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Abstract: In this paper, Hom-Jordan and Hom-alternative bimodules are introduced. It is shown
that Jordan and alternative bimodules are twisted via endomorphisms into Hom-Jordan and Hom-
alternative bimodules respectively. Some relations between Hom-associative bimodules, Hom-Jordan
and Hom-alternative bimodules are given.
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1. INTRODUCTION

Algebras where the identities defining the structure are twisted by a homo-
morphism are called Hom-algebras. They have been intensively investigated
in the literature recently. Hom-algebra started from Hom-Lie algebras intro-
duced and discussed in [6l 10, 11, 12], motivated by quasi-deformations of
Lie algebras of vector fields, in particular g-deformations of Witt and Vira-
soro algebras. Hom-associative algebras were introduced in [15] while Hom-
alternative and Hom-Jordan algebras are introduced in [14], [23] as twisted
generalizations of alternative and Jordan algebra respectively. The reader is
referred to [20] for applications of alternative algebras to projective geometry,
buildings, and algebraic groups and to [4, 9] 16, [19] for discussions about the
important roles of Jordan algebras in physics, especially quantum mechanics.

The anti-commutator of a Hom-alternative algebra gives rise to a Hom-
Jordan algebra [23]. Starting with a Hom-alternative algebra (A, -, «), it is
known that the Jordan product

1
vxy=g(z-y+ty 2

gives a Hom-Jordan algebra AT = (A4, %, ). In other words, Hom-alternative
algebras are Hom-Jordan-admissible [23].
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The notion of bimodule for a class of algebras defined by multilinear iden-
tities has been introduced by Eilenberg [3]. If A is in the class of associative
algebras or in the one of Lie algebras then this notion is the familiar one
for which we are in possession of well-worked theories. The study of bimod-
ule (or representation) of Jordan algebras was initiated by N. Jacobson [7].
Subsequently the alternative case was considered by Schafer [17].

Modules over an ordinary algebra has been extended to the ones of Hom-
algebras in many works [2, [18] 21, 22].

The aim of this paper is to introduce Hom-alternative bimodules and Hom-
Jordan bimodules and to discuss about some findings. The paper is organized
as follows. In section two, we recall basic notions related to Hom-algebras
and modules over Hom-associative algebras. Section three is devoted to the
introduction of Hom-alternative bimodules . Proposition shows that from
a given Hom-alternative bimodule, a sequence of this kind of bimodules can
be obtained. Theorem establishes that, an alternative bimodule gives
rise to a bimodule over the corresponding twisted algebra. It is also proved
that a direct sum of a Hom-alternative algebra and a module over this Hom-
algebra is again a Hom-alternative algebra (Theorem. In section four, we
introduce Hom-Jordan modules and attest similar results as in the previous
section. Furthermore, it is proved that a Hom-Jordan special left and right
module, with an additional condition, has a bimodule structure over this Hom-
algebra (Theorem . Finally, Proposition shows that a bimodule
over a Hom-associative algebra has a bimodule structure over its plus Hom-
algebra. All vector spaces are assumed to be over a fixed ground field K of
characteristic 0.

2. PRELIMINARIES

We recall some basic notions introduced in [6, 15, 21I] related to Hom-
algebras and while dealing of any binary operation we will use juxtaposition
in order to reduce the number of braces, i.e., e.g., for “” xy - «a(z) means
(z-y)-a(z). Also, for the map u : A®2 — A, we will write sometimes p(a®b)
as p(a, b) or ab for a,b € A and if V' is another vector space, 71 : AQV — V®A
(resp. 2 : V® A — A® V) denote the twist isomorphism 7(a ® v) = v ®a
(resp. (v ®a) =a®v).

DEFINITION 2.1. A Hom-module is a pair (M, aps) consisting of a K-
module M and a linear self-map ap; : M — M. A morphism f : (M, ay) —
(N, ay) of Hom-modules is a linear map f : M — N such that foap = anof.
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DEFINITION 2.2. ([15, 21]) A Hom-algebra is a triple (A,pua,4) in
which (A4, a4) is a Hom-module, p : A®2 — A is a linear map. The Hom-
algebra (A, p1, @) is said to be multiplicative if coy = poa®? (multiplicativity).
A morphism f: (A, pa, ) = (B, up, ap) of Hom-algebras is a morphism of
the underlying Hom-modules such that f o ug = up o f&2.

