},{yn}, «cccey {Yn+r—2} defined by

Yn = Pl(1 = al, — by )xn + @l T (PT)™ %0 + bty
Yni+1 = P[(1— aL(T_U — aﬁ(T_U —bn(r—1))Xn + a'}l(r—])TT'*1 (PT,_1)™ 'yn
+aZ Tt (PT )™ ' 4+ o) Un 1))
Yni2 =Pl1 —ay o) = a5 = @52y — bnir2))%n + ag ) T2 (PTe2)™ Yy
+0a? T 2(PT )™ Tyn + @ (o Tr2(PTe2)™ T + by r2y Un (r—2)]

(1.9)
Ynir2 =Pl(T—al, —aZ; — . — a5 = br2)xn + @l LT (PT)™ Tynirs
+a1212T2(PT2)n_1Un+T—4 + e + CLIIE]Tz(PTz)“_]Xn + bnounzl
Xni1 =Pl(1—al; —a2; —. —a’; —bni)xn + a ;T (PT) Tynyr 2
+a12ﬂT1 (PTq )n71yn+r73 + e + (l:HT] (PT] )nf]Xn + bniunil
where {a]flj}, {bnjh {1 — L;jfr] a]flj — bnj)} are appropriate real sequences in [0,1] for j € I and

k € {l,..,71 —j+ 1} and {un;} are bounded sequences in K for j € I. The iterative sequence
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(T3] is called the new modified multistep iteration for a finite family of nonself asymptotically
nonexpansive mappings.

The iterative sequence ([L.9) can be written as in the compact form

r—j+1 r—j
Yngr—j = P[(] - Z a-,k1j - bnj )Xn + Z a]-;ijTj (PT] )n_lyn+r—j—k +
k=1 k=1

a;rl;jJr] T (PT] )ni]Xn + bnjunj]
where j € I and Xn41 = Yntr—1-
As an illustration, for r = 3, ([L9) reduces to the new modified three-step iteration with errors:
Yn =Pl(1—al; —buz)xn + al 3T3(PT3)™ Txn + brzuns]

Ynt1 = P[“ - (11112 - (11212 —bn2)xn + aLZTZ(PTZ)n71yn

+ap, T2 (PT2)™ X + bratno] (1.10)
Xn+1 =Pl(1—al; —aZ; —ad; —bni)xn +al; TH(PTH)™ Tynsy

+a2;Ti(PT1) ™ Ty + a3 T (PTH)™ "xpn + briuni]

where {a]ﬁj},{bnj},ﬂ — i;ij alj]- — bn;} are appropriate real sequences in [0, 1] for j € {1,2,3}
and k € {1,...,3 —j + 1} and {un;} are bounded sequences in K for j € {1,2,3}.

For a]flj =0forallj €{1,2,...,7—2}and k € {3,4,...,7—j+1} and by; = 0 for all j € I, (LI reduces
to the iteration (L8]). Again if a]flj =0forallje{l,2,...1r—2,r—1}and k ={2,3,4,..,1—j+ 1}
and bnj =0 for all j € I, then (L.9) reduces to the iteration (IL.T).

Next we recall the following definitions and results.

Let E be a real normed linear space. The modulus of convexity of E is a function 6¢ : (0,2] — [0, 1]

defined by

. 1
Sele) =Mmf{l — SO+ y)ll Xl =1, |yl =T, e = |x—yll}-

E is called uniformly convex if and only if dg(e) > 0 for all € € (0,2]. The norm of E is said to
be Frechet differentiable if for each x € E with ||x|| = 1 the limit lim¢_,o w exists and is

attained uniformly for y with ||y|| =1 and in this case it has been shown that in [I8] that
1 1 1
<0 J0) > 4512 < S+ R|? << hyJ(x) > 431112 + bR (1.11)

for all x,h € E where | is the Fréchet derivative of the functional |.|[?> at x € E, < .,. > is the
pairing between E and E* and b is a function defined on [0, 00) such that lim;_,o @ =0 A
Banach space E is said to satisfy Opial’s condition [12] if x,, — x and x #y imply

limsup ||xn, — x|| < limsup ||xn —y]| -
n—oo n—oo

A Banach space E is said to satisfy Kadec-Klee property, if for every sequence {xn} € E,x; — x
and ||xn|| — ||x| together imply that x, — x as n — oo. There are uniformly convex Banach
spaces which have neither a Frechet differentiable norm nor satisfy Opial’s property but their dual
does have the Kadec-Klee property (see [6],[10]).
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Lemma 1.1. ([18],Lemmal) Let {an},{bn} and {d,} be sequences of nonnegative real numbers
satisfying the inequality

An+1 < (] +6n)an +bn,VT1 > 1.

If Y 07 1 dn <ooand ) 7 ; by < oo, then

(1) limn_ 0o an exists,
(i1) limp_seo an = 0 whenever liminf,, o a, = 0.

Lemma 1.2. ([21], Theorem2) Let p > 1 and r > 0 be two fixed real numbers. Then a Banach space
E is uniformly convex if and only if there exists a continuous strictly increasing convex function

g :[0,00) = [0,00) with g(0) = 0 such that
A%+ (T =A)y[P < AP + (T =A)ly[P = wp (M) g(lx —yl)

for all x,y € B;(0) ={x € E:|x|| < r} and A € [0,1] where w,(A) =AP(T —A) +A(1 —A)P.

Lemma 1.3. ([5], Lemmal.4) Let E be a uniformly convex Banach space and B, ={x € E : ||x|| < 1},
r > 0. Then there exist a continuous, strictly increasing and convex function g : [0, 00) — [0, 00),
g(0) = 0 such that

1A%+ By + vzl < Allx[|* + BllylI* + vllzlI* = ABg([x —yl)
for all x,y,z € By and all A; B,y € [0,1] with A+ +v=1.

