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ABSTRACT

In this paper we consider the system of piecewise linear difference equations in the title,
where the initial conditions xp and yo are real numbers. We show that there exists a
unique equilibrium solution and exactly two prime period-3 solutions, and that except
for the unique equilibrium solution, every solution of the system is eventually one of
the two prime period-3 solutions.

RESUMEN

En este articulo consideramos el sistema de ecuaciones en diferencia lineales por partes
indicado en el titulo, donde las condiciones iniciales xp e Yo son niimeros reales. De-
mostramos que existe una tnica solucién de equilibrio y exactamente dos soluciones de
periodo 3-primo, y que exceptuando la solucién tinica de equilibrio, toda solucién del
sistema es eventualmente una de las dos soluciones de periodo 3-primo.
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1 Introduction

In this paper we consider the system of piecewise linear difference equations

Xn+1 = ‘Xn|_yn_]
. n=0,1,... (1.1)
Yntl = Xn+ |yn|

where the initial conditions xo and yo are arbitrary real numbers. We show that every solution of
System(IT)) is either (from the beginning) the unique equilibrium point

(’_‘)g) = (_éa _%>

or else is eventually one of the following period-3 cycles:

x = 0, y = -1 X0 = 0, yo = 3

2 1

P;, = X1 = 0 y Y1 = 1 or P% = X1 = —g , Y1 = §
= =2 = 1 2 1

X2 v Y2 X2 = —3 > Y2 = ~3

This study of System(T]) was motivated by Devaney’s celebrated Gingerbreadman map

Xn+1 = ‘Xn‘_yn"‘]
, n=0,1,....

Yn+1 = Xn

See Ref. [I] 2 3] 4].

We believe that the methods and techniques used in this paper will be useful in discovering
the global behavior of similar piecewise linear systems of the form

Xn4+1 = |Xn‘ + ayn +b
, n=0,T1,2..
Ynt1 =Xn +Clynl+d

For another system of this form see [5].
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2  The Global Behavior Of The Solutions Of System ([I.1])

Set
L= {(xy):x=0,y=0}
L = {(xy):x=0y=0}
b = {(xy):x<0,y=0}
Ly = {(xy):x=0,y<0}
Qi = {(xy):x>0y>0}
Q = {xy):x<0,y>0}
Q = {(xy):x<0,y<0}

Qs = {(x,y):x>0,y <0k

Theorem 1. Let {(xn,Un)}S>, be a solution of System(II) with (xo,yo) € R?. Then either
{(xn,Yn )}, is the unique equilibrium (X,q), or else there exists a non-negative integer N > 0
such that the solution {(Xn,Un)}S> n of System(LT]) is either the prime period-3 cycle P; or the
prime period-3 cycle P%.

The proof of Theorem [l is a direct consequence of the following lemmas.

Lemma 2. Suppose there exists a non-negative integer N > 0 such that
yn = —xN — 1 and yn > 0.

Then (xn+1,Ynt1) = (0,—1), and so {(xn, Yn) I3 N1 i the period-3 cycle Pl

Proof. Note that x5y = —yn — 1 < —1, and so

XN+1 = |XN‘—yN—] = —XN—(—XN—1)—] = 0
yntt = xn+lynl = XN+ (—xn — 1) = -
The proof is complete. o

Lemma 3. Suppose there exists a non-negative integer N > 0 such that (xn,yn) € lo. Then
{(xn, Yn) I8 N2 is the period-3 cycle Pl.
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Proof. We have

xN+1 = [xnl=yn—1 = 0—yn—-1 = —yn—-1 < 0
yngt = xn+lynl = O4+yn = YN > 0
and so it follows by Lemma 2] that {(xn,Yn)}n_n_, is the period-3 cycle P;. O

Lemma 4. Suppose there exists a non-negative integer N > 0 such that xNy = 0 and yn < —1.
Then

(1) XN+3 =2yn +2<0.

3
(2) If—z <yn < —1, then YN3 = —ZyN —3<0.

3
(3) If yn < —3, then {(xn,Yn)lnln 4 is the period-3 cycle P;.

2
Proof. We have

XNy1 = nl—yn —1 = —-yn—-1 > 0
INER XN + [Yn| = —YN > 0
XN+2 = Ixngil=yngr =1 = -2

YUN+2 = XN+ F [ynal = —2yn—1 > 0
XNt3 = Ixng2l—yng2—1 = 2yn+2 < 0
YUN+3 = XN+2 T [yns2l = —2yn—3.

3 3
If —5 <yn < —1, then ynt3z = —2yn —3 <0. If yn < 3 then yni+3 = —2yn —3 > 0 and so

by Lemma 2] {(xn, Yyn)}nn 4 is the period-3 cycle P;. The proof is complete.
O

Lemma 5. Suppose there exists a non-negative integer N > 0 such that xny =0 and —1 < yn < 0.
Then

1
(1) It ~7 <yn <0, then {(xn,yn )5 is the period-3 cycle Pl.

1 1
(2) If —z <yn < — then xn45 = SyN + 2, YN45 = —gyN — 3, and xNn4p6 = 0.

Za
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1
B) If-1<yn < 5 then {(xn, Yn)}5_n.¢ is the period-3 cycle P;.

Proof. We have

XN+l = Ixn|—yn — 1 = —yn-—-1 < O
YN+l = XN + [Yn| =  —Yn > 0
XN+2 = Pnpil—yngr—1 = 2yn < 0
Ynt2 = xng1tlynsal o = —2yn—1

XN3 = [xnp2l=yng2—1 = 0.

1
If ~7 <yn <0, then yn42 < 0 and yn+3 = xNn+2 +Yyni2l =4y~ +1 > 0. It follows by Lemma [3]

that {(xn,Yn )} N5 is the period-3 cycle P;, and so Statement 1 is true.

1 1
If 3 <yn < “r then yn42 < 0 and

yn+z = xns2Flynt2l = dyn+1 <0
XNt4 = [xng3l—yngz—1 = —4yn—2 < 0
Yn+a = xna3Flyntsl = —dyn—1 > 0
XN45 = [xNg4al—=ynga—1 = 8yn+2 < O
YNts = XN4a Flynial = —8yn-—3

XNt+6 = Ixngsl—yngs—1 = 0

and so Statement 2 is true.

1 o .
If—1<yn < — then yn16 = xni5 +ynysl = —1 and 50 {(xn, Yn)}5 N6 s the period-3 cycle
P;. The proof is complete. O

Lemma 6. Suppose there exists a non-negative integer N > 0 such that (xn,yn) € ls. Then the

following five statements are true:
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1
(1) Suppose —3 < yn < 0. Then {(xn,yn)}° is eventually the period-3 cycle P1.

1
(2) Suppose yn = -3 Then {(xn, Yn )}y is the period-3 cycle P3.

4 1
(3) Suppose —3 <yYn < —3. Then {(xn,yn )} is eventually the period-3 cycle P;.

