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ABSTRACT

For any non-trivial Abelian group A under addition a graph G is said to be A-magic
if there exists a labeling f : E(G) — A — {0} such that, the vertex labeling f* defined
as fT(v) =3 f(uv) taken over all edges uv incident at v is a constant. An A-magic
graph G is said to be Zg-magic graph if the group A is Zx, the group of integers modulo
k and these graphs are referred as k-magic graphs. In this paper we prove that the
graphs such as path union of cycle, generalized Petersen graph, shell, wheel, closed
helm, double wheel, flower, cylinder, total graph of a path, lotus inside a circle and

n-pan graph are Zj-magic graphs.
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RESUMEN

Para cualquier grupo Abeliano no-trivial A bajo adicién, un grafo G se dice A-mdgico
si existe un etiquetado f: E(G) — A — {0} tal que el etiquetado de un vértice f+
definido como f*(v) = > f(uv), tomado sobre todos los ejes uv incidentes en v, es
constante. Un grafo A-mdgico G se dice Zi-mégico si el grupo A es Zg, el grupo de
enteros médulo k y estos se llaman grafos k-mdgicos. En este paper demostramos que
los grafos tales como la unién por caminos de ciclos, grafos de Petersen generalizados,
concha, rueda, casco cerrado, rueda doble, flor, cilindro, el grafo total de un camino,

lotos dentro de un circulo y n-sartenes son todos grafos Zi-magicos.

Keywords and Phrases: A-magic labeling, Z;-magic labeling, Zi-magic graph, generalized
Petersen graph, shell, wheel, closed helm, double wheel, flower, cylinder, total graph of a path,

lotus inside a circle, n-pan graph.
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1 Introduction

Graph labeling is currently an emerging area in the research of graph theory. A graph labeling
is an assignment of integers to vertices or edges or both subject to certain conditions. A detailed
survey was done by Gallian in [1]. If the labels of edges are distinct positive integers and for each
vertex v the sum of the labels of all edges incident with v is the same for every vertex v in the
given graph then the labeling is called a magic labeling. Sedlacek [10] introduced the concept of
A-magic graphs. A graph with real-valued edge labeling such that distinct edges have distinct
non-negative labels and the sum of the labels of the edges incident to a particular vertex is same
for all vertices. Low and Lee [9] examined the A-magic property of the resulting graph obtained
from the product of two A-magic graphs. Shiu, Lam and Sun [12] proved that the product and

composition of A-magic graphs were also A-magic.

For any non-trivial Abelian group A under addition a graph G is said to be A-magic if there
exists a labeling f : F(G) — A—{0} such that, the vertex labeling f* defined as f*(v) =Y f(uv)
taken over all edges uv incident at v is a constant. An A-magic graph G is said to be Zj-magic
graph if the group A is Zi, the group of integers modulo k. These Z;-magic graphs are referred
to as k-magic graphs. Shiu and Low [13] determined all positive integers k for which fans and
wheels have a Zp-magic labeling with a magic constant 0. Kavitha and Thirusangu [8] obtained
a Zi-magic labeling of two cycles with a common vertex. Motivated by the concept of A-magic
graph in [10] and the results in [9, 12, 13] Jeyanthi and Jeya Daisy [2, 3, 4, 5, 6, 7] proved that
some standard graphs admit Z;-magic labeling. We use the following definitions in the subsequent

section.

Definition 1.1. Let G1,Ga,...,Gy, n > 2, be copies of a graph G. Letv; € V(G;),i=1,2,...,n,
be the vertex corresponding to the vertex v € V(G) in the ith copy of G;. We denoted by P(n.G?)
the graph obtained by adding the edge v;v;+1, to G; and Giy1, 1 <i < n—1, and we call P(n.G")
the path union of n copies of the graph G.

Note, that up to isomorphism, we obtain |V (G)| graphs P(n.G"). This operation was defined
in [11].

Definition 1.2. A generalized Petersen graph P(n,m), n > 3, 1 < m < % is a 3-regular graph
with the vertex set {u;,v; 11 =1,2,...,n} and the edge set {u;v;, Uitit1,ViVipm : 1 =1,2,...,n},

where the indices are taken over modulo n.

Definition 1.3. A shell graph S,,, n > 4, is obtained by taking n — 3 concurrent chords in a cycle

Cy. The vertex at which all the chords are concurrent is called an apex.

Definition 1.4. A wheel graph W,,, n > 3, is obtained by joining the vertices of a cycle C,, to an

extra vertex called the centre. The vertices of degree three are called rim vertices.
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Definition 1.5. A helm graph H,, n > 3, is obtained from a wheel W,, by adjoining a pendant

edge at each vertex of the wheel except the center.

Definition 1.6. A closed helm graph CH,, n > 3, is obtained from a helm H, by joining each

pendent vertex to form a cycle.

Definition 1.7. A double wheel graph DW,,, n > 3, is obtained by joining the vertices of two

cycles Cy, to an extra vertex called the hub.

Definition 1.8. A flower graph Fl,, n > 3, is obtained from a helm H, by joining each pendent

vertex to the central vertex of the helm.

Definition 1.9. A Cartesian product of a cycle C,, n > 3, and a path on two vertices is called a

cylinder graph C,OP;.

Definition 1.10. A total graph T(G) is a graph with the vertex set V(G) U E(G) in which two

vertices are adjacent whenever they are either adjacent or incident in G.

