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Abstract 

In this paper, wc <leal with the well-posedness, i.e, the existcnce, uniqucucl'!s 
and the continuous depcndance with respect lo inilial datas, of the following 
Cauchy problem 

(ACP) { "'(t) = A"(t) + J (t), 1 ~ O, 
u(O) = uo. 

whe:re A : D(A) ~ X - X is not nccessary densely defincd operator o.nd 
1·n-x. 

1 Introduction 

Let X be a Banach spo.cc o.nd ('f(1))r2:0 be a family of bounded linear opernto rn. This 
famtly is Mid 1.0 be u. semigroup if: 
( i)T(O)= / . 
(ii) T(t + •) = T(t.)T(s), fo r ali t ,s;:: O, 

anda strongly cont.inuous semigroup (or C0-semigroup) if1 furthcrmore 
(iii) t - T(t)x is continuous on ¡o,+ ) for each z E X . 
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To each C0-semigroup , we o.ssociate u. linear opera lor , called generatur mfimte..~1-

mal, defi ned as 

Ax:= Lim T(t)x - x. fe r x E D(A) := {x E X 
1-0+ , 

lim T(l)x - x ex isls in X} . 
r-o+ I 

lt is known (see [8] and [11] ) t.hat the classica l semigroup t.heory ensures the well­
posedness of problem (ACP) when A is t he generator infini tesimal of a Co- semigroup 
or, equivalently (by virt.ue of t.he Hille-Yosida t heorem ), when: 

(a) D(A ) =X. 
(b)There is M ~ J a nd w E IR : 11(,1 - w)"(,\ - A)-"11 $ M fer each n ~ O and 
Re(,\) > w. F\mhermore, t.he solution of (AC P) is given by 1.he variation of constants 
formula 

u(t.) = T(t)uo + l T(t - s)f(s)ds, 1 ~ O . 

ln some appl icatio ns to purt.iu l different.ial equat.ions the operat.or A is not. a gene­
rator of C0-semigroup beca.use only hypothesis (b) is satisfied. Such operntors are 
caUed H1lle· Yosida opernt.ors. 

The aim of this paper is to present. t.he extrapolation approach, developed by Nagt: I 
l7J and used by Nagel·Sinest.rari [9] to salve problem (AC P). where A is only a Hille· 
Yosida operator. Al. t.he end , we apply this abst.ract. resuJts to t.he following retarded 
different ial equation 

{ x'(t.) = B x(t ) + Lx, + /(1) , 
x(r) = <¡> (r ), TE[- ,-, OJ. 

t ~ O 

B is the general.ar of a C0-semigrou p (S(l.))1>0 on a Banach space E and 
L : C(l-r,O], E) -· E bounded linea r opcrat.o r añd z1 [-r, O] - E, x,(T) := 

x(t+r). 

2 Extrapolation spaces for Hille-Yosida operators 

Absrract ex1rapola t.ion spaces havc been introduced by !7J, and used by many 
authors fer various purposes (e.g., [!J , [2J. [•IJ , [6J , [IO), [12) , ... ). 

In 1his section, we fix some no t.at.ions and recall sorn e basic rcsults on extrapolation 
spaces fo r Hille. Yosida opcrators. 

Let X be a Sana.ch space and A be a linear operator with domai n D(A) . Prom 
the Hille-Yosida theorcm (cf. [3j, Thm . 12.2.4), we ha\'e the following rcsulL . 
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Proposition 1 Let A be a Hille- Yosida operator on X Then, tite va1·t Ao of A fo 
Xo := D(A) given by 

O(Ao) := (x E D(A): Ax E Xo}, A0x := Ax ~x E D(Ao) 

generales a Co-semigrov.p (To(t)),>o on X0 • Moreover, tJ1.e sel resolvent p(A) o/ A is 
included in p(Ao) and jor each ,\ E p(A) , R (A, Ao) := (,\ - A0 ( 1 is the restriction o/ 
R (A, A) m Xo. 

