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ABSTRACT

Let C C Reg be a non-empty class (of regular cardinals). Then the logic L(Q¢) has
additional nice properties: it has the homogeneous model existence property.

RESUMEN

Sea C C. Reg una clase no vacfa (de cardinales regulares). Entonces la légica L(Q%)
tiene propiedades adicionales: Esta tiene la propiedad de modelo existencia homogénea.
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1. Introduction

We deal with logics gotten by strengthening of first order logic by generalized quantifiers, in
particular compact ones. We continue [Sh:199] (and [Sh:43])
A natural quantifier is the cofinality quantifier, QCSf}\ (or QY), introduced in [Sh:43] as the first

3

example of compact logic (stronger than first order logic, of course). Recall that the “uncountably

many x’s” quantifier Q¥ , is No-compact but not compact. Also note that L(Q%,) is a very nice

logic, e.g. with a nice axiomatization (in particular finitely many schemes) like the one of IL( C;{f} )
of Keisler. By [Sh:199], e.g. for A = 2¥¢ its Beth closure is compact, giving the first compact logic

with the Beth property (i.e. implicit definition implies explicit definition).

Earlier there were indications that having the Beth property is rare for such logic, see e.g.
in Makowsky [Mak85]. A weaker version of the Beth property is the weak Beth property dealing
with implicit definition which always works; H. Friedman claim that historically this was the
question. Mekler-Shelah [MkSh:166] prove that at least consistently, L( CZ‘*{{i]) satisfies the weak
Beth property. Vad4nénen in the mid nineties motivated by the result of Mekler-Shelah [MkSh:166]
asked whether we can find a parallel proof for L( C<f)\) in ZFC.

A natural property for a logic L is

Definition 1. A logic £ has the (strong) homogeneous model existence property when every theory
T C L(7), (so has a model) has a strongly (£, Xy)-homogeneous model M, so tm = T and M is
a model of T and M satisfies: if @,b € “>M realize the same £(T)-type in M then there is an
automorphism of M mapping a to b.

This property was introduced in [Sh:199] being natural and also as it helps to investigate the
weak Beth property.

In §1 we prove that IL(QCCf) has the strongly Np-saturated model existence property. The
situation concerning the weak Beth property is not clear.

Question 2. 1) Does the logic L(QY) have the weak Beth property?
2) Does the logic L( %fm , %f)\z) has the homogeneous model existence property?
The first version of this work was done in 1996.

Notation 3. 1) T denotes a vocabulary, £ a logic, £(t) the language for the logic £ and the
vocabulary T.

2) Let L be first order logic, L(Q.) be first order logic when we add the quantifier Q..

3) For a model M and ultrafilter D on a cardinal A, let M*/D be the ultrapower and ju p = jﬁA,D
be the canonical embedding of M into M?/D; of course, we can replace A by any set.

4) Let LST (theorem/argument) stand for Lowenheim-Skolem-Tarski (on existence of elementary
submodels).
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Concerning [Il more generally

Definition 4. 1) M is strongly (£, 0)-saturated (in £ =L we may write just 8) when

(a) it is O-saturated (i.e. every set of L£(tm )-formulas with < 6 parameters from M and < 0 free
variables which is finitely satisfiable in M is realized in M

(b) if < 0 and a,b € M realize the same £(Tm)-type in M, then some automorphism of M
maps a to b.

2) M is a strongly sequence (£, 0)-homogeneous when clause (b) above holds.

3) M is sequence (A, k)-homogeneous when: A C L(tm) and if { < x,a € °M,b € M and
tpa(@,®,M) = tp(b,0, M) then for every c € M for some d € M we have tpa(b™(d), 0, M) =
tpA(dA<C>)M)-

3A) Z;(7) is the set of formulas of the form @(x) = (Fy)d(x,y) where d(x,y) is quantifier free first
order formula in the vocabulary T.

4) We may omit “sequence”.