Definition 1.11. A lotus inside a circle LCy, n > 3, is a graph obtained from a wheel W, by

subdividing every edge forming the outer cycle and joining these new vertices to form a cycle.

Definition 1.12. An n-pan graph, n > 3, is obtained by attaching a pendent edge to a vertex of a
cycle C,,.

2 Zj-Magic Labeling of Path Union of Graphs

In this section we prove that the graphs such as path union of cycle, generalized Petersen graph,
shell, wheel, closed helm, double wheel, flower, cylinder, total graph of a path, lotus inside a circle
and n-pan graph are Zi-magic graphs.

Let v be a vertex of a cycle Cy., r > 3. According to the symmetry all P(n.C?) are isomorphic.
Thus we use the notation P(n.C,).

Theorem 2.1. Let r > 3 and n > 2 be integers. The path union of a cycle P(n.C,) is Zi-magic
for k >3 when r is odd.

Proof. Let the vertex set and the edge set of P(n.C;.) be V(P(n.C;)) = {’UZ 1<i<r1<j<n}
and E(P(n.C,)) = {vafH 1<i<r1<j<n}U{vlv]™: 1<j<n—1}, where the index i

is taken over modulo 7.

Let a, k be positive integers, k > 2a. Thus k > 3.
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For r is odd, we define an edge labeling f : E(P(n.C,)) — Zi — {0} as follows:

k—a, fori=1,3,...,r,

f(”z‘lvz‘l+1) = f(v;'nv;'n-ﬁ-l) = {

a, fori =2,4,...,r—1,

i k—2a, fori=1,3,...;r,j=2,3,...,n—1,
f(”i”iﬂ): . )
2a, fori=2,4,....,r—1,5=2,3,...,n—1,

f(v{v{Jrl) =2a, forj=1,2,...,n—1.

Then the induced vertex labeling f* : V(P(n.C,)) = Zx is f+(v) =0 (mod k) for every vertex v
in V(P(n.Cy)). O

An example of a Zjp-magic labeling of P(4.C5) is shown in Figure 1.

Figure 1: A Zjp-magic labeling of P(4.Cj).

Up to isomorphism there are two graphs obtained by attaching n copies of a generalized
Petersen graph P(r,m), r > 3,1 < m < "7 to a path P, to get a graph P(n.P(r,m)"). We deal

with the case when v is a vertex in the outer polygon of P(r,m).

Theorem 2.2. Letr > 3, m < % andn > 2 be positive integers. The path union of a generalized
Petersen graph P(n.P(r,m)"), where v is a vertex in the outer polygon of P(r,m), is Zy-magic
for k> 5 when r is odd.

Proof. Let the vertex set and the edge set of P(n.P(r,m)") be V(P(n.P(r,m)")) = {ul,v! : 1 <
i<r,1<j<n}and E(P(n.P(r,m)")) = {quf 1<i<r 1<y Sn}U{ufufH 11<i<r1<
j<n}U {u{u{Jrl :1<j<n-1}U {vazﬂm :1<i<r1<j<n}, where the index i is taken

over modulo 7.

Let a, k be positive integers, k > 4a. Thus k > 5.
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Define an edge labeling f : E(P(n.P(r,m)")) — Z; — {0} as follows:

f(vgvg+m):a, fori=1,2,...,r,7=1,2,...,n—1,
f(u{vf):k—2a, fori=1,2,...,r,7=1,2,...,n—1,
k—a, fori=1,3,...,r
1,1 ) 3Dy s 1y
W, U =
UG {3(1, fori=2,4,...,r—1,
f(u'zugﬂ):a, fori=1,2,...,7,j=2,3,...,n—1,

k—a,

a,

f(’Uan?er) = {

for n is odd,

for n is even,

Flumoh) 2a, for n is odd,
ulvl') =
v k —2a, for n is even,
a, fori=1,3,...,r and n is odd,
non k—3a, fori=24,...,r—1and n is odd,
f(uiuz-i—l) . .
k—a, fori=1,3,...,r and n is even,
3a, fori=2,4,...,r — 1 and n is even,
j o+ 4a, forj=1,3,... and j <n—1,
fluguy™) = ; .
k—4a, forj=24,... and j <n—1.

Then the induced vertex labeling f* : V(P(n.P(r,m)")) — Zy is f*t(u) = all
u € V(P(n.P(r,m)?)). Thus V(P(n.P(r,m)")) is a Zi-magic graph. O

An example of a Z35-magic labeling of P(5.P(5,2)") is shown in Figure 2.

Figure 2: A Z;5-magic labeling of P(5.P(5,2)").

Theorem 2.3. Let r > 4 and n > 2 be positive integers. The path union of a shell graph P(n.SY),
where v € V(S,.) is the vertex of degree v — 1, is Zx-magic for k > 2r — 3 when r is odd and for

k>r—1 when k is even.

Proof. Let the vertex set and the edge set of P(n.S?) be V(P(n.S?)) = {UZ 1<i<r1<j<n}
and E(P(n.SY)) = {vafﬂ 1<i<r1<j<niu{viv] :3<i<r1<j<niu{vlvlt 1<

j <n— 1} with the index i taken over modulo r.
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We consider the following two cases according to the parity of r.
Case (i): when r is odd.
Let a, k be positive integers, k > 2(r — 2)a. Thus k > 2r — 3.

