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ABSTRACT 
\Ve consider a syst.em of a nuclcus with an clectron together with the quun

tize<I eleclromugnetic fie ld. Insteud of fixing the nucleus, t he system is confinecl 
by ils center of mass. This model is uscd in t.heoretical physics to expluin the 
Lnmb-Dicke effcct. (sec [5]). Whcn nn ultrnviolct cut-off is imposed we initiatc 
thc spectrtt.I analysis oí t he lfomiltonian dcscribing the system and wc derive thc 
cxistence oí a ground stntc. T hii:i is achievccl without condit ion on the fine struc
ture COILStant. 

R ESUMEN 
Consideramos un sistema de un micleo con un electrón j unto con el campo 

electromagnético cuantizado. En lugar de fijar dos nUcleos, el sistema es confi
nado por su centro de mUSE\. Este modelo es usado en física teórica para explicar 
el efecto de Lnmb-Oickc. (ver [5]). Cuando un truncamiento ultraviolctn es im
puesto iniciamos e l l\nálisis espectral del Hamiltoniano describiendo el s is tema y 
obtenemos In existencia do un ground s tate. Esto se obt iene sin condición sobre 
In co1LSlante de estructura fin n. 
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l< ey word s nn d ph rnses : Quanlum efectrodyrwmicJ 
M a th. S u bj . C la ss. : 17Nf!O 

1 Introduction and sta t em ents of resu lts 

In this paper we address t he problem of t he existence of a ground state for t hc hy
drogen atom and more generatly for t he hydrogeno'id ion confined by its centcr of 
mass. The foct that t he nucleus is confined but not fi.xed is important since inteuse 
rays appearing in the scatteri ng spectrum fo r dynamical nucleus disappen.r when the 
nucleus is fixed (see [5]). This model is used to explain the Lnmb-Dicke effect. (sec 
[51). Sorne quest.ions related to this problem have been considered in [7/. 

\Ve consider a system of one nucleus and one electron, together with t he electro
magnetic field. Here t he nucleus is dynamical and our Hamiltonian acts on an Hilbett 
space describi ng t he nuclcus, t he electron and the photons. The center of mnss of thc 
system is confined by an externa! potentia1. Let us denote by U (resp. V) t he externa] 
confining potential (resp. the attractive Coulomb potential). The Hamiltonian of thc 
system is Hif and H'¡f (m) is t he corresponding operator if we decide t hat the photons 
have a positive mass m > O. 

The main result is t heorem 1.4 be!ow giving the existence of a ground state for 
H'¡f. In order to establish it we follow the fundamental strategy of [9] nnd [12] (see 
also jS]). However we on ly reproduce here t he new nspects of t he proofs and often 
refer to l9J and [12). Precise!y our contributions are essentinlly the following three 
points which are not strnightforward modifications of !9} and [12], the first point being 
the main one. 

• The proof of the bindi ng condition (theorem I.3 (ii)) (see section 3.2). 

• The systematic use of quadra tic forms throughout the pnper. In particul ar, 
with the help of [10] and the functional integration method we determine Q(HÜ), 
Q(Hjf(m)). This allows us to get Q(JJ'¡f(m)) = Q(HÜ) n Q(N) where Ni:; t he 
number opera tor for the photons (see section 2). This appears to be useful in order to 
obtain rigorous results. ln particular , we always consider ql/:; (1.p, </J), Qu:;(m)(lfl, </J),. 
;nstead of (I', H/j <f>), (I', H/j (m) <f>), . 

• T he proof of the exponentia.l decay far the ground state of HÜ (m) (without 
using !SJ). To t his end we introduce Lhe localizations funcLions <P 1.r, ~1 .r, 4'2,f, 4'3,f, 
then we follow the standard method (see section 4.2). 

R emark 1.1 (i) The ¡nvo/ o/ the other binding co11d1tion (tJ1.eorem J. 3(i)} is closer 
to theorem 2.1 o/ /9} rmd is give11 i11 sectio11 !J. 1. 
(ii) The existence o/ a gmund state for H'¡f (m) follows these two bi11ding conditions 
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a111l /9/ wher1 the locllli.zation f rmctions (Jor tite electrons arid the riucleus) have been 
properly clwseri (see section 4. 1). 

Lct us stnte precisely our results (theorems l. 1-1.11 below). \Ve fi rst define Hú 
precisely using quadrntic forms: 

Theorem 1.1 H(; defi11es a self-adjoint operator. 

Rema rk 1.2 The hy¡wtheses on the confi11ing poteritial U are stated in scction 2. 

F'or n semi-bounded self-adjoint operator A, let E(A) be t.he infimum of the spcc
trum of A. Let us denote by H3 {rcsp. lf J' ) t he operator Ht; when \! (resp. U) is 
put to zero. \.Ve shnll prove 

T heorem 1.2 Assume tlwt E(HlJ) < min(E(H8), E (H(;)). Then Hlf has a ground 
state. 

'l'ho nssumptions in t heorem l.2 are the so-cnlled binding conditions. 

Hcre we obt nin t he existence of the ground stnte without assuming any conclitions 
0 11 t.he smnllness for t he clifferent chnrges. We follow the strategy of \8]1 [9] and 
[12[ where the aut hors consider a similar system (nctunlly more general) but with 
fixed nuclei and succeed to den! with t he qunntized elect romngnetic field in n non 
porturbntive wny. T he henrt of thc proof is to specify correctly t he binding conditions. 
Thcse conditions nce<I to be properly chosen so t hnt, on onc side we are nble to provc 
thcm and on the other siclo t hey imply the ex.istence of a ground stnte. 

1'hc main result of t he pnper is t heorcm l.3(ii). 

T heore m 1.3 Tlie following inequalities are true. 

(i) E(H/;) < E(HÓ) , (i.i) E(H/;) < E(Ht). 

'I'hcorem 1.2 and l .3 imply 

T hco rc m 1.4 H;I has a ground state for all value of lhe fine stnicture constant. 

Thc proof of the existcnce of t he ground state once t he binding condit ions are ns
sumed (theorem 1.2) and the proof of t he first bincling condition (t heorem 1.3(i)) are 
dcrived in the snme wny ns in [9J. Indeed , Hó is a trnnslation invarinnt operator. T he 
trnuslntion invarinnce is n key point in the proof of t heorem 2.1 of [9]. The vnliclity of 
thc romaining bincling conclit ion (theorem l.3(ii)) is more difficult becnuse H& is not 
trnnslntion i1warinnt nnd its proof borrows ideas of [12] nnd still uses tools given in ¡12]. 

For thc sakc of simplicity t ho spin of t he electron is not taken into nccount in t his 
work. 'This 1md thc cnsc of scvcrnl clcct rons shoulcl be trented in a similar manner. 
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As it is already mentioned intense rays should appear in the spectrum of H'¡;. This 
may provide resonances with a very small imaginary part among other resonances. 
The resonances far H'¡; are stu<lied in [6] following mainly [3J[4]. 

These resul ts have been announced in [l ]. Let us also mention another case of 
a similar system with a clynamica! nucleus: the case of free atoms and ions with 
quantized electromagnetic field. It is m1alyzed in [2J. 

The paper is organized as foll ows. In section 2 we verify t heorem 1.1. In section 
3, t.heorem 1.3 is derivecl . Finally, we prove theorem 1.2 in section 4. 

2 D efinition of the Hamiltonian 

2.1 Fock space 1 creation a nd annihilation operators 

The Hilbert space in which opernte t he Hamiltonian considered in t his paper is 

'H := L2 (Ill6 ) ® F,"' L2 (Ill6 ;F,), (!) 

where L2 (!R6 ) ~ L2 (!R 3) ®L2(JR.3 ) is the space of states <lescribi ng t he nucleus together 
with the ele<:tron, and wherc F .. is t he bosonic Fock space over L2(JR.3 ; C 2 ) . This Fock 
space describes t he st ates of t he polarized rndiation field and is de!ined by 

F, = F ,(L2 (Ill3)) ® F,(L2 (Ill3 )), (2) 

where .1AL2 (1R3)) = CED ffiS11 L2 (1R.3";C), and where SnL2(IR3" ;C) is t be set ofatl 
u? ! 

elements (k1 , ... , kn) 1-1 (D(k 1 , . , kn) in L2 (!R3";C) which are invaria nt under any 
permutat.ions of {k1, ... , k,,}. Note t hat 

F, "'e Ell EB s,, ®' =1 L' (R': e'). (3) 
n ? I 

~ loreO\'er J;l(L2(IR3 )) (respectively J=!l) is defined as the set of a li <fi = ((f> (O), ![> ( ! ), ... ) 

in F.,( L2 (R3)) (respectively in F~ ) such thut <f.i (") = O except for a finite number of 
terms. 

For any J E L2 (!R3 ), the creation operator a•(! ) and t.he annihil ation operntor 
a(!) are defined for al! <f) E J=!l(L2 (1R.3 )) by 

1 " -,k,,) := /ñ L:J(k;J•>1"- 1>ck 1,. ,kj,. . .,k,,), 
j::d 

, k,, ) := .¡n:¡:¡J. f(kJ<1> <"+ 1>( k, k1, ••• , k,,)dk, 

•' 
where k1 means t hat t he va ri able kj is missing in cf>(n-I), and where fis the Pouricr 
trnnsform of /. T hcse operntors are closable 011 ~(L2(R3 )) (thei r closed extensions 
are denoted by the sa ine symbols) and t.hey verify on .r;'(L2 (R3 )) 

ia(!),a º (g)J = (!,g), ia(!),a(g)J = la'(/),a º (g)J =O, (a(/) 4>, 'I' ) = (<l>,a"(/)'I' ). 
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Lec 
Ds := { •I• E ;:;'(L2(R3 )), ,~(n) E S (R"' ) for nll n}, 

whcre S (R3") denotes thc Schwnrtz space over IR.3", and !et 

(ñ(k)•l•)"»(k 1, ..• , k,. ) := Jñ+f•I•C" +1l(k, k1 , •• , k. ), 
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(5) 

1 " (6) 
(li"(k)4•)"»(k,,. ., k,. ):= ¡;¡ L ó(k - k, )·~ c .. - 1>(k , , .. ,k,, .. , k .. ) ,_, 

ll8 c¡undrntic forms on Ds x Ds. 
1'hou in t he se nse of quadrntic forms on Ds x 0 5 we hove : 

a' (!) = J. a'(k)f(k)clk , "(! )= J. ñ(k)f(k)dk. 
Rl Rl 

Now far ,\= 1, 2 and f E L2 (1R3 ), a~(J) nre defined to be the closures in :F,, of 

af(f) = a#(!) ® l , a~(!)= l ®a*(!), 

whcrc (t·f stands fo r a ora·. 
af(k) is dcfi ned ns n qundratic form on (Ds ® 0 5 )2 similnrly. 
It fol\ows thnt on :¡:<¡ 

ja,(!),a¡,(g)J = ó,,. (f ,g), ja, (J),a,.(g)J = ja¡(/),a¡.(g)J = O. 

