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is assigned to the most current data, rising to a maximum at t - s = T and declining 

exponentially thereafter. As m increases, the weighting funct ion beco mes more peaked 

around t - s = T, and if m - oo or T - O, the function tends to the Dirac delta function 
centered at T or zero, respectively. 

Each country harvests according to the harvesting function given in equation (4), but 
using as argument XEk (t), its estimate of the fish stock at time t. We note that the 

harvesting function(equation (4)) of country k can be expressed as 

A 
gk(X) = (l+/(X)) (l +w,,¡x) (k = 1,2, .. ,n). 

Then the dynamics of the fish stock, equation (5), can be expressed as 

X (t) =X (t) (o - {3X (t)) - L g, (X" (t)) (28) 
"'°'¡ 

The dynamic equation (28), with XE"(t) defined according to equation (26), is a 

Volterra integro-differential equation. l t is in fact equivalent to a system of nonlinear or­

dinary differential equations a.s shown in Szidarovszky et al. (2001). Therefore standard 

methods known from the theory of differential equations can be used to salve the equations 

and investiga.te the a.symptotical properties of the solution. 

We will use linearization around an equilibrium X. The linearized version of the integro­

differential equation (28) can be "WTitten a.s 

n [' 

X, (t) = (o - 2{3X'¡ X, (t) - L g; (X)}" w (t - s, T., m,) X,(•) ds, 
k=l o 

(29) 

where X¡, is the deviation of X from its equilibrium leve!. Using the usual techniques 
(expounded for example by Miller, 1972) of seeking the solution in the form X¡, (t) = e~ 1 v. 

By substituting this solution into equation (29) and letting t -- oo, we ha.ve 

(30) 

At any equilibrium X, a - /JX = G (X), so a - 2/3X = 2G (X) - a which can be 
positive, negative, or even zero depending on the shape of function C and the \ocation of 

the equilibrium. In general, the solution of equation (30) is impossible to give in a closed 

form , it can only be found by using computer methods. In arder to obtain analytic and not 
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<mly experimental Fesults, special cases will be examined. 

First, we shall focHs on the case of symmetric firms, where T1 · · = Tn = T, 

a¡ = · · · = an = a, b1 = · · = bn = b, a.nd 1'1 = · · · = 1'n = 1' implying that A = na,fb, 

8 = n/b, 

G(X) - A~ _ An 
- x(1+~) - (n+l)X + 2B1'' 

and 

g(X) = A . = AX 
(i + x~:B,) (l =t- ~) (n+ l)X T 2i1¡' 

whm g¡ (X)= · · · = 9n (X) = g (X). 

The equilibr.ium is a solutkm 0f the equation 

which is quadratic: 

X'P(n + 1) +X (28('1- a(n + 1)) + (An - 2a81) =O. 

In this case 

a- zpX = 2G(X) - a= ZAn -a 
(n+l)X+281 

without a definite sign and 

g'(X) = A[(n+ l)X +2B1J - AX(n+ 1) > O 
[(n + 1) X + 281J' 

for ali X . We wi.11 use these rela.tions la.ter. 

Equation (30) can he r.ewtiitten as follows: 

( >.T)m+I 
[>.-(a-2~X)J l+q +ng'(X)=@, (31) 

which is a polynomial equation with m + 2 real or complex roots. Analytic solution is 
possible for only small values of m. 

407 
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3 .2 The case of m =O 

In the ca.se of m =O, equation (31) is quadratic: 

[>. - (a - 2PX)J (1 + >.T) +ng' (X)= O, 

that is 
T>.2 + >. (l -T(a- 2PX)) + (ng' (X)- a+2PX) =O. (32) 

We distinguish three ca.ses depending on the magnitude of a - 2{JX . 

(i) Assume first that a - 2{JX ~ O. 

Then ali coefficients are positive implying that the rea l parts of the eigenvalues are 
negative. So, the equilibrium is a.symptotically stable. 

(ii) Assume next that 
a- 2{JX > O. (33) 

If 
a- 2p:X > ng'(X) , (34) 

then t he constant term is negative, showing the existence of two real roots, one is 
negative and the other is positive. In this ca.se, the equilibrium is unstable. 

If 
a-2PX = ng' (X) , (35) 

then the constant term is zero implying the existence of two real eigenvalues, at lea.st 
one of them is zero. If 

ng' (X)= f' 
then both roots are zero, and if 

ng' (X)>~' 
then the nonzero eigenvalue is positive implying the instability of the equilibrium. If 

ng' (X)<~· 
then the nonzero eigenvalue is negative. 