By using Lemma and Lemma [[.3] we can easily prove the following Lemma:

Lemma 1.4. Let E be a uniformly convex Banach space and By ={x € E: ||x|]| <1}, r > 0. Then
there exists a continuous, strictly increasing and convex function g : [0,00) — [0,00), g(0) =0
such that

[A1X7 4 A2X2 + oo 4+ Anxn||? < Arllxa ]| 4+ Azl[x2 ]| + oo + Anlxnll? — A1A2g(]|x1 — x2|)
for all x; € By and all A; € [0,1] for all i=1,2,..,n with > ' ; Ay =1.
Proof: The Lemma is true for n = 2 since for n = 2 using Lemma we get
A+ A2x2]1* < Mllxa |2+ Azlxal? — w2 (An)g(lxr — x2l|)

where w; (A1) = }\%(1 — A1)+ A (1T =2 )2 = )\%)\2 + >\1)\2 =AMA2(A1 +A2) = A1A2. Also by Lemma
[[.3] we see that this Lemma is true for n = 3. Now let the Lemma is true for n = m. Now

A% 4+ A2x2 + oo + AmXn + A1 Xmt1 ||2
= ||?\1X1 +A2X2 F e F Am—1Xm—1 +

}\m )\m+1
1= A1 = A2 — oo — A
IESES L P VA S A S Vi v W

Xm+1)H2-
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By using the above inequality,
[IA1x1 4+ A2x2 + oo + AmXn + A1 Xmt1 ||2
= |Mx1FA2x2F o F A1 X1 +
Am )\m+1 2
T—AN —2A2—e. — A
(=2 =4 LA vy we—" W S g v ven— ——CR L
< M ||X] Hz + )\2”7(2”2 oo F A1 me_] Hz +
Am A1 2
T—A1 =2 — e — A
(=M= L e vy v WL S B v ve——— S
—MAz2g([lx1 —x2|]) .
Since A\ +A2 + ... + A + Ama1 =1, s0
Am " A1 _ Am + A1 -1
T—A1—A—eee — A1 T—=A1—=A2 — oo — A1 T—A1—A2— e — A )
Then from Lemma [[.2] we get that
Am }\m+1 2
L v v—" W Sl g e we—" ——
7\m 2 }\m+1 2
<
Tl =AM =A== A e+ T—A —Ay— —Am—1 IPem1]
Am
Bl vy venmpny wasd LU Rt Sl
Now,
Am
A P W v —" —
A A
= m (1 - m )
T—A1—A2— e — A T—A1—A2— e — A
A A
+ = (1— u )?
T—A—A— oo — A1 T—A1—A2— e — A
_ 7\m Am+1
T—A =22 —coee = A1 T —=A1 — A2 — oo — A1
A A
( m + m+1 )
T—A1—A—iee — A1 T—=A1—=A2 — oo — A1
o 7\m7\m+1 > 0.
(T—A1 =22 — . — A_1)?
Therefore from above we have
Am }\m+1 2
L v vem— WL S g v ves——— SR
)\m 2 >\m+1 2
S P v v e L il g v e wa SR
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So finally we get that

[IN1x1 4+ A2x2 + oo + AmXn + A1 Xmt1 ||2

= [Mx1 FA2%x2 oo F A1 X1 F

)\m >\m+1 2
T—AN —A2—e. — A
(=2 =2 LRLS e v v W Sl g vy v wt L
< 7\1HX1H2+)\2||X2||2+...+)\m_1HXm_]H2+
Am 2
T—AN —A2—ee. — A
( 1—A2 m 1)(]_)\]_&__"__}\“1_] [xml” +
}\m—o—]

2
1 —A] _Az_...._xm71 HXTTL+1|| ) 1 29(”"1 XZ“)

= Mlxal® +A20x2)® 4 oo+ Aot xmo1 12+ Amlxml? 4 Amt [Xmea 2 = MA2g(x1 —x2)) .

Hence the Lemma is true for n = m + 1. Thus, by induction, the Lemma is true for all n > 2.
This completes the proof of the Lemma.

Lemma 1.5. (2], Theorem3.4) Let E be a real uniformly Banach space and K be a nonempty
closed convex subset of E and T : K — E be asymptotically nonexpansive mapping with a sequence
{kn} € [1,00) with lim,, ,oo kny = 1. Then I — T is demiclosed at zero, i.e. if {x,} is a sequence
in K which converges weakly to x and if the sequence {x,, — Tx} converges strongly to zero, then
x—Tx =0.

Lemma 1.6. ([10], Theorem2) Let E be a real reflexive Banach space such that E* has the Kadec-
Klee property. Let {xn} be a bounded sequence in E and x*,y* € w,,(xn)(weak w-limit set of
{xn}). Suppose limn_c0 [|[txn + (1 — t)x* — y*|| exists for all t € [0, 1]. Then x* = y*.

Lemma 1.7. ([1]) Let E be a uniformly convex Banach space K be a nonempty bounded closed
convex subset of E. Then there exists a strictly increasing continuous convex function ¢ : [0, 00) —
[0, 00) with ¢(0) = 0 such that for any Lipschitzian mapping T : K — E with the Lipschitz constant
L > 1 and for any x,y € K and t € [0, 1] the following inequality holds:

[T(tx+ (1 —t)y) — (tTx+ (1 =) Ty)|| < Ld "(Ix —y|| =L "||Tx = Ty|))

The purpose of this paper is to introduce a new modified multi step iteration with errors
for approximating common fixed points for finite families of nonself asymptotically nonexpansive
mappings. We prove some strong and weak convergence theorems in real uniformly convex Banach
spaces. More precisely we prove convergence theorems in a uniformly convex Banach space which
satisfy Opial’s condition or have Frechet differentiable norm or whose duals have the Kadec-Klee
property. Our results generalize some recent results.