Definition 5. 1) The logic £ has “the strong k-homogeneous existence property” when every theory
T C £(17) has a strongly (L, k)-homogeneous model.

2) Similarly “the strong k-saturated existence property”, etc.

2. On strongly saturated models

We prove that any theory in IL(QCCf) has strongly (]L(ch),e)—saturated model when C\0 ¢
{0, Reg\O} of course.

Definition 6. Let 1 € {1,2} and C be a class of regular cardinals such that C # ), Reg.
1) The quantifier Qccfm is defined as follows:

syntactically: it bounds two variables, i.e. we can form (Qccfmx,y)(p, with its set of free variables
being defined as FVar(¢@)\{x,y}.

semantically: M = (Q’Scf“)x,y)cp(x,y, a) iff (a) + (b) holds where

(a) relevancy demand:

the case L = 1: the formula @ (—, —; @)™ define in M a linear order with no last element called
gﬁya on the non-empty set Dom(g",\;l‘a) ={beM:ME (Jy)(e(b,y;a)}

The case L = 2: similarly but <f, 5 is a quasi linear order on its domain
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(b) the actual demand: <@,
which belongs to C.

. has cofinality cf(<{) ;), (necessarily an infinite regular cardinal)

Convention 7. 1) Writing ch we mean that this holds for Qccf“) for t=1 and for « = 2.

2) Let t-order mean order when ¢ = 1 and quasi order when t = 2; but when we are using Q(gm

then order means t-order.

Definition 8. 1) As {{ € IL(QCCf) : 1 has a model} does not depend on C (and is compact, see
[Sh:43]) we may use the formal quantifier Q.f, so the syntex is determined but not the semantics,
i.e. the satisfaction relation |=. We shall write M =c 1 or M ¢ T for the interpretation of Q¢
as QY but also can say “T C L(Qc¢)(T) has model/is consistent”.

2) If C is clear from the context, then Q%f stands for QCCf if {=1and Q%feg\c if{=0.

Convention 9. 1) T* is a complete (consistent = has models) theory in L(Q.) which is closed
under definitions i.e. every formula @ = @(x) is equivalent to a predicate Py, (%) so P, € T(T*), i.e.
T* F (V2)[@(Z) = Py (Z)].

2) Let T =T*N (first order logic), i.e. T=T* NL(t7-), it is a complete first order theory.
3) C C Reg, we let C; = C and Co = Reg\C, both non-empty.

Theorem 10. Assume x = cf(x),u = u=€ > 2T 4 x + «,0 < A, cf(0) < min{x, k},X # k = cf(k)
and

Then there is a T(T)-model M such that

(a) M ET|M| =unand M is B-saturated

(b) if @(z) = ( ‘gf)lb(x,y;i) then: M |= P, (5 lal iff @(y,z;a) define in M a linear order with no
last element and cofinality g

(c) M is strongly@ 0-saturated model of T*.

Remark 11. 1) We can now change x,k,p and |[M]| by LST. Almost till the end instead p >
2T x + « just pu > [T| + x + k suffice. The proof is broken to a series of definitions and claims.
The “> 2IT1” is necessary for No-saturativity.

3) We can assume V satisfies GCH high enough and then use LST. So pt = 2* below is not a real
burden.

2as T* has elimination of quantifiers, doing it for ]L(Qccf) or for L is the same
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Definition 12. 0) Modr is the class of models of T.
1)

(a) K={(M,N): M < N are from Modr}
(b) Ko ={M: M = (M; :i< «) satisfies My € Modt and i <j = M; < M;} (so K =K3)
(¢) K¥ ={M € Kq : [M;]| < p for i < o}, but then we (naturally) assume o < p*

(d) let T = T U{Pg : B < &} U{Rp(x,y.z).p : ©(x,9,2) € L(t1),B < a}, each Pg a unary
predicate and each Ry, (x y, z),p is an (£g(z)+1)-place predicate and no incidental identification
(so Py ¢ T, etc.)