An important class of Hom-algebras that is considered here is the one of
Hom-alternative algebras. These algebras have been introduced in [14] and
more studied in [23].

DEFINITION 2.3. Let (A, p, @) be a Hom-algebra.
(i) The Hom-associator of A is the linear map asa : A®3 — A defined as
asg = po(pu®a—a® ). A multiplicative Hom-algebra (A, u, o) is
said to be Hom-associative algebra if as4 = 0.

(ii) A Hom-alternative algebra [14] is a multiplicative Hom-algebra (A, p, a)
that satisfies

asa(xz,z,y) =0 (left Hom-alternativity) , (1)

asa(xz,y,y) =0 (right Hom-alternativity) (2)

for all z,y € A.

(iii) Let (A, u,«) be a Hom-alternative algebra. A Hom-subalgebra of
(A, p, ) is a linear subspace H of A, which is closed for the multi-
plication p and invariant by «, that is, p(z,y) € H and o(z) € H
for all z,y € H. If furthermore u(a,b) € H and pu(b,a) € H for all
(a,b) € A x H, then H is called a two-sided Hom-ideal of A.

Now, we prove:
PROPOSITION 2.4. Let (A, u,a) be a Hom-alternative algebra and I be

a two-sided Hom-ideal of (A, u,a). Then (A/I, i, @) is a Hom-alternative
algebra where i(Z,y) = p(z,y) and a(z) = a(zx) for all 7,y € A/I.

Proof. First, note that the multiplicativity of i with respect to & follows
from the one of p with respect to «. Next, pick Z,5 € A/I. Then the left
Hom-alternativity in (A/1, i, @) is proved as follows

asa/1(T, T, y) = p(i(@, ), a(y)) — p(a(@), iz, y)

= u(p(z, 2)aly)) — pla(z), u(z,y)) = asa(z,z,y)) = 0.
Similarly, we get and therefore (A/I, fi, &) is a Hom-alternative algebra. I
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As Hom-alternative algebras, Hom-Jordan algebras are fundamental ob-
jects of this paper. They appear as cousins of Hom-alternative algebras and
these two Hom-algebras are related as Jordan and alternative algebras.

DEFINITION 2.5. ([23]) (i) A Hom-Jordan algebra is a multiplicative
Hom-algebra (A, u, ) such that po7 = p (commutativity of ) and the
so-called Hom-Jordan identity holds

aSA(:U’(wvwv >7a(y)7a($)) =0,V (m,y) € A? (3)

where, 7: A®2 — A®2 7(a®b) = b® a, is the twist isomorphism.

(ii) Let (A, u,«) be a Hom-Jordan algebra. A Hom-subalgebra of (A, p, «)
is a linear subspace H of A, which is closed for the multiplication p and
invariant by «, that is, u(z,y) € H and a(x) € H for all x,y € H.
If furthermore u(a,b) € H for all (a,b) € A x H, then H is called a
two-sided Hom-ideal (or simply Hom-ideal) of A [5].

Similarly as a Hom-alternative algebra case, if H is a Hom-ideal of a Hom-
Jordan algebra (A, pu,«), then (A/H,pn, @) is a Hom-Jordan algebra where
w(z,y) = p(x,y) for all z,y € A/H and & : A/JH — A/H is naturally induced
by «, inherits a Hom-Jordan algebra structure, which is named quotient Hom-
Jordan algebra.

Remark 2.6. In [14] Makhlouf defined a Hom-Jordan algebra as a com-
mutative multiplicative Hom-algebra satisfying asa(z?,y, a(x)) = 0, which
becomes the identity if y is replaced by «a(y).

The proof of the following result can be found in [23] where the product
x, differs from the one given here by a factor of %

PROPOSITION 2.7. Let (A, u,a) be a Hom-alternative algebra. Then AT
= (A, x,«) is a Hom-Jordan algebra where x x y = xy + yx for all x,y € A.