3

4
(4) Suppose yn = —3 Then {(xn,Yn)lnn.3 is the period-3 cycle P2

4
(5) Suppose yn < -3 Then {(xn, Yn )}y is eventually the period-3 cycle P1.

Proof. We have xn =0 and yn < 0.

1 1
(1) Suppose —3 <Un < 0. Note that by Statement 1 of Lemma [B] that if —7 <N < 0, then

{(xny Yn) I3 N5 is the period-3 cycle Pl

1 1
So suppose 3 <yn < 7 For each integer n > 1, let

—22n 41
tn =73
Observe that
L L 1]
Z—(l]>(12>(13>...> § an ngl;oan— g.

Thus there exists a unique integer K > 1 such that yn € (axi1,ax]. We first consider
the case K = 1; that is, yn € (—%,—H . It follows from Statement 2 of Lemma [l that
XN+5 =8YN +2 <0, ynys = —8yn —3 <0, and xn46 = 0. Thus ynye = Xng5 + [Yngsl =
16yn +5 > 0, and so by Lemma [3l we have {(xn,Yn)}5 n. g i the period-3 cycle Pl

Hence without loss of generality, we may assume K > 2. For each integer m > 1, let
P(m) be the following statement:

XN+3m+3 = 0

22m+2 -1

22m+2y N+ f < 0.

YN+3m+3

Claim: P(m) istruefor 1< m <K-—1.
The proof of the Claim will be by induction on m. We shall first show that P(1) is true.
Recall that xn = 0 and yn € (ak+1,ak] C (—%,—%] , and so by Statement 2 of Lemma [0
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we have xn45 =8yn +2 < 0 and ynys = —8yn —3 < 0. Then

XN+3(1)+3 = O

YN+3(1)43 leyn +5 =

22(1)+2 -1

22(])+2yN + < 0

3 <

and so P(1) is true. Thus if K = 2, then we have shown that for 1 < m < K—1, P(m)
is true. It remains to consider the case K > 3. So assume that K > 3. Let m be an inte-
ger such that 1T < m < K—2, and suppose P(m) is true. We shall show that P(m+1) is true.

Since P(m) is true we know

XN+3mt+3 = O
) 5 22m+2 -1
UN+3me3z = 27Myn + —3 < 0.
—22(K+1) 4 22K 4
Recall that yn € (ak+1,ax] = ( 3 2K 0 303K } .
Then
22m+2 —1
XN3med = Nesmasl —Ynszmaz —1 = =22y — <f> -1
Note that XNt3m+4 = —YN+3m+3 — 1.
In particular,
5 ) 22m+2 -1
XN4+3mid4 = —2°MF YN — <f> —1
22m+2 —22(K+1) 41 22m+2 _ 1 ]
< 3.2k ) T 3 -
22m+2K+4 22m+2 22m+2 1
= 3wz 3%z 3 T3]
22m—2K 2
< 0

and

UN+3mid = XN43ma3 FIYNg3mesl =

0+ [yn+3m+3 —YUN+3m+3 =

0.
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Thus
XN£3m+5 = XN£3mral —YNi3mia —1 = yYnizme3z +1— (—Yni3mes) — 1
= 2YNi3m+3
< 0
and
YUN+3m+5 = XN£3mtd T IUNe3medal = —Yngzmez — T+ (—Yni3me3)

= —2Yyn+3m+3— 1.

In particular,

22m+2 -1
Unismes = —2 (22m+2yN + f) ~1

5 22m+2 —22(K+1) +1 22m+2 _ 1 1
< 3.k )T T3 B

22m+2K+5 22m+3 22m+3 2

T 3.2Kv2 T 32Kz 3 +§_1

22m72K+1 1

3 3
Finally,
XN+3(m+1)+3 = XN+3m+6
= XN43m+5sl —YNt3mas — 1

= “2Yyni3m+3 — (—2yng3mez — 1) —1
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and

YUN+3(m+1)+3 = YN+3m+6
= XN+3m+5 + [UNF+3msl
= 2YyN+3m+3 F2YNi3me3 + 1

= 4yni3me3 +1

2 2m+2 22m+2_]
= 22 (2™ 4 ) 1

3
22m+4 _4
_ 22m+4yN + 3 +1
22(m+1 )+2 1
= 2mH2y -
In particular,
_22K+] 22(m+1)+2_1
Unpa(menes < 22T ( 3. 22K ) 3
22m+2K+4 22m+4 22m+4 1
- T3k Yy T3 73
_ _l (] _22m72K+4)
3
< 0

and so P(m+ 1) is true. Thus the proof of the Claim is complete. That is, P(m) is true for
1 <m < K—1. Specifically, P(K — 1) is true, and so

XN+3(K—=1)+3 = Xnt3k = O
2K 22]( -1
UN+3(K=1)+3 = YnNi3k = 277y~ -+ 3 < 0.
Note that
—22KF2 1\ 22K =22 41\ | 22% -1
2K 2K
2 (3.22“2 >+ 3 < YNk <2 (3.22K )+ 3

So as
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22K _22K+2 +1 22K -1 _ _24K+2 22K 22K 1 7 1 1 . 1
3. 22K+2 3 _3.22K+2+3.22K+2+T_§—§ 2] Ty
and
—22K 41 22K 1 22K 22K g
2K _ _
2 < 322K > 5 3 3 70
we have

1

—7 < YNk <0

and so it follows from Statement 1 of Lemma Bl that {(xn, Yn )13 N, 3x45 1S the period-3 cycle
pl.

Suppose Yn = —%. Note that (0,—%) € P; and so {(xn,Yn)}o is the period-3 cycle P;.

4 1
Suppose —3 <y~ < —3.
We shall first consider the case where —% <yn < -1

So suppose —% <yn < —1. For each integer n > 0, let

_22n+2 +1
bn = 3.22n
Observe that 4 4
—1=bpo>b; >by>...>—= and lim b, =—=.
3 n—oo 3
Thus there exists a unique integer K > 1 such that yn € (b, bx_1]. We first consider the
case K = 1; that is, yn € (—%,—1] . Note that if yn = —1 then (xn,yn) = (0,—1) and
{(xn, Yn )}y is the period-3 cycle P1. So assume yn € (—%, —1) . By Statements 1 and 2
of Lemma [4] we have xn+3 = 2yn +2 < 0 and yn+3 = —2yn — 3 < 0. Then

XN+4 = [xng3l—yngz—1 = 0

UN+4 = XN43 Flyngsl = 4yn+5 > 0
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and so it follows by Lemma [3] that {(xn,yn)}3n ¢ is the period-3 cycle P;.

Hence without loss of generality, we may assume K > 2. For each integer m > 1, let
Q(m) be the following statement:

XN4+3m+1 = O

22m+2 -1

YN+3m+1 = szyN+f < 0.

Claim: Q(m) is true for 1< m <K -—1.