In the first and th ird cases no conclusion can be reached on the stability of the equi­
librium, however , in the second case the equilibrium is unstable. 
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(iii~ Assume finally that in addition to {33}, 

a-2/JX < ng1 (X). f36} 

In this case, the constant term is positive. If 

a - 2fx < ~· 
then tbe coefficients are positive implyi.ng that the equilibriurn is asymptotica!ly stab'le. 

lf 

a-2/JX>~, 
then tbe linear coefficient becornes negati:ve implying the e;cistence of roots with posi* 

t ive value 0r p0sitive real parts, so the equilibrium is unstable. Assume fina'ily that 

(37) 

then there are tw0 pure complex r0ots. 

The existenee of a pair of pure complex roots shows that there is the possibility that 

the real parts change sign implying the change in the asymptotic behavior 0f the 
equilibrium. In 0r.der to guarantee that such ehange really occUl's we need ta shaw 

that the real par.t is a strictly monot0nic functi0n of s0me mode·J par:a.meter. Seleet T 
as tbis bifurcation p8.I'ameter. 

J:;)ifferentiating equation (132) with respect to T, we have 

A2 +2T~ÁÜ(l-T~a-2¡Ü'))-A(a-2,6X) ~@. (38j 

Ftom (37), the cr:itica:l value of T is 

and rrom (38), 

r· ~ --'-a- zox· 

,i- A(a-2,6X)-A2 

-2n+[1-T (a -2,6X)]' 

Notice that at the Cilitica\ va:lue T•, 

·1 1 -T'A A ---
T ,,.T· - 2T• 2 ' 

(39) 
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Re >.IT=T- = 2 ;. " '#O 

implying the change in sta.bility and by the Hopf bifurcation theorem, the existence of 

a limit cycle. Hence we ha.ve the following existence theorem. 

Theorem 1 If m = O and o: - 2/3X = ~, then there is a limit cycle around the 

equilibrium. 

3.3 The case of m = 1 

When m=l , the characteristic equation (31) becomes 

[>. - (<>- 2/lX)] (1+2>.T+ >.2T 2) + ng' (X)~ O, 

which is the cubic: 

>.3T2 + >. 2 (2T-T2 (<>- 2/lX)) + >. (1 - 2T (a-2/lX}) 

+(ng'(X)-a+2/1X) ~ O. 
(40) 

The Routh-Hurwitz stability criterion implies that all roots have negative real parts if 
and only if ali coefficients are positive and 

(2T-T2 (a-2/lX)) (1- 2T(a-2/1X)) -T2 (ng' (X) -a+2/1X) >O 

which is equivalent to the quadra.tic inequality of the form 

2 (a- 2/1X} 2 T2 -T(ng' (X) +4 (<> - 2/lX}) + 2 >O. (41) 

Eigenvaiue A nalysis 

(i) Asaume firat that a-2{3X <O. 

Then ali coefficients of ( 40) are necessarily positive. The discriminant of the Jeft hand 

si de of ( 41) has the form 

ng' (X) [ng' (X)+ 8 (a - 2/lX)] , 

so we ha.ve to consider three possibilities: 
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(a) If 

a - 2ffX = -4ng' (X) , (42) 

then (41) holds for all 

T 1' ng' (X) +4 (a- 2¡JX} = __ I_ 
4(a - 2;3X) "-2¡3X' 

a.nd in this case the equilibrium is asymptotically sta.ble. 

(b) If 

(43) 

then the right hand side of (41) has no real root, so (41) holds for ali T >O. Therefore, 
in this case the equilibvium is asymptotically stable. 

(o) If 

a - 2{3X > -~ng' (X), (44) 

then (41) has two rea.! roots: 

ng' (X)+ 4 (a - 2¡jX) ± Jng' (X) [ng' (X)+ 8 (a - 2¡jX)) 
T,,, = 4 (a - 2¡jX) 2 • 

(45) 

In order to examine the signs of these reots, notice first tbat 

ng' (X)+ 4 (a - 2¡jX) > ng' (X) - ~ng' (X) >O, 

that is, both roots are positive. therefore (41) holds if and only if T < T1 or T > T2, 

where the roots are indexed so tha.t T1 < T2. Therefore, in this case, the equilibrium 
is a.symptotically sta.ble for T < T1 or T > T2 . If T1 < T < T2 , then the equilibrium 
is unstable. 