ExaMPLE 2.8. From the eight-dimensional Hom-alternative algebra O, =
(O, pa, ) with basis {eg, €1,2, €3, €4, €5, €g, e7} [23, Example 3.19], constructed
from the octonion algebra which is an eight-dimensional alternative algebra,
we obtain, the Hom-Jordan algebra OF = (O, * = o+ f1o 07, @) where the non
zero products are: eg* ey = 2€g, eg*e1 = €1 xeg = 2e5, g * €9 = €9 x ey = 2€g,
egxe3 = ez keyg = 2e7, egk ey = e4 x ey = 2e1, ey x €5 = €5 * g = 2€9,
epkeg = €g*x ey = 2e3, egk ey = €7k ey = 2e4, €] k€] = € % €3 = €3k e3 =
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e xeq = e5%e5 = eg % eg = e7 x ey = —2eg and the twisting map « is given
by a(eg) = eo, ale1) = e5, alea) = es, ales) = e7, ales) = e1, ales) = ea,
aleg) = e3, aler) = eq.

A. Makhlouf proved that the plus algebra of any Hom-associative algebra
is a Hom-Jordan algebra as defined in [I4]. Here, we prove the same result
for the Hom-Jordan algebra as defined in [23] (see also Definition above).

PROPOSITION 2.9. Let (4, -, a) be a Hom-associative algebra. Then AT =
(A, *,a) is a Hom-Jordan algebra where x x y = xy + yx for all z,y € A.

Proof. The commutativity of * is obvious. We compute the Hom-Jordan
identity as follows:

as s+ (2%, a(2), a(y))
= (22 x a(y)) * o*(z) — a(z?) * (a(y) * a(x))
) - a?(2) + (aly) - 2%) - a?(z) + a*(z) - (2* - aly))
+a?(2) - (aly) - 2°) — a(z®) - (aly) - a(2)) — a(a?) - (a(z) - a(y))
(

(x)) - Oc(xQ) — (a(z) - aly)) - 04(:62) (by a direct computation)

N
)

y) - a(z)) - a(z?) (by the Hom-associativity)

(
(
= (a(y) - 2%) - o*(2) + a*(2) - (27 - a(y)) — a(z?) - (a(z) - a(y))
(
)

)-a*(z) + a*(z) - (27 ay)) — (a(z) - a2)) - alz-y)
“(a(z) - a(x)) (by the multiplicativity)

%) a’(2) + (@) - (2% aly)) — o®(2) - (a(2) - (z - y))
— ((yz) - a(x)) - &*(x)  (by the Hom-associativity)
=0 (by the Hom-associativity) .

Then AT = (A, *, ) is a Hom-Jordan algebra. I

EXAMPLES 2.10. (i) Consider the three-dimensional Hom-associative al-
gebra A = (A, na, aq) over K with basis (eq, ez, e3) defined by pa(er, e1) = ex,
palez,e2) = ez, pales,e3) = e, paler,e3) = pal(es,e1) = —e3 and as(er) =
e1, aa(e3) = —e3 (see [24, Theorem 3.12], Hom-algebra A’3). Using the prod-
uct * in Proposition the triple AT = (A, *,a4) is Hom-Jordan algebra
where, e1 x e; = 2e1, eg x eg = 2e9, €3 * €3 = 2€1, €1 *x €3 = e3 x e] = —2e3.
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(ii) From the three-dimensional Hom-associative algebra B = (B, up, ap)
over K with basis (e1,es,e3) defined by up(ei,e1) = e1, uples,e2) = eq,

pp(es,e3) = es, ppler,e2) = pplez,e1) = —ez and ap(er1) = e1, ap(e2) =
—ey (see [24, Theorem 3.12], Hom-algebra A’g). Then the triple BT = (B, *,

ap) is a Hom-Jordan algebra, where “x” is the product in Proposition and
e1 xe; = 2eq, e2 xeg = 2ey, e3 x e3 = 2e3, €1 ¥ g = €9 *x e] = —2es.

Let us consider the following definitions which will be used in next sections.

DEFINITION 2.11. Let (A, u,«4) be any Hom-algebra.