(e) for M € Ky let m(M) be the T4-model M with
e universe UM : f < o}
e MtT = U{MB B < af

o P[];A:Mﬁ

. Rmx,y,i],ﬁ ={{c)"a: @(x,y,a) alinear order, a € fg(iJ(Pf’;ﬂ such that M= P qery 4 al

)ya x,y,i)[
and ¢ € Dom(<{{ o) and [b € Dom(<@ ;) NP = b <@ , cl}

(f) let mo(M) be the T-model UMg : B < a} so my(M) = m(M)|T.

2) Assume (MY N € K for £ =1,21et (M',N") < (M? N?) mean that clauses (a),(b),(c) below
hold and let (M',N1) <y (M? N?) mean that in addition clause (d) below holds, where:

(a) M' < M?
(b) M2AN' = M!
(c) NT <N?

. 1
(d) if M¥ = Plosx y)olx,

.z la,ce N' ce Dom(<{, 4) and in N' the element ¢ is <@, -
above all d € Dom(<

v,z a
AL ,C_l)’ then in N2 the element c is §1‘{]2’a—above all d € Dom(g;@lzya).

3) For M M? € Ky let M! < M? means vy < B < « = (ML,ME) < (Mf,,Mé); similarly
M! <x, M? means M! M? c Ky and y < B < x = (M;,M}S) <k (M%,Mé)

4) For M € K4, D an ultrafilter on A we define N = MA/D,jM’D :jﬁ—/l p naturally: Ng = M?S/D
for B < o and jy p = U{jm,,p 1 B < o, recalling 3



64 Saharon Shelah CUBO
13, 2 (2011)

Fact 13. 0) For M', M? € K we have

(@) M' <, M2 iff m(M') € m(M?)
(b) (m(MY)[PMe) 1 = MY

(c) M! <k, M implies M! < M2.

1) (Kg, <) and (Kq, <k, ) are partial orders.
2a) If M! <y, M? in Ky and 0 < y < B < athen (J M!, U M]) < (U M2, U M?)

e<y e<fP e<y e<pP

moreover ( |J M!:1+e<a) <y, ( U MZ:1+¢e<a) where & is aif o < w and is o+ 1 if
i<l+e i<l+e
x> Ww.

2b) If (M': 1 < §) is a <y -increasing sequence (of members of K, ) and we define M® = (M? : ¢ <
o) by M = UMl :1 < §) then i < § = M <y, M® and the sequence (M':1i < 8) is continuous
in 0.

3) In part (2b), if in addition i < & = M! <x_ N so N € K, then M® < N.
4) In part (2b), if 8 < put andi< &= Mt ¢ Kt then M? ¢ K-

5) If M <g, N and Y. C N, for ¢ < o and Z{|[Mc| + |Ye| : € < o} + |1] + | < A then there is
N’ e K§ such that M <y, N’ <g, Nande<ax=Y CN.L

6) Assume M' € Kﬁm for i < & < p't, (i) : i < 8) is a non-decreasing sequence of ordinals and
i<j<b= M <k, Mafi) and we define a(8) = U{x(i) : i < 8},M® = (M} : B < x(8))
where M§ = U{Mj; : B < 6 satisfies f < (i)} then M?® € Kff(é) and 1 < § = M" <y, M®«(i).

7) I ME <x, Nfor £ =12 and [a € m(M'") = a € m(M?)] then M'! <y, M2.
8) Parts (2)-(7) holds also when we replace <x_ by <.

Demostracion. Check. Org

Fact 14. 1) If (Mo, M4) € Kﬁ and (Mo, Mj) € Kﬁ then there are Mj, f such that

((1] M{ <M, e Ku
(b) fis an elementary embedding of M7 into M;
(c) fIMo = idm,

(d) (Mo, Mj) <k, (f(M1),M3).
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2) If M € Ko, X = (x¢ : € < () and T is a set of first order formulas from L(t{) in the variables X with

parameters from the model m(M) finitely satisfiable in m(M) such that ¢ < (= \ Pg(x.) €T,

B<ax

then there is N € K4 such that M <y, N and T is realized in m(N).
3) If T is a type over mo(M) of cardinality@ < cf(e) then it is included in some I’ as in part (2).
4HIfMe K&, D an ultrafilter on 8 and Mé = (Mp)®/D for B < « then

(a) M'=(Mp: B <) € Ky

(b) jg—AD = U{jﬁAB,D : B < o} is a <k _-embedding of M into M/, i.e.