2 Main Results

We begin this section with the following lemmas.
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Lemma 2.1. Let E be a real normed space and K be a nonempty subset of E which is also a
nonexpansive retract of E. Let Ty : K —» E(i € I = {1,2,...,,1}) be given nonself asymptotically
nonexpansive mappings with sequences {k}} C [1,00) with Y 77 ;(kh —1) < oo for i € I. Let {xn}
be defined by (L) with }  ;bni <ooforie L. If F=i_; F(Ty) # 0, then limn_00 |[xn — 4|
exists for all q € F.

Proof: Let q € F. For each n > 1, let k, = max {k}, k2, .c........ Jki} so that {kn} C
[1,00) with } 07 ;(kn — 1) < oo. Since {un;i} are bounded sequences in K for i € I, let M =

sup nZ],i:],Z,...,rHuni —q||. From (L39) we get

lyn—qll = [IP((T— ), = bur)xn + @l T (PT)™ '%n + brsitn,) — Pq|
< 0= al, = b)) xn — @) + afp (T (PT)™ "xn — @) + b (nr — q)|
< (1T—aby —bur)lxn — gl + @ [ITe(PT)™ X — | + b [[uns — g
< (]_a:w)HXn_q”+a:mrkn||xn_q”+bnrM
< knllxn —q|| + barM

Kn|xn —ql| +0111 (2.1)

where o}, = byM. By the given condition we get that Y > ; o, < co. Also from (L9) and (1))

we have

lyner = all = PO = apiy = Qpn) = bagrn P + @) T (PTea)™ Ty +

aj o) Tt (PTeo )™ "% + by Unr1)) — P

< 0 =a)po1y) = Gty = bnpe1) n — @)+ @l p_py (T (PTeo)™ Tyn — )
+af () (T (PTe )™ X — q) + b1y (Unem1) — )

< (O =anpo) = @ty = b)) = dll + ag oy ITem1 (PTe—)™ Tyn — g
+ag o [T (P )™ ' — g+ brge 1) [un—1) — 4

< (T=abpon = G xn =gl + a oy knllyn — 4
+C1121(r71 yknlxn —qll + brn-1yM

< (T=anpn) = Gl — gl + a1y knlknllxn = gl + barM]
+C1121(r71 yknlxn —qll + bp-1)M

< D+ah kg =1 +ap ) kn = Dllxn — qll + aly g knbrrM +
b1 M

< knlxn — 4l + knbneM 4 by )M

= Kilxn —qll +on, (2.2)

where 02 = knbn M + bn(r—1)M. By the given condition we get that ) > ; 02 < oco. Also from
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([9) and ([2.2) we have

[Yn+2 — 4l =
IP((1— a;(rfz) - aTzl(rfz) - ai(rfz) - bn(r—Z))Xn + QL(rfz)Tr—Z(PTr—Z)n_]UTH—l

+ai o) T2 (PT—2)™ 'yn + @) () Tr2(PTe2)™ "Xn + brr_2)Un(r—2)) — Pq|

< 0= ah ez — Ghr—2) — G r2) — Dnr—2)) (xn — @) + @}y 12y (Te—2(PTe2)™ 'yni1 — q)
+a721(r_2) (T2 (PTe—2)™ Tyn — q) + ai(r_z) (Tr—2(PTr—2)™ 'xn — q)
+onr—2)(Uni—2) — 9|
< (01— a:l(rfz) - a121(r72) - ai(er) —bnr—2))[xn — 4l + aL(rfz)||Tr—2(PTr—2)“_]Un+1 —q|
+05 (g [ Te—2(PTe2)™ 'yn — gl + @ () [ Te—2(PTo2)™ ' — g
+bnr—2)[unr-2) — 4l
< (I =apoa) = G2 — G2 Xn = all + an o knl[ynsr — g
+ai 2 knllyn = gl + @3 2 knllxn — gl + bar-2)M
< (I —=anpo2) = anp2) = G2 X = all + af o) knlki [Ixn — g
FhnbneM + by ey MI+ al (o knlkn [[xn — | + barM]
+03% (2 Kknllxn — g + brir2M
< Kpllxn —ql + oy, (2.3)

where Gi = k,zlme + KnbneM + Kby (r—1)M + by (r—2)M. By the given condition we get that
Y >0 03 < oo. In general after (j + 1) steps we get

lynss —all < K lxn — ql| + o} (2.4)

for j = 0,1,...,1 — 2 and {Gi{q} is a nonnegative real sequence such that ) ° , o' < oo for

j=0,1,...,1 — 2. Therefore it follows from (L9) and (24 that

Xnir—all < Killxn — gl + o5 = 0+ (ki = Dllxn —qll + 03, (2.5)

where {07} is a nonnegative real sequence such that } ° ; of, < co. Since 0 < t"—1 < T (t—1)

forall t > 1,500 < kI =1 < vkl (k, — 1). Since > > i(kn —1) < 00 s0 {kn} is bounded,
kn € [1,M'] for some M’ > 0. So 3 *°_; (kl; —1) < oo. Thus by Lemma[[Twe get limn o0 ||[xn—4||
exists for all q € F. $

Lemma 2.2. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset
of E which is also a nonexpansive retract of E. Let Ty : K — E(i € [ ={1,2,...,1}) be given nonself
asymptotically nonexpansive mappings with sequences {k}} C [1,00) with } > ; (ki — 1) < oo for
i€ L Let {xn} be defined by ([LJ) with } 7 ; bni < oo for i € . If F=(i_; F(Ty) # 0, then the
following results hold

(1) If liminfn oo aly >0, for all k < T and 0 < liminfn_ oo all, < limsup,,_,(al, +bnr) <1
then limy, o0 | T (PT )™ "xn — xn || = 0.
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(2) If 0 < liminfn_ e alﬂ < limsupn_m(ZL:] afﬂ—}—bn]) < Tthen limy oo |T1(PT)™ Tynyr 2—
Xn| =0.