(7) 

(8) 

If f E L:i(R3 ;C2 ), we can write J = (fi ,h) with Ji and hin L2 (R3) , a nd a·lf(!) 
is defi ncd by 

(9) 
), • l ,2 

Finnlly, far ,\ = 1, 2, define t he crent ion and ann ihilntion operators ncting in t hc 
configurotion spnce by 

1\8 qu adratic forms on (Ds ® Ds)2 . Then we hnve 

a' (!)= L J. a¡(y)fA(y)dy, a(!) = L J. a,(y)fA(y)cly, (11 ) 
"•l ,'l R' .\• i ,'l R, 

in thc scuse of qundrntic forms. 

'fhc nurnber op rotor N is dcfi ned by 

(N•l>)«»(!- 1, •• , k,.) = ,,,l•(k, , ... , k.,) (12) 
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for ali <I> E D(N) = {v E F~, L nll <I, ( " )ll®~- 1 Ll (R3;Cl) < oo } , and it is ensy to see 
fl~ l 

tbat is self-adjoint on D(N). In the sense of quadratic forms, N is given by 

N = ¿: J, it,.(k)a;(k)dk. 
,\ ::= i ,2 R3 

(13) 

(J<J) 

forall<l>E D(N1i 2 ) . 

As in [12] we can decompose an element of Fa in a suitable basis. Namely if (J,)¡eN 
is an orthonor mai basis of L2 (1R':3 ;C2), t he vectors of the form 

/i ,,p1; . . ;i,.,p .. )1 ;= ~a.º (11 ,)" . a º(/1.)""íl (15) 
yJ)¡: ... p,.: 

constitute an orthononnal basis of F(L2 (JR3 ; C 2)) (where D = (1, O, O, ... ) denotes the 
vacuum vector in Fock space ). Any c.[l E F~ can be written as 

•l• = I: L L V;.,,." .. ;1,.,,.,./i,,p , ; .. ;i,.,p,.),, (16) 
" ~Oi1<i~ «· · < i., ¡1¡, .. .,,,,. 

where the term for n = O in t he sum is a constant times n. 

2.2 Definition of t he Ham il tonian 

We denote by m 1 and q1 t he muss and t he charge of the electron respectively, and by 
m.2 and Q2 the mass and tbe charge of the nucleus. !\loreover X¡ and p 1 := - i li.\lz. 1 
denote t he posit;ion 1.1 nd tbe rnomentum of t he electron, and x2 , p2 are t he position 
and the momentum of t he uucleus. Let 

/Vf = 1n1+m2 , ¡.i = m¡m'l. 
m1+m2 

(17) 

Then the variables R, P of the center of mnss, and the relative variables r,p are defi ned 
by 

R = m1 x1 1~m2x2 1 P =pi +P2, 

r =x1-X2 , !!.. =~-1!2.. 
µ m 1 m2 

( l ) 
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Wo u.ssumc thnt 11 = 1 nnd e= l wherc e is t he \!Clocity of light. Thus th Pauli-Fierz 
lfomiltoninn of thc systcm we consider is given asan operntor acling in 1í by 

Hlf := L 2,:, . (1>1 - q, A, )2 + H¡ + \/(•·) + U(R). (19) 
; - 1.2 ) 

Here A; := (AJ, AJ, A') is the qunntizecl electromagnetic vector poLential in the 
Coulomb gauge defined for i = 1, 2, 3 by 

Aj = J.w A'(x;)clX , .. (20) 

A'(x) = a·(h'(x - ·)) + a(l.'(x - ·)), (21) 

wherc the coupling funct.ion !1.i = (hi, h;) is <lefined for ..\ = I , 2 by 

(22) 

Tho vectors e~ used in t he last definiton are the orthonormal polariza.tion vcctors in 
thc Coulomb gnuge. T hey are chosen as 

e , (k) = (k,, - k,, O) (k) k (k) jkf +kl ' ., . = ¡¡;¡ /\E i .. (23) 

Noto thnt c 1(k) and t 2(k) are wel!-definecl ancl smooth only on R3 \ Oz where Oz is 
lho ax.is {(0,0,k3 ),k3 E IR}. But this singularity is not a problem in this paper. 
Finolly, A is the pnrnrnet.cr of the ultrnviolet cut.off, and .XA is a real smooth funct ion 
depending only on lkl 1 which is equa! to 1 in the bnll 8 (0, A/ 2) and which vnnishes 
outside t.he hall 8 (0, A). 
lt. is wel\ known Lhat. A'(x) is essent ially self-adjoint on :F} for all x E IR3 (seo \14]), 
ond onc can ,·erify Lhat in t he sense of qundratic forms acting in the moment space 

Thc free energy field of the photons, H 1, acts in F , = F,(L2 (1R3 )) ® F_,(L2(R3 )) 

and is defined by 

H¡ := dr(w(-i\7)) ® / + / ®dr(w(-i\7)), (25) 

whcre w(k) = lkl, and wherc dr(A ) denotes the second quant.izntion of t he scJf. 
adjoint opcntor A. The mnssive photon ficld H ¡ (m) will be definecl by replacing 
w(k) = lkl with wm(k) = ~. m > O, in the definition of H¡. T hen the 
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mass ive Hamiltonia n H&(m) is H{; with H1(m) replaced by H¡. 
H1 is essentially self-adjo int on Ds ® Ds and we have 

as a quadratic for m acting in t he moment space. 
V is t he attractive Coulomb potenti al and is defined by 

where e is a positive constant. 

e 
\!(•-)= -¡;:¡· 

(26) 

(27) 

FinnJly, U is a confi ning potcntia l for which we make t he followi ng assmnptious: 

U) u E L/., (Ill3 ), 

(ii) inf(U(R)) > - oo and u- is compactly supported, 
(Ho) { (i ii) P 2 /2M +U has a non-degenerate ground state f/J > O with energy 

- eo < O, and t here exists ¡ such t hat [~(R)I ~ ¡e- IHlh . 

In t he next subsect ion we precise the relations between clomains of sclf-adjoint.ness 
(or domai ns of quad ratic forms) for t he operators t hat we work wi th in t his paper. 

2.3 Se lf-adjointness a nd quadra tic form s domains 

Le t. q be Lhe quadrntic fo rm defi ned by 

q(<I> , 'I') := L 2,:, ((¡>J - q¡ AJ) <l>), (7'J - r¡,JIJ) <l< ) + (H;12 <~ , H!i' 'I'). (28) 
j=d.2 J 

Le mma 2.1 q is closed on Q(vi + v~) n Q (H1 ). 

Proof First we ha ve to verify tlrnt q is wel!-defi ned on Q(pi + JJ~) n Q( H J ). Lemmn 
A .11 of j9] shows t lw t 

(29) 

far ali <!' E Cgo(IR6 ) ® Ds . 
Since Gg°(R6 ) ® Ds is acore far H; 12 , t his proves Lhat Q(H¡) e D(A1 ) . Hence q is 
well-defi ned. 
NexL leL us show t li at q is closed on Q(pi + P5) n Q(H¡ ). By lemma A.5 of !9], we 
ha.ve, for ali e!> E Q(vi + p~) n Q( H 1 ), 

(H }12(1_> , H; 121I>) :$ q(<I>, el>), 

L (pi<[i , p/P) :5 a.q(<V , 1J~) + b(<I>, <!>), 
je l ,2 

(30) 

(3 1) 
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whoro a ,b nre positivo real numhers. 
lf <1.1,. E Q(p1 + p~) n Q(J·/1) is such thnt '''" - (11 and q(lfln - <!>,,., <l),. - <!)..,) - O, 
t.hcn (30) yiclds <11 E Q(N1) 1rnd (31 ) yields <Ji E Q(pn nQ(p~). Hence q is closed. 1 

In ucldit.ion, we see t:hnt. q is positive. Thus, t here exists a unique self-ndjoint 
opcrntor, t lmt wc call H8, assoc.iated wit h q. In ot.her words, q = q11g (where q11 

denotes the quadrnt.ic form assocrnted with t he self-adjoint operator A). 

Lcmmn 2.2 \/ - u- is rclatively bounded with rcspect to q in the sense o/ /onns, 
wilh rellltiue bourid O. 

Proof According lo t he t\.Ssumpt ion ( H0), u- is infinitesimally small with respect 
to p-i. Morcover l he Coulomb pot:ential V is infinitcsimally small wi1,h rcspect to v2 . 

'J'hus, \/ - u- is infi nitcsima!ly small with respect to pf + p~ since we havo 

_El_+ _11_ = ~ + ~. 
2n11 2m2 21\'l 211 

(32) 

Thcu V -u- is infinilesimo.Uy form-bounded with respect. to pf +v~ (see [14, t heorem 
X. IS\). We conclude wit.h (31). 1 

With the help of t his lemma o.nd thc I< LM N t heorem, we define Hij_ as t he self
ndjoint. operator nssociated with t he closed and scmi-bounded quadro.tic form q11~

dofincd on Q(pl+v~)nQ(N 1) by q1.1v = q+<Jv- u - . Next, we define t he Hamiltoniau 
ffÜ by u -

Hú := Hij_ +u+, (33) 

thaL is to sny, Hi: is t.he sclf-adjoint operator a.ssocinted with the closed and semi
bouuded qua.dratic form q11Ü defincd on Q(HÜ-) n Q(U+ ) by qH~ = í/11~- + í/u+. 

Rcmark 2. l One could lmve defined the Harniltonian o/ tlie system using a 
ScltrOdinger representation o/ F3 , sc1y L'2(Q,d11). Namely, it is proved in [10] that 
the o¡>erator H0 defined on. D(p~ + p~) n D(H 1) by 

flo := L ~(V; - <JiAi)2 + H1 
j • l ,2 2mJ 

(34) 

is self-ad1omt. Thi.s res11 /t is obtained thanks to FKN arid FKI formulae that letul to 
thc followang fenctional i'1tegml represe11lt1tio11: 

(F, .-•n°G) = j (F (Xo), J, (X)G(X,))L'(Q) dX. 

" 
(35) 

Here., ¡\/ = Rª x P . wllerc ( P,db) is a probability mcasure spoce associated wilh tite 
6-dimen.s1onal Browmon motion {b(t)} 1~o, a11d X1 = X + b(t) i.s tli.e Wiener ¡n'Ocess 
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(36) 

wliere :=1 i.s tJie second quantization of $ 3{,. The isometry {1 : @3 L2 (Hl3 ) -. @JL2(R'' ) 
is defined by 

- e-11ko w(k) 
<, /(k ,ko) = /ii w(k) 2 + lkol'f(k). (37) 

</>o(/} is o Gaussi<tn rnndom 7m1cess indexed by real f E Ea3 L2 (JR.'1), on a probability 
mea.sure s¡XJce (Q0 ,d¡10). Finnlly, K (t) is th e stoclrn.slic in tegral 

' J.' K(I) = e;~ >'ll ¡ {,p(- - X,)db~ (s) + e;~ 1 q, 0 {,p(· - X,)db:(s) , (38) 

"""' íi(k) = ,;z,(k)/ ( ~.¡¡¡¡:¡) . 
Next it is proved l.hat V - u- is i11firiitesi!!_1ally sr'!..all with respect to H0, so that tlte 
Kato-Rellich t.heonmi gives u memi.ing to Hi;_ := Ho + \f - u-. 
Fi110Jly, fl¡j is defined in the sume way as /or H Ü, tJiat is fj /f := ff :;_ +u+ . 