(0)" (Ra,,p(Mp) i B <o) =M’ <k, (Mg : B <a), s0

(¢) for many Y € [U{I\/l[’3 : B < o}]* we have j,e\—/lyDU\f/l) <k, (M[’S[Y: B < o) € Kfy; see [L3(5),
I7(3).

Demostracion. 1) See [Sh:199) §4]; just let D be a regular ultrafilter on A > ||[M]| + |7, let g an
elementary embedding of M; into (Mg)*/D extending j = j?{,lo‘D, necessarily exists.

Lastly, let Mz < (M7)*/D include ji, p(M7) U g(My) be of cardinality . Identifying Mj
with jﬁA;,D(M{) < (M3)*/D we are done.

2) Similarly.
3) Trivial.
4) Should be clear. Ot

Definition 15. K is the class of M € K such that: if M <x_, N € K4, then m(M) <y, m(N),
i.e. (*) below and K§%* =K N Ky where

(%) if a1,...,an € m(M),by,..., b € m(N),@ € L(t}) is quantifier free and m(N)

¢lay,...,an,by,..., byl then forsomebs,..., by € |J Mg wehavem(M) E olas,...,an,b],...

B<ax
Claim 16. 1) K{®* is dense in K{f when p > |t7|+ |« of course.
2) K¢>* is closed under union of increasing chains of length < p*.

3) In Definition [ if |o| + [t1| < wand M € K{t then without loss of generality N e Ki-

Demostracion. 1) Given My € K{i we try to choose M, € K{ by induction on & < ut such that
(M¢ : ¢ <€) is <g_-increasing continuous and ¢ = (+ 1 = m(M;) £5, m(M,). For ¢ = 0 the
sequence is given, for € limit use [[3(2), for ¢ = ¢+ 1 if we cannot choose then by [I3[5) we get

3also if cf() =1, i.e. « is a successor ordinal

, bl
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M, € Kio* is as required. But if we succeed to choose (M¢ : e < pt) we get contradiction by

Fodor lemma.

2) Think on the definitions.

3) By LST. g
Claim 17. 1) If M,N € K¥ and M <z, N and N € K then M € K.

2) If N € Ko, Y C mo(N) and A = |t7| + | + Y| then there is M € K$®* such that M <k. N

and Y C my(M).

3) Assume M* € K{ and MO <y M! and M® < M2 TIf M° ¢ Ky, MO <y, M? or m(M®) <5,
m(M?), then we can find (N, f,) such that:

M! <x,  N¢€ K{l, moreover N e Ko and f; is a < -embedding of M? into N over MP.

Demostracion. 1) By part (3).
2) By part (1) and the LST argument.

3) By the definition of M° € Kio® in both cases we can assume MO <y, M?. Let a=(a;:¢e< ()
list the elements of m(M?) and let I' = tqu(é,(l),m(i\_/lz)) ={@(Xeg,-- -y Xen 1, 0) 1@ € L(TL) is
quantifier free, b C m(M°) and m(M?) = ¢lae,,...,ac, _,,bl}; note that PB(XE))“E*B) € I when
B < &, e < Cand t(e, B) is the truth value of a, € M§.

Now let D be a regular ultrafilter on A = ||m(M?)|| and use [4(2),(3). This is fine to get
(f2,N) with N € K, and by [[3(5) without loss of generality N € K& and by [6(1) without loss of
generality N € K&, O
Claim 18. 1) (Kﬁc‘“,gKﬁ) has the JEP.