T—j+1 m
m=1 anj+

(3) If liminfn_eo a:lk > 0, forall k < j and 0 < liminf,, allj < limsup,, o (2~
bnj) < 1, then limn oo | T (PT)™ "Ynar—jo1 —xn|| =0 for j = 2,3, ....,t— 1.

Proof: Let q € F. By Lemma 2] we have that limp_ o [|[Xn — q]| exists for all ¢ € F. So
{xn—q} is bounded in K. Since {kn,} and {0‘1:”} are bounded so it follows from (Z4)) that {yn4;—q}
are bounded for j = 0,1,...,7 — 2. Since Tj is a nonself asymptotically nonexpansive mapping, we
have

ITPT)™ "ynsrj—1 — all < K [ynsrj—1 — 4]

forj =1,...,7—1. Therefore the sequences {T; (PT;)™ 'yn+_j—1—q} are bounded forj =1, ..., 7—1.
Therefore there exists D > 0 such that K C Bp. From (L9) and Lemma [[.3] we get

Hyﬂ - q”Z HP(“ - CL:U. - bnr)xn + a:erT(PTr)n_1Xn + bnrunr) - PqHz

< 0= ahy = bna)(xn — @) + @ (To(PT)™ "%n — q) + bur (tny — )2

< (1=ap, = bnr)llxn — qlI* + @) [ Te(PT)™ "% — q[12 + brrune — q|* —
(1—ah, —bnr)ah, g1 (| T (PT)™ 'xn — xn )

< (1- a:w)HXn - qHz + a;rkﬁuxn - q”Z + bnrMZ —
(1—a}y —bar)ahe g1 ([T (PT)™ Txn — xn )

< Kpllxn = ql? + ph — an (1= afyy = b)) g1 (I T (PT)™ T — xal]) (2.6)



154

Shrabani Banerjee and Binayak S.Choudhury SEI(]?OI?)

where p! = b, M? so that > u! < oo. From (LA) and ([Z6) and from Lemma [ we get

[yn+1 —qll?

IN

IN

IN

IN

IN

IN

IPI(T = a} (p1) — QB r_1) = Onr—1))%n + @ oy Tee1 (PTem )™ Tyn +

aj o) T (PTeo)™ "% + by ee 1) Un 1)) — P

(71— all(rq) — ai(rq) —bnr_1))(xn—q) + Clll(rq)(Trf] (PTo—1)™ 'yn — q)
+a121(r—1)(TT—1 (PTe—1)™ "%n — @) + brprny (Un 1) — q)[|?

(1 —a) 1) = aap1) = bngo1)lxn — qll* + al oy I T (PTo)™ Tyn — q|1°
+a121(r71)HTT—1 (PTe—)™ "xn — qlI? + b [un—1) — qlI?

—an o (1= anog) = anpot) = b)) g2(ITeo1 (PTee1)™ Tyn — xa )

(1— all(rfl) - ai(rq) —bur—1))[xXn — QHZ + a:l(rfl)kinyﬂ - QHZ
+ai - nkallxn = q)1? + bnr_1yM?

—ap oy (1= an o) = an ety = b 1) 2(ITe—1 (PTee1)™ Tyn — xa )
(11— a:l(r—n - ai(r—n —bnio1))lxn — qllz + a‘}l(‘r—]]k"rzl[k‘rzlllxn - Q||2 + HL
—a), (1= a), = b)) g1 (| Te(PT)™ "5 — xn )] + aﬁ(rq)kﬁ”"n —q|?
+bp(r1yM?

—an o (1= anog) = anpot) = b)) g2(ITe—1 (PTee1)™ Tyn — xa )

K [xn = ql|2 + KE ek + by 1) M?

_a‘]l(r—l)a:lr“ - a:w o) g1 ([T (PT)™ Txn — %))

—ann(—abe 1) = 1) = baeo1) 2T (PT— )™ Tyn — xal))
kil — qll® + 13,

_all(rq)a:w(] - alw bar)gr ([ T:(PT, "Xn —xnll)

_all(rq)“_all(rq)_ai(r 1) bnr 1192 (I Te—1 (PTe—)™ y —xnll) (2.7)

where u2 = k&l + b, ;_11M?, so that ¥ & . 2 < co. Proceeding in this way we have
Kn nHn n( ) ) n=1 Hn g Yy

lyn+s —all?

forj=1,2,...

<

K2 — )2 4 i

( H aTlxi)“ - alw —bnr)gi (”Tr(PTr)ni]Xn —Xnl|) —

i=r—j

( H a:li)(] - all(rq) - aﬁ(rq) - bn(r—l))gz(HTr—] (PTe—1 )“_Iyn - Xn”) -
i=r—j

i+
e T a:‘l.(‘rfj)(1 - Z a}:l.(‘rfj) —bn(r—j))gj (||Tr—j(PTr—i)n_1Un+j—1 —Xnl|)

(2.8)

(G+1)

,T—2 and {p%“ } is a nonnegative real sequence such that Zn 1 Hn < o0. Thus
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we get

ener —all* < K3 lxn —qll? + 1y —

"
(H Cl.]u)(] - CL}U. - bnr)gl (HTT(PTr)n71Xn - XnH) -
i=1
T—1
(JJah)0=ah 1) = a1y = bneo1)g2(ITe 1 (PTe )™ 'yn — xnll)
i=1
r—1
=@l ana (1= ) aky = ba2)ge 1 (I T2(PT)™ 'ynir3 — Xn )
k=1