Let us show here t hat the two clefi ni tions of the Hamiltonian a.re t he same: 

Propos it. ion 2.1 Hlf = ti'{ 

Proof This will fo llow frotn two lemrnata: 

Le mma 2.3 Let A be ri semi-bmnulerl self-adjoinl operator and fet B be n self-adjofot 
opemtor tlwt is rnfa.l.ively boundcd with 111spccl to A with a relnlivc bound strictly lcss 
tl1ar1 J. Then 

A + B = A +B, 

that is to say the definitions given by th e Kato- Rcllich theorem and thc J(LMN t/1corem 
respectiuely fcad f.o !he smne opcmlor. 

Proo r \Ve eusily see t hat (/A + IJ equa.ts q11+e on D(A), and since t.his doma.in is 8 fonn 
core for each of the two closed quadrntic forms, we get qA~B = QA+B· Moreover, since 
A is semi-bounded, we CDl'l see t hat the two qundratic forms are semi-bounded. Thls 
yielcls A+ B = A ~- B. 1 

Le mma 2.4 1-18 = flo. 

Proor Since Qug nnd 'lng nre posit.ive, iL is sufficient l o show t.hnt. Lhese t.wo closcd 
quadrntic forms me equ1.1l on a domain thnL_is n form core for thc two oí thern . 
According to /lDJ, Cij'°(IR6 ) ® Ds is n core for Ho. Thus it. is a fo rm core for qno· Let. 
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us show th nt il is nlso n fonu corc fo r q11g. 
Dy lcmmn AA oí l9J, wc hnv 

quo(1!1,1I>) $ L _2...._ [(I + l<IJl)(p/l',p/li ) + (l<JJI + qJ )(32rrA(H; 12(11 , u ;n tf1) + 
o J• l .'l 2mj 

•hrA2(cl1, 111))) + (H; 12(JJ 1 H}/24l ), 

for nll 111 E C0 (R6 ) ® Ds. 
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Now if 11> E Q(p1 + v1) n Q(H 1 ), t hcrc is n scquencc (l) n E 0 (R6) ® Ds such thnt 

411,. (11 , p,(b,, - p1 (1) for j = 1,2 nncl H}'21!1,. - H;12ti . From t hc lnst incqunlity, 

wc gct <iug(ifl - 1(1 11 , 111 - 1(111 ) - O. Hcncc C0 (R6 ) ® Ds is a form core for q11g. 1 

Now, Ht;(m) is clellned similnrly by Ht;(m) := H¡f_(m) +u+, so t hnt we hnvc 

Q( H/f (m)) = Q(vl + vll n Q(H 1(m)) n Q(U+¡. (39) 

Wc note that thc incqunlitics lk l $ ~ $ lkl + rn, íor all k E R3 , yiclcl 

Q(H¡ (m))= Q(H¡)nQ(N) , Q(H!;(m))=Q(HÜ)n Q(N) . ('10) 

2.4 Massive ancl n1ass less grouncl s t a t e e n ergy 

In this subscclion w recn ll (see [9, pnrt. 5]) t hnt thc ground slaLe energy oí tho 
m ru;s i\'C Hnmiltonian Hi!(m) , m > O, co nverges to thc ground slatc cnorgy oí Lhc 
mru;slcss onc as m goes to O. We will denote by E(A} t he infimum oí thc spectrum of 
nny 11Cmi-bounded se! f.ndjoi nt operntor A, so t hnt we hove 

E( J\ ) = inf (4> , M) = inf 9•(,,;, q,). 
4>E D(A).114'11 • 1 QeQ(A),11~1• 1 

Lommn 2.5 E( HÜ(m)) 
11
;:0 E(Hlj). 

Proof \Ve sketch t he proof (scc [9, t hcorem 5. IJ fo r more deuUls). Nnmcly, if m > 
1111 > O, WC havc Q( Hij(m)) = Q( Hlf(111 1)) e Q(HÜ) by {-10) . Then 

E(Hl;) = +1-1.i!1!qu1:;iq11t'( \J! , i~ ) :$ 11 w 11- 1.w~1gc11t'c ... ·nq"Ü(lll , '11 ) 

$ + .1,w~•g( ll ¿.'( m'))'l ll t'( m')( 1!1 ,tlt ) = E(HÜ(m')) S · · S E(HÜ(m)). 

Thus E(Hl;(m)) converges ton limiL E" tl rnL is grcatcr Lhan E(HÜ) whcn m gocs 
to O. 
To sec that E· ~ E( J-/:f), lcL t > O nnd tnkc '110 E Q( HÜ) such t hat J1 iJ1011 = 1 nncl 

<111:;(* 0. llto) S E( l·fÜ) +e. 
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l f n,, denotes t.he projector anta F ! 11> := { <I> E F., <11(-'<) =O for all k > n} , t.hen wc 

can see as in [9) t hat í/1-1 -:; (11,, IJ10 , n11 1J10 ) .. ~ q11:; (1110, '110). \Ve set \1i0 := n.,11 \Jlo 

where "º is d 10sen such that ¡qHú (rino *º· n,,o tl10)/lln,,o '110112 - <Ju:;C*o, *o)I :s; E. 
Then we have 

;¡; , E Q(H/;) n Q(N) ~ Q(H/;(m)) 

fo r ali m > O, so t lmt 

E(HÚ(1n)) = <Ii e Q(/'l ¡/i~.~)), ll <li ll = l qll:J(m)( ljJ , '1i ) $ qllÜ(m)( \1io, ifio) /Ui'iioll 2 

$ q1.1~ (;¡;o , ;¡;,) /ll ;¡;oll 2 + m.q,v( ;¡;o, ;¡;o)/ll ;¡;oll ' 
:s; qHú (lfo, IJ!o) + E+ m.no :s; E(HÜ) + 2E + m.n 0• 

Letting m - O, next E ......¡ O, we get t he stnted result. 

Note t hnt t he snme result holds when Hij is repl nced by HJ1 {respect ively H8). 

3 Binding conditions 

As in l9J, t he key step is to defi ne bind ing condit ions under which we are nble to provc 
thnt. n ground state exists fo r t he Ha miltonia n H/;. We define t he bind ing conditio11 1:1 

E(H/;) < E(HJ'), 

E (H/;) < E( H3). 

(i) 

(ii ) 

The proof of t he condition {i ) fo llows !.he one in [9 , t.heorem 2. 1], wherel.lS t. he proof 
of {ii) is more diffi cult ancl nceds t bc loca lization me thods used in [l2I. 

Rc mark 3.1 Note fh al. as soon as (i) and (ii) are satisfied, lemma 2.5 yieltls 

mi n [E(i-iJ'(m)), E( H3(m))j - E(H/;(m)) ~ C > O, (41) 

/or nriy suilable co nsta.ni. C and a.ny m small enough. 

3. 1 Proof o f condition ('i) 

F'ollowing 19, theorem 2. 1], we shnll show t.hnt. E(Hif)::; E(HÓ)- e0• T be point is to 
find a normnl izecl s tn te cD E Q( Hl!) such t hnt qu:¡ (4.>, cfl)-(41, f E (HÓ) - e0 +E] <1>) S 
O (where E. > O is fixed) . 

Let E> O nnd Jet.F E D(HJ' ),l jF ll = 1 such t.hnt (F, HJ' F ) < E(HÓ) +e.. 
Define the unitnry opern.tor U11 for ali y E R3 by 

(•12) 
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u,w = ~"1 ( · + u, ·+ y) ® aº (/1(· +y)}°' . . aº(!"(·+ y))º " fl. (43) 

Sincc [NJ' ,U 11J = O on C0 (R3 )® Ds and since t.his doma.in is acore for /·IJ' (see 110]), 
then, for ali llt E D (HJ'), U11 1J1 E D (HJ' ) ancl [HJ',U11Jlll =O. 
Let us note h r thnL, in pnrticulor , t.his trnnslation invariruu:e of HJ' is duc to t hc 
foct t hat V itscJf is trnnslation invnriant. But t his bccomcs false if \f is replnccd by 
U, so that we will hove to foce a difücult.y t hrough the proof of condition (ii). 

Now, ns in 19), we would likc to choose <1>11 := 4i/A11 F, for a suitnble y , ns a t rial 
atntc. F'irst we hnve to show thnt if111 E Q(J-Nf). \ Ve know that 31 > O such t hut. 
~(R) $ 1e-l• lh for nll R. E R3. Thus, <I•, E 1t for nll y. Le< {"(ll ) = {(R./ u} be 
n amoot h function in C0 (R3 ) with O :5 { =5 1, { = 1 in the baH B(O, 1) und { = O 
oulsidc t he bn.11 8 (0, 2); let e/> .. := ~11 c/>. T hen (I>~ := ~nUvF - <l,11 in 'H. , ancl 

ct1~ E Q(H~) since t/J,, is n smoot.h, compact ly supported funct io~1~ Thus, to be uble 

lo conclude that cl,11 E Q(Hf;), we only nccd to show that qH~(<li~, ~¡~) is boundecl 
unifonn ly in n . Since q 11:; is semi.bounded from bclow, we would like t.o check t.hal. 

<111:;(4'~ , cb~) is bounded from above. But 

Thc hist tenn of this sum is unlfonnly bounded from abo\·e since V is negative, since 
~?,(R) $ <l'(R) 51'e-IRI/'> nnd since (U,F, fl¡U, F ) < (bccause U,F E D(HI/)) . 
As for t.he othcr tcrms, followlng [9J, we can show 

L _!_((p, - q1 AJ)<l,~, (Vj - qJA; )<fi~) + (cl1~,U(I>~) 
J• l .'l 2m, 

=f., 9"(R.) [(~~ + U) ~ .. (n.)] (U,F(X),U,F(X ))dX 

+ L _2_ J. ~ .. (R.)2 ((p; - </;A(x;))U,F(X), (p, - q,A(x,))U,F(X))clX 
J•\.1 2m, Rº 

= -eo f, ""( R.)'(U,F(X), U,F(X))dX .. 
+....!.._\!J. ( P'{")( l1){.,( ll)~(R)'(U,P(X),U,P(X))dX 

2i a• 

- ;& f., o(R.)' l'l{., (R)(l'{.,)( R)(U,F(X), U, P (X))JdX 

+ L 2~ /,, ~ .. (R)'((¡>¡ - q¡ A(x,))U, P(X ), (p, -q,A(z,))U,P(X))dX. 
J•I., J R 
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Ali of the t.e.rms in t h is lnst sum me bounded from abo\'c, which can be seen usi ng 
again t he fact 1 hat tfi( R) :::; ¡e-IRlh together wit h (~ .. ). (P{.,), (Ple,, ) are uniformly 
bounded, ru1d UyF E D(HJ' ). T hcrefore 4' 11 E Q(H Ü) for ali y E R3 • ln ncldit.ion, \\'C 

ha ve 
q11~( <!>,, 4',) = -eo f,, ~( R)2 (U,F(X),U,F(X))dX + (4>, , [H1 + VJ4>,) 

L¡~ i .2 ,,:,, J •• ~(R)' ((¡>¡- q, A(x,))U, F(X),(p, -q, A(x,))U, F(X ))dX. 