(ii) Consider ne:z:t the case when a - 2{3X = O. 

Then aJJ coefficients of (40~ are p0sitive, and (41) reduces to the simple inequa.lity 

which holds if and only if 

-Tng' (X) +2 >O 

2 
T< ng'(X)' 

So, if this relation holds, then the equilibrium is asymptotically stable. 

411 
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(iii) Consider next the case when a - 2(JX > O. 

Ali coeffi.cients of ( 40) are positive if and only if 

- . { 2 1 , IV\} a-2/JX<mm T•IT'ng ~X1 . (46) 

The quadratic polynomia'l (41) has trwo roots, given by (45), both are positive. By 
using (46}, the larger m0t satisfies tibe following relation: 

5(a-2/1X)+~ 2 
T, > 4 (a - 2¡¡X)' ~a - 2¡¡X > 4T, 

so T is never lar.ger than T2, thus (41) holds if and only if T <Ti. Combining this 
condition with (46), we see that in this case the equilibrium is asymptotica\ly stable, 

if T < min {T1, t.r.nl (X)}. 

Hopf Bifurcation Analysis 

Let 's now turn our attention t0 the case of pure complex eigenvalues. A pu re complex 
number ,\=ir salves equation (40) i.f and only if 

-ir3T2 - r2 (2T-T2 (a - 2/1X)) +ir (1 - 2T (a - 2/1X)) 

+ (ng' (X) - a+ 211X) O. 

Equating the real and imag:inary parts to zero, we have 

2 1-2T(a-2/1X) ng'(X)-a+2/1X 
r ~ T' =2T-T'(a-2/1X). (47) 

Since T 2 > O, real r exists 0nly if 

1- 2T(a- 2/1X) >O 

and (41) is satisfied with equality: 

2 (a - 2/1X)'T' -T (ng' (X)+ 4 (a - 2/1X)) + 2 =O. (48) 

A positive solution for T exists 0nly if the discrimina.nt is nonnegative and the linear 
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cocfficient is negative: 

o- 2/JX:;:: - ~ng' (X) (49) 

Lct T¡ and Ti (Ti 2: Tj) denote the roots. The bifurcation parameter is selected again 
as T , then T¡" and Ti are t he critica\ va\ues. Differentiate equation (40) with respect to T 

implicitly to ha.ve 

3J.2~T2 + J.3 2T + 2Ü (2T-T2 (o- 2J1X}) + J.2 (2 - 2T(o - 2J1X)) 
+~ (1 - 2T(o - 2PX)) + .>. (- 2 (o - 2PX)) 

implying tho.t 

2T.>.3 + J.2 (2 - 2T(o - 2PX)) - 2.>. (o - 2PX) 
3J.2T2 + 2,\ (2T -T2 (o - 2¡1X)) + (1 - 2T (o- 2¡1X)). 

At ,\=ir, the real part of this derivo.tivc is the following: 

where 

and 

·1 A Re A =-
A= ir B 

B = (- 3r2T2 + 1 - 2T (a - 2J1X))2 + (2r (2T - T2 (o - 2J1X))) 2 > O 

A = r2 [2 - 2T (o - 2J1X)] (-3r2T2 + 1- 2T (o - 2p:X)J 
+ [2Tr3 + 2r (o- 2J1X)] (2r (2T-T2 (o - 2PX})] 
r2 [l +r2T2 ] [- 3r2T2 +r'T'] 

+ [2Tr3 +2r 1 -~T2] 2r [2T - T21 -2~T2] 
r2 (-r4T4 + 2r 2T2 + 3)' 

(50) 

(51) 

which is nonzero if r2T2 # 3. In this case, there is a limit cycle as a consequence of the 
Hopf bifurcation theorem. Notice that if r 2T 2 = 3, then from (47), 

T(o- 2J1X) = -1, 

o.nd relation (48) implies that 

- T ng' (X)+ 8 =O. 
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From these equations, we see that 

a - zpx = -~ng' (X) ' (52) 

that is, (49) holds with equality. Assume next that (52) holds, then (48) can be rewritten 

2 (a - zpX) 2 T2 +4T(a- 2PX) + 2 = 2 ({a- zpX) T+ 1) 2 =O 

implying that 
T(a- zpX) = - ! , 

and from (47), we see t hat r2T 2 = 3. We can summarize the above derivat ion as follows. 