,
_(11111 (1— Z a]rcﬂ —bn1)gr (| T1 (PTy )n_]ynJrer —Xnll) (2.9)
k=1

where {u},} is a nonnegative real sequence such that Zf:] uy, < oo. Since {kn} is bounded so
there exists M7 > 0 such that k,, € [1,M;] for all n > 1. Hence k,zlr —-1< ZTszlr*] (kn—1) <
2rM%" ! (ky — 1) holds for all n > 1. So Y 2, (ky, — 1) < oo implies that Y oo, (k&" — 1) < oco.
Therefore from ([2.9) we get

Penr = all? <l =gl + (k7 = Dllxn = qll* + 1, —

(H a:ﬁ,)“ - a:‘LT —bnr)gn (HTT(PTT)H_1X11 - XnH) -
i=1

r—1
(H an)(—al 1) = ahpn) = bnr—1) g2 ([ Te—1 (PTeo)™ 'yn — X))
=

r—1

e — @iy (1= ) aky = ba2)ge 1 (I T2(PT)™ 'ynir—3 — Xn )
k=1

—al (1= afy = b)) gr (T (PT)™ 'ynir2 — xnl))
k=1

IN

[xn — ql|? + 2rM2™ 1 (kyy — 1)D? + u, —

T
(H alﬁ.)(] - aT]w —bnr)gi (HTr(PTr)nqxn —Xnl|) —
i=1
r—1
(H an)(—al 1) — anpn) = Y1) 92([Te—1 (PTe—1)™ 'yn — Xal|)
i=1
r—1
e —ahyaln (1= aky = bn2)ge 1 (I T2(PT2)™ "Ynyr3 — Xull)
k=1

—aly(1=) aky = bn)ge(ITi(PT)™ ynir 2 —xal)). (2.10)
k=1
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From [2I0) we get

(H Cl.]u)(] - CL}H. - bnr)gl (HTT(PTr)n71Xn - XHH)

i=1

< len = gl = IPxner = gl +2rM3 (ke = 1)D? 4 piyy (2.11)

and
j T—j+1
TTahd0= 3 a5 =bn)gr i (T PT)™  ynsrjor —xal)
i=1 k=1
< xn—all? = lxner = qll? +2rM7 (ke = 1)D? 441y, (2.12)
forj =1,2,..,7—1. Ifliminf, o al; >0, for all i < Tand 0 < liminf,, e @}, < limsup,,_,(al,+
bnr), then there exists a positive integer mg and m,m’ € (0,1) such that 0 < n < al;(i €

I),al, +bar <’ <1, for all n > ngy. Thus from 1) we get

(1= (ITe(PTI™ "xn = xall) < [xn — qlI* = [IXns1 — ql|* + 2rM37 " (kn, — 1)D?

+ur, foralln>ng.

This implies that

> oL o —xal) < (e — @l + 20MiTID? 3 (1)

n=nyp n=no

which further implies that limpn e g1 (|| Tr(PTe)™ %1 — Xn||) = 0. Since g; is strictly increasing
and continuous with gq(0) = 0, so limn e ||Tr(PTH)™ "xp — xn|| = 0. Similarly from (ZI2)
using the fact that gr_ji1 is strictly increasing and continuous with g,—j11(0) = 0 we get
limn e ||Tj(PTj)n71yn+r,j,] — XnH =0 for ) = ],2, ..... y T — 1. <>

Lemma 2.3. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset
of E which is also a nonexpansive retract of E. Let T; : K — E(1 € I ={1,2,...,1}) be given nonself
asymptotically nonexpansive mappings with sequences {k}} C [1,00) with > > ; (k% — 1) < oo for
i € I. Let {xn} be defined by ([L9) with ) >° ; bni < oo forie L. If F=(;_; F(T;) # 0 and

(1) 0 < liminfy, 0o @), <limsup, . (al, +bny) <1

r—j+1

(2) 0 < liminfy 00 allj <limsup, oo (3 .27 apy +bnj) <1,

then limn o0 [[Xn — Tixn|| =0 for i € L
Proof: By Lemma 2.2 we get
lim || T, (PT,)™ "xn — xn|| = 0 and
n—oo

Jim 1T (PT)™ "Ynirj1 —Xn|| =0 for j = 1,2, ey — 1. (2.13)
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Since P is nonexpansive mapping so from (L9)) together with [2I3]) we have

[yn —xnl < a‘:lT||Tr(PTT)n_]Xn — Xn || + barl[tnr — xa|

< T (PTO™ "% — X || + brr[unr — Xn || = 0 as 1 — oo. (2.14)
Since T,_1 is nonself asymptotically nonexpansive mapping, from [Z13]) and ([2.14]) we get

||T‘r71(PT‘r71)n7]Xn_XnH < HTrf1(PTrf1)n71Xn_ r71(PTrf1)n7]ynH +
HTT—l (PTT—1 )n_lyn - Xn”
< Knllyn = xnll + [ Teet (PTeo)™ Tyn — x|

— O0asn — oo. (2.15)

Again from (L9), ZI3) and [ZI3) it follows that

[yni1 =%l < @l ITe1 (PTee )™ Tyn = xall + af (o) [ITee 1 (PToe )™ e — x|

+bn(r,”|\un(r,” — XnH —0asn — oo. (216)

From (2.16) and [2.13]) we have that

T 2(PTe2)™ X — x| < [ Te2(PTe2)™ "X — To2 (PTe2)™ Tyma || +
ITe2(PTe—2)™ 'yni1 — xn|

Knl[Ynt1 —xnl| + ||Tr—2(PTr—2)n_]Un+1 — Xn||

— Oasn — oco. (2.17)

IN

Also from (2.17) and ([2.14]) we have that

HTrfz(PTrfz)ni]yn - XnH < ||T‘r72(PT‘r72)n7]yn - r72(PT‘r72)n7]Xn” +

”Tr—Z(PTr—Z)n_] Xn — XnH

< anyn_Xn” + HTer(PTr72)n7]Xn_Xn”
— Oasn— . (2.18)
Continuing in this way we have that
lim || T;(PT)™ "Ynsrj—2 —xn| =0 forj=1,2,.ccc.,t — 2. (2.19)
n—oo

