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ABSTRACT
We study asymptotic behavior in time of solutions to nonlinear Schrédinger
equations in three space dimensions with quadratic nongauge invariant nonlin-
earities. Due to the oscillation properties of such nonlinearities the time decay
estimates are faster comparing with the case of gauge invariant nonlinearities. We
prove the existence of solutions to the final problem and large time asymptotics.

RESUMEN
Estudiamos el comportamiento asintético en el tiempo de las ecuaciones de
Schrodinger en tres variables espaciales con no linealidades invariantes sin nivel
(nongauge). Debido a las propiedades de oscilacién de tales no linealidades, las
estimaciones del decaimiento en el tiempo son més ripidas comparando el caso
de no linealidades invariantes con mvol (gnugc) Probamos la existencia de solu-
ciones del probl final y esti s de tiempo grande.
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1 Introduction

In this paper, we obtain the asymptotics in time of solutions to the nonlinear
Schrédinger equations in three space dimensions

u(t) = (t) +i/L°°Zl(t —7)N (u,3) (7) dr, (t, ) € R x R?, (1.1)

where uy (t) = U (t) uy is the solution of the free Schrédinger equation and U (t) is
the free Schrédinger group defined by U (t) = e#A_ The nonlinear term A (u, ) is a
smooth function, satisfying the following conditions

N (0,0) = ,N (0,0) = 3z (0,0) =0, (1.2)
N (0,0) = A1, 92N (0,0) = Xa, 0u8zN (0,0) = Ag (1.3)

with Ay, A2, A3 € C. Furthermore we assume that the higher order derivatives of the
nonlinearity A (u, ) satisfy the estimates

|oi0EN ()| < € (1+ =) (1.4)

for all u € C, j + k = 3,4,5,6, where ¢ > 6. Conditions (1.2)-(1.4) imply that the
nonlinearity A (u, %) has a form

A A
N (u, 1) = 71“2 + ?252 + A3 |u|2 + higher order terms.

The integral equation (1.1) corresponds to the final problem for the nonlinear
Schrédinger equation

{ Lu=N (v,@), (t,z)€eRxR3,
U(—o0)u (00) = uy,

where £ = id, + A is the linear Schrédinger operator. In [4], [5], [6], [7], [12], the
sharp asymptotic behavior in time of the second approximation uy is studied in the
case of the gauge invariant nonlinearities, namely f (|u|2) u. In this paper we study
the case of nongauge invariant nonlinearities. Due to the oscillation properties of such

nonlinearities the time decay estimates are faster comparing with the case of gauge
invariant nonlinearities.
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We construct a wave operator in L? to equation (1.1) for the final data uy €
H® N HY N H®* and show time decay estimates of solutions, where the weighted
Sobolev spaces are defined by

Hy = {u e 8l = I0)" (V)" uly < oo,

in addition H;,"'o =Hj, H3" = H™* and H™ = H™. In order to state the results
of the present paper we define the following function space

Xy = {¢ € C([T,0);L* (R*)); I llx, < oo},

with the norm

||¢||x“_=lsup % ||g t)—ZuJ(l

where wa (t), uz (t) and wy (t) are respectively the second, the third and the fourth
approximations for solutions of (1.1) defined by

) =i/l°°uu.—r)/\/(ul,m) (v) dr,

ug / U (t = 7) (OuMN (w1, 17) ug (7) + N (wy, ) W2 (7)) dr
and
oo
wa(®) =i [ U= ) OuN (0, T) s + O (0, 70) 75
g (027 (0, )+ 20,00 (o0 o + BN (s, 7)) ).
Our result in this paper is the following.

Theorem 1.1 Let uy € H* NHI N H®3. Then for some time T > 0 there cxisls a
unique solution w € Xq of (1.1). Furthermore the time decay estimate

a

llu @l < G2

s true for allt > T.

We organize our paper as follows. In the next section we prove some estimates for
the approximate solutions w; (t). Section 3 is devoted to the proof of Theorem 1.1.

(T
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2  Preliminaries

Denote st
uns (=5 [ U= 1) (il () + i (1) dr.
t

By Lemma 2.3 from paper [2] we have
Lemma 2.1 Let uy € H* NH}NH"3. Then the estimate is true

% [luz 1 (O)llge + £ [Vuz (e < Co* (1+57)
for allt > T >0, where p = |luy||gs + "u*‘"HT + [l flgg0.s -

In the next lemma we estimate the second approximation
o
uy (t) = i/t Ut —7)N (uy,77) (1) dr.
Lemma 2.2 Let uy € H3NH} NH*3, Then the estimate is valid
4 lluz Ollgs + £ V2 Ol < Cp? (14 )

for all t > T >0, where p = sl + s lgg + e o -

Proof. In view of conditions (1.2) - (1.4) by the Hélder and Sobolev inequalities we
have

