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On graphs that have a unique least common
multiple
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JINITHA VARUGHESE® A graph G without isolated vertices is a least common multi-
RuBYy R.! ple of two graphs H; and H> if GG is a smallest graph, in terms

of number of edges, such that there exists a decomposition of
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was introduced by G. Chartrand et al. and they proved that
every two nonempty graphs have a least common multiple.
) Least common multiple of two graphs need not be unique. In
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fact two graphs can have an arbitrary large number of least
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least common multiple with Ps U K2 are characterized.
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Un grafo G sin vértices aislados es un minimo comun
multiplo de dos grafos H1 y H2 si G es uno de los grafos
mas pequenos, en términos del nimero de ejes, tal que existe
una descomposiciéon de G en copias de H; disjuntas por ejes
y existe una descomposicién de G en copias de Hz disjun-
tas por ejes. El concepto fue introducido por G. Chartrand
et al. donde ellos demostraron que cualquera dos grafos no
vaciés tienen un minimo comuin multiplo. El minimo comin
muiltiplo de dos grafos no es necesariamente tinico. De hecho,
dos grafos pueden tener un nimero arbitrariamente grande
de minimos comunes multiplos. En este articulo caracteri-
zamos los grafos que tienen un tnico minimo comuin miiltiplo
con Pz U Ko.
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1 Introduction

All graphs considered in this paper are assumed to be simple and to have no isolated vertices. The
number of edges of a graph G denoted by e(G), is called the size of G. §(G) and A(G) respectively
denote the minimum and maximum of the degrees of all vertices in G. x'(G) denotes the edge
chromatic number of GG, the minimum number of colors needed to color the edges of G, so that
no two adjacent edges in G have the same color. An odd component of a graph is a maximal
connected subgraph of the graph with odd number of edges. Two graphs G and H are said to
be isomorphic, denoted as G = H if there exists a bijection between the vertex sets of G and H,
f: V(G) — V(H) such that two vertices u and v of G are adjacent in G if and only if f(u) and
f(v) are adjacent in H. For graphs G; and Ga, their union G; U G5 is the graph with vertex set
V(G1UG2) = V(G1) UV(G2) and edge set consisting of all the edges in Gy together with all the

edges in Gs. If k is a positive integer, then kG is the union of k disjoint copies of G.

V2
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Figure 1: G; U Gso

Let G = G3. Then G = G3 and 2G is shown in Figure 2.

on v7
U3 U5 Vg U8
Figure 2: 2G

A vertex u of a graph G is said to cover an edge e of G or e is covered by u, if e is incident with u.
Let u, w be two vertices of a graph G and take two copies of G : G1, G2. The graph H obtained by
identifying the vertex u in Gy with the vertex w in G has vertex set V(H) = V(G1)UV(G2) — {w}
and edge set F(H) = E(G1) U E(G2), where the edges in Go incident with w are now incident

with u.

A graph H is said to divide a graph G if there exists a set of subgraphs of GG, each isomorphic to H,

whose edge sets partition the edge set of G. Such a set of subgraphs is called an H-decomposition
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of G. If G has an H-decomposition, we say that G is H-decomposable and write H|G.

A graph is called a common multiple of two graphs H; and Hj if both H;|G and H3|G. A graph
G is a least common multiple of H; and Hs if G is a common multiple of H; and Hs and no other
common multiple has a smaller positive number of edges. Several authors have investigated the
problem of finding least common multiples of pairs of graphs H; and Ho; that is graphs of minimum
size which are both H; and Hy decomposable. The problem was introduced by Chartrand et al.
in [5] and they showed that every two nonempty graphs have a least common multiple. The
problem of finding the size of least common multiples of graphs has been studied for several pairs
of graphs: cycles and stars [5,13,14], paths and complete graphs [11], pairs of cycles [10], pairs of
complete graphs [4], complete graphs and a 4-cycle [1], pairs of cubes [2] and paths and stars [8].

Least common multiple of digraphs were considered in [7].