The end of t he proof is the same as t he one in j9]. T hat is we int.egrnte q 11 ~ ((1\,, (b 11) 

in y O\'Cr 3 a ncl do t he clwnges of vari ables X¡ +y - X¡, X2 +y - x2 , which lends 
to 

{ q11 v( •P,, •P ,)dy = { <D (u)2du[(F, HÓ F) - e0 (F, F )J = (F, HÓ I')- eo, 
}Rl V 11P 

since IJólJ L'(R') = l ond llFlh-1 = l. 
But we nssumed (F, Hó F) < E( flÓ) + é and we have 11 (1> 11 11 = 114'1lf1Fll = 1 so thnt. 

f r¡ 11 v (<l>u, (r>u) - [E(HÚ) - eo + t)(<l>¡,1, <1111 )dy < O. ÍR3 1J 

Therefore 3y0 E lR.3 , nnd <111/0 E Q (Hij), which is necessary f= O, such t.haL 

q11 ¿: ((by0, <f>y0) - [E(H(;) - eo + E]( cli llO, <1\io) < O. 

Then E(H(;) < E( HÓ) - e0 +E, nnd since this inequality is t rue for nll E> O, wc 
obtn.in 

E(l-1!;) S E( HÓ) - eo. 

3 .2 Proof of co ndit ion (ü ) 

As slnted nbove, we cu n not follow t he proof of t he previous subsect io n becnusc t hc 
Hnmillonian H* is noL t.rnnslation invnri nnt. Actun.lly, if (F1 ) denotes n minim izi ng 
scqucnce far Hu wc can consider two po~i bi li t i es: either n pnrt of t hc support of F1 

lics in 1\ bn.11 with fixcd radius, or Fj is ::;upported ou tside halls with incrcusi ng rnd iu:s. 
In other words, considera state "clase to" t he ground stnte. T hen, the two pnrticles 
of the systcm li\'e ci thcr not too far from cnch other, or, on the contrnry, us fnr ns wc 
wnnl from ench othcr. In the fir:s t. cnse t hc proof is easy, wherens in t he sccond case 
il is more difficuh .. 

:\runcly, wc shnll locnli ze t he clecLronic pnrticlcs togethcr wit h thc photons in 
n similar wny ns t.hc onc uscd in [12J. T his bring us to po.y uttention to n new 
Humillonian ii8 which opcrnto in L2(R6) ® :F. ® :F •. and who grou nd stnt • cnergy 
is such th nt 

which will gi ,·e the resul t.. 

\\'e hegin wi1h thc si rn plcst. cnsc: 
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Thoorom 3.1 Let (F¡) be D ri ormolized sequence in Q(H8) such tJial q11i(Fj, Fj ) 

,:; E(H8). 
Assume lliat 

3p > O, 3a > O, 'Vj, ( J. llF;(X)ll2dRdr ~a. 
l oco,p) Rl 

(44) 

TI'"" E(H/j) $ E(H8) - Ca/p. 

Proof Since Q(H¡f) = Q(H8), we hnve Fi E Q(H{;). Hence it suffices to write 

q11 v(F; , F,) = quo (F;, F;) +J. V(X)llF;(X)ll2dX 
U V Rº 

$ q11o(F;, F;)- ( J. S'. ¡¡F;(X)ll2dX $q11o(F;, F;)-S'.a. 
U Í B(O,p) R3 P v p 

\Vo get t he result. ns j ........ oo. 

Now we have to denl wit h the second case. As stated above, we need to define a 
nt1w Hamiltonian acting in L2 (1R6 ) ® :Fs ® :Fa· Nnmely, we define iíB to be the sel f
ncUoint opero.tor associnted with the closecl and semi-bounded quadrat.ic form QJ{o 1 

with domo.in Q(p¡ + p~) n Q(Ñ1) n Q(U+), such thnt: u 

'lílo(•I>, " ) = -2
1 ([(¡" - r¡1A1) ® l[if> ,[(P1 - q,Ai) ® I J.¡, ) 

u 111¡ 

+ -2 
1 ([I ® (P2 - q, A, )[if>, [! ® (J>i - q,A, )[" ) 

"" + (ii}l' ,I>, ii)1'w) _ ((U-)'l'if>, (U-¡112.¡,¡ + ((U+¡1/2if>, (U+ )'i'w), 
(45) 

whorn wc luwc set Ñ¡ := H¡ ® J + J ® H¡ . Note t hnt in a rder to show t ha.t q¡¡B is 
c!oscd, ene can follow t he subsection 2.3. T hen we hnve: 

T heore rn 3.2 Let (F1 ) be a nornwlizefl sequ.ence in Q(H&) such tlwtq¡.¡B(Fj 1 F1) j~ 

E(H8). 
Assume that 

'Vn E N", 3j,, , ( J. llF; . (X)ll2dRifr $ .!. . 
j B{O,o) R3 n 

(46) 

r¡,,,. f;(fl/j) < 6 (Ñ8) $ E(H8) . 

Proo r Note thnL in ordcr to prove t hnt E(HÜ) < E(Ñ&) with the tocalizution 
mothod oí 112), \\"C do not. nood to l\&!Um e (46). However, we need it to show t hot 

E(ÍÍ8) $ E(/18). 
W bcgin with the ¡>roof of t.ho Hrst incquality. Sinco the mcthod is quite similar to 
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prove t he second one, we slml l not write the det a.i ls. 

Fii·st stcp: p roof o f the inequ a li ty E( H~} <E(/~)-
To show th is inequnlity, we follow ¡12¡. Nnmely, ns in theore m ·1.3 of [12], we would 

like fir.;:t to llnd a st.nte \}'!i n Q(iit) such thnt: 

a) t he electroni c part of 11' is supported in B(y 1, ~) x B(y2 , R0 ), 

t hnt is !o sny 1J1 (X) = O ns soon ns x 1 r/. B (y¡, Ro) or x 2 r/. B(y2 , Ro ), 

b) the photonic purt of 1[1 is supported in B (y 1, L) x B (y2 , L), 

tlmt is to sny t.he phot.ons of the ftrst. component. of die tensor product. :F, ® :F, 
live in B (y1 , L), wbereas t:he photons of the second component. live in B(y2 , L), 

q,;1.<••. ••) _ -0 e, e, (Rº) 
e) ~ S E( Hu) + 7¡¡; + (L - ZRo)' -¡;:; (! + 1ln(1\Ro)i), 

whcrc Ro > O nnd l > 2170 aro (ixed , where C1 a nd C2 a re positive coust.nnts, nnd 
whcre "'I is any rcnl nurnber :-;uch Lhat O</< 1. 
\\'e stnrt wi th locn!izing t he elect ron nnd the nucleus in bnl ls of rncl il1S 170 . 

Le mma 3. 1 Por l/.11J/ fi'J;Nl /?o > O, th erc exists Y1,Y2 E R3 an<Í a stal,e lli E Q(Ñ8) 
such t}l(li tJ1e elecl.ro'lll'.c 7){/.rf. of 1[/ is s·up¡,01·tetl i1I B (y 1, Ro) x B(yz, R0) rwd 

Proof o f t he le rn m a 

'l ¡/ ~ (\11, 111 ) ... _0 c1 
~s ECHul+m. ('17) 

T his lcmma is provee! in [12, U1eorem ·l.I J. However in j12J, thc outhors hnvc to dcnl 
with t hc Pn11 1i pri11ciplc uccording to which Lhe stntes in 'H hnve LO be nnlisyrnmetric 
undcr che exchnngc of t.lic pnrticles lnbels . Mere the electronic pnrticles (\I'C distincL so 
thnl wc do n2 t hnve to de1d wi t h tliis problc m. Then t he proof becomes n biL si111plcr. 
Lct lli E 0(113), 11 *11= 1 be :mch LhaL 

(•I', ií3 •1• ) < E(ii3) + ~· 
o 

Lcl 1.1 E CO(IR3) he sucl1 Urn t O $ u $ 1, 11 = 1 in the ball B(O, 1/ 2) nnd 11 = O 
outsidc th<' bnll 8 (0, 1 ). Lct us set 

111 ,11 (X) := u( 7t -y) u2,y(X) := u(~ - y' ), (48) 

nnd note thnt 
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Doliuc 1~ 11•1,. := bu1,11u'l.v' * ; with t he clefinition of 1.1 , \\'C ensily see Lhnt l.!1v.11• E 

Q( fí3 ). T hen wc hnvo 

J. (•~,,, .. .¡,,,11 )dydy' = i,. J. J. 10(,,(X)dy /. ul.11(X)dy' < .¡,(X), ~• (X) > dX 
R' V Rª R3 R3 

=(1I1,lf1) = l , 

and 

q¡;~ (lfi 11.11'1 l.!111.v•) =~(\ji , ( l'Y:i: 11L1 , vl2 1.1~.J/' + l'Vz,u'l.itl2ut11) \11) 

l ' ') 2 -o + lfi Re(tli,11112,11,11' , Hu 1J!) 

(hcrc Re(:) denoLes t he real pnrt of t hc complex number z). 
Wo coinputc in one hnnd 

whcre C0 = JR, IV'u(z)l2dz > O, nnd in t he other hnnd 

J. (u~ 11u~ u''li , fít W)dydy' = {fl(W, H3ili). 
R' ' ' 

This lcads to 

Th reíore 3(y1 , y~:) E R6 such t lio.t 

nnd in part.iculn.r, lfiv1•111 is f:. O (here we hnve set Cste = 1 +2Co/3). 

Back t o thc proof o f t.he inequnlity S(H~) < E(ii&). 
Now, we luwe to locn.fü.e Lht! photons around t.hc nucleus nnd 1 he electron. Wc do 
not \\'rite the det.ails of t.ho proof her but skelch only it: we re.fer once ngnin Lo [ 12, 
lornmo 4 .3). 



120 Laurent Amour nnd Jé.rémy Fnupin 

First, replaci ng t he Laplacian by the Dirichlet Laplaci an , H3 is seen as an opernt.or 
acting in L2 (B(y1, R-0) x B(m., R0 ); :F,, 0 F.,). \Ve can show t.hut. t his operntor {thnt. 
we cal l H8.o) hn.s a gro und s!:nte <!J o, so t lmt in pa.rticulnr 

where 111 11,,1.., is t:he (nornml ized) state given by lemmn 3.1 , which snti::ifies t he Dirich
let boundnry conditions by construction. 
Note t.hnt the Humi lton ian fí3,o is defined in the snme way ns fí3 in (115); the 

only modification is t hat the domnin oí the quadrntic form nssociated wi th HB 0 is 

HÓ( B(y1, R0 ) x B(y2 , Ro );F, ® :F, )nQ(H¡(m)) n Q(U+) instead of H1(R6;F,® F, )n 
Q(ÍÍ¡(m))nQ(U+ ). In part icula r if we set cf.> o(X ) =O ou tside B(y1, R0 ) x B(y2 , Ro), 
then lf> o E Q(J{8 ). 
Therefore we wou ld like to loco:lize the photons in t he stnte 1J10 . 