(i) A Hom-module (V, ay) is called an A-bimodule if it comes equipped with
a left and a right structure maps on V' that is morphisms p; : AQV — V,
a@Quvi—a-vand p, : VA=V, v®a+— v-a of Hom-modules
respectively.

(i) A morphism f : (V,av,p,pr) = (W, aw,pj, p,) of A-bimodules is a
morphism of the underlying Hom-modules such that

fop=pio(lda® f) and  fop.=pio(f®Ids).

(iii) Let (V,ay) be an A-bimodule with structure maps p; and p,. Then the
module Hom-associator of V' is a trilinear map asa  defined as:

asay o ldvgaga = pro (pr ® aa) —pro(av @ p),
asa,v o Idagveas = pro(p® aa) —pro(aa ® pr),

asay o ldagagy = pro(p®@ay) —po(aa®pr).

Remark 2.12. The module Hom-associator given above is a generalization
of the one given in [2].

Now, let consider the following notion for Hom-associative algebras.

DEFINITION 2.13. Let (A,u,as) be a Hom-associative algebra and
(M, ap) be a Hom-module.

(i) A left Hom-associative A-module structure on M consists of a morphism
p: A® M — M of Hom-modules, such that

polaa®p)=po(u®ay) (4)
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(ii) A right Hom-associative A-module structure on M consists of a mor-
phism p: M ® A — M of Hom-modules, such that

polan ®@pu)=po(p®aa) (5)

(iii) A Hom-associative A-bimodule structure on M consists of two structure
maps p;: AQ M — M and p, : M ® A — M such that (M, au, p;) is a
left A-module, (M, apr, pr) is a right A-module and that the following
Hom-associativity (or operator commutativity) condition holds:

pro(aa®pr)=pro(p®aa) (6)

Remark 2.14. Actually, left Hom-associative A-module, right Hom-asso-
ciative A-module and Hom-associative A-bimodule have been already intro-
duced in [21], 22] where they are called left A-module, right A-module and
A-bimodule respectively. The expressions, used in Definition for these
notions, are motivated by the unification of our terminologies.

3. HOM-ALTERNATIVE BIMODULES

In this section, we give the definition of Hom-alternative (bi)modules. We
prove that from a given Hom-alternative bimodule, a sequence of this kind of
bimodules can be constructed. It is also proved that a direct sum of a Hom-
alternative algebra and a bimodule over this Hom-algebra is a Hom-alternative
algebra called a split null extension of the considered Hom-algebra.

First, we start by the following notion, due to [2], where it is called a
module over a left (resp. right) Hom-alternative algebra. However, we call it
a Hom-alternative left (resp. right) module in this paper.

DEFINITION 3.1. Let (A, p, 4) be a Hom-alternative algebra.

(i) A left Hom-alternative A-module is a Hom-module (V, ay) with a left
structure map p;: AQV — V, a ® v+ a- v such that

asav(x,y,v) = —asav(y,z,v) forall z,y € Aand v e V.

(ii) A right Hom-alternative A-module is a Hom-module (V, ay/) with a right
structure map p, : V® A =V, v®a— v-a such that

asav(v,z,y) = —asay(v,y,x) forall z,y € Aand v € V.
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Now, as a generalization of alternative bimodules [8], [I7], one has:

DEFINITION 3.2. Let (A, p,aq) be a Hom-alternative algebra. A Hom-
alternative A-bimodule is a Hom-module (V, o) with a (left) structure map
p:ARV =V, a®v— a-vand a (right) structure map p, : V@ A — V,
v ® a +— v - a such that the following equalities hold:

asav(a,v,b) = —asav(v,a,b) =asav(b,a,v) =—asayv(a,bv) (7)
for all (a,b,v) € A2 x V.
Remarks 3.3. (i) The relation (|7) is equivalent to
asav(a,v,b) = —asav(v,a,b) =asav(b,a,v) =—asay(b,v,a)
or since the field’s characteristic is 0 to
asav(a,v,b) = —asav(v,a,b) = asy(b,a,v) and asay(a,a,v)=0.

(ii) If ay = Id4 and ay = Idy then V is the so-called alternative bimodule
for the alternative algebra (A, p) [8, [17].

EXAMPLES 3.4. Here are some examples of Hom-alternative A-bimodules.