On t.he spa.ce X 0, for ea.ch,\ E p(A) , we introduce a new norm by 

11 • 11 ~ , = llR(A,AoJxll, x e X o-

The completion of (X o, 11·1\ ~ 1) is noted by X.: 1. I t. is easy t.o sl10w tha.t the norms 

IHl~1' ,\ E p(A), a.re equivalent. Hence, t.he space x.:1 is inclependent of ,\ and be 
called the cxtrapolation space of X 0 associated to A 0 and will be denoted by X_ 1• 

¿Ftom tibe equality 

To(l.)R(A, A0~x = R(A, A0 )To(t)x, t 2: 0 and .x E Xo, 

one can show easily tha.t 1 for ea.ch t 2: O, the operator T0(t) can be extended to a 
unique bounded operatm· 0a X _1 denoted by T_ 1(t ). 

h. is easy to see bhait the fo:mily (T_1(t ))t>o is a Co-semigreup on X _1, called 
~he eztrapolated semigroup of (To(t))t>o· We Summarize t.he ¡~ro~erties of this new 
scmigroup in the following theorem. -

Theore m 2 The jolfowing prnpe1·ties hold 
(•) IL1(<Jllqx_,J = llTo(t) llqx,1 
(11) 0(.4_, ) = x,. 
(m) l-A_1, >. E p(A), is the unique continuous extension of ,\ - Ao: D(Ao) ~ Xo -
x_, to Oll isom.etry¡ Jrom Xo to X-1 -

The relat.ionship bet.ween the spaces X 0 , X and X _1 is given in the following 
proposition. 

Propos it ion 3 Lel ,\ E p(A). For the norm 

llxL := llR(A, A}xll , x E X, 

we haue tha.t Xo := D(A) is dense in (X , ll·ll-1) . Hence, the extmpolation s71ace X _1 

u 0180 thc completion oj (X, ll ·ll-1) rmd X ......... X_ 1. Moreover, the opemtor, /01· each 
,\ - A_, , A E p(A), is an extension of A - A to X_ 1,, (A - A_.)- l X = D(A) and 
(' - A_,r' X o = D(Ao~-
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3 lnhomogeneou s Cauchy proble ms for Hille-Yosida 

operators 

Let A : D(A) e X - X be a Hillc-Yosidd opern tor on a Ba nach spac X . Lc1 
w € IR and M !:: 1 such t.hat 

ll'io( l.)li c1x,¡ ~ Me"'. t ~ o, 

where (To(t)),~0 is t.he semigro up genernt.ed by t he part Ao of A 0 11 X 0 := D(A ). 

Let A_1 the ext.ens ion of A defincd in t he p rev ious section . We a re in t.crestcd now 
in t.he fo llowing Cauchy prob lem . 

( , ) { n'(I.) = A_ ,u(I) + f (l), l ~ O , 
AC p _, n(O) = uo . 

\Ve Juwe seen, in the previous sect.ion1 t hat 1L 1 generates a semigroup (T_ 1(t.)),>0 on 
X_ 1 • Then, Phillips theorcm ([5] 1 Thm. 1.3) provides conditions on / and 11 0-such 
thc differentiable solution of (ACP) _1 exists and is given by 

n( I) = 7'- 1(1.)no + l 7'-1(1 - s) J (s)ds, 1 ~ O. ( 1) 

\Vhen f is an X -valucd function t.he t.crm integral in ( I ) has some import a.ni. propcrt ies 
given in die follow ing lemnrn. 

Lemm a 4 /9/ For / € L 1(IR+, X), the. followmg 11 ropertae.5 hold 

(•) J; 7'- 1(1 - s )f(s)ds E X0, for nll 1 <!O. 

(>i) llJ; 7'-1(1 - s) f(s)dsll ~Ce"' J; e-' 11 / (s)ll ds. 

w/Jcre C IS m dcpendcnt jrom t and f · 

(111) The Junrt.wn ¡o,+ [;, t.-. J: 'L1(l - s)J(s)ds € Xo 1s continuous . 