Again from (L9), Z13), ZI7) and ([ZI]) it follows that

[Yniz —xn| < all(rfz)|‘TT—2(PTT—2)H_1HT1+1 — xn|| + afm,z)HTT_Z(PTr_Z)“_]yn — Xn|
+a731(r—2) T2 (PTe—2)™ "xn = Xn || + b2y l[tn(r—2) = xn|

— 0Oasmn — oo. (2.20)
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From ([2:20) and [2.I3]) we have that

||T‘r73(PT‘r73)n7]Xn - XnH < HTrf3(PTr73)n7]Xn - Trf3(PTT73)n7]yn+2H +
|‘Tr—3(PTr—3)n_]yn+2 - XnH
anyn+2 - XnH + ||T‘rf3(PT‘rf3)n7]yn+2 _Xn”

IN

— Oasmn— oo.
Thus from (2.21]) and ([2.14) it follows that
r—3 r—3 - Yn —Xn >~ r—3 r—3 B Yn — 1+-3 r—3 - Xn
[ Te3(PT,3)™! I < I Tes(PTes)™ ! (PTr—3)™ x| +
||T‘r73(PT‘r73)n7]Xn - XnH

Knllyn —xnll + HTr—S(PTr—S)n_]Xn — Xn|

IN

— Oasn —oo.
Continuing in this way we have that
lim || T;(PT)™ "Ynirj3 —xn| =0 for j=1,2,.cyT— 3.
n—oo
Continuing in this way after a finite steps we have that
lim || Ti(PT)™ "xn — x| =0, for i € I, and
n—oo

lim || T;(PT;)™ "Ynar—jk —xXnl| =0 forj = 1,2, .ot — k.

n—oo

From (1.9)), [2.22)) we have that
r—1

Hxn+1 _Xn” = ”P[“ _Z a]:ﬂ _bnl )Xn"" Z a-,kﬂT](PTl)n_1yn+r—l—k+
k=1 k=1

a;rﬂTl (PTl )ni]Xn + bnlunl] - Xn”

IN

+bn1|unt —xn|| 2 0 as n — oco.

r—1
>k I PT)™ Y1k — Xl + @l [ITr (PT)™ Txn — %n |
k=1

CUBO
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(2.21)

(2.22)

(2.23)

Since every nonself asymptotically nonexpansive mapping uniformly L-Lipschitzian, so from (2:22])

and ([2:23) we get
IT(PTO™ 2xn —xn| < Ta(PT)™ Zxn — Tu(PT)™ 2xn 1| +
”Ti(PTi)n_ZXn—l — Xn—1 ” + Hxn—l - XnH
< (14D = xn |+ [T PTO™ X1 —xn |

— Oasn — oo.

Now from [2.22) and ([2.24) it follows that
”Xn_TanH S ”Xn_Ti(PTi)n_1Xn|| + ”Ti(PTi)n_]Xn_TanH
<l = T(PT)™ x|+ LI Te(PT)™ “xn — xn |

— O0asn—oo.

(2.24)
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Thus we have that limn 00 [|[Xn — Tixn|| =0 for i € L.O

Lemma 2.4. Let E be a uniformly convex Banach space and K be a nonempty closed convex
subset of E which is also a nonexpansive retract of E which has a Frechet differentiable norm.
Let Ty : K = E(i € I ={1,2,...,1}) be given nonself asymptotically nonexpansive mappings with
sequences {k'} C [1,00) with ) >0 ; (ki —1) < oo for i € I Let {xn} be defined by ([LJ) with
Y bni<ooforiel IFF=(_; F(Ti) # 0 and

(1) 0 < liminfn 00 @}, < limsup, . (al, +bny) <1

r—j+1
m=1

(2) 0 < liminf,, 00 allj < limsup,,_, (> apy +bnj) <1,

then for any p1,p2 € F, limn_,00 < Xn, J(p1 — p2) > exists. In particular
limn oo <p—q,J(p1 —p2) >=0 for all p,q € wy,(xn).
Proof: Since E has Frechet differentiable norm, taking x = p; — p2 with p; # p2 and
h = t(xn — p1) in the inequality (LII]) we get that
1 2 _ | 2
t<xn—p1Jp1 —p2) > +§HP1 —p2° < §|\txn+ (1 =t)p1 —p2f|” <

1
t<xn—p1,J(P1 —P2) > +5[p1 = p2[|* + b(txn —p1). (2.25)

Again p1 € F, so by Lemma 2.1 we have that limn o ||[xn — p1] exists. Let sup{||xn —p1]|:n €
N} < M’ for some M’ > 0. Thus from ([2.25) we get

1 . L
5 llp1 —p2|I* +limsup t < xn —p1,J(p1 —p2) >< 5 Jim ften + (1= t)ps —p2|l®
n—oo

n—oo
1 o
< Sllp1 —p2ll* + b(tM) +liminf t <xn —p1,J(p1 —p2) >

MI

. . b(tM/
= limsup < xn —p1,J(p1 —p2) ><liminf < x, —p1,J(p1 —Pp2) >+ ( p )
n—oo n—oo tM

= lim <xn—p1,J(p1 —p2) > exists as t — 0.
n—oo

In particular limp oo <p—q,J(p1 —p2) >=0 for all p,q € Wy (xn).