Define an edge labeling f : E(P(n.S?)) — Z; — {0} as follows:

fjviy) =k—a, fori=23,...,r—1,
Flololth) = k—2a(r—2), forj=1,3,... andj<n-—1,
| 2a(r - 2), for j =2,4,... and j <n —1,

f(v{vf)za, fort=3,4,...,r—1,7=2,3,...,n—1,

(r—=3)a

P — fori=24,....7tr—1,7=2,3,...,n—1
’UJ’UJ — 2 )y 9 9 ] 9 9
fwvi) {k—% for i =3,5,....,7—2,j=2,3,...,n—1,

Flvd) = fwiv]) =k — T2 for j=2,3,...,n—1,

" n k—2a, fori=3,4,...,7r—1and n is odd,
fotof) =

2a, fort=3,4,...,7r—1 and n is even,

k —a, fornis odd,

fuivy) = fvfof) = {

a, for n is even,
Flmn ) = a, fori=2,3,...,r—1 and n is odd,
) +1/) — . .
Lo k—a, fori=2,3,...,7—1and n is even.

Then the induced vertex labeling f* : V(p(n.S?)) — Z is f*(u) = 0 (mod k) for all u €
V(P(n.SY)).

Case (ii): when r is even.

Let a, k be positive integers, k > (r — 2)a. Thus k > r — 1.
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Define an edge labeling f : E(P(n.S?)) — Z; — {0} in the following way.

foiv})y=a, fori=34,....r—1,
floivy) =k —a,
fvv1) = 2a,

a,

Fotely) - {

fori=2,4,...,r —2,

k—2a, fori=3,5,...,r—1,
f(v'jv'7+1)— k—a(r—2), forj=1,3,... and j <n—1,
e a(r —2), for j=2,4,... and j <n-—1,
f(v{vf)z%, fori=3,4,...,r—1,7=23,...,n—1,
%, fori=2,3,....7r—1,7=2,3,...,n—1land k=0 (mod 4),
fwlvl ) = %TH’ fori=2,4,....,r—2,7=2,3,...,.n—1land k=2 (mod 4),
3’3772, fori=3,5,....,r—1,7=2,3,...,n—1land k=2 (mod 4),
£ j) %, for j=2,3,...,n—1land k=0 (mod 4),
vivg) =
12 %, for j=2,3,...,n—1land k=2 (mod 4),
f(vjvj)— %, forj=2,3,...,n—1land k=0 (mod 4),
TV M2, forj=2,3,...,n—1land k=2 (mod 4),
Flwiun) = k—a, fori=3,4,...,7r—1 and n is odd,
Y ) a, for i =3,4,...,7 — 1 and n is even,
n n a, for n is odd,
vty ) =
florvz) {k—a, for n is even,
non k —2a, for n is odd,
vlol) =
forer) {2(1, for n is even,
k—a, fori=2,4,...,r—2andnis odd
" 2a, fort=3,5,...,7—1 and n is odd,
fviviy) = . .
a, fori=2,4,...,7— 2 and n is even,
k—2a, fori=3,5,...,7r—1 and n is even.

Then the induced vertex labeling f* : V(P(n.SY)) — Zy is fT(u) = 0 (mod k) for all u €

V(P(n.S?)). Thus P(n.S?)

is a Zp-magic graph for r is even.

An example of a Zq1-magic labeling of P(3.5%) is shown in Figure 3.

O

According to the symmetry of wheels there exist two non isomorphic graphs P(n.W?). We

deal with the case when v is a rim vertex, that is a vertex of degree three in W,.

Theorem 2.4. Let r > 4 and n > 2 be integers. The path union of a wheel graph P(n.W}), where
v € V(W,) is a vertex of degree 3, is Zy-magic for k > r when r is odd and for k > 2r — 1 when r
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Figure 3: A Z;;-magic labeling of P(3.5%).

s even.

Proof. Let the vertex set and the edge set of P(n.W?) be V(P(n.W?)) = {w;,v] :

1 1
j < n} and E(P(n.WY)) = {vafﬂ 1 <i<rl<j<ntU{wp :1<i<nrl<j

nyU{ujul™ :1 < j <n—1}, where the index i is taken over modulo .

IAINA

We consider the following two cases according to the parity of .
Case (i): when r is odd.
Let a, k be positive integers, k > (r — 1)a. This implies k > r.

Define an edge labeling f : E(P(n.W})) — Z — {0} as follows:

f(wjvg):a, fori=2,3,...,r,j=1,2,....,.n—1,

fwjv])=k—(r—1)a, forj=1,2,...,n—1,
11 a, fori=1,3,...,r,
v;V; =
foivi) {k—2a, fori=2,4,....,r—1,
f(J J ) (T_Zl)a7 fOri:1,3,...7T7j:2,3,...7’”_1,
v U =
i k- e for i =24, r—1,j=2,3,...,n— 1,
n r—1)a, for n is odd,
Flwey =4 Y |
k—(r —1)a, for n is even,
£ ) k—a, fori=23,...,r and n is odd,
Wnv; ) = . .
a, fori=2,3,...,r and n is even,
k—a, fori=1,3,...,r and n is odd,
n 2a, fori=2,4,...,7—1 and n is odd,
foivi,) = . .
a, fori=1,3,...,r and n is even,
k—2a, fori=2,4,...,r—1 and n is even,
f(j j+1) a(r —3), for j=1,3,... and j <n-—1,
V]V =
! k—a(r—3), forj=2,4,... andj<n-—1