(i) Let (A, u,a4) be a Hom-alternative algebra. Then (A, a4) is a Hom-
alternative A-bimodule where the structure maps are p;(a,b) = p(a,b) and
pr(a,b) = u(b,a). More generally, if B is a two-sided Hom-ideal of (A, u, a4),
then (B, ay4) is a Hom-alternative A-bimodule where the structure maps are
pi(a,z) = p(a,z) and p.(x,b) = u(z,b) for all x € B and (a,b) € A*2.

(ii) If (A, p) is an alternative algebra and M is an alternative A-bimodule
[8] in the usual sense, then (M, Idyy) is a Hom-alternative A-bimodule where
A = (A, u,Idy) is a Hom-alternative algebra.

(i) If f: (A, pa,a) — (B,up,ap) is a surjective morphism of Hom-
alternative algebras, then (B,ap) becomes a Hom-alternative A-bimodule
via f, i.e, the structure maps are defined as p; : (a,b) — pp(f(a),b) and
pr: (bya) — pp(b, f(a)) for all (a,b) € A x B. Indeed one can remark that
asa,po (Ida® f®@Ida) = foasa.

In order to give another example of Hom-alternative bimodules , let us
consider the following
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DEFINITION 3.5. An abelian extension of Hom-alternative algebras is a
short exact sequence of Hom-alternative algebras

0= (V,ay) - (A, pia, a4) = (B, pp,ap) — 0

where (V, ) is a trivial Hom-alternative algebra, ¢ and 7 are morphisms of
Hom-algebras. Furthermore, if there exists a morphism s : (B, up,ap) —
(A, 4, q) such that mos = idp then the abelian extension is said to be split
and s is called a section of 7.

EXAMPLE 3.6. Given an abelian extension as in the previous definition,
the Hom-module (V| /) inherits a structure of a Hom-alternative B-bimodule
and the actions of the Hom-algebra (B, up,ap) on V are as follows. For any
x € B, there exist £ € A such that z = n(Z). Let = acts on v € V by
x-v:=puA(Z,i(v)) and v-z := pg(i(v),Z). These are well-defined, as another
lift 2/ of z is written 2/ = &+’ for some v/ € V and thus z-v = pa(%,i(v)) =
pa(z’,i(v)) and v -z = pa(i(v), Z) = pa(i(v),z’') because V is trivial. The
actions property follow from the Hom-alternativity identity. In case these
actions of B on V are trivial, one speaks of a central extension.

The following result describes a sequence of Hom-alternative bimodules by
twisting the structure maps of a given bimodule over this Hom-algebra.

PROPOSITION 3.7. Let (A,u,aq) be a Hom-alternative algebra and
(V,ay) be a Hom-alternative A-bimodule with the structure maps p; and
pr. Then the maps

o™ = pro (@ Idy)

p™ = p, o (Idy ® o'})
give the Hom-module (V, avy) the structure of a Hom-alternative A-bimodule
that we denote by 174$0)

Proof. 1t is clear that pl(n) and p&n) are structure maps on V(. Next,
observe that for all z,y € Aand v € V|
as ( — (n) (n) () (n)
A,V (n) CC,'U,y) Pr (pl ($,1}),04A(y)) Py (aA(x)7pr (U7y))
= pT(pl(aZ(x)a ’U), aZH(y)) - pl(af?_l(x), Pr(U, aZ(y))

= asA,v(aZ(x), v, 4 (y))
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and similarly

as 4y (2, y,v) = asay (o

Therefore, equalities of in V(™ derive from the one in V. 1

We know that alternative algebras can be deformed into Hom-alternative
algebras via an endomorphism. The following result shows that alternative
bimodules can be deformed into Hom-alternative bimodules via an endomor-
phism. This provides a large class of examples of Hom-alternative bimodules.

THEOREM 3.8. Let (A, ) be an alternative algebra, V' be an alternative
A-bimodule with the structure maps p; and p,, as be an endomorphism of
the alternative algebra A and oy be a linear self-map of V' such that oy op; =
pro(aa®ay) and ay o pr = pro (ay @ ay).