The proof of the Claim will be by induction on m. We shall first show that Q(1) is true.
Recall that x5y = 0 and yn € (bk,bk_1] C (—%,—%], and so by Statements 1 and 2 of
Lemma (4] we have

XN+3 = 2yn+2 < O
Yynts = —2yn—3 < O
XN+3(1)+1 = Pnssl—yngz—1 = 0
YUN+3(1)+1 = XN+3 + [Un3l
= 4yn +5 < 0
_ 22“)HN+22<1)+% < 0

and so Q(1) is true. Thus if K = 2, then we have shown that for 1 < m < K—1, Q(m)
is true. It remains to consider the case K > 3. So assume that K > 3. Let m be an inte-
ger such that T < m < K—2, and suppose Q(m) is true. We shall show that Q(m+1) is true.

Since Q(m) is true we know

XN+3m+1 = 0
22m+2_]
_ 92
YUN43m4+1 = ZmyN+f < 0
and so
XN+3m4+2 = PXNe3matl = YUNg3me1 —1 = 0—yng3zme1 — 1.

—22H2 41 224
3.22K 0 3.922K-2|°

Recall that yn € (bk,bx—1] = (
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In particular,

22m+2_]
_22K+2+] 22m+2_]
_22m _ —
< () (B)
22K+2m+2 22m 22m+2 1

- 3.22K  3.22K T 3 +§_]

— _l (22m72K+2 + 2)

3
< 0
and
UN+3m+2 = XN43m+1 T Ynssme1l = O0—yni3zmer > 0.
Hence
XN4+3m+3 = XNf3mp2l —UNg3mi2 —1 = yYni3me1 + 11— (—Yng3mer) —1
= 2YN43mi1
<0
and
UN+3m+3 = XN+3m42 FUns3me2l = —Ynt3me1 — T+ (—UNF3mt1)

—2YN+3m+1 — 1.
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In particular,

Finally,

and

In particular,

YN+3m+3 =

XN+3(m+1)+1

YN+3(m+1)

YUN+3(m+1)+1

22m+2 —1
-2 [22myN + f] —1
5 22m _22K+2 +1 22m+2 -1 :
- 3k )t T3 T
22K+2m+3 22m+1 22m+3 N 2 :
3.22K 3.22K 3 3

; (22m—2K+1 + ])

0.

= XN+3m+4

= [xXN+3m+3l = YNtzmer — 1

= —2yn+3m+1 — (“2YNs3mar — 1) =1
=0

+1 = YN+3m+4

= XN4+3m+3 + UN+3m+3l

= 2yn+3m+1 +2YN+3m41 + 1

= dynizme1 +1

22(m+1 )+2 1

— 22(m+1)yN 4 3
< 22m+2 _22]( +1 22m+4 -1
- 3.22K=2 + 3
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22K+2m+2

22m+2 22m+4 1

1

3

< 0

and so Q(m+ 1) is true.

+ —

T 3.22K=2 + 3. 22K—2 3 3

(22m—2K+4 _ ])

Thus the proof of the Claim is complete. That is, Q(m) is true for

1 <m < K-—1. Specifically, Q(K — 1) is true, and so

XNt3(k-1)+1 = 0

YUN+3(K=1)+1

Note that

0 > yYns3k=—1)41 >

22(K71)+2 -1

= 2Ky +E———— < o

3

22K
3

22(K71) _22K+2 +1 N
3.22K

24K 22K—2 22K

1
3R T3 T3 T3

()

1

4

and so it follows by Statement 1 of Lemma [l that {(xn,Yn)nn_ 3k 3 is the period-3 cycle

P,

Suppose —1 < yn < —%. By Statement 3 of Lemma [5 we have {(xn,yn)}npn3 is the

period-3 cycle P; .

To complete the proof of Statement 3 we shall now suppose that —%

each integer n > 1, let

X =

Observe that 1

2

1
—m =< <x<..<—z

< yn < —%. For
_2211—1 -1
3.2211—]

3 and nlinéo““:_?
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Thus there exists a unique integer K > 1 such that yn € ok, ax+1). We first consider the case
K =1; that is, yn € [—%,—%) . By Statement 2 of Lemma [§] we have xn4+5 = 8yn +2 <0,
Yn+s = —8yn — 3 > 0, and so it follows by Lemma 2] that {(xn,yn)}nn_¢ is the period-3

cycle P;. Without loss of generality we may assume K > 2. For each integer m > 1, let
R(m) be the following statement:

22m+1_2
XN+3m+2 = 22m+‘yN+73 < 0
22m+1 +1
YN+3m+2 = —22’““91\1—(#) < 0.

Claim: R(m) is true for T < m <K -—1.
The proof of the Claim will be by induction on m. We shall first show that R(1) is true.
Recall that xy =0 and yn € ok, ax41) C [—%, —%), and so it follows from Statement 2 of

Lemma [B] that
= 22(W+1 _ 9
N Syn +2 - 22Ty A 3 < 0
- _ 22(1+1 11
Unasez = “8un =3 = 220 gy <%) < 0

and so R(1) is true. Thus if K = 2, then we have shown that for 1 < m < K—1, R(m)
is true. It remains to consider the case K > 3. So assume that K > 3. Let m be an inte-
ger such that 1 < m < K—2, and suppose R(m) is true. We shall show that R(m-+1) is true.

Since R(m) is true we know

22m+1 -2

XN+3mi2 = 22MTlyn + —3 < 0
22m+1 +]
YUnNisme2 = —22Mlyn — <73 > < 0.
Then
XN+3m+3 =  [XN43ma2l —YNt3me2 — 1
22m+] 2 22m+1 41
_ _22m+1yN _f_ (_22m+1yN _f) -1
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YN+3m+3 = XN+3m+2 T [YN+3m2]
2m+1 _ 9 22m+1 +1
— 22m+]yN + +22m+]yN +
3 3
22m+2 -1
— 22m+2yN +
3
_22K71 -1 _22(K+1)71 -1
Recall that yn € [ax, ax+1) = [ 322K T 0 3 2K )
In particular,
_22(K+1)—] -1 22m+2 -1
2m+2
UNt3mes < 27 ( 3. 22K ) + 3
22K+2m+3 22m+2 22m+2 1

T 3.2k _3,.221<+1+ 3 3

_ _% (1+22m72K+1)

< 0
Then
XN3mtd = XNt3me3l —YNt3mi3 — 1 =0 —Yni3mi3 — 1 = —Yni3ms3z — 1.
In particular,
2m+2
XN+3m+4 = —22m+2yw - % —1
- _22m+2 _22](71 -1 B 22m+2 -1 L
3.22K-1 3
22m+2K+1 22m+2 22m+2 1

= 3x 7 T3 T 3 t37!

_ _% (1 _22m—2K+2)

< 0

Hence

UN+3m4d = XN4+3m+3 T [Unt3m+3l =04+ (—Yn4+3m+3) = —Yn43m+3 > 0.
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Finally,

XN+3(m+1)+2

and
YUN+3(m+1)+2

In particular,

YUN+3(m+1)+2

<

_ _22(m+1)+]y

XN+3m+5

IXN3maal — YNt 3mea — 1

UN+3m+3 + T = (—Yni3me3) — 1

2YyN+3m+3

22(m+1 )+]yN +

= YN+3m+5

= XN43m+4 + YN

22(m+1)+1 -2

3

+3m+4l

—2YN+3m4+3 — |

22(m+1)+1 +1
N 3 .