This means that for the induced vertex labeling f* : V(P(n.W})) = Zx is fT(u) =0 (mod k) for
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all w € V(P(n.WpY)).
Case (ii): when r is even.
Let a, k be positive integers, k > 2(r — 1)a.
Define an edge labeling f : E(P(n.W?)) — Z; — {0} in the following way.
Fwrv]) = f(wpef) =k — (r = )a,
fwv}) = f(w,ol) =a, fori=2,3,...,r,

a, fori=1,3,...,r—1,

L S o o A
fivie)) = Fvivi) {k—2a, fori=2,4,...,r,

f(wjv{)zk—2(r—1)a, for j=2,3,...,n—1,

flwjvl) =2a, fori=23,....r,j=2,3,...,n—1,
f(vag+l):k—a, fori=1,2,...,7,j=2,3,...,n—1,
f(v{v{Jrl) =ra, forj=12...,n—1

Then the induced vertex labeling f* : V(P(n.Wp)) — Zp is fT(u) = 0 (mod k) for all u €
V(P(n.Wy)). Hence f* is constant that means P(n.W,”) admits a Z;-magic labeling. O

v

An example of a Z12-magic labeling of P(3.W¢') is shown in Figure 4.

10

Figure 4: A Zj5-magic labeling of P(3.WY).

In the next theorem we deal with the path union of a closed helm graph P(n.CH?), where v

is a vertex of degree three in C'H,..

Theorem 2.5. Letr > 4 and n > 2 be integers. The path union of a closed helm graph P(n.CHY),
where v is a vertex of degree 3 in CH,, is Zr-magic for k > r when r is odd and for even k > r
when 1 is even.

Proof. Let the vertex set and the edge set of P(n.CH?) be V(P(n.CH?)) = {wj,v),ul : 1 <
r,1 <j<n}and E(P(n.CH?)) = {vafﬂ 1<i<n1 gjgn}u{u{u{H 1<i<r1<j
n}U{wjvg 1< <1 Sjgn}u{vfug 01 Sigr,lgjgn}u{u{u{“ :1<j<n-1},

where the index 7 is taken over modulo r.

<
<
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Case (i): when r is odd.

Let a, k be positive integers, k > (r — 1)a. Thus k > r.

Define an edge labeling f : E(P(n.CH?)) — Zi — {0} as follows:

n—1,

oo,n—1,

, v =1,2...,n—1,

,r—1,7=12...,n—1,
?’r’
,’f'—l,

coon—=1,

fori=1,3,...,7,j=2,3,...,n—1,
fori=2,4,...,r—1,j=2,3,...,n—

L

..., and n is odd,

...,r and n is even,

n is odd,

n is even,

,7 and n is odd,
,7— 1 and n is odd,
,r and n is even,

,7— 1 and n is even,

,7 and n is odd,
,7— 1 and n is odd,
,r and n is even,

,7— 1 and n is even,

and j <n-—1,
and j <n—1.

f(wjv{):k—(r—l)a, forj=1,2,...,
f(wjvf):a, fori=2,3,...,r, j=1,2,
i (r—1a, fori=1,3,...
fwivi) {k—(r—l)a, fori=2,4,...
1 ) (r=1)a, fori=1,3,...
flustig) = {k —(r—2)a, fori=2.4,...
f(vguf):k—a, fori=2,3,...,r,j=1,2,
f(v{u{):k—(r—l)a, forj=1,2,...,n—1,
o (r—l)u,7
f(“gugﬂ): k_2(r73)a
2
r—1)a, for n is odd,
Fluwpy =Y |
k—(r—1)a, for n is even,
k—a, fori=2,3,
flwavit) =, {a, for i = 2,3,
non r—1), for n is odd,
fofuf) = ( ) .
k—(r—1)a, for n is even,
Folur) = a, forz::2,3,...,rand
k—a, fori=2,3,...,r and
k—(r—1)a, fori=1,3,...
n _J(r=1)a, fori=2,4,...
Foivi) = (r —1a, fori=1,3,...
k—(r—1)a, fori=2,4,...
k—(r—1)a, fori=1,3,...
non o~ )(r—=2)a, fori=2,4,...
Jlufuiyn) = (r — 1a, fori=1,3,...
k—(r—2)a, fori=2/4,...
- k—(r—1a, forj=1,3,...
Fluduty = {4 forg =
(r—1a, for j =2,4,...

Then the induced vertex labeling f* : V(P(n.CHY)) — Zi is fT(u)

V(P(n.CHY)).

0 (mod k) for all u €
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Case (ii): when r is even.
Let a be a positive integer and k > (r — 2)a be an even integer. Thus k > 7.
Define an edge labeling f : E(P(n.CH?)) — Zi — {0} such that

flwivy) =k = (r —1)a,

flwiv}) =a, fori=23,...,7

foiviy,) = (r=1)a, forz:=1,3,.,.,r—17
k—(r—1)a, fori=2/4,...,r,
f(uzluzl-',-l): (r—1a, fOI"Z::1,3,...,T—17
k—(r—2)a, fori=24,....r—1,
f(’U%U%):(T—l)GJ,
frul) =k —a, fori=23,...r,
flwwl) = folul) = folvl, ) =%, fori=1,2,...,r,j=2,3,...,n—1,