If G is a common multiple of H; and Hs and G has ¢ edges, then we call G a (¢, Hy, Hz) graph. An
obvious necessary condition for the existence of a (¢, H1, Hz) graph is that e(Hi)|g and e(Hs)|q.
This obvious necessary condition is not always sufficient. Therefore, we may ask: Given two
graphs Hy and Hay, for which value of ¢ does there exist a (¢, H1, H2) graph? Adams, Bryant and
Maenhaut [1] gave a complete solution to this problem in the case where H; is the 4-cycle and Hs
is a complete graph; Bryant and Maenhaut [4] gave a complete solution to this problem when Hj is
the complete graph K3 and Hs is a complete graph. The problem to find least common multiples
of two graphs Hy and Hy is to find all (¢, Hy, H2) graphs G of minimum size q. We denote the
set of all least common multiples of Hy; and Hs by LCM(Hy, Hs). The size of a least common
multiple of H; and Hs is denoted by lem(Hq, Hs). Since every two nonempty graphs have a least
common multiple, LCM (Hy, Hs) is nonempty. For many pairs of graphs the number of elements of
LCM (Hy, Hs) is greater than one. For example both P; and Cg are least common multiples of Py
and Ps. In fact Chartrand et al. [6] proved that for every positive integer n there exist two graphs
having exactly n least common multiples. In [11] it was shown that every least common multiple
of two connected graphs is connected and that every least common multiple of two 2-connected
graphs is 2-connected. But this is not the case for disconnected graphs. For example if we take
H, = 2K5, Hy = (5, then G; = 2C5 and Gy - the graph obtained by identifying two vertices in
two copies of Cs, are in LCM (H;, Hs) of which G; is disconnected while G2 is connected.

As two graphs can have several least common multiples, it is interesting to search for pairs of
graphs that have a unique least common multiple. Pairs of graphs having a unique least common
multiple were investigated by G. Chartrand et al. in [6] and they proved the following results.
Theorem 1.1. A graph G of order p without isolated vertices and the graph Ps have a unique
least common multiple if and only if every component of G has even size or G = K,,, where p = 2
or 8 (mod 4).

Theorem 1.2. A nonempty graph G without isolated vertices and the graph 2K have a unique
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least common multiple if and only if G = Ko, G = K3 or 2K5|G.
Theorem 1.3. Let v and s be integers with 2 < r < s. Then the stars K1, and Ky s have a

unique least common multiple if and only if ged(r,s) # 1.

A result proved by N. Alon [3] on tK3-decomposition of a graph is used to find those graphs that
have a unique least common multiple with tKo.

Theorem 1.4. For every graph G and every t > 1, tK3|G if and only if t|e(G) and x'(G) <

e(G).
t

We will also make use of a result proved by O. Favaron, Z. Lonc and M. Truszczynski [9] to
characterize those graphs that have a unique least common multiple with Ps U K5.

Theorem 1.5. If G is none of the six graphs Gy to Gg listed below, then G is PsUKs decomposable
if and only if

(4) the edges of G cannot be covered by two adjacent vertices;

Lya 4.
RUEAS)

In this section we are characterizing those graphs that have a unique least common multiple with

tKs and P3 U Ko.

where,

2 Main results
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2.1 On graphs that have a unique least common multiple with ¢K,

Theorem 2.1. A nonempty graph G without isolated vertices and the graph tKs have a unique
lem(tKs, G)

least common multiple if and only if tKs|G or §(G) > 5

Proof. Consider the graph tG. Clearly tG is both G and tK» decomposable. Let ¢ = e(G). Since

e(tG) = tq, we have lem(tKs, G) < tq. But lem(tK2, G) is a multiple of g. So lem(tK2, G) = ql,

lem(tK2,G) _ ql
z

= L. Let H be a least common multiple of G and tK5.

where [ < t. This implies ;

Case 1. [ > 1.

Since H is tKs-decomposable, by Theorem 1.4, x/'(H) < qu' Since G|H, xX'(G) < x'(H) <
Thus A(G) < Z.

wlﬂ_‘

Subcase (i): 6(G) < g—i.

Consider the graph G o GG, which is obtained by identifying two vertices of least degree in G. In
this subcase A(G o G) < qu, since A(G) < %l. X'(G) < %l implies x'(G o G) < qu. Color Gy, a
copy of G in G o G, with k < %l colors. This is possible, since x'(G) < %l. Let v be the identified
vertex in Go@G. Since §(G) < g—i, the edges adjacent to v in G are colored using at most g—i colors.
Color G5, the copy of G in G oG other than 1, with the same & colors as follows. Color the edges
adjacent to v in G2 using colors different from those which were used to color the edges adjacent
to v in GG1. The remaining colors used in the coloring of G; can be used to color other edges of

Gs. Thus X' (GoG) =k < 4.