—YN+3m+3 — I+ (—YN+3m+3)

a3 _22K71 -1 22m+3 +1
—2 3.2k | 3
22m+2K+2 22m+3 22m+3 1
3227 3.7 33

(22m—2K+4 —1)

Wl =

o

)

and so R(m + 1) is true. Thus the proof of the Claim is complete. That is, R(m) is true for
1 <m < K—1. Specifically, R(K — 1) is true, and so

XN+3(K—1)+2

YUN+3(K=1)+2 =

22(K71)+1yN +

Q2K (

22(K71)+1 _2

3

22(K71)+1 41
3

)

<

0.
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XN+3K = XN+3(K—1)+3
= Ixnpak-nr2l —Yngzkon2 — 1
= 0
and
YUN+3K = YN+3(K—1)+3
= XNt3(K-1)+2 T UN+3(k-1)42]
22K 1
= 22KyN + 3 .
Note that
_22K—1 -1 22K -1 _22K+1 -1 22K -1
2K 2K
2 (3'22](] )+ 3 < yngsk < 2 (3'22“] )+ E
So as
22]( _22K71 -1 22]( -1 _ _24K71 N 22]( N 22K B 1 7 _2 B 1 o
3.22K-1 3 T 3.22K-1 7 3.22K-1 3 3~ 3 3
and
22K _22K+1 —1 22K -1 7 _24K+1 22]( B 1 7_] B 1 7_]
3. 22K+1 3 3.22K41 3 3 6 3 2
we have
1
—1 <ynt3k < =3
and so it follows by Statement 3 of Lemma [5l and the fact (0,—1) € P} that the solution
{(xny Yn)p N3k 3 18 the period-3 cycle Pl.
(4) Suppose yn = —%. By direct computations we have (xN+3,YN+3) = (—%, —%) € P2, and so

{(xnyYn)tpl Ny 3 is the period-3 cycle PI.
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(5) Suppose yn < —%.

First consider the case —% <yn < —%. For each integer n > 0, let

_22n+3 —1
Br = 3. 201
Observe that
3 4 . 4
_ZZBO<B1 <f32<...<—§ and nlgigoﬁn:—g_

Thus there exists a unique integer K > 1 such that yn € [Bx—1, Bx). We first consider the
case K = 1; that is, yn € [—%, —%) . By Statements 1 and 2 of Lemma [l we have

XN+3 = 2yn+2 < O
Yniz = —2yn—3 < 0
and so
XNt4 = [xng3l—ynyz—1 = 0

4yn+5 < O

YN+4 = XN+3 +[ynssl

In particular, —1 < yn44 < —%. It follows by Statement 3 of Lemma [B] that the solution
{(xnyYn) s N7 is the period-3 cycle Pl

Thus without loss of generality, we may assume that K > 2. For each integer m > 1,
let S(m) be the following statement:

22m+3 -2
XN+3mi3 = 22MTlyn + — 3 < 0
22m+3 -2
YNtsmes = —22MHlyn— (f) -1 < 0.

Claim: S(m) is true for T <m <K-—1.

The proof of the Claim will be by induction on m. We shall first show that S(1) is true.
Recall that xny = 0 and yn € [Bx—1,PBk) C [—%,—%), and so by Statements 1 and 2 of
Lemma [4] we have

XN4+3 = ZyN+2 < 0
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YN+3 = —2yn —3 < 0
XN+4 = [Xng3l—yngz—1 = 0
YNed4 = Xn+3F+yngsl = dyn+5 < 0

XN+5 = XNl —ynga—1 = —dyn—6 < 0
Ynts = xNgatlyngal = —Ayn-5 > 0.
Finally,
XN+3(1)43 = XN+6 = [Xnysl—yngs—1 = 8yn+10 < 0
UN+3(1)43 = UN+6 =  XNa5+Unysl = —8yn—11 < 0.

It follows that S(1) is true. Thus if K = 2, then we have shown that for 1 < m < K—1,
S(m) is true. It remains to consider the case K > 3. So assume that K > 3. Let m be an in-
teger such that 1 < m < K—2, and suppose S(m) is true. We shall show that S(m+1) is true.

Since S(m) is true, we know

22m+3 -2
XN+3m+3 = 22mitlyN + — 3 < 0
22m+3 -2

YNi3mez = —22Mlyy — (f) -1 <0
Note that Yyn+3m+3 = —XN+3m+3 — 1, and so —1 < xN13m4+3 <O.
Thus

XN43mt+d = [XN43m+3] —YUN+3me3 — 1
= —xXN+3m+3 — (XN43me3 — 1) — 1
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and

UN43mt+d = XN+3m+3 + [UN£3ma3]

= XN+43m+3 +XN43m3 + 1

= 2xNn+3m+3 1.

_22(K=1)+3 _ 1 _22K+3 _q )

Recall that YN € [BthﬁK) = |: 3. 22(K—1)+1 ) T3 02K+

In particular,

22m+3 -2
YN+3m+d = 2 [22m+]y1\1 + f} +1
_22K+3 -1 22m+3 -2
2m+1
< Z[Zm <3.22K+1 )+ 3 ]+]
22K+2m+5 22m+2 22m+4 1

_3,22K+1 _3,22K+1 + 3 3

_ _% (22m72K+] + ])

Also note that —1 < xNi3m+3 < —%.

Thus

XN43m+5 = [XN3mal —UN43mis — 1
= 0—(2xN+3m+3+1) =1

= —2XN43m+3 —2
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and
YN+3Im+5 = XN+3m+4 + [YN+3m4]
= 0+ (=2xN43m+3 — 1)
= —2XN43m+3— 1
> 0
Finally,
XN+3(m+1)+3 = XN+3m+6
= IXN+3m+5l = YN+3mes — 1
= 2xNt3m+3 +2— (=2xNi3mi3 — 1) =1
= dxNi3ma3+2 < 0
- 4 [szHyN + <22m+%>} +2 < 0
— 2maEry (—22(m+13)+3 _2> +2 < 0
and

YUN+3(m+1)+3 = YN+3m+6
= XN43m+5 + [UNt3msl
= —2xN+3m+3 — 2+ (—2XN+3me3 — 1)

= —4xXN4+3m4+3 —3

2m+3
= —4 {22’““% + <2372>} -3

22(m+1)+3 _2) 1

— _22(m+1)+]yN o < 3
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In particular,

_22(K—1)+3 -1 22m+3 -2
YUN+3mre < —4 {22’““ ( ; )+ ] -3

3. 22(K—1)+ 3
22K+2m+4 22m+3 22m+5 1
T 3T T3omer T3 T3

— 1 (22m72K+4 - 1)