%, fori=1,2,...,r,j=2,3,...,n—1land k=0 (mod 4),
flulul ) =<2 fori=1,3,...,r—1,j=23,...,n—1land k=2 (mod 4),
k20 fori=2,4,...,r,7=2,3,...,n—land k=2 (mod 4),
" r—1)a, for n is odd,
Fluwgegy =4 Y !
k—(r —1)a, for n is even,
" k—a, fori=23,...,r and n is odd,
flwpvf') = - .
a, fori=2,3,...,r and n is even,
" n k—(r—1)a, fornis odd,
foiuy) = .
(r —1a, for n is even,
non a, forv=2,3,...,r and n is odd,
i) = . .
k—a, fori=23,...,r and n is even,
k—(r—1a, fori=1,3,...,r—1 and n is odd,
n (r—1a, for i = 2,4,...,r and n is odd,
fviviy) = . .
(r—1a, fori=1,3,...,r —1 and n is even,
k—(r—1)a, fori=2,4,...,r and n is even,
k—(r—1)a, fori=1,3,...,7—1 and n is odd,
" n (r —2)a, for i = 2,4,...,r and n is odd,
fuiuiy,) = . .
(r = 1a, fori=1,3,...,r —1 and n is even,
k—(r—2)a, fori=2,4,...,r and n is even,

f(u{ 1 =

-j+1) k—ra, forj=1,3,... and j <n—1,
w _
ra, forj=2,4,... and j <n—1.

Then the induced vertex labeling f* : V(P(n.CHY)) — Zj is fT(u) = 0 (mod k) for all u €
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Hence f* is constant equal to 0 (mod k). Therefore P(n.CH") is a Zi-magic
O

V(P(n.CH})).
graph.

An example of a Zg-magic labeling of P(3.C'HY) is shown in Figure 5.

Figure 5: A Zj3-magic labeling of P(3.CHY).

Theorem 2.6. Let r > 3 and n > 2 be integers. The path union of a double wheel graph

P(n.DWY), where v € V(DW,) is a vertex of degree 3, is Zi-magic for k > 5 when r is odd.

Proof. Let the vertex set and the edge set of C(n.DW?) be V(P(n.DW?)) = {vj,v],ul : 1 <i <
r,1 <j<n}and E(P(n.DWY)) = {vjvg,vjug 1<i<n1<j< n}U{vgng 1<i<rl1<
j<n}U {uZufH 1<i<r1<j<n}uU {u{u{“ :1 < j <n—1} with index ¢ taken over modulo
.

Let a, k be positive integers, k > 4a. Thus k > 5.
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For r is odd we define an edge labeling f : E(P(n.DWY)) — Z;, — {0} as follows:

viv!)=2a, fori=1,2,...,r,j=1,2,...,n—1,
Vg
f(vjug):k—Za, fori=1,2,...,r,7=1,2,...,n—1,
f(vaf+1):k—a, fori=1,2,...,7,7=1,2,....n—1,

£ ) k—a, fori=1,3,...,r,
uiu; ) =
s 3a, fori=2,4,...,r—1,

f(uguz+l):a, fori=1,2,...,7,5=2,3,...,n—1,

" k—2a, fori=1,2,...,r and n is odd,
funv]) = . .
2a, fori=1,2,...,r and n is even,
" 2a, fori=1,2,...,7 and n is odd,
fonug’) = . .
k—2a, fori=1,2,...,7 and n is even,
Fmon ) a, fori=1,2,...,7—1 and n is odd,
vl ] =
ER k—a, fori=1,2,...,7r—1 and n is even,
- a, for n is odd,
f(vrvl): .
k —a, for n is even,
a, fort=1,3,...,r and n is odd,
non k—3a, fori=2,4,...,r—1 and n is odd,
fuiuiy) = . .
k—a, fori=1,3,...,r and n is even,
3a, fori=2,4,...,7r —1 and n is even,
f(u{u{“): 4a, for]::1,3,... andj:gn—l,
k—4a, forj=2,4,... and j <n—1.

Then the induced vertex labeling f* : V(P(n.DWP)) — Zj is fT(u) = 0 (mod k) for all u €
V(P(n.DW?)). O

An example of a Zz-magic labeling of P(3.DWY) is shown in Figure 6.

Theorem 2.7. Let r > 3 and n > 2 be positive integers. The path union of a flower graph
P(n.F1?), where v € V(Fl,.) is the vertex of degree 4, is Zy-magic for k > 5 when r is odd and for

k > 3 when k is even.

Proof. Let the vertex set and the edge set of P(n.FI?) be V(P(n.FI¥)) = {w;, v}, ul : 1 <i <
r,1 <j<n} andE(P(n.FlZ{)):{wjvg :1§i§r,1§j§n}u{vfu5 1 <i<nr1<j<
n}U{wju'z:1§i§r,1§j§n}u{vgvg+1:1§i§r,1§j§n}u{v{1}{+l:1§j§n—1},

with index ¢ taken over modulo 7.

Case (i): when r is odd.
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5
5
1
2
6, 5
5 2
6
2
1 1
6 A 2
R 6
6
5 1

Figure 6: A Z;-magic labeling of P(3.DWY).

Let a, k be positive integers, k£ > 4a. This means k > 5.