Lemma 2.5. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset
of E which is also a nonexpansive retract of E. Let T : K — E(1 € [ ={1,2,...,1}) be given nonself
asymptotically nonexpansive mappings with sequences {k}} C [1,00) with } > ; (ki — 1) < oo for
i € L. Let {xn} be defined by ([I9) with ) >° ; bni < oo forie L. If F=(;_; F(Ty) # 0 and

(1) 0 < liminfy e al, < limsup,, o (al, +bny) <1

T—j+1
m=1

(2) 0 < liminfy, 00 aT]U- < limsup,,_,o (> agy +bnj) <1,

then limn o0 ||txn + (1 — t)p1 — p2|| exists for all py,p2 € F.
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Proof: Let dn(t) = |[txn + (1 — t)p1 — p2|| for all t € [0,1] and py,p2 € F. Then
limn 00 dn (0) = ||p1 — p2|| exists and limp oo dn(1) = ||xn — p2]| exists by Lemma [Z11 De-
fine Qn : K — E by

Qux = Pl(1—ay; — 01211 — e — Al = b )x + T (PT)™ Tx 2+
mT](PT]) "Xz . +ay TH(PT)™ X + braitng]
X2 = Pl(1—a),— 22 — e — a5 = b2 )X+ Al TR (PT) ™ T3 +

nsz(PTz) Xr 4+ eeee. + (1;31T2(PT2)“7]X + bnounzl

x, = P[(1- all(rfz) — a121(r72) — ai(pz) —bno2))x+ a1 (r—2) Tr—2(PTy— ) Txg
+0a3 T2 (PT2)™ Tx0 + @) p oy Te2(PTe—2)™ X + b r—2)Un (r—2)]
x1 = Pl0—aj, ;) —ay,_ 1) — b 1)xF af o T 1 (PToa)™ Txo +
af oy T (PTeo )™ X + b rm 1) Un (1)
xo = Pl1—ap, —bn)x+ap, T(PT)™ x4 buritn]

for all x € K. Thus for all x,z € K

Ixo—zo < (1= an, —bur)llx —z] + ap, | Te(PT)™ 'x = T (PT,)™ 2|

IN

(] - a:n* - bnr)”X - Z” + Cl:wanX - Z”

Knllx —z] .

IN

Proceeding in this way we get

[Qnx — Quzl| < kqlx —zl| = [T+ (ki = Dlflx —z] .

Set
Sn‘m = Qn+m—1 Qn+m—2 ........ Qﬂ) m 2 1 and
bn,m = Hsn,m(txn + (] - t)Pl) - (tXTH—m + (] - t)Pl )H
Then
n+m-—1

[Sn,mx = Snymyl| < ( H ij)HX_UH = Hnmr[lx —y|
j=n

where Hyymr = (T2 ! ki) forn > 1, Sy mXn = Xntm and Sp,mp = p for all p € F. From the

)=n

facts Y 20 ;(kn—1) <ocoand 0 <t"—1 < rt"™ ' (t—1) for all t > 1 we have that Y 7 ;(kl,—1) < oo
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which in turn implies that Hpmr — T as n, m — oo. Also we have that Sn m is Lipschitzian with
the lipschitz constant Hy . By Lemma [I.7] we have

bn,m S Hnmrd)_](Hxn_le_HT_n]nr”Sn,an_Sn,mp]”)
= Humrd ™ (xn = P1ll = Hofrlxnem = p1l]).

Now,
dn+m(t) = ||txn+m + (] _t)pl _pZH
< bnym + [[Snym(txn + (T =t)p1) — 2|
= bn,m + ”Sn,m(txn + (] - t)‘P]) - Sn,mpZ”
S bn,m+Han”tXn+ (] _t)pl _pZH
b

n,m T Hnmrdn(t) .

It then follows from Lemma [2.T] that the sequence {byn m} converges uniformly to 0 as n — oo for
all m > 1. Thus from above we get

limsupdn(t) < ¢ ' (0) + liminf dn(t) = liminf dn ().

n—oo n—oo n—oo

This completes the proof.

Theorem 1. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset
of E which is also a nonexpansive retract of E. Let Ty : K — E(1 € [ ={1,2,...,1}) be given nonself
asymptotically nonexpansive mappings with sequences {k}} C [1,00) with } > ;(k} — 1) < oo for
i € I. Let {xn} be defined by ([I9) with ) >° ; bni < co for i € I. Let F=(;_; F(T;) # 0 and

(1) 0 < liminfy e aly, < limsup,, o (al, +bny) <1

r—j+1

(2) 0 < liminfy 00 allj < Hmsupp oo (D mly

apy +baj) < 1.
Assume that any one of the following conditions holds:

(1)E satisfies Opial’s property

(2)E has a Frechet differentiable norm

(3)E* has the Kadec-Klee property

then {xn} converges weakly to some common fixed point of {T;},1 € L.

Proof: Since F # (), so let g € F. Then by Lemma [ZT] limp o || Xn — q|| exists and so {xn}
is bounded. Since E be a uniformly convex Banach space so {xn} has a subsequence {xy} which is
weakly convergent to p € K (say). From Lemma [Z3 we get limn 00 ||[Xn — Tixn| =0 for i € I. By
Lemma, we have Tj is demiclosed at 0 so p € F(T;) for all i € I. Then p € F. If possible let {x}
has another subsequence {xn,, } which converges weakly to another point q € K. Then by similar
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argument as above we have that q € F(T). Let (1) hold. Then by Opial’s property we have

Ixn—pll = limsup fxn, —pl
J*)OO
< limsup”xle —ql = lim ||xn —q||
j—)OO n—oo

= limsup ||xn, — 4|l
K

—00
< lmsup|fxn, —pll = lim [ —p|
k—o0 n—0oo

a contradiction. So p = q.

Let (2) hold. Then from Lemma 24 we get limpn_ 0o < p — q,J(p1 —p2) >= 0 for all p,q €
Wyw(Xn) and p1,p2 € F. Since p, q € F also so from above we get < p —q,]J(p —q) >=0, that is,
llp — ql|* = 0 which implies that p = q.

Let (3) hold. Then from Lemma 25 we get limn o0 ||txn + (1 —t)p — q|| exists, so by Lemma [[.6]
we have that p = q. So {xn} converges weakly to some common fixed point of {T;},i € I. This
completes the proof of the Theorem.