To investiga.te the inhomogeneous Caucby problem (ACP), we will subst.itutc i1 
via a homogeneous one on a product. space. F'or this purpose, lct us recall 1ha1. t he 
lranslation sc.migroup (S( t. )),~0 on /., 1(IR+, X - 1) , dcfined by 

S( l)f( s) := / (1 + s), s,t E IR.. 

is a Co-scmigroup wit.h !,he gcnerntor B , g iven by 

D(B) = W'·' (IR.+ , X _1 ) , and /Jf (s) := /'(s), s E IR.. a e. for/ E IJ(/J) . 

Using 1hi'i C0-scmigro up, wc can cons truct a ncw scmigroup , which will provide 
1he solu11on of the inhomogenoous Cauchy problem (ACP) _1 
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Thcorem 5 On the Danac/1 space Y_1 := X_1 x L1(IR+, X- 1), with the norm 

11 ( ~ )t_, := 11•11 - i + liflli'(R •. X- >i• we define the opemt.ors 

Th~n. ihe /amily (G_1(t))t>O is a Co·semigroup on Y_ 1 and its genemtor A is 91ve11 
b~ -

O(A) X o x W'·'(IR+,X-i), 

A ( n = ( A_1x /:/{O) ) 

Proof. By the definition of operators G_1(t) , one can see easily that (G_1(t))1>o is a 

c .... m1group on y_ ,. Let (;) E Xo X w1" (1R+, X- 1), oue has -

( k[L1{h}z - x +Jo' L 1(h - s)f(s)ds[ ) 
k (S(h)f - !) 

( klL1{h)z - x) + k Jo' L 1{h - s) f( s)ds ) 
k (S(h)f - !) . 

Smce :r E Xo = D(A- 1) 1 then lim .!_ IT-1{h}:t - :z:} = A _¡x. We ha.ve nlso that 
·- h 

lf:L1(h-s)J(s)ds converges to / (O) in X _, and tbat k (S(h)f - !) - !' - O, as 

h -O in L1(1R+,X-1). Hence, ( ;) belongs to D(A_,) and 

A-i ( ; ) = ( A_1z / / (O) ) 

Co0\"trr'8Cly, we can show easily that D{A- 1) e Xo x Wi.l(IR+, X- ¡). 

U -.-e set. now 

( :¡:i) = G_,(t) ( 7), 
by tbe definition of C _1(t) , t ~ 01 it follows that. its first component. t1{-) is t.he unique 
contmuoua (mild) solution of (ACP)- 1 in the space X _1• 

Tu aoh-c the Cauchy problem (AC P) in the space X, we need lo conslruct a ncw 
semigroup on product space. 
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Theore m 6 Thc Brmn.ch space Y := Xox L1(Ifl+, X) 1mth tlie sum 1wrm ts cmbcdded 
continuously in tite spaCC· y_¡ and the 1·estnctions G (t) o/ c_¡(I) /onn a stron_qly 
continuous semigroup on Y whose lhe 9encrator is g1vcn by 

D(A) { ( ; ) : x E D(A ), f E W 1•1(1R.+ , X) , Ax+ /(0) E Xo) 

(Ax ~/(O) ) 
(2) 

Proof. 11. is obvious t.o see t.hat. Y ._ Y- 1 and Y is invariant under G-1 (1.) , by Lemma 
4 (i). The stroug cont.inuity of (G(l.))1>o on },. can be deduced easily from Lemma 4 
(iii). Hence by Lemma 2.6 in [9], it. follo~vs t.hat the generator A of (G(t)),>o is the part. 

in Y oí tbe operat.or A_1, given in T heorem 5. That is the set of ( ; ) E-D(A -¡)UY 

and A_ 1 ( ; ) E }', which is exactly the set defined by (2). • 

Using now this new semigrnup, one can give cond it ions on f and u0 ensuring thc 
existence of differentiable solut.ions of t.he Cauchy problem (AC P). 

Theore m 7 Let. A : D(A) i;;;;: X __, X be n. llille- Yos-ida operator. let x E D(A) 
and I E W 1•1(IR+, X) 1mch that 

Ax+ /(0) E D(A) . 