I Ol < € [ IV (01,7 (1) o

IA

-
] P R T Y (R YT P
t

o
Ct2 flu flpa llw gz (U + s IE1) -

IA

We write us (t) as
uy (t) = i/wu(t — )N (uy,707) (1) dr
t
= Ot wa @) +i [ U= R ) (),
t

where

5
D) =i/\3/ Ut~ 7) |ur (7)) dr.
t
By using the identity V |u1|2 = 5 (T Tur — w1 Tuy) we have
\% < ¥ E
1022 Olhs <€ [ [V, ar

. 5
S ImTuldr <0p? [~ rldr <ol )
t t

(T
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The assumptions (1.2) - (1.4) yield

C/lk (1 fJug (D)1 ) ey (7)gee [len (M), s (7)o dr
0% (1+p7). (2.2)
By (2.1), (2.2) and Lemma 2.1 we get

/mu(r = 7) R (w,uy) (1) d7

2 c[e IR (w1, ) (7) |0 A7

IA

IA

Va2 (8) s < CE 3% (14 ).

Therefore the estimates of the lemma follow, and Lemma 2.2 is then proved. [
In the next lemma we estimate the third and the fourth approximations.

Lemma 2.3 Let uy € H*NH} N H"3, Then

[lus (8)llga < Cp* (1 + ") ¢
and

[lwa (Dllggs < Cp* (14 p%7) 73
where p = ||uy|lga + "“+"H’,‘ + g llggous -

Proof. We have by Lemma 2.2

5
s s < € [ 00U (10,70 v+ O (a0 Tl
t

IA

=
€ [ (1t ) ) o ()l o (),
& Cp/ [luz (7)llggs (1 +7 5"[)") ridr <Cp* (140t~
This implies the first estimate of the lemma. In the same way we have by Lemma 2.2
00
s O < € [ (100 ) o, + 106N (1,7, ) sl
+(‘/ |82N wy, Ty, “H, + |02 ( """‘)”H-L) "u%"H3 dr
< cptri(+pM) +o+ /"’)/ [1Vuz (7552 lI":(T)IIép dr
t
< Cpt )it
This yields the second estimate of the lemma and Lemma 2.3 is then proved. (]
Now we find a better time decay for the third approximation

= i/'mll(lv—T)(auN(uhT‘T)"z(f)+0|2N("|‘W)E(T))dr
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Lemma 2.4 Let uy € H*nH} N H®, Then
(Vs ()llggs + llus (#)ll= < Cp® (14 p2) 75,
where p = [us[lggs + [l + [l lleos -
Proof. We represent
1
ug (8) = 3w (1),
i=1
where
i
uzy (t) = 5/ U (t = 1) (Mwrug,y + Aotiruizy) dr
X 00
e [ U= 7) (@ + ) dr,
t
00 N
ug (t) = 1'/ U(t—T1)w (3‘“2'2 A Axm) dr,
¢
i Ll
ugg(t) =i [ U(t—7)ur| Fuza + dauza | dr
¢
and e
ugq (t) U (t = 1) (Ra (w1, 1) uz + Ry (u1, 1) W2) dr.
'
We have by Lemma 2.2
™
YOy A G T T
t
< G (1+p0tE (23)

Also by assumptions (1.2) - (1.4) we get

luss Ollzes < / (IRa (a1, 77) w2 (1)l + IR (. T0) 5 (7)) i

< Cpoi (L rpa et (2.4)

By the identity U (t) 2Ud (=t) = J = a+itV = itM VM with M = eJ!"tE and Sobolev
imbedding inequality we find

IA

IA

IA

llus,2 ()llgrz = [[37us,2 ()| + |17 Ausz (8)]] o
C ||V Mug s (t)||0 + C || VI Aug z (8)]| 2

e 12 Ol 067 [ |7 (Ghunsas + Avurrsz)
t

o [T M T
Ct 5 22t Atz | Juy
t

00
+(‘l“/
t

| dr
2

dr
H?

A T
uy (;‘Vw.z = /\3V“2.2)

Tdr.

(T

|H’
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Hence by applying Lemma 2.2

i
N gy < O [ (luaald () s o + 153 () 2 s) dr
t
i
07 [ 1l IVl dr
L o
< cr‘/ 7 g 1Vl g2 scpﬂr'/ 3dr < Cp*t™%, (2.5)
t t

We next consider ug 3 (t). We have by Lemma 2.2

ks
18uss @l <€ [ s (), V22l d
i
o Aop—
+ U(-1) Agmum + TAu,uu dr
t

< Cpit+

H!

(2:6)

00 sl ootk
U (-7) | AsAujug s + = Auiig | dr
t 2 H!