Theorem 2 // m = 1 ando - 2{3X > - !ng' (X) , then there is a limit cycle around the 
critical value T-¡. 4, othenni3e the existence o/ a limit cycle is not guaranteed. 

The fully cooperative case, and t he partially cooperative case with symmetric countries, 
the form of the equations governing the leve! of the fish stock is the same, thus the behavior 
is similar. 

4 Numerical Examples 

First, weselectm = 0,o = /3= 1,a= 1, b= 3, 'Y =0.Sandn = 2. In thiscase, A= 8 = ~. 

/(X ) 
2X 

x++f ' 

G(X) ~ 
3X+~ ' 

g(X) 
jx 

ax+M· 

The critica\ va\ue of T is 9. Figure l shows the birth of e. limit cycle with this value 
of T . In figures 2 e.nd 3, we changed the critica! value to 8.8 and 9.2. In the first case, e. 
shri nking cycle is shown, and in the second ce.se, an expanding cycle is obtained, showing 
the asymptotically stable system became unstable by increasing the value of T. 
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0.12355 

0.1235 

0.12345 

X 
0.4435 0.444 0 .4455 0.446 

Figure 1: Birth of a limit cycle with m =O 

Next, the case of m = 1 is illustrated. The selected parameter values are a = 0.75, 
fJ = l.5, a = l , b = 3, ¡ = 2 and n = 2. In this case, A = 8 = 1, 

!(X) 
2X 

x+r 
G(X) ' _,_ 

3X+ g• 
g(X) _Q_ 

3X+ g· 

The critica\ values of Tare 4.38014 and 145.212 as the solutions of equation (48). Figure 
4 shows the occurrence of a limit cycle with the smaJler value of T. Similar phenomenon 
is obtained with the large root, as well. Shrinking and expanding limit cycles can also be 
generated by lowering and raising the value of T from the critica] values. 
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Figure 2: A shrinking cycle for T = 8.8 

Figure 3: An expanding cycle with T = 9.2 
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0. 238 

Figure 4: Birth of a limit cycle with m = 1 

5 Conclusions 

In this paper, a special cla.ss of dynarnic ge.mes was analyzed. This type oí dynamic games 
arises from the combination oí the classical population dynarnics theory and the well known 
oligopoly theory of mathematical economics. 

Jnteniationa.l fishing is a typical example of this type of dynamic games in which severa\ 
countries, or firrns, fish on a sea region. Their interaction is through mnrket rules when we 
assume that ali markets are open to ali participants. In addition, ali fishing parties base their 
nctivity 011 the exist ing common fish stock. The combination of t he market economic rules 
with population dynamics resulta in a special dynarnic system, in which the available fish 
stock and the beliefs of the participants on the fish stock are the state variables. Depending 
on the behavior of t he participants severa! a.\temative models can be formed. 

The classica.I competitive model was first formulated a.nd exa.mined. After the general 
model was constructed, a special case was introduced. We assumed the countries, or firms, 
are identic&l. In this special ca.se, 1 derived simple analytic results about the asymptot ic 
behavior of the state trajectory, which is tractable in t he general case only by computer 
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simulations. Next, we e.ssumed that a grand coe.lition is formed , e.nd the total profit of the 
industry is maximized. Partial cooperative case was examined next, in which I assumed 
that each participant's objective function contains a certain proportion of the profits of the 
others in addition to its own profits. 

ln ali cases, a detailed mathematical model was constructed , the equilibrium or profit 
optimiz ing the harvest re.te was computed and the popu lation dynamics rule was modified 
accordingly. Ali earlier results were ha.sed on the e.ssumption that each participant ha..s 
instantaneous information on the fish stock. However this e.ssumption is not realistic, since 
there is a\ways a gap of information dueto information collection and implementation. Since 
the time is not known exactly, continuously distributed time lags were assumed, where the 
time lag is a random variable. Under this assumption, the dynamic system was described 
by a Volterra-type integro-differential equation system. The asymptotical behavior of the 
state trajectory was analyzed by using linearization. Conditions for the local asymptotical 
stabiHty of the state were first derived, and in the case of instability, special bifurcations , 
especially the birth of limit cycles, were studied. In addition to the theoretical, analytic 

results, I illustrated these bifurcations with simple computer studies. 
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