Reca.11 from section 2. 1 that nny stnte iI1 E L2 (R6; .1', ® :F,, ) can be wri tten ilS 
41: X .-. IJl (X) with 

.V (X)~ 

¿ ¿ ¿ w .,.,., ... .. .. ..... (XW 1, p1; . 
"?º •¡ <·~< ·< •.. ¡>¡ , .... , , .. 1'1 ,,,¡ ' .: !'.,• ·•"." 
.. ':!:º ·í «?< < ·~ · ,.', ..... -:,, 

;i.,., p,, )¡ 0 11.;,p; ;. 

where 
1 • 

li1,JJ 1; ... ;i,,,p.,) 1 = /p ¡! ... p.,!º {f;, )P1 .. a º(J;,.)l'·•n , 

nnd where (!,) is nn ort honormn.l basis of L2 (1R.3 ; (:2 ). 

T hen t he opernt.or .Ji, will be defined by 

(50) 

where the functions h1, h 2 E Có (IR.3 ) are defined by 

{ O $ h 1 $ 1 nnd O $ h2 $ l , 
• h 1 = 1 iu thc bull B(y1, L/ 2) nnd h2 = 1 in thc ball B (y2, L/ 2), 
• '1 1 = O outside t he buJI B(y 1, L) nnd li2 =O out.side thc bnll B (y2 , L). 

In othcr words, h 1 loc1.dize photons ncx t to t hc pnrticle x1 (which Jives in /3 (y1, Ro)) 
nnd 112 locafü.e photons next to t he purticlc :r2 (which liv in B(y2 , R0 )) . 

Next wc set 1]• 0 := .J1, 11! 0/lf,]i, 11) o U2 • Sincc <l>o E Q(li 'S), we eosily seo thnL 1110 e 
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Q(li8). Following !J2J, thcorcm ll.3, wc cnn show tho.t 

<fíio(.7z.1lto • .7i l.J10) - 0 C1 C2 (nº) 
113L'~o ll' ~ E(/lu) + 7i5 + (L - 2Ro)' 7Ji (1 + l ln(,\Ro)I), (5 1) 

for nny O <"'/< 1 nnd wh('rc C1, C'J. > O. 
Note thnt wc can use herc somo iuvo.rinncc of the Hnmiltonian Ñ8 to simplify t.ho 
prooí o f t.hc lnst inequn.li!y. Nnmcly, if we set 

(52) 

nn scc thnt for nll t € R3 nncl ni\ 1!1 € Q( Ñ8 ): 

(53) 

In oth r words, ií one lrnnslo. tcs thc clcctron (with its d oud o f photons) nnd the nu
clcus (with its cloud of photons) withoul moving t he position of the center oí mn.ss, 
ouc docs not modify t.hc cnergy of t he statc undcr cons iderntion. 
\Ve to.ke t = 3L. -(y1 - y'J.) nnd we replncc lli'o by lli'o := 7;.7z.4'0/ll.7L(T10112 , so lhnt 
thc n w state "10 hns thc snmc propertics ns thc prcvious one, except t hnt in t hc new 
stnto n distnncc L. scpo.rntc thc t.wo bnlls whcre the pnrticles live. T hus we do not 
lmvc to pny nny nttcnt ion to 1.he fact t hnt t.he bnlls mny overlnp or not. (ns it is done 
iu [12, lemmn 6.IJ). 

F'inl\lly wc would likc to fi nd a statc 2 E Q(H8) whosc energy in HB would be 
11uílicicntly closc to qíi~ (i.Ii0, ljl0). Then t hc term (2 , V3 ) would be the main term in 

r¡11~(=., 3) ru1d we would be nble to conduele. 
\V sho..11 apply formulae of t he type (2.211) of '12J, so thnt it. is convenient to repluce 
A{r;)2 with the norrnal-ordered : A(x;)2 : in t he clefinitions oí the Hnmiltonians Hfj 
nnd lí&. We writ.e t.he " non nal-orclered Hnmiltonians" as : ií8 : nnd : Hfj : respcc

tlvcly. \Ve ensily see t hot E(: i'i3 :) - E(: H/j :) = ECH3) - E(H/j) . 
Now, 1 t (ft,,) be nn ort.honorn1nl bnsis of L2 (B(y1 , L);C2 ) and Jet (g1) be n 11 orthonor
mal bu.sis of L2 (B(y2, L.); C'J.). Wc know thnt 

• { \1 1,p1 ; ... ;in ,JJ,.)¡ = ~a·(J11 )P1 .• • a "(/,..)P"O, r1 E N,i·k.JJk EN} is 1111 

orthononnal bo.sis of F,(L2(D(y1, L);C'l)), nnd 

• {11'1.p'1;. ; 1~ . ,¡1:1 . )9 = ~a· (9,•1 )P~ ... a · (g,: . )P:•n , n' E N,ik,Pk EN} 
ís o.n orthonormf\l bMi.'I oí F,(V (B(y1 , L.);C2)). 

So wc can \\' rite lito as 

'~o(X) • 
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L L ,.,L ..... ... 111 ;( 1,;:i~ -'::;: ;:: ::~, (X)J11.111; .. ; 1.,,pn)J ® lr11, f)11; .. ; i:,.,p~.)p, 
"?º •1 < •1< < .. , ,. 
"'2:0 ·í <•;< <-'." »Í ···· ·l':,1 

where W •1 . ,.1 : • .¡ ;.,. ,,,, E L2(1R'.6) , nnd 
'Í ·"Í ' .. ,< .. ·•<,• 

Pick o.n orthonornrn l ba8iS {e¡} of L2(R3) in H2(R3). Thus, we can also writ 

IJI '1 -P I •n · 1'n 6$ 
'Í •í · ~,,,.~, 

1]1 (X) = ¿ 1]11',1: .,, 1 .... ,.., e1(x 1)e1•(x2). 
l ;?:O 'Í ·l'Í' • '~1 "~' 
l' ? O 

Then we can compute: 

q llf) llio, ll'o) 

= -21 ¿ ¿ 1]1 1{.,,1 .·.·,·,: :.·.·,· .·," •• :,·, \Ti','~,;. ',.'~,'.'.·,''.··,·.',' •. Ói•m•Ó<•í·PÍ· · .. ;•~ •• r; .. iu; . ..,; : ... :,~ •. q:.ix 
UI¡ n,t ,p,lo.j,q,fu '11·1'Í ' 

J. (e1•(x2)fi: , p;;. ; ;:,., v:,.),, • (P2 - q,A(x2))2 • <m•(x2llJ:, q; ; ... :j:,.,q:,.),) clT, .. 
+ L ¿ 11,, ·.1: .•. , .. , ........ il1";;·:;; , _,, ... 9., ó,.,,61· ... ·Ó<·: .,,¡; . . ;• ~ •. ,1~.w; .q;; ... , 1~ •. q:,)x 

ri,1,p,lo,J,q, m •í· •' 11' .. 1".,• •"'., 1 i;.q; , ·•:• ••:• 

(] 11.p1; ... ; i,,,p.,)¡, H¡l.i1, í/1i ... ;j,,,q,,}1) 

1-fo rc d denotes t hl' 1\ ronockcr symbol. 
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=:(X) = 

L L L * •1 ·•·1 1 ... 11,. ,, .. , (X)li 1, ¡J1; .. ;i.,,,,,, ) ,®lt~, 7J'¡; ... ;i:1'1 /J:, .)9, 
~?O lt <•1< <•,. l' I • '"" 'Í ·l'Í l .. d•:,1•1<,t 
.. •¡:o i; <•; <· <•:, "Í · ·"~· 

with 

li 1, P1 i .. ; i,., p,, )¡ @ji'1,p;; .. ; i:,.,p:1.)0 

:= 1 e<(!")'" ... a·(J,J""a º(g,;)P. ... a " (g,~, )": .. n. (54) 
~~ 

In pnrticular wc cn.n see t lrnt 3 E Q(HÜ) nnd thnt 112. ll = ll llloll = l. 
'Thus, npplying íormut ne of thc t;ype (2.2•1) of [12] to t he stnt 

[i1, Pi;· ·; i ,,, ¡1,.)1@1i'11V11i · · i i~.,p~.)g, 

WC M,Ot 

"' "~ , (::.,::.) = [11 + 121 + IJI + i"i + ¡s¡, 
with 

(li.,p1; •• ; i,., ¡¡.,)¡, H¡lj 1, q1; .•• ;j,., q., )¡) 
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l3J - _li_ ¿ L , ,i.1• ... , .. . , ... '"";;~;: ,. ó ó 
- 2m¡ n.i,¡>.lo,j, q,111 J i(*.;,'\ ~ ~ • <,• · '<" IÍ ••Í · .1 ;::: : ~, l ' m ' ( •1 .p¡ ; ... ;i.,,p.,)(Ji,111 : ... ;j ., ,q. )X 

k3 ~e,,1(:i; 1){ li ; ,11'1 ; · · · ;i:,.,,,; •. )11 ,: A(x1)2 : li;, q; ; ... ;j~., q:.) 11 )cl:r 1 

+ 2:~, .. E,.f,=.,, '''L·; '.: ;:::;:::::. •V;];:fr :;;::;. 61.,6¡.; .• ; , ... ,.:,..,.:,.1u; .• ,; , ... ,¡; .. ,;.1x 

l•IJ = i1_ "i\""' ~ '1_i 1·1' 1!1"'"" 1 
·'•·•• Ó1•m • X 1111 ,¿__, L...., 11. 1•1 1 •• 1 .... r .. 11 · •1 '· 

"•1'.¡1,I o,j,1¡,m •'1 • '' 11 '"" ".,• · r~ , ; ; .•Í • -1:,-•:• 

J., ~e,,, (xi)(¡; 1 ,p 1 ; ... ; i.,,¡1,.),.A(x1 lli1,Q1; ... ;j. ,q.)1) 
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l5J = L L '11 ·.: ,. 11 11 ,.., '11 ";;";; , •J•· h 61m61•rn•X 
n .o,p,I o,J,q,m '~ . ~ \ I·. ,.::::,.~, ,¡¡ ,;¡ ,. ·LJ~, , ,~, 

[¿J. lkl(a,(k) li , ,,,, ; ... ; ;,,, ,,,,), , 1j, ,q,, . . , , ., q.)¡) 
' ., 

+ L:f, lk lW1, /l 1; ... ; i ,, ,11,, )1,a,(k)li1,9,; .. ;1., 9.)1) 
' .. 