Using the identity Auy = 2id,u7 and integrating by parts with respect to 7 we obtain

/ U(-1) (/\uuz,z + %m) Audr
= U (-1)(2iNgug2 + i\t 3) U7
/ U(- (/\:;A(u_]uz.z) + ?A(UI'QJ)) dr

/ U((- 2L1\1ml? ug 2 + iAW 0rug 9) dT.

Hence

=t T Ao
2/ U (=) (A;;Au,um + ?Au.uu) dr
t
= —U(=t) (2i\guz +idoT2) T
—2/ U(- (A. VuiVua2) + = (vuIVuzz))

- / U(-r) (Aa (W Aug) + 7’ (u—.A“u,,,)) dr
t
A

% / U () (N0, ug2 + iNaTTD; Uz 3) dr.
t
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Then employing the identity dyug o (t) = %Augg (t) — iXg lu|* we find
= — Ap—
/ U (=7) [ AsBugugn + =—Au Uz | dr
¢ ) H!
o
< Cllur Olhay Tz Ol 4 € [ (Ol V22 ()l
t
= 2 §=0)
+C [ s (), T e < O
t
from which and (2.6) it follows that
| Aug,s ()l < Co%t2 (2.7)
We also have
oo
lluas @l < ”/ U (=) (A\sTruz 2 + ATt 2) dT
Je L?
<\ @pitt (2:8)
By (2.3), (2.4), (2.5), (2.7) and (2.8) we get
I9us Olligy < C (o Ollgs + s Ollgs + a2 (Ol
+llAus s Olln) € CpP(1+p2) 2%
and
flus ()llp < € (H“a,l (Ollgzz + s @llgez + lles 2 ()llgz
1 a : :
+lluaa O &g OF:) < Cp° (1+p%) 5.
This completes the proof of the lemma. [}

3  Proof of Theorem 1.1

To apply the contraction mapping principle we consider the linearized problem asso-
ciated with (1.1)

) (L)+i/ Ul(e = r)Ni(wym) () dr @3.1)
t
in the closed ball of a radius 2p® in Xp, where v € Xrp, llollx, < 2p%, where p =

llws flgga + ]lll+||HT + ||t [l ggo.s - Denotie w () = wy () 4 ua (¢) + ug () + wq (¢) . Then
from (3.1) we obtain for the di nee w(t) — w (t)

() —w(t) /wu(z = 7) (N (v,9) = N (uy,77)
A
— (B (1, 7) (i + ) + B (e, ) (2 + 3))
(5B, ) 3 4 2006 (u, ) + BN (ur, 7) #)) i

(T
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By the Taylor expansion we have

N (©,8) = N (w1, @) = 0N (wr, 05) (uz + ug) + O (uy, i) (W2 + )
=5 (BB (11, ) 08 + 20,06 (a1, 1) usl? + BN (w1, 7) 3°)

(L4 |*) (O (1) + O (rw) + O (urwg) + O ((ua + uz + ua) (us + w))),,

where r = v (t) — w(t). Then by applying the Hélder inequality and estimates of
Lemmas 2.2 - 2.4 it follows that

) = w Ol <0+ [ ar (e

e (el + ezl + 1l

+ || Vuy ""1.'1 + lluallge + lleea "H“) + |l "‘"HL el g2

+ (elle + IVtallegs + 190l + sl + uallgs )

% (luallga -+ 19y + Nl + el )
< Ot (1 i)
Therefore there exists a sufficiently large time 7 such that
sup 3 Ju(t) — w (t)lge < Cp* (1 + p%H) T < 258, (3.2)
te[T,20)
We let - e
W = @i [ UC= )N (10,50) () ar,
¢

for v9) € X7. Then we have

.. <o
Lee =

4 g
0 = wl+ Dl S Co(L+ o) (33)
i=1
and i
o], < €[] = ] + 3= Wil < Co (14 5%3). @4)
H2 T EER
Hence

| u® (1) - u® (1)

L2

c /’” [ (o.50) 1) = & (2,53) @),

‘)

IA

IA

4 e [ sup [lu® (8) — o (1)
Co(L+"") (!e['l'.co)|

1€ . . . i
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from which it follows that there exists a large T’ > 0 such that
1
M (f) — 4@ = | M () — p@
su U (L) — (e < suj v\ (t) — v (& 3.5
oA [\ @ -u® ) , <3 (lg(ﬂ;; ) [0 (&) —v® ( )IIL,> (33)

By (3.2) and (3.5) applying the contraction mapping principle we see that there
exists a unique solution u € Xq of (1.1). Time decay estimate follows from (3.3).
This completes the proof of the theorem. 1

Received: Sep 2005. Revised: Oct 2005.
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