3

and so S(m + 1) is true. Thus the proof of the Claim is complete. That is, S(m) is true for
1 <m < K—1. Specifically, S(K — 1) is true, and so

K1 22K+] _2
XN43(K—1)43 = XN43Kk =277 'yn + —3 < 0
B 22K+1 -2
YUN+3(K—=1)+3 = YN+3K = —22K ]yN - (f) —1<0.
Note that YN3K = —XN43K — 1.
Thus
XN43Kke1 = [xngak] —Yngzk — 1
= —XN+43K — (—xng3k—1) =1
= 0
and
UN+3K+1 = XN+3K + [yng3xl

= XN43K +XNt3k + 1

= 2xNny3k +1

22K+1 -2
- 2 (zZK’yN + 7) +1.
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Note that

_22(K=1)+3 _ 22K+1 _ o
2 [ZZK] ( ) + ] +1 < yngskar

3.22(K=1)+1 3
_22K+3 —1 22K+1 -2
2K—1
<2[2 (3'22“] )+ 3 :|+1.
So as
_22(K—1 )+3 _ 1 22K+1 -2 _24K+1 22K 22K+2 1
2K—1 _
2[2 ( 3.02(K-1)+1 ) 3 }"_] - 3.22K—1_3.22K71+ 3 3
= —1 24+1)=-1
= 3 =
and
_22K+3 —1 22K+1 -2 _22K+3 1 22K+2 1
2K—1 _ ! !
2[2 <3-22K+1 > 3 }“ - 32 6773 73
_ _1 B 1 _ _1
N 6 3 2
we have

1
—1 <yns3k+1 < )

and hence it follows from case 3 of this Lemma and the fact that (0,—1) € P; that the
solution {(xn,Yn)}3n3k5 i eventually the period-3 cycle Pl

Finally, suppose yn < —%. Then by Statement 3 of Lemma @ the solution {(xn,Yn)}3 n 4
is the period-3 cycle P;.

O

Lemma 7. Suppose there exists a non-negative integer N > 0 such that (xn,yn) € Q1. Then
{(xn,yn )} is eventually the period-3 cycle P; or the period-3 cycle P%.
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Proof. We have

XN+l = Pnl—yn =1 = xn—yn—1
yngt =  xn+lynl = xn+uyn > 0.
If xn41 > 0 then

N2 = Ixngil=yngr =1 = —2yn —2 < 0
YN+2 = XN+1 + YNl = 2xn — 1 > 0
N3 = Ixnp2l=yng2—1 = —2xn+2yn+2 <0
Yn+3s = xns2tlyng2l = Zxn—2yn -3
XNt4 = [xng3l—yngz—1 = 0

and so (Xn44,YN+4) € 12 Uls. By Lemmas Bl and [6, the solution {(xn,yn )}y is eventually the
period-3 cycle P; or the period-3 cycle P%.

If xn21 < O then

XNt2 = Ixngpil=yng1—1 = —2xn < O
YNt2 = XN41 F Ynal = 2xn—1
XN+3 = Ixng2l—yng2—1 = 0

and so (Xn+3,Yn+3) € 12 Uly. By Lemmas Bl and [6], the solution {(xn, yn )} is eventually the
period-3 cycle P; or the period-3 cycle P%. O

Lemma 8. Suppose there exists a non-negative integer N > 0 such that (xn,yn) € Q2. Then
{(%n,yn ) is eventually the period-3 cycle P; or the period-3 cycle P%.

Proof. We have

xNi1 = Ixnl=yn—1 = —xn—yn—1

yn+1t =  xn+lynl = XN T YN.
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Case 1: Suppose yn+1 > 0. Then by Lemma [ the solution {(xn,Yn)}5 N is the period-3 cycle
pl.

Case 2: Suppose yn+1 < 0 and xn41 < 0. Then xn42 = [xn+1l —yng1 — 1 = 0 and so
(xN+2,UN+2) € L, Uls. By LemmasBland [6, the solution {(xn,Yn)}3>  is eventually the period-3

cycle P; or the period-3 cycle P%.

Case 3: Suppose yn+1 < 0 and xn41 > 0. Then

xNt2 = Ixngil=yng1 =1 = —2xn—2yn—2 > 0
yni2 = xnp1tlynpl = —2xn—2yn—1 > 0
XNt3 = Ixng2l—yng2—1 = -2

Unts = xnp2+lyng2l = —Axn—4yn-—-3 > 0
XNt4 = [xnp3l=yngz—1 = dxn+dyn+4 < 0
UNt4 = XNg3+ynosl = —4dxn—4yn—5

XN45 = IXNgal—yYnga—1 = 0

and so (Xn+45,Un+5) € 1o Uls. By Lemmas Bl and [ the solution {(xn,yn )}y is eventually the
period-3 cycle P; or the period-3 cycle P%. o

Lemma 9. Suppose there exists a non-negative integer N > 0 such that (xn,yn) € Q4. Then

{(xn, Yn)I_y is eventually the period-3 cycle P} or the period-3 cycle P3.

Proof. We have

XN+l = Ixnl—yn—1 = xn—yn—1

yn+t = xn+lynl = xn—yn > 0

Case 1: Suppose xn+1 > 0. Then (xn11,Yn+1) € Q1 and so by Lemmal[7] the solution {(xn, Yn ) o N2
is eventually the period-3 cycle P; or the period-3 cycle P%.

Case 2: Suppose xn41 = 0. Then (xn11,Yn1) € 12 and so by Lemma[3], the solution {(xn, Yn) o nia
is the period-3 cycle P;.
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Case 3: Suppose xn41 < 0. Then (xn11,Yn+1) € Q2 and so by Lemma[8], the solution {(xn, Yn ) }ol n i1

is eventually the period-3 cycle P; or the period-3 cycle P%.
O

Lemma 10. Suppose there exists a non-negative integer N > 0 such that (xn,yn) € li. Then
{(xn,Yyn )} is eventually the period-3 cycle P; or P%.

Proof. We have

N1 = Pnl—yn—T1T = xn—1
yner = xnthynl = xn
Case 1: Suppose xy = 0. Then (xn+1,Yyn+1) = (—1,0), and so (xn+2,Yn+2) = (0,—1). Hence the

solution {(xn,Yn )} n ., is the period-3 cycle P;.

Case 2: Suppose 0 < xN < 1. Then xn4+1 < 0 and yn+1 > 0. Thus (xNn+1,Yn+1) € Q2 U 1y, and
hence by Lemmas [3and [ the solution {(xn,Yn)}nn 1 is eventually the period-3 cycle P; or the
period-3 cycle P%.

Case 3: Suppose xn > 1. Then xny1 > 0 and yn+1 > 0. Thus (xn41,Yyn+1) € Q1 and by
Lemma [7, the solution {(xn,Yn)}5 4 is eventually the period-3 cycle Pl or the period-3 cycle
P3. O

Lemma 11. Suppose there exists a non-negative integer N > 0 such that (xn,yn) € lz. Then
{(xn, Yn)I_y is eventually the period-3 cycle P} or the period-3 cycle P3.