X {a,(k)li ', ,¡/¡; .. ; i;,,,p;,.).,li',,<f.; .. ;]:,.,q;,),)dkl · 

\Ve"'" 1hn1 PI equals q,nc ,(%, ~' o) - {(- V)' l ' >1< 0, (-V) ' ' '>l<o). 
MorCO\'C-r, 131 is less t.hrm Cste/L2., nccord ing t.o p2, lemma 5.6). 
Flno. lly we can nss mne [2] + [;IJ + [5] ~ O bccnuse if we r place ::: by §: where 

w! t.h 
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¡., , p,; .. ;i,,, ¡¡,.))-l := .¡p , l~ .. fl,, ! (-a' (f.,))" ... (-o ' (f;J) '"' íl , (56) 

thcn \lJ nnd {31 do not ch ango wherens 12],[4] nnd ISJ Me replnced by their opposite 
tcrms. 

Now in the st nte 1}10 (nnd ulso in t he stnt.c ::'.), t he particle x 1 is locn\ized in 
D(y 1, Ro) e B(y1, L), whel'Cl\S x 2 is locnlized in B(!f2 , Ro) e 8(y2 , /,,), nnd we l1nve 
chosen Yl·Y'l su h thot. t.he dist611ce bctween t he two bo.lls 8(y1, L) nnd B(y2 , L) is 
L. 'l'hcrero~ llJ0 is support.ed in {1,.1 :5. SL} , which yields 

Hcrc (53) is crucio..l becnuso ot. licrwisc t.ho bo.lls 8(y1, L) and 8(y21 L) could be fo r 
nwny from cach olher n.nd wc could not. cst.Jmnlc ((-V) 1flllJ0,(-V)1/2 ¡¡, 0). 

Tu conclude, (SI} ¡;cid• 

_ ~ 0 C1 C2 (Rº) C:i C 
q 11I (:..=.)::; E(Hu) + íii + (L - 2Ro)' ¡;:; (1 + l ln(Allo)I} + L" - Sl' 
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for nll 1 < 1, nll Ro > O nnd Edl l > 2Ro. 
\Ve choose 1' such !;lrn t; i < ')' < J, nucl Ro = Lº wilh ! < o < 2-y - l. Then, for L 
largc e nough, C/ l becomcs th e dominnm. lerm in die lnsl. inequnli ty, t hnt is to sny 

C¡ C2 (nº) 1 C3 e m+ (L - 21lo)' -¡;:; ( + Jln{ARo)I)+ /,2'- Sl < 0. 

Thus 
E(H/:) < E(HB) 

nnd the proof is complete. 

Second s t.e p: proof of t he inequali ty E( fi8) :$ E(H8) . 
The proof uses ugtü n t he lo c.:uliuition methods o í p2¡ nncl we oul y skeLch iL. Let. us 
nole yet. t hnt. !,he locn!izatiou errors need not to be csl imn1 e ns prcciscly ns in t he 
pre\· ious step. V/e only need to kuow t hnt t hesc corrcct.ions cnn be rn11de ns s mnJI n:; 

we wa nt. 
Rccall t lmt t.he nssumption (<!G) tells us t hnt there cxis1s n norm nli zed rnin imizi ng 
scquence fo r 113, (F; ), wbic.:h vcrifies : 

(57) 

Let.;-,, a nd 11, , be Íll nct ions deflned by 

¡ 
with 

; ,, (r) = 1 if lrl $ n - ~ 
11,, (r) = 1 if lrJ ~ n ~ 
r ., (r· ) = r(~r) 1_1 11 d v., (r) = 1,.- (!r!-lr~-l)r) if ll - ~ $ lrl $ 11 , 

where T und 11 urc defined on 1/ 2 $ lrl $ 1 nnd a re independnnt 011 n 
Ü < 1111 < ] tll1d Ü < T 11 < i 
,,..,,~T., E- C00 (1lf 1) - -

11~ + T,~ = l. 

(F,_. (l \ r., I' + l\7,,,.1 2 ) /';..) = j (l \7 r Vil' ~ j\7 ,,(r )l ') J. 11 1~.(X )ll'd /?,fr 
(11 - ~ :fl rl$") Rl 

Cstc 
$ 7 • 

so thnl 
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ln<'C' 

1 > Uv,, IS.11' <? { J. llF,.( X )G'dRdr <? 1 !_ 
l u(o ... ¡ ~ a~ 

th l1111howi; 1hnt 110 F, .. /Uv,. l=:, .. U i1:1 n normnlizcd minimiz.in¡. 'qU<'ll«' for 118. 
Tlu•n, Wt' llO U.' ngn.in 11,.F,., v,.F1 .. /fl 11.,F1 .. ll, nnd Wl' localiu.- thc pnrtlch.'S in th is 
Kllfü'. More preciSC'ly, we pick Ho > O n11d L > O such tha.t l - 2R0 > O. Thcu tlw ru 
f'Xists 110 such tluu. for nll 11 2: 110, 1111 F1.,(X) =O on {X.~ $ 3L}. 1cxt, with th 
help of p2¡, starting wit h v,, F1,, (for 11 lnrgc cnough), " 'e can comitruct l\ uormnlizcd 
atntc 3,, in QCH8) such thnt 

o) thc ele tr nic pnrt of 3,. is supportcd in 8 (y1 • Ro) x B(y2 , R0 ), 

b) thc photonic pnrt. of 3 11 is supported in B(y1, L) U 8(y2, L), 

e) q11e(?:,,,?:,,) :5 S( H3) + ~ + (L - C;Ro)' (~) ( 1 + l ln (AR0)1), 

whcrc C 1 nnd C1 nr positivo coustnnts, nnd whcrc "Y is nny real number such that 
O i < 1 In nddi lion, 1 ltc dlsl1111cc bet.wecn t.he ba.lls B (y¡, L} nnd 8(y2, L) is nt 
lt•ruil L by cons truction. 
Thl' proor to gct. this resul t. is closc to t he one of t hc first slep, th nt is we loclllize fir sL 
tite nudcus nnd thc clcctron in t hc stntc 1111 FJ ... Next, we replnce thc Lnpluciun wit.h 
th(• Oirichlet Lnplacinn, which dcímcs n new HnmilloniM tha t hus n ground stntc. 
Finnlly, wt.> locnlizc 1 he photons urouud thc electron nnd die nuclcus in t.hls ground 
11tl\lc. Noti" thnt the opcrntor ,J1, Llmt n\lows us to localize die photons is definccl here 
by: 

.11,0 "(11, 1)P1 ... aº( /1,·..)'1"fl := a "(l1h, 1)P1 ... a"(lth,.,)11" 0 1 (59) 

whrre O~ h $ 1 is n functioll iu C0 (R.3 ) th nt is equa1 to 1 on B (y 1 , L/ 2) U B (y2, L/ 2) 
1u1d that is equal to O utsidc B('y 1, L) U 8 (y2 , L). 
'rhus, Wt' luti \ Ir = 1110(11, ,1,) h l1J(111 ,L)• and wc cnn write ~n ns 

::.(X ) - ?:"., '" "•·•·• (X)o ' (f,.)"' . .. a· (f,. )"a'(g.;)'; .. a'(g;~,)"~·íl, 
·í ,.¡ . · ·~· · ··~· 

where J,, is supportcd in B(y 1, L) and g1;. is supported in B(y2 , L). In othcr worcls, 

BI\ the Íl\Ctors 0"(11\8 (11 ,,1,)J) urc put on the left. whereas the foclors C1°(hln(11 l ,1, )f) 

Bre put on lh right. 
Now, we can define "1 11 in V (Rº;.:F, ® .F, ) by 

1~ .. (X) =:;',~' .~: : t . (X)o "(/11 )111 ... a " (/,.)P 1 0 ® o"(g,¡) ''~ ... a " (g,~.)''• ' 0 . 

'rhc &une computo! ions M Lhu ouc of thc prc\fious stcp yield 

"11r. e ·~ •. .i. "¡ _ i::c 113¡ +. 

Íór n.ll n largt' enough, wh('rC t dl' pcnds 011 no. L nnd 1 but can be mndc M smn\I ns 
wc Wt\Ul '.'\ol•· th t. con l rn.ry to whnt Wt• <lid in (5 ). it i.!I U9CI to repln e 111., with 
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n stntc ;¡;" in ordc.r LO oUmiirnt,c s rnc temu, sin the;e t<!rm:. n1 smo..1 1 wh n Ro nncl 
l. nrt! ltu'ge. 
This shows 1.hnt. B( ii8) _ 8( 118) + € , wht.>re ! can be mnde ns :;mnll ns wc wont.. 
1'hus thc proo f i ~ co111 plct.u. 1 

4 Existence of a ground s ta te fo r Hi 
In thi.s :.t;>Ctio t) wc slmll provo t.ho xistencc o f & grou nd srntc far t hc lfom i!Lo nin n 
H:J. The proof fo llow:i t.h o 0 1w in [91. ~runely, Lhe c..xistencc of 11 ground sLato 1!1111 i ll 

pro\'t'd firs t. for t,bo 111 nssivo H1l1td lto uirrn lllf (m). ~ext it. is s hown t. lm t 1!1,,. dccnys 
cxpo1urntinlly in X, :;o 1,lmL Thcoroms 6. 1 nnd 6.3of 191 co11ccrni ng llO.\ ( l..} l1.., ll 1md 
l 'V l-OA(k)4•mlJ fo llo\1•. f.' inn lly t. hc Rcllich-J(onclrn ho\I theorcrn shows t.l \llt. t.hc wcok 
limit of 41"' (whcm 111 - •O) is u gTo und suu.c fa r 11/;. 

-Ll E x.is t.ence of a gro u ncl stat.e fo r f/~(m) 

As in {9), thc p roof is divided int.o t.wo s tc¡>S: t.hc first st ep is t.o lind n suíl'iciont. 
condicion in a rder t.o gel. t.ho cx.is tcncc o í n ground .st nt.c. Na me ly1 it is suffici 111, t 

show llmJ fo r ull 11ornudiz.od sequoncc ('1ii) E Q(Hf;(m)) which convorg,e.s wcnJdy LO 

O o.nd such 1hn1. r¡ 11~ ( •r1 )( 1t1J , 11,J) ii> uniformly bounded, we hove 

(60) 

The .seoond stcp is to provu t. \1ut. t.h cond it ion (GO) is sntis fi ed . 'r hb; fo llo ws nglll 11 
from t he locnli z11t.i 11 mol.hocl .s o f 19], wi t.h somc slight. modificnt.ions. 

Theorc m :!..l /i'o1· 11/l 111 > O srru1ll r:. rio ug/1 , 3'1>m E D(H:J(m)) s11ch th nt U1l1..,ll = l 
ond 

(61) 

Proo f Frrst, stcv 
¡\ ssmne thnt. (GO) i.s s11 LirJ licd 11 11d \et us .show d1 nl n grou nd stnto c.x is ts for J/ Ü( 111 ). 
Lct (4)') E Q( J/if( r11 )) bo 11 u 1·mnl izcd sequen !rUch t hAt. 

q11 ;¡c ... ¡(•b', •I>' ) ,_ i.;(11/;(m)). 

incc (4'') nnd ({ flÜ (m) - E(J/Ü(m))) l/'l 11>1 } l.\te bounded KCC¡ucn es, t.hcy converge 
wcnkl)• o.lo ng sorne s11 bi;uquc11 cc.s to limits clenotcc:I by 4'.., and ~; .. resp ti v ]y. T hcsc 

subsequ nceiJ nrc s till dc1101.cd by (11'1 ) ond CIH:f (m) - E(ll¿.' (m )}j 112 ~ 1.d). Thon wc 
hn\1? 