Let Hy = IG, the union of [ disjoint copies of G and Hy = GoGU (I —2)G. Clearly Hy and Hs are
divisible by G. Since x'(H1) = X/'(G) < qu, H, is tKo-decomposable. x/'(Hz) = X' (GoG) < qu, H,
is t Ka-decomposable by Theorem 1.4. Thus Hy, Hy € LCM (tK2,G). e(Hy) = e(Hz) = ql, where
q = e(@). Since lem(tKq, G) = ¢l, Hy and Hs are two non-isomorphic least common multiples of

tK5 and G.

Subcase (#): 6(G) > Ly

2t

In this case I > 1 and lem(tK2, G) = ql, where ¢ = ¢(G). Thus H € LCM (tK3,G), should be
decomposed into at least two copies of G. If H is different from IG, then A(H) > qu which implies
X' (H) > qu and hence by Theorem 1.4, H is not tKs-decomposable. Thus [G is the unique least
common multiple of tKs and G.

Case 2. [ =1.

In this case lem(tK2, G) = q. Thus tK3|G and G is the unique least common multiple. g

Remark 2.2. The result in the above theorem, Theorem 2.1, appeared in [12]. We are giving the

proof of this result here since the result is needed for proving Theorem 2.8. The result was proved
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by the first author of this manuscript.

2.2 On graphs that have a unique least common multiple with P; U K,

Theorem 2.3. A nonempty graph G without isolated vertices and the graph P3UKs have a unique
least common multiple if and only if G = Ko or Ps UK | G.

Proof. Let q = e(Q).
Case 1. (G is a connected graph.

If G = K3, then G | PsUKy. Thus LOCM (P3U Ks, K3) = {PsU K>} and hence their least common

multiple is unique. So we are going to analyse the case where G # Ko.
Consider the graph 3G, a union of three disjoint copies of G. Then
(1) e(3G) =0 (mod 3).
(2) ABG) = A(G) < q=33q) < 3(3q) = 3e(3G).
(3) ¢(3G) <3< 1(3q) = 1e(3G), if e(G) > 3. If e(G) = 2, then ¢(3G) =0 < 2¢(3G).
(4) The edges of 3G cannot be covered by two adjacent vertices, since the graph is disconnected.

Thus by Theorem 1.5, 3G is P3UK>-decomposable. Clearly 3G is G-decomposable. Hence lem(PsU
K27 G) < 3q

Subcase (i): lem(Ps U K3, G) = 3q.

Consider the graph H = GoGUG, where G oG is the graph obtained by identifying a least degree

vertex in two copies of G. Then

(4) Since H is disconnected, edges of H cannot be covered by two adjacent vertices.

Thus by Theorem 1.5, H is P3 U Ko- decomposable. Clearly H is G- decomposable. Hence in this
case both H and 3G are elements of LCM (Ps U K3, G) and hence their least common multiple is

not unique.
Subcase (i): lem(Ps U K2, G) = 2q.

In this case there exists a graph H such that e(H) = 2¢ and H € LCM(Ps U K2, G). Consider the
graph 2G.
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(1) Since H € LCM (Ps U K3, G) we get 3 | e(H) = 2g = ¢(2G) and hence e(2G) =0 (mod 3).

(2) Since H is G-decomposable and A(G) = A(2G), A(2G) < A(H). H is P;UK3-decomposable
and so by Theorem 1.5, A(H) < 2e(H) = 2¢(2G). Thus A(2G) < 2¢(2G).

(3) In this case ¢ > 3 (if ¢ = 1, then G = K and if ¢ = 2, then e(2G) = 4 # 0 (mod 3)). So
c(2G) £ 2 < 12¢ = 1e(2G).

(4) Since 2G is disconnected, the edges of 2G cannot be covered by two adjacent vertices.

By applying Theorem 1.5, 2G is P3 U Ks-decomposable. 2G is clearly G-decomposable. Thus
2G € LCM(P3 U Ko, G)

We can also prove that Go G € LCM (P U K, G).
(1) e(GoG) =e(2G) =0 (mod 3).