Proof. We have

XN41 = Ixnl—yn—1 = —xn—1

yn+1 = xn+lynl = XN < 0.

Case 1: Suppose —1 < xn < 0. Then xN4+2 = [XN+1l—yn+1—1 =0, and so (xn+2,Yn+2) € LaULs.
It follows by Lemmas [3] and [6] that the solution {(xn,Yn )} n, is eventually the period-3 cycle
P; or the period-3 cycle P%.

Case 2: Suppose xy = —1. Then (xn41,yn+1) = (0,—1) € P;, and so the solution {(Xn, Yn )5 N1
is the period-3 cycle P;.

Case 3: Suppose xn < —1. Then (xn+41,Yyn+1) € Qg Uly. It follows by Lemmas [ and [0
the solution {(xn,Yn )13 n, 2 is eventually the period-3 cycle P! or the period-3 cycle P3. O

To complete the proof of Theorem 2.1 it remains to consider the case where the initial condition
(x0,Yo) € Qs.
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Lemma 12. Suppose (xo,Yo) € Q3. Then {(xn,yn )}, is the unique equilibrium solution (X,q) =
(—%, —%), or else is eventually either the period-3 cycle P; or the period-3 cycle P%.

Proof. If (x0,Yy0) = (—%,—%), then the solution {(xn,yYn)}3_, is the equilibrium. So suppose

(x0,Yyo) € Q3 \ {(—%,—%)} It suffices to show that there exists an integer N > 0 such that
{(xn,Yn )}y is either the period-3 cycle P; or the period-3 cycle P%.
For the sake of contradiction, assume that it is false that there exists an integer N > 0 such
that {(xn,yn)}2>°_ is either the period-3 cycle P; or the period-3 cycle P%. It follows from the
previous lemmas that x,, < 0 and y,, < 0 for every integer n > 0.
Case 1: Suppose xo < —2 and yp < 0. Then

X1 =Ixol —yo—1=-x0—yo—1>0

which is a contradiction, and the proof is complete.

Case 2: Suppose —2 < xo < 0 and yo < —1. Then

x1=xol—yo—1=—x—yo—1>0
which is a contradiction, and the proof is complete.

Case 3: It remains to consider the case (xo,yo) € (—2,0) x (—1,0). For each integer n > 0,
let

_24n—=2_ 4 _D4n 41 _24n-2_ 1 _24n 41 24n 1
n="52m3 > T35 a1 T 5 am 20 dn = 5. 04n and Dn = 5
Observe that

2 . 2
2= <gy<a<...<—= and lim a, =—=
5 n—oo 5
2 . 2
0=byo>b; >by>...>—= and lim by, =—=
5 n—oo 5
1 .
—l=co<c1<c2<...<—= and lim ¢, =—=
5 n—oo
1 . 1
O=do>dy>dy>...>—= and lim dn:—g.

5 n—oo
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There exists a unique integer K > 0 such that

(x0,Yo) € lak, bx] x [cx, dk] \ [ak41, bxt1] X [ex41, A1l

We first consider the case K = 0; that is, (xo,yo) € [—2,0] x [—1,0] \ [—%,—%] X [—%,—]3—6]. Note

that by Lemmas [6] and [[1l and by Case 1 and Case 2 of this lemma, we know that the solution
{(xn,yn )32, is eventually either the period-3 cycle P; or the period-3 cycle P% when (xo,Yo) is
an element of the outer boundaries of [—2,0] x [T, 0].

Recall by assumption that x,, < 0 and y,, < 0 for every integer n > 0.

So suppose (x0,Yo) € (—2,0) x (=1,0) \ {—%,—%] X [—%,—%]. Then
X1 = Ixol —=yo—1=—x0 —yo — 1
Y1 =xo + Yol = %0 — Yo
x2=x1l—yr—T1=(x0+yo+1)—(xo —yo) — 1 = 2yo

Y2 =x1+yil=(—x0—yo—1) + (—x0 +yo) = —2x0 — 1.

If —2<xo< —%, then y, > 0 which is a contradiction.

Thus —% < x0 < 0. Then
x3 = [x2| —y2 — 1 = (=2yo) — (—2x0 — 1) — 1 = 2x0 — 2yo

yz =x2 + [y2l = (2yo) + (2x0 + 1) = 2x0 + 2yo + 1
X4:‘X3‘—y3—] :(—2X0+2yo)—(2Xo+2y0+1)—] =—4x9—2

Ya =x3 + [y3l = (2x0 — 2yo) + (=2x0 — 2yo — 1) = —4yo — 1.

If-1<yo< —%, then y4 > 0 which is a contradiction.

Hence —% <vyo < 0. Then
x5 = x4l —ys—1=04xo+2)—(—4yo—1)—1=4x9 +4yo + 2

Ys :X4+‘y4‘: (—4Xo—2)+(4yo+” = —4xo +4yo—]
xg =|x5|—ys —1=(—4xp —4yo —2) — (—4xo +4yo—1) —1=—-8yo —2

Yo :X5+|y5‘ = (4Xo +4yo +2)+(4Xo—4yo+” = 8%xo + 3.
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If —% < x0 < 0, then yg > 0 which is a contradiction.

Hence —% <x0 < —%. Thus

x7=Ixgl—ys—1=(8yo+2) — (8xo+3) —1=—8xp+8yo—2

Y7 =X + [yl = (—8yo — 2) + (—8x0 — 3) = —8x0 —8yo —5

xs=x7l—y7 —1=(8% —8yo +2) — (—8xo —8yo—5) —1=16x0+ 6

yg =x7 + \yﬂ = (—SXO +8y0 —2) + (8Xo +8y0 +5) = ]6yo +3>0,
which is a contradiction. Thus the case K = 0 is complete.

Next consider the case K > 1. Recall that x,, < 0 and yn < 0 for all n > 0.

For each integer m such that 0 < m < K—1, let P(m) be the following proposition:

Xgma1 = —2%Mxo— 24my0 —3D—1
Ysmer = 2%Mxo—2Myo + Diy

X8m+2 = 24m+1y0 + 2Dm

Ysgmiz = —24MTIxo—4Dy, —1

Xgmi3 = 24m+1XO _ 24m+]y0 + 2Dm
Ysmez = 24MHtlx 4 24mH Ty 46D, + 1
X8m+4 = _24m+2X0 —8Dp —2

Ysmia = —24MT2yo—4D, —1

X8m+5 = 24m+2X0 + 24m+2y0 + 12D, +2
Ysmis = _24m+2Xo + 24m+2yo _ 4Dm -1
Xgmie = —2MT3yo—8Dy —2

Y8m+6 — 24m+3X0 + ]6Dm +3
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Xgmi7 = _24m+3X0 + 24m+3y0 _ 8Dm -2
Ysmi7z = _24m+3XO _ 24m+3y0 _ 24Dm -5
X8m+8 = 24mAaxo + 32D, + 6

Ysm+8 = 24mAaxo + 16D, + 3.