Write A,, for the Hom-alternative algebra (A, pio,,4) and V,,, for the
Hom-module (V,ay). Then the maps

p1 = Qy o py and Pr = vy O Py
give the Hom-module V,,,, the structure of a Hom-alternative A, ,-bimodule.

Proof. Trivially, p; and p, are structure maps on V. The proof of (7)) for
Ve, follows directly by the fact that as AVay = a%/ oasy,y and the relation

inV. |

COROLLARY 3.9. Let (A, i) be an alternative algebra, V' be an alternative
A-bimodule with the structure maps p; and p,, ay an endomorphism of the
alternative algebra A and oy be a linear self-map of V' such that ay o p; =
pro(aa®ay) and ay o p, = pro (ay @ ay).

Write A, , for the Hom-alternative algebra (A, pia,,a) and V,,, for the
Hom-module (V,ay). Then the maps

ﬁl(”) =p o (ozfrl ® av) and ﬁr(") = pp 0 (av ® aZJrl)
give the Hom-module V,, the structure of a Hom-alternative A, ,-bimodule
for each n € N.
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LEMMA 3.10. Let (A, 1, 4) be a Hom-alternative algebra and (V, ay) be

a Hom-alternative A-bimodule with the structure maps p; and p,. Then the
following relation

asav(v,a,a) =0 (8)

holds for alla €¢ A andv € V.

Proof. Using (7)), for all (a,b) € A*? and v € V we have —asa v (v,a,b) =
asav(a,v,b) and asay(v,b,a) = —asay(a,b,v). Moreover again from ,
we get asa v (a,v,b) =—asay(a,b,v) andthen —asa v (v,a,b) =asay(v,b,a).
It follows that as4 v (v,a,a) = 0 since the field K is of characteristic 0. I

The following result shows that a direct sum of a Hom-alternative algebra
and a bimodule over this Hom-algebra, is still a Hom-alternative, called the
split null extension determined by the given bimodule.

THEOREM 3.11. Let (A, u,4) be a Hom-alternative algebra and (V, ay)
be a Hom-alternative A-bimodule with the structure maps p; and p,. Defining
on A®V the bilinear map fi : (AdV)®? - AoV, ji(a+m,b+n) :=ab+a-
n~+m-b and the linear map & : AV — A@V, a(a+m) = aa(a)+ay(m),
then E = (A® V, fi,&) is a Hom-alternative algebra.

Proof. The multiplicativity of & with respect to fi follows from the one of «
with respect to u and the fact that p; and p, are morphisms of Hom-modules.
Next

asg(a + m,a+m,b+n)
= p(fi(a +m,a+m),a(b+n)) — i(a(a+m), fi(a +m,b+n))

= j(a®> 4+ a-m+m-a,as(b)+ ay(n))

— i(ag(a) + ay(m),ab+a-n+m-b)

= a®au(b) +a® - ay(n) + (a-m) - aa(b) + (m-a) - as(d)

—aa(a)(ab) — aa(a) - (a-n) —aala) - (m-b) — ay(m) - (ab)
=asa(a,a,b) +asy(a,a,n)+asay(a,m,b) +asay(m,a,b)

~~

0 0 0

(by (1), Remarks and (7))
=0.
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Similarly, we compute
asg(a+mb+n,b+n)

= f(fi(a+m,b+n),a(b+n)) — a(ala+m), i(b+n,b+n))

= fi(ab+a-n+m-b,as(b) + ay(n))
— fi(aa(a) + ay(m),b* +b-n+b-b)

= (ab)aa(b) + (ab) - ay(m) + (a-n) - aa(b) + (m - b) - aa(b)
— aa(@)(b?) — aa(a) - (b n) — aa(a) - (n-b) — ay(m) - b

=asa(a,b,b) +asayv(a,b,n)+asayv(a,n,b)+asay(m,b,b)

0 0

0
(by , and )
=0.