Define an edge labeling f : E(P(n.Fl?)) — Z — {0} as follows:

f(wjvg):f(vgug):a, fori=1,2,...,r,7=1,2,...,n—1,
f(ugwj):k—a, fori=1,2,...,r,7=1,2,...,n—1,
11 a, fori=1,3,...,r,
ViV ) =
J(oive) {k—3a, fori=24,...,r—1,
f(vgvgﬂ):k—a, fori=1,2,...,r,7=2,3,...,n—1,
n n k—a, fori=1,2,...,r and n is odd,
flwnv]') = f(vj'uy) = . .
a, fori=1,2,...,r and n is even,
n a, fori=1,2,...,r and n is odd,
f(uiwn) = - .
k—a, fori=1,2,...,r and n is even,
k—a, fori=1,3,...,7 and n is odd,
non 3a, fori=2,4,...,7r—1 and n is odd,
foivi,) = . .
a, fori=1,3,...,r and n is even,
k—3a, fori=2,4,...,r—1 and n is even,
f(v{v{“): k — 4a, for]::1,3,...and]:§n—1,
4a, forj=2,4,... and 5 <n—1.

Then the induced vertex labeling f* : V(P(n.Fi%)) — Zy is fT(u) = 0 (mod k) for all u €

V(P(n.FIY)).

Case (ii): when r is even.

Let a, k be positive integers, k > 2a. Thus k > 3.
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Define an edge labeling f : E(P(n.Fl?)) — Z — {0} as follows:

flwivy) = f(vyuy) = 2a,

flujwr) =k — 2a,

f(vgvgﬂ):k—a, fori=1,2,...,r,7=2,3,...,n—1,
f(wjvg)zf(vfug)za, fori=2,3,...,r,7=1,2,...,n—1,
f(wjug):k—a, fori=2,3,....,r,j=1,2,...,n—1,

n n n k —2a, for nis odd,
f(wnvl)_f(vlul)_{

2a, for n is even,
" 2a, for n is odd,
wpuy) =
Ul 1) {k — 2a, for n is even,
" non k—a, fori=23,...,7r and n is odd,
flwnv]') = f(vi'ug') = . .
a, fort=2,3,...,7 and n is even,
n a, fori=2,3,...,r and n is odd,
k—a, fori=23,...,r and n is even,
non a, fori=1,2,...,r and n is odd,
fviviy) = . .
k—a, fori=1,2,...,r and n is even,

k—2a, forj=1,3,... and j<n-—1,
2a, forj=2,4,... and j <n—1.

Floluit) = {

The induced vertex labeling f* : V(P(n.FlY)) — Zgis fT(u) =0 (mod k) for allu € V(P (n.FI?)).
o

An example of a Zj9-magic labeling of P(4.F1Y) is shown in Figure 7.

Figure 7: A Zjp-magic labeling of P(4.F3).

Let v be a vertex of a cylinder graph C,.0PFP,, r > 3. According to the symmetry all
P(n.(C.0OPy)?) are isomorphic. Thus we use the notation P(n.(C,.OP,)).

Theorem 2.8. Let r > 3, n > 2 be integers. The path union of a cylinder graph P(n.(C,0OPy)) is
Zi-magic for k > 5 when r is odd.
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Proof. Let the vertex set and the edge set of P(n.(C,[0P,)) be V(P(n.(C,0P))) = {v!,u!
i<r,1<j<n}and E(P(n.(C,0PR,))) = {ulv] : 1<z’§r,1§j§n}u{ufuf+l.1§2§r,1§
j< n}U{va 1<i<rl<j<nlu{uwu]™ :1<j<n—1}, with index i taken over
modulo r.

Let a, k be positive integers, k > 4a. Thus k > 5.

For r odd we define an edge labeling f : E(P(n.(C,.0P,))) — Z; — {0} as follows:

f(v! uf):k—2a, fori=1,2,...,r,7=1,2,...,n—1,
valﬂ =aq, fori=1,2,...,r,5=1,2,...,n—1,
k—a, fori=1,3,...,r,
u’LuZ+1 = .
3a, fori=2,4,...,r—1,
f(ul z+1 =q, fori=1,2,....,r,7=2,3,....,n—1,
{k a, for n is odd,
U’LU’L+1 = .
a, for n is even,
~J2a, for n is odd,
|k —2a, forniseven,
fori=1,3,...,r and n is odd,
k: 3a, fori=2,4,...,r—1and n is odd,
u uH—l : i
fort=1,3,...,7 and n is even,
fori=2,4,...,r — 1 and n is even,

fluful) = forj=13,..,j<n-1,
k-t for j=2,4,...,5<n—1.

Then the induced vertex labeling f+ : V(P(n.(C,0P))) — Zi is fT(v) = 0 = k for all v €
V(P (n.(C.0OP,))). Hence f7 is constant and is equal to 0 = k. O

An example of a Zg-magic labeling of P(3.(C70P,)) is shown in Figure 8.

Figure 8: A Zo-magic labeling of P(3.(C70P,)").
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Theorem 2.9. Let r > 5 and n > 2 be positive integers. The path union of a total graph of a path
P(n.T(P,)"), where v € V(T(P,)) is a vertex of degree two, is Zy-magic for k > 3.

Proof. Let the vertex set and the edge set of P(n.T(P,)") be V(P(n.T(P,)")) = {ul : 1 <i <
r1<j<nju{v:1<i<r—1,1<j<n} andE(P(n.T(PT)”)):{ugug_ﬂ:1§i§r—1,1§
J<nyu{vivl, i 1<i<r—2,1<j<n}U{ul v/:1<i<r-1,1<j<n}U{ufv] :1<i<
r—1,1<j<n}u{ufu]t™:1<j<n-1}.

We consider the following two cases according to the parity of r.
Case (i): when r is odd.
Let a, k be positive integers, k > 2a. Thus k£ > 3.