Claim: P(m) is true for 0 < m < K — 1. The proof of the Claim will be by induction on m. We
shall first show that P(0) is true.

X8(0)+1

Y8(0)+1

X8(0)+2

Yg(0)+2

X8(0)+3

Ysg(0)+3

X8(0)+4

Ysg(0)+4

X8(0)+5

Y8(0)+5

X8(0)+6

Yg(0)+6

X8(0)+7

Ys(0)+7

X8(0)+8

Ysg(0)+8

—Xo —Yo — 1

X0 —Yo

2yo
—ZXO —1

ZXQ — Zyo
2xp + 2yo + 1

—4Xo -2
—4yo — 1

dxo +4yo + 2
—4x +4yo —1

—8Xo -2
8yo +3

—8x0 +8yp —2
—8Xo — Syo -5

16x09 + 6
T6yo +3

—24(0)7(0 — 24(0)y0 — 3Do —1
240)x5 —240)ys — Dy

24(0)“130 +2Do
—24(0)+1Xo — 4Do —1

24(0)+1X0 _ 24(O)+1yo + ZDO
2400+ 4240+ 1y 5 4 6D + 1

—240)+2x5 — 8Dy —2
—24(O)+2Xo - 4Do —1

24(0)+1X0 _ 24(0)+2y0 + 12D0 42
_24(0)+2Xo + 24(0)+2yo _4DO -1

—24(O)+3X0 — 8Do -2
24(0)+3X0 +16Dg + 3

_24(O)+3XO + 24(0)+3y0 _ 8Do -2
_ 24043y 24043y 24Dy + 5

24(0)+4X0 + 32Dy + 6
24(0)"'47(0 +16Do + 3

and so P(0) is true. Thus if K = 1, then we have shown that for 0 < m < K—1, P(m) is true.
It remains to consider the case K > 2. So assume that K > 2. Suppose that m is an integer such
that 0 < m < K — 2, and that P(m) is true. We shall show that P(m + 1) is true.



142 E.A. Grove, E. Lapierre and W. Tikjha CUBO

14, 2 (2012)

Since P(m) is true, we know

X8m+8 = 24m+4Xo +32D,, +6

Ysmas =274 %0 + 16D + 3.

Hence
X8(m+1)+1 = X8m+9
= [Xsm+sl —Ysmis —1
= —(28MF4xy + 32D +6) — (24 Ay + 16D +3) — 1
= 24mbdy, —24mtdyy — 48D, — 10
24m 1
— _24m+4XO _ 24m+4yO —48 ( = ) —10
4(m+1) _
— _24(m+1)xo_24(m+1)y0_3 (%) -1
— _24(m+1)Xo _ 24(m+1)yo _ 3Dm+1 —1
and

Y8(m+1)+1 = Y8m+9
= Xgm+8 + [Ysmsl
= 24mHax, + 32D, + 6+ (=24 iy — 16D, — 3)

= 24mHdyy —24mHdyy + 16D, + 3

4
_ 24(m+1)XO _24(m+])yo +16 (2 m5_ 1 ) 13

— 24(m+1 )XO _ 24(m+1 )yo + Dm+1 .
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Thus
X8(m+1)+2 = X8m+10
= Xgm+9l —Y8m+9 —
\ | 1
_ _(_24(m+1)XO _24(m+1)y0 —3Dm+1 _ ])
_(24(m+1)XO_24(m+1)y0+Dm+1)_]
_ 24(m+1)—0—]y0_‘_21)m+1
and
Yg(m+1)+2 = Y8m+10
= Xgm+9 + [Ysmol
_ _24(m+1)XO_24(m+1)y0_3Dm+1 -1 +(_24(m+1)XO+24(m+1)y0_Dm_H)
= —24(m+”+1Xo—4Dm+] —1.
Then
Xg(m+1)+3 = X8m+11
= [xXgmt10l —Ysmy10 —1
— _24(m+1)+]yo_2Dm+1+24(m+1)+lxo+4Dm+]+]_1
— 24(m+1)+1X0_24(m+1)+1y0+2Dm+]
and

Yg(m+1)+3 = Y8m+11
= X8m+10 + [Ysm+10l
= 24Dy 4 2Dy + 24 M g 44D g 41

_ 24(m+1)+1XO_}_24(111+1)+1y0_}_6Dm+1 +1.
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Hence
X8(m+1)+4 = X8m+12
= Xgms11l—Ysmer1 —1
— _24(m+1)+1 X0 4 24(m+1)+ yO — 2D _ p4(m+1) %o
—24mEDH Ty — 6Dy — 2
— _24(m+1)+2XO — 8Dy —2
and
Yg(m+1)+4 = Ys8m+12
= Xgm+11 + [Ysm+11l
— 24(m+1) 1 24 (m+1)+ yO +2Dm+1 _24 (m+1)+ 17(0
—24mA Dy 6Dy — 1
= _24(m+1)+ y0_4Dm+1_]
Thus
X8(m+1)+5 = X8m+13
= |[xgmt12l —Ysgmr12 —1
= 24mADH25 0 1 8D 1 A2+ 24 M2y 14D T -1
= 242y g A2y 4L 10Dy 42
and

Y8(m+1)+5 = Y8m+13
= Xgm+12 + [Ysm+12l
—_ _24(m+1)+2XO_8Dm+] _2+24(m+1)+2y0+4Dm+] +1

— _24(m+1) X0 +24 (m+1)+ y0_4Dm+]_]
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Hence
X8(m+1)+6 = X8m+14
= [xgm4+13l —Ysmy13 — 1
— _24(m+1)+2Xo 2 4(m+1)+ yo _ 12Dm+1 )
+24(m+]) 2 24 (m+1) y() +4Dm+1 +1—=1
— —24(m+”+3y0—8Dm+] -2
and
Ysg(m+1)+6 = Y8m+i4
= Xgm+13 +IYsm+13l
— 24(m+1)+2 X0 +24 (m+1) UO+]2Dm+] +2+24 (m+1)+ ZXO
—24 (m+1) yo +4Dm+] +1
= 24mHD+35 4+ 16Dy 1 + 3.
Then
X8(m+1)+7 = X8m+15
= I|Xgm+14l —Ysm+14 — 1
= 24(m+1)+ yo+8Dm+1 + 2 — 24(m+1) x0—16Dm+1 —3-1
— _24(m+1)+3 X0 +24 (m+1) yO_gDm+1 -2
and

Y8(m+1)+7 = Y8m+15
= Xsm+14 +[Ysm14l
= 243y — 8Dy —2 = 24MF 3% — 16Dy — 3

= 24mAH3y 24mA D3y, 24D, 1 — 5.
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Thus
X8(m+1)+8 = X8m+16
= IX8m+15/ —Y8m+15 —
| \ 1
— A3y pAmAE) 3y 8D 42
424 0mA 1) H3y 0 4 24 M3y 1 24D +5—1
= 241ty 432D i1 + 6
and