(e, !HÜ( m) - B(llÚ(m))j 11' <1•1) = (! 11,i(m)- E(HÚ(m))j 112 .,;«bi) , 

for nll 6 E Q( // lf( rn )). Whon ; - · , t hls lcruls lo 

(ef>.'b: .. ) = (!11/;(m)- B( ll/;(m))j 1 2 Q, 4•m). 



T ho confinad hydrogeno°ld ion in no1H clathristic . 129 

Thm f<ITT' 4•,. E Q(H/;(m)) (nncl (H/;(m) - E (H/;(m)))1 4•,. = 4•;,, ). 

1'hcn.!K'ning '11' = tJ.•J - tJ.1,,, ns in [91, wc hnve '11' ~ O Md (H:,'(m) - E(H¿'(111 ))]11'J l!ii 
_,). O, .so 1hnt 

O• }!."' q11~(m) (<11J , 1J>i ) - B(HÜ ( rn))(c~ , ti>') 

• }_I!• ((11/;(m) - E (H/;( m))j '1' (•I>.,, + >!<'), (11/;(m)- E(H1' (m ) )) 11' (,~ ... + <J•I )) 

{(11/;(m)- E (H/;(m))) ' 1' <I>,,, , (H/;(m)- E (H/;(m)))11' 4>.,) 

+ ,1.1!'' ((11/;(m) - E(H/;( n• ))) 11' <J<I, (11/;(m) - E ( ll:l(m))) L/' <I•'). 

Tln" (11/;(m)- E(ll/;(m))) '1' <I>,,, = O nncl ;i.1!" U [ll:l(m)- E (H/; (m))) '1' <J<lll = 
O. Toget h r with (GO), t.hia londa to 1j1J - ·O sLrongly, so tlun J14>mll = l. 
Fin.Uy 14• .. ll = 1, <I•,,, E D(H/;(m)) nncl H/;(m)<l> .. = E(ll:l(m))<l',,, . 

Stcond slep 

Let (1'11) e Q( H¡f(m)) bu n normnHz 1 se<¡uencc "•ldch con\· rgcs wor\kly to O 1md 
•uch thnt q11~(m)(1Jd, 1J1J ) is uniformly bounded. Lc!t u.s~bow 1httt. 

Lct 91.6,.0, E 

{ 

{ 
{ 

l~~\nf qu~(m)(1iiJ, "11) > E(JIÜ(m)). 

(R6 ) bo liUCh thnt 

q, , = 1 on t ho l V E R'.t•I $ l.IRI $ 1) ' 
</>1• 0011 {X e R ,l•l?.2)u{X e R',IRl?.2) , 
o ~ 1/11 s l , 

1¡,,(X) = <f>,(,.) , 
q,, = 1 011 (X e R', l•I?. 2¡. 
t/i'J ... O 0 11 {X e Rº,Jrl S 1 • 

o $ q,, $ 1, 

ef>, = 1011 ¡ x eR'.1•1$1.IRi?.2), 
</>3 = 0 011 X e R'.l•l?. 2}U{X e R',IRl $ 1), 
O ~ <f>3 $ I, 

Md4)1+~ +~i :m 1. 
Mot~'V ,.. sc1 t/J,,r(X) m i;,(X/ T ) for n.ll T >O and t 1, 2, 3. T h 11, t/>1,1·1JtJ E 
Q(lli'(m)), a11d wo c11n show 

9n0 1-•(>1<', ~'') m ¿ 'lll~(on)(<l>..T <l<'.C>,.T.¡.')- ( ~•' .l'N1.Ti' <1<'). (G2) 
l• l ,'J,J ••t 1.J 
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whcre Q is 1hc g rndil' nt. \•cclo r li1 Rº. 
Note thn~ IUIJ'>,I ~e, whcrn e, is 1\ ¡>OSili\'t' con.:;U\lll. ThcrC"fore 

- L (1i1J, l\ o,rl1 1J'')2: 
•• l ,:l,!1 

,. 
T'" (G3) 

~O'I\', lc1 us l'Sl imnt.o 'lll¿.'( .. •l(l,ll 1,r"1',61r \J1J). llcn.', the Jl omilt onion Tiif(m) is 
dcfinrd in t hc snmc wny fl::I i 11 (115), n.s nu 01> rntor ncting in L2(Rº; :F. ® F,}, t be 
t ite sdf.ndjoinl opcrntor nssocit\1.cd with t hc qu11drntic form wit h lomni n Q(p~ + 1>~)n 
Q(U•)n Q( li¡(w))• 

q!l"t ¡( <!>, •!>) = _!._([(/11 - q1A 1)® lj<b,[(p1 - q,A,) 0 / [•!>) 
V "' 2 11 11 

·!· _!._([(IJ"J - q, A,) ® l [•I•, [(p, - q2 A1)@ / [•1>) 
2 111 '..l 

·! ( f7¡(w)'f" 11, H¡(m)1/ 2,¡,¡ - ((- 11)'1"¡,, (- 11) 1 1' ~' ) 

- ((U- ) ' l '•I•, (u-) 112 >1> ) + ccu-i ' '' ~· . (U ' ) ' '' •1> ), 

whcu.•" hove sel. 17¿ (111 ) :""' H¡( m) ® / + 1 0 H¡(m). 
No e t hnl, on Q°(R ) ® Os® l s. wc luw 

in~ ll¡(m) 2: 111.! - 111 .Po, whcre Po d"noles 1hc proj<.>cto r nto t h subspocc 
.sprumed by n , WC g<;I, 

In nddilion, wc ddi no t,bu 11 11 i1nry op<.>n'l.lor llp from F, hu.o F. ® :F. by 

U pa º (h )llj, :.:.: a · (J1,,..11)0 I + I $ a 0 (1 1 ,pli ), 

for rJI h E L2(R3;C2), n11d whcrc Jt . Pdl,P E 'Q- (Rl} 111' tiUCh t lmt. 

Ji :i:::: 1 in 1hc bnll 8 (0. q, 
J I - 0 Out.sidc l h<' biJI 8(0, 2), 

o - )1 :S 1, 
JÍ. Ji - t. 

nnd Jo p(k) •= J, (!·/ P ) for 1 - l . 2. 
1'h<'n. íollowing j9, k•111 111 1t A.q, we cnn show thl'.'t 

(G4) 

(6ú) 
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where 11(m. P, T) 1'l such t hnt for tlll fixed m , T , u(m. P. T) P= O. 

Thu• (6-1) l<nds 10 

t/u~ ,,.,,(01.Ti¡,J, ~1.rW1) 
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2 IE(lli (m)) + mj(<l>1.r••', d> i,r•v') + u(m, P, T) m(l/~1 T~'', 1 111> PnUed>i,r'''') 
jE(f/i(m)) + mj(</>1,r•l•',d>1,1"V') + u(m, P.T)- i/(m. P. T,J), 

(60) 

wlth V(m. P, T,J) :• rn(Up<J>1:1·WJ, 10 PnUP~i.r\111). 
Lt-mmn A.3 In l9J tells us tl1111. ~ r nll fixcd 111 , P,T. li~'!í(1l(m, P, T, j)) =- 0. T lic 

pohn to gl't thls n.'fi:ult is thut. lfJ1:r la compnctly ~upponed. eo Lhnl t hc opcrntor 

[ ]
-•t> 

d>1.rr(J,) 1 + L p~ + ll¡(m) 
J• l .2 

q11~1m1(<l>7 r"'' .<f>l.r••') = '1113¡ ... ¡(<h.r•v1, d>,.r"°')-((-VJ'''<l>>.r'i'J, (- V) '' 'd>>:r••i). 

'lnc~ ., T 1.s supportcd in {X E R6, [rl 2: T}. wc get 

qll~(m¡(d>,,r ••',<f>uw') <: [ E(H3(m)- ~] ("2.r••'.d>"''"'1). (67) 

qH~,1-1(•J.r\JIJ .</>3,1·1111) = ff11J' (m)(l,6;,,Tli'' • 6:1.r'll') 

"'((U•)'1'd>>.r•1•1, (U+) '"•hr•v')- ((u-¡'1'ou~'', (U- ) 1''<1>, ,1"1•1). 

But 9'.1.T ll .1mp¡>0rtOO in {X E R6 , IRI 2: T} nnd wc knov.• by (Ho) thnt u- is com-
pecdy "tUppon.ed. (U - )11'1/>:i:r = O íor ru1y T lnrgc cnough. Thcrcforc 

q11~1.,1(~"'"~1.~,.rl1'') <: E(ll.r(m))(o,.r"''·d>u••I), (6) 

ror MI.)' T large (?nough. 

Th.n, (62) ~"th 1 he lnc<¡unlili"" (63), (66), (67), ( ) lc•ds LO 

q11¡.t~i(.¡.i, ~•1 ) 2: min (E(ll/;(m)) + m, E(l/3(m)), E(HJ'(m))] 

e " 1- u(m, P, T) + il(m, P, T,J) - 'f - Tl' 
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for anr T largo cuough. 
Lct c. > O nnd piel( 7'0 l11q!o <:11ough such 1hnt - ( f o - s t, /TJ 2:: -c.. N XL, pick 
Po such 1hnt. J11(n1 , Po,1'0)1 ~ !. Then liminf(1/(m,P0,To,J)) = O for n11y m smnll 

J-OV 
enough, whkh yiold1:1 

for NI e> O llnd 11 11 y 111 s1nnll a11ough. Thu~, 

li1m inf ( Qu¿.'{"')( 111J, 1¡1J)) 

~ mhi [E(HÚ( •")) ·!· "" S(H3(m}), E(IJ¿'{m)}j 
= E(HÚ( ,,,)) + ,,,;,, (•n, E( H3(m}}- E(HÚ(m)).E(H¿'(m)) - E(HÚ(m))j 

> E(HÚ(m)), 

far n.ns m snrnJ l cnough (scu t. lto rcmnrk 3.1 nbo\·c.). 
1'lms tite proof is complc!;o . 

. .1. 2 Expone nti a l d ecay o f the rou nd state <J?,,, 

In ordl!r 1.0 ¡>rO\lu t ha oxpononLial locnliz/\lion of <11 m , w follow 19, lon11n(I G.2], wlt.h 
some modificntions. l\forn prcci:;cly, \\' would lik to show 1·Jw.L 11 cxp(PI X l) il/ 111 11 
(whC!re {J is 11 suit.nblu co 11 1:1Ln11 L} b; bound 1 by o. con.st.tmt. which doc1:1 not. dopcnd 11 
m. In l9J, 1 he bound dupu udud 0 11 m. H re, thc ¡>roof is simplcr, 11ncl wc do noL ncc<l 
to follow \ j. 