Define an edge labeling f : E(P(n.T(P,)")) = Zr — {0} as follows:

11, Ja, fori=1,3,...,
f(uzu”l)_{za, fori=2,4,...,r—3,

flup_yup) = f(vivy) = a,

Ftely) - {

T,

2a, fori=3,5,...,r,

a, fori=24,...,r—1,

fluyv) = a,
flugvy) =k —a,
fulv}) =k —2a, fori=3,4,...,r—2,
flup_qv; 1) =k —a,
fojuz) = k — 2a,
f(vz-lu%Jrl):k—a, fori=2,3,...,r—1,
f(u{vlj):f(ugv{):a, for j=2,3,...,n—1,
f(u{ug):f(ui_lul)zk—a, for j=2,3,...,n—1,
f(uguz+1):k—2a, fori=2,3,...,r—2,j=2,3,...,n—1,
flvl ) =k—2a, fori=12...,r-2;j=273...,n-1,
f(ugvf):f(ug+1vf)=2a, fori=2,3,....r—2,j=2,3,...,n—1,
fivl_ )= ful_w! )=a, forj=23....,n—1,
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fluur™) 2a, forj=2,4,... and j <n—1.
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Then the induced vertex labeling f* : V(P(n.T(P,)?)) — Zi is f*(u) = 0 (mod k) for all u €
V(P(T(P)")).
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Case (ii): when r is even.

Let a, k be positive integers, k > 2a. Thus k > 3.

Define an edge labeling f : E(P(n.T(P,)")) — Zr — {0} as follows:

k—a, fori=1,3,...,r—1,
k—2a, fori=2,4,...,r,

f(’U%’LL%) =k— a,
folul)=a, fori=2,3,...,r—1,
folui,) =2a, fori=1,2,....r—2,
f(U71‘—1u71‘) =a,
(jj): (jj): for 7 = 2.3 1
fuqvy f(uyvy a, forj R TN ) ,
f@iu) = ful_yul) =k —a, forj=23...,n-1,
fulul ) =k—2a, fori=23...,r—2j=23,...,n—1,
flvl ) =k—2a, fori=1,2....r—2j=273,...,n—1,
wol) = fud, 0)) = a, fori=23,...,r—2,5=2,3,...,.n—1,
Tyl Jovl)=2a, f 2,3 2,j=2,3 1
f(uzvifl):f(urflvi 1)—&, forj:2,3,...,n—1,

fort=1,3,...,7—1 and n is odd,

a7
2a, for i =2,4,...,r and n is odd,
ulu = f(vlv =
fluiuien) = F0ivi) k—a, fori=1,3,...,r—1andn is even,
k—2a, fori=2,4,...,r and n is even,
a, for n is odd,

k —a, for n is even,

k—a, fori=2,3,...,7—1and n is odd,

a, fort=2,3,...,7—1 and n is even,

k—2a, fori=1,2,...,r—2 and n is odd,

2a, fori=1,2,...,7r — 2 and n is even,

k —a, for nis odd,

a, for n is even,

Fludut) = 2a, for j=1,3,... and j <n — 1,

k—2a, forj=2,4,... and j <n-—1.

[
<
=3
£
T
i
~—
I
—N — —

Then the induced vertex labeling f* : V(P(n.T(P,)")) = Zi is fT(u) = 0 (mod k) for all u €
V(P(n.T(P.)")). Hence P(n.T(P,)") is a Zp-magic graph. O
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An example of a Zs-magic labeling of P(5.7(Ps)") is shown in Figure 9.

Figure 9: A Zs-magic labeling of P(5.T(Fs)").

Theorem 2.10. Let r > 3 and n > 2 be integers. Let v is a vertex of degree 2 in LC,.. The path

union of a lotus inside a circle graph P(n.LCY), is Z,-magic for k > r.

Proof. Let the vertex set and the edge set of P(n.LC?) be V(P(n.LCY)) = {w;,v},ul : 1 <i <

r,1 <j <n}and E(P(n.LCY)) = {w,;v] : 1 <i<r1<j Sn}u{vgug 1 <i<r1<j<
n}U{v{uLl:1§i§7’,1§j§n}U{u?u?+l:lgigr,lgjgn}u{u{ufrl:lgjgn—l},

where the index 7 is taken over modulo r.

We consider the following two cases according to the parity of .

Case (i): when r is odd.

Let a, k be positive integers, k > (r — 1)a. Thus k > r.
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Define an edge labeling f : E(P(n.LC?)) — Zy, — {0} in the following way.

f(wjv{):k—(r—l)a, for j=1,2,...,n—1,
wiv!) =a, fori= R - R
f( J ‘z]) ) f . 2737 9 7j 1725 ) 17
f(v{u{):(r—Z)a, forj=1,2,...,n—1,
flul)=k—2a, fori=2,3,...,r,5=1,2,...,n—1,
f(vfugﬂ):a, fori=1,2,...,r,j=1,2,...,n—1,
k—a, fori=1,3 r
1,1 ’ ) s 1y
Us U =
Jlustiny) {2a, fori=2,4,...,r—1,
, k=D fori=1.3,...,r,7=23,...,n—1
uju — 2 b b b) b ) b) b b b)
fluiuie) {“*21)“, fori=2,4,....,r—1,j=2,3,...,n—1,
f(ujl-ujlﬂ): k—(r—3)a, for]::1,3,...,]:§n—1,
(r —3)a, for j=2,4,...,5<n-1,
Flwa?) = (r —1a, for n ?s odd,
k—(r—1)a, for n is even,
k—a, fori=23,...,r and n is odd,
flwnvi') = . .
a, fori=2,3,...,r and n is even,
S k— (r—2)a, fornisodd,
fviuy) = .
(r —2)a, for n is even,
non 2a, forv=2,3,...,r and n is odd,
fviug') = . .
k—2a, fori=2,3,...,r and n is even,
Frur,) k—a, fori=1,2,...,r and n is odd,
vl =
R a, fori=1,2,...,r and n is even,
a, fori=1,3,...,r and n is odd,
non k—2a, fori=2,4,...,7—1 and n is odd,
f(uiui+1): . .
k—a, fori=1,3,...,r and n is even,
2a, fori=2,4,...,r — 1 and n is even.