(2) In order to prove that A(G o G) < 2¢(G o G) it is enough to prove that A(G) and 25(G)

are less than or equal to %e(G o 3), since G o G is obtained by identifying a vertex of least

degree in two copies of G.
Since H € LCM(P3 U K3, G), A(G) < A(H) < 2¢(H) = 2¢(G o G).

25(G) < 2e(GoG) = 4(G) < %q. Suppose §(G) > %. Then 2q = > ey (e d(v) =
> vev(c) 0(G) = né(G) > n%, where n = |[V(G)|. This implies n < 3. G is a connected

graph without isolated vertices and G # K. Thus n > 3 and so 6(G) < %

(3) c(GoG) =0< 3e(GoG).

(4) The edges of G o G cannot be covered by two adjacent vertices. Suppose the edges of G o G
can be covered by two adjacent vertices, then the identified vertex is one such vertex, since
in G o G, no two vertices are adjacent except the identified vertex. This implies using the
identified vertex and one other vertex it is possible to cover all the edges of G o G. This
is possible only if G is a star with the identified vertex as the center of the star. This is a

contradiction, since to construct G o G a vertex of least degree in G is identified.

Applying Theorem 1.5, G o G is P3 U Ko- decomposable and it is clearly G-decomposable. So
GoGe LCM(P3UK2,G)

We have proved that 2G and G o G € LCM (P3; U Ko, G) and hence their least common multiple

is not unique.
Subcase (i): lem(Ps U Ko, G) = q.
In this subcase G is the unique least common multiple, since ¢ = e(G).

Case 2. G is disconnected.
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As in the first case, assume that G # tKs. Then at least one component of G has more than one
edge. We construct a graph of size 3¢, which is a (3¢, G, P; U K3)-graph, where ¢ = e(G). The
construction is as follows. Take a least degree vertex from each component of G. Let H be the
connected graph obtained by identifying all these vertices together. Take a least degree vertex in
H. Denote by H o Ho H, the graph obtained by identifying this least degree vertex in three copies
of H.

(1) e(HoHoH)=e(3H) =3e(G) =0 (mod 3).
(2) A(HoHoH)<2A(H) <2e(G) = 2¢(3G) = 2¢(H o H o H).
(3) c(HoHoH)<1< %e(HoHoH).

(4) As in Subcase (i) of the previous case, the edges of H o H o H cannot be covered by two

adjacent vertices.

By Theorem 1.5, H o H o H is P3 U Ky-decomposable and obviously it is G-decomposable. Thus
lC’ITL(Pg U KQ, G) S 3q

Subcase (i): lem(Ps U K3, G) = 3q.

From the above discussion H o H o H is a least common multiple in this subcase. Consider the

graph H o HU H.
(1) e(Ho HUH) = 3e(G) =0 (mod 3).
(2) A(Ho HUH) <2A(H) < 2¢(G) = 2e(3G) = 2¢(H o HU H).
(3) c(HoHUH)<1=3e(HoHUH).

(4) Since H o HU H is disconnected, the edges of H o H U H cannot be covered by two adjacent

vertices.

Applying Theorem 1.5, HoHUH is P3UK>-decomposable and by construction it is G-decomposable.
Thus both H o H o H and H o HU H are in LCM(P; U K5, G) and hence their least common

multiple is not unique.
Subcase (it): lem(PsU Ka, G) = 2q.

In this subcase there exists a graph H’ of size 2¢ which is both G and P3 U K5 decomposable. We
will prove that H o H and H U H are in LCM (P U K», Q).

(1) e(Ho H) =2¢ =0 (mod 3), since e(H') = 2¢q and H’' is P3 U K5- decomposable.

(2) In order to prove that A(H o H) < 2¢(H o H), it is enough to prove that 26(H) < 2e(Ho H).
That is we need to prove §(H) < £(2q), where ¢ = e(H) = e(G).



CUBO

On graphs that have a unique least common multiple 61

24, 1 (2022)

Suppose §(H) > %. Then 2q = 3_ cv () d(v) = Xy ev ) 6(H) = nd(H) > n(%) =n < 3.
Since G is a disconnected graph without isolated vertices, n < 3 is not possible. Hence

§(H) < 2. Thus A(HoH) < 2e(Ho H).
(3) c(HoH)=0< te(HoH).
(4) By the construction of H o H, the edges of H o H cannot be covered by two adjacent vertices.