Lc.mmn ·Ll /,,cf 111 ,,, be n 11 0rrll(1/i :ed 9ro 1111d stotc Jor HÜ(m). 
Thcn foro// /J O .~ u th lh 11f, O< {12 < min(E(HJ' ) - E(H[;), E(H8) - S{l-/Ü) ), wc 
hot:c 

(09} 

/or ony m smn ll c110119 /i . lforc, Co 1.s n po.f1/ 1t1c con..ifan f 111hich docs ri ot dc¡xmd 011 

Proof For i = 1, 2, :.1, 1/J ;:r donoLc::i Lhc funclion defiuOO in Lhc prc,•ioua suba clio 11 . 
:'\lore<l\ r, wc act. 

;J l.T = i<J>~,T + 6] T• (70) 

Lhnl is ~~.T = 1 - 1/l~:r · 
Wc hn''l: 

nnd sinre 41 1,1· ia comp11ctly sup¡>0rted , t.hc fir3t of ibis 1v.-o ternui is bo unded by tt 

~ilh oonst nnt. 1 Lh11t. clacs not dcpend on m 
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\Ve MJt Cr .• ~1.rcxp(/,) wh r / ,is dcfined for l\ll <>O by 

(71) 

Note thtn /, nnd 1'7 /,l nro bounclcd functions. Thw., Ch.., ... E Q(HÜ (m)), nnd using 
rho: foct thnt 4>,,. is n ground sLntc for Hif(m), \\'C cnu show 

qllÜ(m)(Cr1li.., 1 G·rlb,,,) - E( lfÜ (rn)) IJGrcflm ~'.J = (41m, IVGTl2(b.., ). 

Out W\' can compulo 

l\7Grl2 = l\'li.ll,'1·1'•'1· + 2(\'l¡¡i1.r.\7 / ,)e'-GT + j\7/, l'G}. 

1'hcreroro 

1111tcm1(Gr•I>.,., Gr•I>,., ) - B(H/j (m))llG1·•1>,. ll2 - (GT4• .. , l\7 / ,l2 G'!'v ... ) 

• (4• .. , (l\'li.l1.rl' • ''· + 2(\li.l1,.,..\l / ,)e' ·Gr] ·~ .. ) (72) 
se,, 

wherc C, 14 n J>OSit lvo constnut which clepends on T but noL on m or €. Here1 we used 
thc ínct thnt '7~1 .r is compnctly supportcd. 

111 ndclilion, w not.o t hnt 1/11:r/'J·1'1,7. = O. T hu.s 

q,,~,..,,CGr~l1 ,,. , Cr(l1111) = L <fuü(m)(Cr41..,,4>?.r1,Gr41n,) 
l• 2,!J 

• L: q"Ü(m)(lf>1.rnG.,.1f> ... ,l/>,:r¡:iCr1l1,.. ) - L (Gr4•.., , j '7q'¡;:r1212Gr1~ ... ). ,_,.l ••'l,3 

Now. in th prcvious subsuction wo hn\'C 

911n~1(6,,r¡2Gr•l1 .,., ,µ, ,.,."G·r •I> ... ) 2: [ E(/'l~'(m))- y] ll<'»:rnGr•l>.,,112 , 

1md 
911~1m1C<'».r¡2Gr•ll.,, , ~':r12Cr•I>,.) 2: E(fit(m))U.P,,r 12Gr•l>.,, ll', 

far M\Y T lug enough. Thla lond!:I to 

for MU' T lRrg cnough. Sincu 1'7 /el S , \\ gct 

9H::c- i(Gr4•m. G1·•b ... ) - E(ll/j (m))QGT-l>mi ' - (Gr4>~. l\l / ,l2G·r•I>..,) 

2: m.in IB(llÓ(m)) - E(fl/j(m)).E(lit(m))- E(/li(m))j llGr d•..,11' 

2 , (2C Cnc) IG ~ "' - fJ llCr-l> ... 11 - T + "'f' r•·-• 
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Thus. renuu·k 3. 1 l c11 ch~ 1 o 

qu:;c,.., (Cr1l1.,, . Cr1b,.,) - E(NÜ (m))9CT4•.,. 1 - (Cr<l'"'' JV / ,j2C r1l1m) 

_ ~ [m i " [B(HJ' )- E(ll/;).E( ll~)- E( // lf)j - /J' J llGr •l",. 11' 

- (~ 1· :;;• ) IJGr4•m I'. 

fo r n.n~· m smllll c11 011 gh. 
'l'hercl ! <!, wc CíH1 chooso '.J'O 1m c h Lh M 

qllÜ(n1) (Cr0 1l• ,,,,C •1;, ~l 1 ,,, ) - /~( l/¿.'(m))IJCT0 41m lJ 2 - (Gr11 <li ,,, , /V / ,12G·1¡_.<l1,., ) 

?: ~ fmin [E(l lJ' ) - B( li lf), B( //8)- E(HÚ)] -/J'J llGr0 4•,:•ll ' , 

íor nuy m sinnl l c11 ough. 
(i'l) l'Utd (i3) yiC! ld s 

2 ·IC2 

IGr. 4» .. ll $ "' '" [cc 11,¡' )- ECH8J,E(ll8l- ECH8))-fJ' :=e,, 

f r ru1y rn sm 1dl cnough 1111d t1 11y E > O. T hus, ME -· O, wc geL 

ror l\Jl)' m smnJI c110 11glt . So Lho proof is compl te wi1 h Co :=e, C3. 

4.3 o nv · r g ne . o f the g rouncl s t a L <l>m w h n m -1 O 

(73) 

Thc end of l he proof of 1,l1u cx islc11cc of n ground stiu~ for llÜ ~ llows ¡;tc p by i;!op 1 l1c 
one in l9j. Nn md y, iL Ílf shown t hnt. llti'.\ (k)1l1m U nnd V dl.\( k)<l1,,, ll arc boun di;cl for 
llimosl <.' \'ery k , wi t l1 buu11 dt1 Lh r\L do noL depcnd on m . ~ xt 1hc ll cl li ch. J{ onclrnchov 
t hoorem lends 10 1 ho <:o r1d ui; io11 . \Ve only givc ll1c resuh.11. 

T hcorc.m :J. 2 & t. 111 ,,, be 11 11o r111oh.,;cd gro und .tlal< far H¡f(m), whcrc m > O Í-8 

~maJI 171cn , Jor 11 /m o~t 1·111•ry k E R 3 , uic li (Jl'C 

(1>1) 

Mon.:oocr, for olmo:¡/, c111·111 J..· E R3 sud1 tlult lk l < A/ 1. ond ( k1 , k2) f. (01 O), wc lr auc 

flcrr C.\ an d C~ Of'C: CtJrl~lOrl l.j t/wl Jepc nd On .\ . tni, n ;z , Úut 11 0 1 an m . 



Lcuo....,....._ ____ T;..;I.;.;• ...;'°::;':;;'fi::.:11:0.«l::..::,:h ·drot:trnu1d Ion In notH .,,~.tk •• 136 

ll.c m ork i1. 1 

ate thal d1m Q(N) bv (-10) . Thrn (74) mton, 

q,v(<l>,, .. ~• .. J - ~ (lqal + llh ll' f., ilflJ llXl<l>,,, 11'· (76) 

Tht mcorung o/ (75) l.! grvcr1 rn the oppcndu 8 o/ ( . 

!!. A l"<JI •Up to obtom (7il) ar1d (75) u to u.te tht /ollotí'Tnf gnuge tro11.•f orrm1f1 ()11: 
thc un1tary opcmtor T .., defined ÓJI 

r -J.m T(X)clX w1tli T(X ) c- •I:,.1 •• , .. , A(O). (77) .. 
(78) 

ll<'n« the trorl.$/Onricd Hnmilto11ia11 ,.,, 

ii:J(m) :• Tll/;(m)T = L ~(p,-q, ;\,)' H¡(m)+U+V, (79) 
J• l ,'l J 

"'"'A, J:. l ¡(X )dX, iÍ¡ (m ) = J:. H¡ (m)(X)dX , ond 

A,(X ) • A(r,) - A(O) , fi ¡(m)(X) = L J. Wm(k)b¡(k, X)bA(k, X)dk . 
.\e l ,2 a.a 

(80) 

3 Thro1Tm 4 'l togethe1· wiU1 lemrna 11.l .tliow thol HO.\(k)<l>m11 and l1V'kll>.(k)<l>111 JI 

ott unt/onnly bo unded f or small rn . 

Now 1~1 (niJ) be n 6C<¡mmco Lhnt clccnys lo O nnd such 1.hnL (711) t\.nd (75) u.ro 
•o.t.i.:tfit'CI fot" &JI J. Wo cnn supposc thM 1(.1"'• co1werges weaJcly to n limi t c(l whon j 
~ 10 Lct us show 1.11111. 11> E 0 (1-IÜ}. 

"'""· lor ali J, Q( ll /f(m¡)) C Q(ll/;) b (40), wc cnn writc 

¡11:; - E(H/f)j '1' 1b,,,,11' - q11~(<1>m, . <1>~,)- E(H/;) 

_ q¡¡~¡m ,i (<,l ,,, 1 , <,1,,.,)- E:( fl /;) • E(H:l(m,))- E:( ///;) 1-• O. 

Thus. fot ali" E Q( l-IÜ). we hnve 

(( 11~ E( ll/;)] 1" ¡,,•b) ,~" (111/l - E:(///;)) 11' l/,,ob,,,,) 

• }!!_n (t.•. { 11~ - E(H:;')) 111 (11 1111 ) • O. 
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'l'horofor 4> • Q(ll!J) ""el [lllf - E'( l/~)] ' 1'4' • O. 'J'h¡,, yidds 

iJI e O( HÜ) n11d /1~ 41 - E(llÜ)41. ( 1) 

Then, in 1he snmo wny m:1 in Lliuo r ru 7.1 o í (9). ( l ), le nunn ·1.1 n.nd Lhcorem 11.2 lcnd 
10 

Thcorem .1.3 <11,,,J co 11 11tHrJ'1S Sl l'l'J119ly lo 41 , so tli ol nr11u = 1 ond il> is o 9ro1111d sf.aft: 

/or llÜ 

Ro.nmrk ·1. 2 Wi t/1 ll1 c. h c/¡1 of th c f11 t1cl1011ol rnlegrol rcprcsc ntnliou o/ re mar/: 2. 1, 
ILC CtH'I pnn>e (}¡o ( /./J (' !JrO !ll/(/ SllltC 0/ u:; IS ll(Hl·dtycn.Cm(C. fndcet/ , it IS ShOWll 111 

jl l) tho.f ,,- 1 - rl f i~ 11 i.~ positJuit.y im¡u-oi.:mg asan opcmlo r actin.'J 0 11 L1 (Rº x Q), 
u:lrcn: L7(Q) tlc11o t f'S n Sc l11·0rl i119a rt:/tJ"C.ftmt,ot1on o/ :F, nnd whcrc 11 is t i 1111itnn; 
O~IUIOf" j rom J.}(Q) f.o :F. 
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