2) Suppose M, M? ¢ K, B < o, f is an elementary embedding of (J MJY into | M%Y such that

Y<p Y<p
(f(My) 1y < B) <x, <M$ ;v < B), equivalently f is an embedding of m(M' | ) into m(M?[pB)

(so if B =0 then f = and there is no demand).
Then we can find M3, f+ such that:

(c) f* is an elementary embedding of | J Ml, into (J M3

y<o y<o

(d) (Fr(M])):y <) <k, (M3 :y < ).

Demostracion. 1) A special case of part (2) recalling [T6(1).
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2) By induction on «.

a« = 0: nothing to do.

3 = «: nothing to do.

o =1: so 3 = 0 which is trivial or f = &, a case done above.

o successor: by the induction hypothesis and transitive nature of conclusion replacing M? without
loss of generality = o — 1, then use [[4(1).
a limit: By o — 3 successive uses of induction hypothesis using [I3|(2b). Wy

Conclusion 19. (K¢, <x_ ), or formally &€ = (K¢, <¢) defined by K¢ := {m(M) : M € K&}, m(M'") <,

o=

m(M?) & m(M') C m(M?), is an a.e.c. with amalgamation, the JEP and LST(¢) < |t7|4]|o|+Xo.

Demostracidn. By the above, on a.e.c. see [Sh:hl, Ch.I], i.e. [Sh:88r] and history there. Oy

Fact 20. Assume A = A<* > |t1| + Xo + |a|. Then there is M such that

(a) M € K is universal for (K, <y ) in cardinality A
(b) m(M) is model homogeneous for (K, <y ) of cardinality A

(c) m(M) is sequence (Z7(T%),A)-homogeneous, see H(3).

Demostracion. Clause (a) + (b) are straight by [ + [I8(1), or use [[9 and see [Sh:hl, Ch.I,§2] =
[Sh:88rl, §2]. Now clause (c) follows: just think. Ol
N, c

Fact 21. Af;sume 7\:/1 €KL B+1<ate{0,1}and Mg = P(Q%fxyy)‘p(x)yyi)[d} then there are
such that M <y, N € KIf and:

(x)1 if £ =1 then c € Dom(<{, ;) and c is gﬁ%a—above de Dom(gﬁy‘a) for any vy € [, &)

g,a

(%) if £=0then c € Dom(gfﬁm1 a) and is Sﬁﬁﬂya—above any

de Dom(<g, o)-

Demostracion. First assume { = 1, without loss of generality p =0 as we can let N|p = M|B.

By 13(2a) wlog M is increasing continuous; we prove by induction on « so easily without loss
of generality o = 2. Now this is obvious by [Sh:43], [Sh:199]; in details by [Sh:43] there is a p*-
saturated model M, of T such that My < M, and M, E=c, T* whenever, e.g. ut+ € C,Au" ¢ C,.
Let {@i(x,u,a}) :i < pflist {o(x,u,a’) : @ € L(t1), Mo = P(ngx,y)‘p(x‘lﬂ)[a’]}7 and for eachi < pn
let (cic:e < p')be <P ,.-increasing and cofinal. For ¢ < u* let f. be an elementary embedding
of M into M, over My suclh that:
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() if c € Dom(<Fy ;) is a <P ,.-upper bound of Dom(<{! .., then ¢ o < .- c.

i T

Let c, € M, be a gﬁ*‘a—upper bound of Dom(gf{’/lo’a). Choose Ng < M, of cardinality p be such
that Mo U{c.} C No and choose ¢ < ut large enough such that:

() ifi<pand d € Npisa <y ; -upper bound of Dom(<yy

a then d S&‘* a. Cie-

iyai)

Let N7 < M, be of cardinality p be such that No U f.(M;) C Ny. Renaming, f. is the identity
and (Ng, N;) is as required.