Then, problem (ACP) has a unique solution t1 E C 1(1Fl+, Xo) gwen by 

"(t) = 70(1.¡,,0 + J,' L,(t - s) f( s)ds, 1 ~ O. (3) 

P roof. lt is clear 1.hn.t., ea.ch ( ; ) verifying hypo1.heses of the t.heorem belongs t.o 

D(.A). Then, G{I) ( ; ) is differentiable and 

~G(t) ( ; ) = A G(I) ( ; ) 

Hence, tbe 6rst coordinn!,e u of G(t ) ( ; ) is diffcrcntiable and, from the definition 

of G(t) and A , is given by (3) ttnd sal.is fies the problem (ACP). • 
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4 Retarded differential equations 

As an application of nbstra.ct resulta of the previous sect.ion, we cons ider t.he fol­
lowing retarded pn.rl.ia l differential equation 

(ROE) { ;/¡x(t) = 8x(t) + Lx, + /(t), t <! O, 
x(r) = <¡>(r) , for TE {-r, O] , 

where 8 is t.he generat.or of o. Co-semigroup (S(t}),>0 on a Banach spo.ce E 1 L is 
a bounded linear opernt.or from CE:= C([- r ,Oj,Ef into E a nd f is an E-vnlued 
íuncl ton defi ned on IR+. 

To solve t.he equation (RDE) 1 we use here tbe technique developed in [6j,which 
conmts in formulnt.ing t.his equat.ion as an abstrae!. Cauchy problem in the Banach 

•pace X := E X CE 

(C P) 

where 

A := (O 860 +_,,L - ó; ) , D(A) = {O} x { E Ch : <¡> (O) E D(8)} , 
o "' 

ó;'I' := <¡>0 (0), for ali <¡> E Ck := C 1({-r, O], E). 

We rcmark immedio.tely t.hat D (A) is not dense in X. Exactly, one hu.s X 0 

O(A) = {O) x Ce. But one can show that the operator A is of Hille-Yosida (see !6J and 
l12l). He:nce, by Hille-PhiHips theorem, the part A o of A generu.tes a C0-semigroup 
('fo(t)),~ on t.he space {O} x C6 . 1t is easy to see t ba1. t he opera.tor Ao is given by 

wb~ A is lhe opernt.or defined on CE by 

A,> =vi, for "'E D(A) := {4> E ck: 4>(0) E 0(8);4>'(0) = 84>(0) + L</> ) . 

Hence., the opemt.or A genera.tes a C0-semigroup (T(t})1>o on e,~. This semigroup 
&alWies -

{ 
<¡>(t +O), t +O :<; O 

T(l)<¡>(O) = S(t + B)<¡>(O) + f~+• S(t + 8 - •)LT(s)ds, l + O 2: O, 
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and is called: tbe semigroup solu!.ion of the homogeneous relarded different rnl (i.e., 
f =O). 

Since A0 is a d iagonal operat.or, (To(t))t~o is under tbc form 

Lct (T_ 1(t)},>o denot.e the ext.rapolated semigroup of (T0 (t})1>o· Then, we have thc 
fo!Jowing resÜlt.. -

Theore m 8 let t.p E CfE ftnd J E W 1•1(Ill+ , E) such that 

y>'(O) = By>(O) + Ly> + /(0) 

Then. there is a un.ique solutionx E C 1([-r,+oo),E) of(RDE) and is given by 

{ y> (I) , t E [-c, Oj 
x(I.) := ·"(t)(O) , 1 2: O (4) 

where u l3 t11e fun. cti.on. _r¡iven by (3) 
Conversely. 1J X E C 1 ([ - r, +oo), E) ·is tite solution o/ (RDE) then the fmi r.twn 

( ~. ) r.s tlie umque .QO[u/.üm. of (e P). 

Proof. If i.p and j sa t isfy hypot.hescs of 1.he tbeorem then ( ~ ) E D(A) o.nd 

A ( ~ ) + ( /~O) ) E O(Ao) ={O} X Cs 

Theorem 7 implies 1.hal. Cauchy problcm (C P) admits a unique di fferent.iable solut.ion 

( ~ ), given by 

( u~I) ) = ( T(~)Y' ) + l T_,(t. - s) ( J~s) ) ds, 1 2: O. (5) 

Hence the function x given by (4) is differenLio.ble and sa tisfies (RO E). F'o r more 
details see {6] . 
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