By Theorem 1.5, H o H is P3 U K5-decomposable and by construction, H o H is G-decomposable
and so Ho H € LCM (P; U K2, G).

Also HUH € LCM (P3; U Ky, G), since
(1) e(HUH) =2¢g=0 (mod 3), since lem(P; U K2) = 2q, where q = ¢(G) = e(H).
(2) AAHUH)<A(HoH) < 2e(HoH) = 2e(HUH).

(3) Here c(HUH) < 2. Thus «(HUH) < 2e(HUH) if 2 < %, that is if ¢ > 3, where, ¢ =
e(G) = e(H). Since G is a disconnected graph without isolated vertices, ¢ # 1. Also if ¢ = 2,
then 2¢ =4 # 0 (mod 3). Thus in this subcase, ¢ > 3 and hence ¢(H U H) < 2e(H U H).

Thus H o H and HU H belong to LCM (Ps U K3, G) and hence their least common multiple is not

unique. [l

Acknowledgements

The authors are thankful to Prof. M. I. Jinnah, formerly University of Kerala, India, for his
suggestions during the preparation of this manuscript. The authors are also thankful to the

anonymous reviewers for their careful reading and insightful comments for improving this work.



62 Reji T., Jinitha Varughese & Ruby R.

References

[1] P. Adams, D. Bryant and B. Maenhaut, “Common multiples of complete graphs and a
4-cycle”, Discrete Math., vol. 275, no. 1-3, pp. 289-297, 2004.

[2] P. Adams, D. Bryant, S. I. El-Zanati, C. Vanden Eynden and B. Maenhaut, “Least common
multiples of cubes”, Bull. Inst. Combin. Appl., vol. 38, pp. 45-49, 2003.

[3] N. Alon, “A note on the decomposition of graphs into isomorphic matchings”, Acta Math.
Hungar., vol. 42, no. 3-4, pp. 221-223, 1983.

[4] D. Bryant and B. Maenhaut, “Common multiples of complete graphs”, Proc. London Math.
Soc. (3), vol. 86, no. 2, pp. 302-326, 2003.

[5] G. Chartrand, L. Holley, G. Kubicki and M. Schultz, “Greatest common divisors and least
common multiples of graphs”, Period. Math. Hungar., vol. 27, no. 2, pp. 95-104, 1993.

[6] G. Chartrand, G. Kubicki, C. M. Mynhardt and F. Saba, “On graphs with a unique least
common multiple”, Ars Combin., vol. 46, pp. 177-190, 1997.

[7] G. Chartrand, C. M. Mynhardt and F. Saba, “On least common multiples of digraphs”,
Utilitas Math., vol. 49, pp. 45—63, 1996.

[8] Z.-C. Chen and T.-W. Shyu, “Common multiples of paths and stars”, Ars Combin., vol. 146,
pp- 115-122, 2019.

[9] O. Favaron, Z. Lonc and M. Truszczytiski, “Decompositions of graphs into graphs with three
edges”, Ars Combin., vol. 20, pp. 125-146, 1985.

[10] O. Favaron and C. M. Mynhardt, “On the sizes of least common multiples of several pairs of

graphs”, Ars Combin., vol. 43, pp. 181-190, 1996.

[11] C. M. Mynhardt and F. Saba, “On the sizes of least common multiples of paths versus complete
graphs”, Utilitas Math., vol. 46, pp. 117-127, 1994.

[12] T. Reji, “On graphs that have a unique least common multiple with matchings”, Far East J.
Appl. Math., vol. 18, no. 3, pp. 281-288, 2005.

[13] C. Sunil Kumar, “Least common multiple of a cycle and a star”, Electron. Notes Discrete

Math., vol. 15, pp. 204-206, 2003.

[14] P. Wang, “On the sizes of least common multiples of stars versus cycles*”, Util. Math., vol.

53, pp. 231-242, 1998.



	Introduction
	Main results
	On graphs that have a unique least common multiple with tK2 
	On graphs that have a unique least common multiple with  P3 K2 