Second, assume { = 0 is even easier (again without loss of generality first, « = # + 2 and
second B = 0,x =2 and use Ny = My, N satisfies M7 < N7 and ||[N¢|| = 1 and N; realizes the
relevant upper). o7

Conclusion 22. In 20 the model M* = m(M*) = J Mg, satisfies

B<ax

(a) if M* = P(Q?fx‘y](p[(_l] then the order <f,. ; has cofinality A

(b) if « is a limit ordinal and M* = P(ngx’y)(p[d] then the linear order <%-.a has cofinality
cf(a)

(c) M* is cf(a)-saturated

(d) if A € C and cf() € Reg\C then M* is a model of T*.

Claim 23. Assume M € K. If ¢ < p and @,b € ¢(M}) realize the same type (equivalently q.f.
type) in Mo then they realize the same Z;-type in m(M).

Demostracion. We choose (Ng,fg, gg,hg) by induction on 3 < o such that:

(a) Ng is a model of T

(b) Npg is <-increasing continuous with

(c) fp,gp are <, ,-embedding of MI(1+B) into (Ny iy < T+ B) € Kisp
(d) fola) = go(b)

(e) if y < B then fy - ffg,gY Cgp-
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For 3 = 0 this speaks just on Modr.

For B successor use [I4l
For B limit as in the successor case, recalling we translated it to the successor case (by[I3|(2a)).

Having carried the induction f = U{fg : B < o} and g = U{gp : B < a} are <k, -embedding of
M into N = (Ng : B < ). By [[6(1) there is N’ € K¢ which is <k_-above N. Now as M € K%,
the Z;-type of @ in m(M) is equal to the Z;-type of f(a) in m(N’), and the Z;-type of b in m(M)

is equal to the Z1-type of f(a) in m(N’). But f(a) = fo(a) = go(b) = g(b), so we have gotten the
promised equality of X;-types. U3l

Observation 24. 1) If M € K& and B < o then M’ : MJ[B, &) = (Mp4y : ¥ < & — B) belongs to
Kee .

2) If M € Ky, B < « and MJ[B, x) Keap N’ then for some N € K, we have M <x_ N and
NI[B,«) =N’

Demostracion. 1) If not, then there is N’ € K4_p such that M/ e g N’ but m(M’) £5, m(N’).
Define N = (N, :y < &) by: Ny is M, if y < B and is N/ if y € [B, «). Easily M <y, N € K,
but m(M) %5, m(N), contradiction to the assumption M € K.

2) The proof is included in the proof of part (1). Cog

Claim 25. In[20) for each f < o we have

(@) (M3, 1Y <a—p) is homogeneous universal for Kff(5

(b) if « = c— B, i.e. B+ o = « then there is an isomorphism from M* onto (Mp 1y iy < o—B),
in fact, we can determine f(a) = bif a € ¢(M}),b € C(ME) and tp(a, ), Mj) = tp(b, 0, M3).

Demostracion. Chase arrows as usual recalling (g

Demostracion. Proof of Theorem

Without loss of generality there is 0 = ¢® > p such that 2° = ot (why? let 0 = o°

+ 9o
2

>
be regular, work in VIev(o ) and use absoluteness argument, or choose set A of ordinals such
that P(u) € L[A] hence T,T* € L[A] and regular 0 large enough such that L[A] i “2° = o',
work in L[A] a little more; and for the desired conclusion (there is a model of cardinality p such
that ...) it makes no difference). Let « = k and let M* € K5 be as in B0 for A := ot and let
M, = U{ME B < ol

Now

(¥)1 M, is a model of T* by the {u" }-interpretation.
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[Why? By 2]

(¥)2 M, is O-saturated.

[Why? Clearly M is O-saturated for each B < 6. As 0 is regular and (M?5 1 B < 0) is increasing
with union M, also M, is B-saturated.]

(¥)3 M., is strongly Np-saturated and even strongly 0-saturated, see Definition [{(1).