Yg(m+1)+8 = Ys8m+le

= X8m+15 + [Ysm+1s|

—_ _24(m+1)+3xo+24(m+1)+3y0 — 8Dyt —2
42413y 4 M)y 0 2AD g 45

= 24(m+1)+4y0 4+ 16Dmi1 +3

and so P(m + 1) is true. Thus the proof of the Claim is complete. That is, P(m) is true for
0 <m < K—1. In particular, P(K — 1) is true. Thus

xsk = Xg(k_1)+s = 2K %0 +32Dg 1 +6

and

Ys8K = Yg(K—1)+8 = 24(K_”+4yo + 16Dk—1 + 3.
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Hence
Xgk+1 = [xskl—ysk —1
= —24KX0 — 32DK_] —6— 24Kyo — 16DK_1 —3-1
= —24KX0 — 24Ky0 —48DK,1 —10
24(K71) -1
= —2%Kyy — 24Ky, —48 <f) —10
3.29% 3
— 4Ky _ 24K _ A |
) Yo 5 + 5
= —24KX0 - 24Ky0 — 3DK —1
and
Yski1 = Xgk +[yskl
= 24KX0 +32Dk_1 +6— 24Kyo —16Dk_1—3
= 24KX0 — 24Kyo +16Dk_1+3
24(](71) -1
= 2%y — 2%y, + 16 (f) +3
24K 24
— 24Ky _ 94K Z__Z 43
X0 Yo + 5 5 +
= 24KX0 — 24Kyo + Dk.
Hence
Xgki2 = [xsk+1l—Yski1 —1

= 2%Kxo 4 2%y + 3Dk + 1 —2%Kxy + 24Ky — Dk — 1

— 24K+1y0 + ZDK
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and

Ysk+2 = Xgk+1 +Iysk1l
= —24KX0 — 24Kyo — 3DK —1— 24KX0 + 24Ky0 — DK
= —24K+]XQ—4DK —1.
Recall that

(x0,y0) € lak,bx] x [cx,dk] \ [ak+1, bry1] x [ex41, dry1]

=242 1 %K 4 =242 1 %K 4
- {5,24K—3 ’5,24K—1} {5,24K—2 ) 5. 24K }

_24(K+1)72_‘| _24(K+1)+] _24(K+1)72_‘| _24(K+1)+]
\{ 5.24(K+1)-3 ’5.24(K+1)—1} [ 5.24(K+1)—=2 5. 24(K+1)

Suppose (xo0,Yo) € lak, ak+1) X [ck, dk].

Hence

Yskrz > —2%HT(axiq) —4Dx —1

_24(K+1)72 —1

5. )4(K+1)
28K+3 24(K+1) _q 24(K+2) 4
= 5.k s amin 3 5 +§_1

which is a contradiction.

Next suppose (x0,Yo) € [ak+1, bkl x [ck, ck+1).

Then

Xgk+3 = |Xgk4+2l —Ysgk42 —1
= —24K+1y0 — 2Dk + 24K+1X0 +4Dk +1-—1

24K+1X0 _ 24K+1yo + ZDK
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and
Ysk+3 = Xgk+2 +[Yskiz2l
= 28H1yo + 2Dy + 2K FTxo + 4Dy + 1
= 28KHTxo + 24K+ 1y + 6Dk + 1.
Hence
xsk+4 = [xsk4+3l —Yskiz —1
= 2Ky £ 24Ky 2Dy — 24K+ Ty — 24K Ty 6Dy — 1 — 1
= —24K+2y, 8Dy —2
and

Ysk+a = Xgk+3 t [Ysk+3l
24K+1XO _ 24K+1y0 + 2Dy — 24K+1X0 _ 24K+1y0 — 6Dk — 1

= —24K+2y0 —4DK —1.
Recall that (xo0,Yo) € lak+1, bkl X [cx, cki1).

Thus

Y8k+4 > —24K+2(CK+1) —4Dg — 1

_24K+2 -1 24K -1
_ 4K+2
= 2 (W)“‘( 5 )—‘
28K+4 24K+2 24K+2 4

5,24K+2+5.24K+2_ 5 +§_]

which is a contradiction.

Now suppose that (xo,Yo) € (br1,bx] % i1, dyl.
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Hence
Xgk+5 = [Xskial —Yskia —1
24K42x5 + 8Dk + 2+ 242y + 4Dy + 1 -1
= 28KH2x 4 24K+2y0 412Dk + 2
and
Ysk+s5 = XgKi4 + [Yskial
= —24K+2Xo — 8Dk —2+ 24K+2y0 +4Dk + 1
— _24K+2XO + 24K+2y0 _ 4DK —1.
Then
Xgk+6 = [X8k+5| —Ysk4s5 — 1
—_ —24K+2X0 _ 24K+2y0 — 12Dk =2+ 24K+2XO _ 24K+2yo +4Dg +1-1
= —24K+3yo — 8DK — 2
and

YsKk+6 = X8K+5 + [Usk4sl
= 28KH2x 4 24KH 20 1 12Dy + 2 4 24K+ 25 — 24KH 20 1 4Dy + 1

24K+3X0 + 16Dy + 3.

Recall that (xo,Yo) € (bk+1, bkl x [ck41, dk].

Thus

24K _1
Yskte > 24K+3(b1<+1)+16< 5 >+3

_24(K+1)+1 24](_]
_ 4K+3
. (W)He( - )+3
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S R I S I3

- 75 Y5775 5

+3

which is a contradiction.

Finally, suppose (Xo,yo) S [aK+1,bK+]] X (dK+1,dK].

Thus
Xgk+7 = [Xgk+6l —VYskse —1
= 24K+31J0 +8Dk +2— 24K+3Xo — 16Dk —3 -1
_24K+3Xo + 24K+3y0 _ 8DK -2
and
Ygk+7 = X8K+6 + [Usk+sl
= —24K+3y0 — 8DK —2— 24K+3X0 — ]6DK -3
— _24K+3Xo _ 24K+3y0 _ 24D]< — 5.
Hence
Xgk+8 = [xgk47l—Ysk4+7 —1
= 20KF3xy —2KF3y0 + 8Dy + 2 + 2#KT3xg + 24K T3y + 24D + 51
= 2%KF3x,+ 32Dk +6
and

Ygk+8 = Xgk+7 + IYsk47l
= 24Ky 4 29KH3y 0 — 8Dk — 2 + 24KH3x 4+ 24KH3y 0 + 24Dy + 5

= 24K+4y0 416Dk + 3.

Recall that (x0,Yo) € [ak41,bx41] % (dks1, dx].
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Thus

24K 1
Ysk4s > 24K+4(d1<+1)+16< 5 )+3

_24(K+1)+] 24K _q
4K+4
VAL (75.24“(“) )+16( 5 )+3

24K+4 1 24K+4 16

- - 5 +5+ 5 —F+3

= 0

which is a contradiction. The proof is complete.

Received: November 2011. Revised: November 2011.
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