Then the induced vertex labeling f* : V(P(n.LCY)) — Zi is f*(u) = 0 (mod k) for all u €
V(P(n.LCY)).

Case (ii): when r is even.

Let a, k be positive integers, k > (r — 1)a. Thus k > r.
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Define an edge labeling f : E(P(n.LC,)) — Z;, — {0} as follows:

flwv}) =k — (r = 1)a,
flwv}) =a, fori=23,...,r,
viul) = (r—2 a,
1%
fojul) =k—2, fori=23 ... r
f(vilu'}+l) =a, for i = 1727 . Ty
k—a, fori=1,3,...,r—1
1,1 ’ [ ) )
UU: =
fluitis) {2@, fori=2,4,...,r,
Fluwgo!) = a, forz::1,3,...,T—'1,j:2,3,...,n—1,
k—a, fori=2,4,...,r,j=2,3,...,n—1,
f(j i) k — 2a, fori=1,3,...,r—1,7=2,3,...,n—1,
VU =
vt k—a, fori=2,4,...,r,j=2,3,...,n—1,
- a, fori=1,3,...,r—1,5=1,2,...,n—1,
fluy,) = , .
2a, fori=2,4,...;r,7=1,2,...,n—1,
P k— fori=1,3,....,.r—1,7=23,...,n—1
f(uzu_erl): a/’ Or/L.i ) ) 7T 77.7 ) ) 7n )
a, fori=2,4,...,r,j=2,3,...,n—1,
Pl = (r—1)a, for n %s odd,
kE—(r—1)a, for n is even,
n k—a, fori=2,3,...,r and n is odd,
flwnvi') = . .
a, fori=2,3,...,r and n is even,
non k—(r—2)a, fornisodd,
foiut) = .
(r—2)a, for n is even,
" 2a, fort=2,3,...,7 and n is odd,
f(viuz): . .
k—2a, fori=2,3,...,r and n is even,
Frur,) k—a, fori=1,2,...,7 and n is odd,
VU ) =
A a, fori=1,2,...,r and n is even,
a, fori=1,3,...,r — 1 and n is odd,
non k—2a, fori=2,4,...,r and n is odd,
fuiuiy,) = . .
k—a, fori=1,3,...,7—1and n is even,
2a, for i =2,4,...,r and n is even,

'j+1) k—ra, forj=1,3,...,7<n—-1,
U =
ra, forj=2,4,...,7<n-—1.

Then the induced vertex labeling f* : V(P(n.LCP)) — Zi is fT(u) = 0 (mod k) for all u €



CUBO

38 YP. Jeyanthi, K. Jeya Daisy and Andrea Semanicovd-Feriovéikovd

21, 2 (2019)

V(P(n.LC?)). Hence f* is constant and is equal to = 0 (mod k). O

An example of a Zj9-magic labeling of P(3.LCY) is shown in Figure 10.

Figure 10: A Zjp-magic labeling of P(3.LCY).

In the last theorem we deal with the path union of an r-pan graph P(n.(r-pan)”), where v is

a vertex of degree two in an r-pan graph.

Theorem 2.11. Let r > 3, n > 2 be integers. The path union of an r-pan graph P(n.(r-pan)’),

where v is a vertex of degree two in an r-pan graph, is Zip-magic for k > 5 when r is odd.

Proof. Let v be a vertex of degree two in an r-pan graph. Let the vertex set and the edge set of
P(n.(r-pan)?) be V(P(n.(r-pan)?)) = {w;,v! : 1 <i < r,1 < j < n} and E(P(n.(r-pan)”)) =

%

{vafﬂ 1<i<r 1<y Sn}U{v{wj 01 §j§n}u{w{w{+1 :1 < j <n-—1}, where the index

i is taken over modulo r.
Let a, k be positive integers, k > 2a. Thus k£ > 5.

For r odd we define an edge labeling f : E(P(n.(r-pan)¥)) — Z; — {0} as follows:

k—a, fori=1,3,...,r,
f(”ilvz'1+1) = f(vi'viq) :{

a, fori=2,4,...,r—1,

i k—2a, fori=1,3,...,r,j=2,3,...,n—1,
f(vivi+1): . .
2a, fore=2,4,...,7r—1,5=2,3,...,n—1,

fojwy) = f(vfwn) = 2a,
f(vlwj) =4a, forj=2,3,...,n—1,
fwlwl™) =k —2a, forj=1,2,...,n—1.

Then the induced vertex labeling f* : V(P(n.(r-pan)?)) — Z; is f*(u) = 0 (mod k) for all
u € V(P(n.(r-pan)?)). This means that P(n.(r-pan)’) is a Zi-magic graph. O

An example of a Zg-magic labeling of P(4.(5-pan)?) is illustrated in Figure 11.
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