[Why? Let ¢ < 0 and a,b € ¢(M,) realize the same q.f.-type (equivalently the first order type) in
M.. As { < 0 for some 3 < 6 we have d,l_z € ¢(Mp). Now by 25 we know that (Mp 1y v < 9) =
(M3, 1y < 0), and by 23] the sequences @, b realize the same Z;-type in m({M}, 1y < 0)) hence
by clause (c) of 20 there is an automorphism 7t of it mapping @ to b. So 7t is also an automorphism
of M, mapping a to b as required.]

Lastly, we have to go back to models of cardinality pu = p<® > A+ k4 2/7/, this is done by the
LST argument recalling

More fully, first let (M€ : e < A) be <xeyx-increasing continuous sequence with union M*. For
(<0andabe¢M,)let fa 5 be an automorphism of M, mapping a to b. Now the set of § < A
satisfying ®s below is a club of A hence if ¢f(8) = x then M = U{M§ : B < A} is as required except
of being of cardinality u, where

®s (a) ife<d,(<Oandabe é(U{ME 1 B < «}) realize the same Xq-type
in M® then U{M3 : B < o} is closed under f ¢ and under f_%

(b)  the witnesses for the cofinality work, i.e.

o1 if <o ae @ (MR), My = Piosy,zip0y,zm]
and for every v € (B, «) thereis c =cgp,ay € M5, which is a <. | ,a-upper bound
v
of Dom(<{;. 5), hence this holds for any ¢’ € [e,A)
<,

al then for some ¢ < & we have a C Mg

o, fp<aac ‘”>(ME) and M% = Pqer
we have @ C My and there is ¢ = c¢,a € MEH which is a (<Y, ..y _)-upper bound of
AR

v.z)o(y.zx) Al then for arbitrarily large e < &

Dom(<{. o) for every y € [B, «).

By a similar use of the LST argument we get a model of T* of cardinal p. Ul

Remark 26. If you do not like the use of (set theoretic absoluteness) you may do the following.
Use 27 below, which is legitimate as
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(a) the class (K, <k_) is an a.e.c. with LST number < |T| + Ny and amalgamation, so 27](1)
apply

(b) using Z;-types, it falls under [Sh:3] more exactly [Sh:54], so 27(3) apply

(c) we can define K(Zf(s) by induction on ¢ < w

e =0: Kqg
e=1: K§

e=n+1: KM oM e K™ if M C N € K™ then m(M) <5, ., m(N)}

n+1

£ = w: K& — e < ).

On K& apply R27(2).

Remark 27. 1) Assume € = (K, <¢) is a a.e.c. satisfying amalgamation and the JEP with A >
LST() and p = pu=*. For any M € K,, there is a strongly model A-homogeneous N € K,, which
<g-extend M, which means: if M € K; has cardinality < A and fq, f; are <g-embedding of M into
N then for some automorphism g of N we have f; = go f;.

2) Let D be a good finite diagram as in [Sh:3] and let Kp be as below in part (3) for A = L(T).
If A = A<® > |D| and M € Kp has cardinality A then there is N € Kp of cardinality A which
<-extend M and is strongly (D, 8)-homogenous, i.e.

(a) if (< 8,d,b € °N realizes the same type then some automorphism f of N maps a to b

(b) D ={tp(a,®,N):a e ®>N}L

3) Assume A C LL(7), not necessarily closed under negation, D is a set of A-types, Kp is the class
of T-models such that @ € *>M = tp,(a,d,M) € D and M <p N iff M C N are from Kp and
a€ “M = tpala,®,M) =tpp(a,@,N). Assume further D is good, i.e. for every M € Kp and
A there is a sequence (D, A)-homogeneous model N € Kp which <p-extends M. Then for every
A=A<% > T|+ Xy and M € Kp of cardinality A there is a strongly sequence (A, A)-homogeneous.

Conclusion 28. 1) The logic L(QY) has the strong No-saturated model existence property (hence
the strong No-homogeneous model existence property).

2) If k = cf(x) < Min(C) and k < Min(Reg\C) then in part (1) we can replace Xy by k.

Demostracion. Choose x € C,k € Reg\C and apply Ly
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