Condition(A)[14] A mapping T : K — E with nonempty fixed point set F(T) in K satisfies Condition
(A) if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(m) > 0 for all
m € (0,00) such that

f(d(x, F(T))) < [lx —Tx|| for all x € K.

A finite family of mappings T; : K — E, for alli = 1,2,3,...,7 with nonempty fixed point set
F= ﬂ[:] F(T;) # () satisfies

(i) Condition(A)[] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and
f(m) > 0 for all m € (0, 00) such that

.
f(d(x,F)) < %(Z [lx — Tix||) for all x € K
i=1

(ii) Condition(B)[4] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and
f(m) > 0 for all m € (0, 00) such that

f(d(x,F)) < max {||x — Tyx||} for all x € K
1<i<r

(iii) Condition(C)[4] if there is a nondecreasing function f : [0,00) — [0, 00) with f(0) = 0 and
f(m) > 0 for all m € (0,00) such that at least one of the T;’s satisfies condition(A).

Clearly if T, = T, foralli = 1,2,3,...,7, then Condition(A) reduces to Condition(A). Also

Condition(B) reduces to Condition(A) if all but one of T;’s are identities. Also it contains Condition(A).

Furthermore Condition(C) and Condition(B) are equivalent. Tan and Xu [18] pointed out that the
Condition(A) is weaker than the compactness of K. It is well known that every continuous and
demicompact mapping must satisfy Condition(A) [14]. Since every completely continuous map-

ping is continuous and demicompact so it must satisfy Condition(A). Also Condition(B) contains
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Condition(A) therefore to study the strong convergence of the iterative sequence {xn} be defined

by [9) we use Condition(B) instead of the complete continuity of the mappings {Ty, T2, ...., T}

and Condition(A).

Theorem 2. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset
of E which is also a nonexpansive retract of E. Let Ty : K —= E(i € I ={1,2,...,1}) be given nonself
asymptotically nonexpansive mappings with sequences {k} } C [1,00) with > > ; (k% — 1) < oo for
i€ L. Let {xn} be defined by ([L9) with > % ; bni < oo for i € I. Let F={{_; F(Ty) # 0 and

(1) 0 < liminf,, 0o al, <limsup,, .. (al, +bny) <1

T—j+1
m=1

(2) 0 < liminf,, 00 allj < limsup,_,o (> apy +bnj) <1

If the family of mappings {Ty, T2, ...., T;} satisfy Condition(B), then {x,} converges strongly to some
common fixed point of {Ty, Tz, ...., Ty }.

Proof: Let q € F then by Lemma 2] limy, e ||xn — || exists. Let limn o0 ||Xn — q|| = a,
for some a > 0. Let a > 0. Now from (23] we get

[xne1—qll < [T+ (ky = Dlllxn — ql + o7,
= [ +8n]|xn—q| +0% (2.26)

where {0],} is a nonnegative real sequence such that ) > ; 0}, < oo and &, = kJ, — 1 such that
Y 18 <o0. So

d(xnt+1, F) < (14 6n)d(xn, F) + 0}, -
By Lemma [l we have that limy, o d(xn, F) exists. By Condition (B) and Lemma 23 we get,
lim f(d(xn,F)) =0.
n—oo

Since f: [0, 00) — [0, 00) is a nondecreasing function with f(0) = 0 so we have
limp 00 d(xn, F) = 0. Since limn 00 ||Xn — q| exists, it follows that {||xn — q||} is bounded, so there
exists M” > 0 such that [|x, — q|| < M”. From ([2.26) we get

[xne1 =4l < lxn—qll+8.M" 40},
= |[xn—ql +6n

where 0, = §,.M” + o,. Now > ° | 0, < co. Now for any m > 1 we have that

Hxn+m - qH S ||Xn+m—1 - q” + e‘n+‘m—]

IN

||Xn+m—2 - q” + Ontm—2 + Ongm—1

A\
T
2
_|_
I\/]
o

k=n
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Since Y 74 0y < 00 and limp 00 d(Xxn, F) = 0, there exists Ny € N such that for all n > Ny we
have d(xn,F) < § and Z?ﬂ\h On < ¢. Therefore there exists X € F such that [[xn, —X|| < 5.
Therefore we have

||Xn+m_xn” S HXTH—m_?”“‘HXn_%H
n+m-—1 n—1
< by =X+ Y Ot ln, X+ Y 6k
k=N, k=N,
€ € € €
< —H-F=-+-=c¢ 2.27
3 6 3 6 ( )
,.-monumber (2.28)

Hence {xn} is a Cauchy sequence. Since E is complete so xn, — p € E, so for given € > 0 there

exists 11 € N such that for all n > nq, ||[xn —p|| < m Again since limy, o d(xn, F) =0, so
for given € > 0 there exists ny € N such that for all n > ny(> nq),d(xn, F) < m so there
exists P € F such that |[xn, —P[| < 375 Therefore
[P=Tipll = lp—xn, +Xn, =P +P —Tip||

< lp=xn.ll + [IXn, =PIl + P — Tip|

= lp—xn. [ + [[xn, =PIl + [ITiP — Tip||

< P —xnoll + X, =Pl + k[P —pll

< (4 k)lp —xn, | + (1T + k1) |[xn, =Pl

€ €
< 1+k)=—=——4+(1+kij)z==———=c¢€.
s | ])2(1+k1) ( ])Z(H—k])

Since € is arbitrary so we have Tip =p for all i € I. So p € F(T;) for all i € I. Thus p € F. Hence
{xn} converges strongly to some common fixed point of {T7, T2, ...., T-}.

Remark 2.6. Theorem [l and Theorem [2] extends and generalize Theorem 2.1 and Theorem 2.5 of
[20].
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