We then conclude that (A& V, fi, &) is a Hom-alternative algebra. I

Remark 3.12. Consider the split null extension A ® V' determined by the
Hom-alternative bimodule (V,ay ) of the Hom-alternative algebra (A, u, a4)
in the previous theorem. Write elements a + v of A &V as (a,v). Then,
there is an injective homomorphism of Hom-modules ¢ : V' — A @ V given by
i(v) = (0,v) and a surjective homomorphism of Hom-modules 7: A®V — A
given by 7(a,v) = a. Moreover (V) is a two-sided Hom-ideal of A @ V' such
that A ® V/i(V) =2 A. On the other hand, there is a morphism of Hom-
algebras o : A - A@® V given by o(a) = (a,0) which is clearly a section of .
Hence, we obtain the abelian split exact sequence of Hom-alternative algebras
and (V, ay ) is a Hom-alternative A-bimodule via 7.

4. HOM-JORDAN BIMODULES

In this section, we study Hom-Jordan bimodules. It is observed that sim-
ilar results for Hom-alternative bimodules hold for Hom-Jordan bimodules.
Some of them require an additional condition. Furthermore, relations be-
tween Hom-associative bimodules and Hom-Jordan bimodules are given on
the one hand, and on the other hand, relations between left (resp. right)
Hom-alternative modules and left(resp. right) special Hom-Jordan modules
are proved. First, we have:

DEFINITION 4.1. Let (4, p,a4) be a Hom-Jordan algebra.
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(i) A right Hom-Jordan A-module is a Hom-module (V, oy ) with a right
structure map p, : V® A = V, v ®a +— v -a such that the following
conditions hold:

ay(v-a)-as(be) +ay(v-b) - as(ca) +ay(v-c)- as(ab)
= (av(v) - be) - a%(a) + (av(v) - ca) - % (b) (9)
+ (av(v) - ab) - a4 (c)
ay(-a)-aalbe) +ay(v-b) - as(ca) + ay(v-c) - as(ab)
= ((v-a) - aa(b)) - @%(e) + ((v-¢) - aa(b)) - ay(a)  (10)
+ai (v) - ((ac)aa(b))
for all a,b,c € Aandv e V.

(ii) A left Hom-Jordan A-module is a Hom-module (V, ay/) with a left struc-
ture map p; : AQV — V., a®v — a-v such that the following conditions
hold:

as(be) - ay(a-v)+ as(ca) - ay(b-v) + aa(ab) - ay(c-v)
= a’i(a) - (be- ay(v)) + a4 (b) - (ca- ay(v)) (11)
+ai(c) - (ab- ay(v)),
ap(be) - ay(a-v) +ag(ca) - ay(b-v) + ag(ab) - ay(c-v)
= a%i(c) - (aa(d) - (a-v)) +a%(a) - (aa(d) - (c-v))  (12)
+ ((ac)aa(b)) - o (v)
for all a,b,c € Aandv e V.

The following result allows to introduce the notion of right special Hom-
Jordan modules.

THEOREM 4.2. Let (A,pu,a4) be a Hom-Jordan algebra, (V,ay) be a
Hom-module and p, : V® A — V, a®v — v -a, be a bilinear map
satisfying

ay o pr = pro(ay ®ax) (13)
and
ay(v) - (ab) = (v-a) - aa(b) + (v-b) - aa(a) (14)
for all (a,b) € A*? and v € V. Then (V,a,p,) is a right Hom-Jordan A-
module called a right special Hom-Jordan A-module.
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Proof. Tt suffices to prove @I} and (10). For all (a,b) € A*? and v € V, we
have:

ay(v-a)-as(be) +ay(v-b)-as(ca) + ay(v-c) - as(ab)
=ay(v-a)- - aab)as(c) +ay(v-b) - aas(c)aal(a)
+ay(v-c)-aala)as(b) (multiplicativity)
= ((v-a)-aa(b)) - a*(c) + ((v-a) - aa(c)) - a*(b)
+((v-b) - aa(e)) - a*(a) + (v b) - aa(a)) - @*(c)
+((v-c) - aala)) - a®(b) + ((v-c) - aa(b)) - a®(a) (by ()
= [av(v) - ab— (v-b)aa(a)] - a®*(c) + ((v-a) - aa(c)) - ()
+lav(v) -be — (v - c)aa(b)] - a*(a) + ((v-b) - aala)) - a*(c)
+lay(v) - ca— (v-a) - aa(c)] - a*(b)
+((v-c)-aa(b)) - a*(a) (again by ([4))
= (av(v) - be) - e (a) + (av(v) - ca) - a4 (b) + (av(v) - ab) - & (c)
and thus, we get @[) Finally, . is proved as follows:
ay(v-a)-aa(be)+ayv(v-b)-aalca) +ay(v-c)- aslab)
=ay(v-a) - aab)aas(c)+ayv(v-b) - aa(c)aa(a)
+ay(-c)-aa(a)aa(b) (multiplicativity)
= ((v-a) - aa(b) - a%(c) + ((v-a) - aa(e)) - a4 (D)
+((v- ((v-0) - aa(a)) - (e
+((v-c)-aa(a)) - % (0) + ((v-¢) - aa(b)) - a(a) (by ()
= ((v-a) - aa(b)) - a4(c) +[av(v) -ac — ((v- ) - aa(a)] - % (b)
+((v-0) - aa(0) - o} ((v-b) - aa(a)) - (e
+((v-¢)-aala)) - a4 (b) + ((v-¢) - aa(b)) - a’i(a
= ((v-a) - aa(b)) - ay(c) +af (v) - ((ac)aa (b))
— (av(v) - aa(b)) - aalac) + ((v-b) - aa(c)) - @’ (a)
+((v-b) -aa(a)) - a%(c) + ((v-¢) - aa(h)) - ai(a) (again by ([4))

4
=
~—
Q
b
—
2
~—
~—
Q
N
—
s}
~— ~— —~

)
)

)
) (again by (14))
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= ((v-a) - aa(h) - a(c) + i (v) - ((ac)aa (b)) — (av (v -b) - aalac)
)) - aZi(a) + ((v-b) - aaa)) - a%(c)
+((v-¢) - aa(b)) - ay(a) (by (3))
)

2

A

+ai(v) - ((ac)aa(b)) = ((v-b) - aa(a)) - o (c)
(

—((v-b) - aa(e) - ay(a) + ((v- ) - aa(c)) - @i (a)
+((v-0) - aala)) - a4 (c) + (v c) - aa(b) - ah(a) (by (1))
= ((v-a) - aa(b) - ay(c) + ((v- ) - aa(b)) - ay(a) + o (v) - ((ac)aa (b))

which is . [ |

Similarly, the following result can be proved.

THEOREM 4.3. Let (A,pu,a) be a Hom-Jordan algebra, (V,ay) be a
Hom-module and p; : AQV — V, v®a — a-wv, be a bilinear map
satisfying

ayop =po(aa®ay)

and
(ab) - ay(v) = aa(a) - (b-v) + aa(b) - (a-v) (15)

for all (a,b) € A*? andv € V. Then (V,a, p;) is a left Hom-Jordan A-module
called a left special Hom-Jordan A-module.

It is well known that the plus algebra of any Hom-alternative algebra
is a Hom-Jordan algebra. The next result shows that any left (resp. right)
Hom-alternative module a is also a left (resp. right) module over its plus
Hom-algebra.

PROPOSITION 4.4. Let (A,u,a4) be a Hom-alternative algebra and
(V,ay) be a Hom-module.

(i) If (V,ay) is a right Hom-alternative A-module with the structure map
pr then (V, ay) is a right special Hom-Jordan A*-module with the same
structure map py.

(ii) If (V,ay) is a left Hom-alternative A-module with the structure map
p1 then (V,ay) is a left special Hom-Jordan A™-module with the same
structure map py.
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Proof. 1t suffices to prove and .

(i) If (V,ay) is a right Hom-alternative A-module with the structure
map pr, then for all (z,y,v) € A x AXV, asav(v,z,y) = —asav(v,y,x)
by (§), ie., av(v) - (zy) + av(v) - (yz) = (v 2) - aa(y) + (v-y) - aal@).
Thus ay(v) - (z *y) = av(v) - (zy) + av(v) - (yz) = (v-z) - aaly) + (v -
y) - aa(z). Therefore (V,ay) is a right special Hom-Jordan A*-module by
Theorem 4.2

(ii) If (V,ay) is a left Hom-alternative A-module with the structure map
pi, then for all (z,y,v) € AXx AXxV, asav(z,y,v) = —asav(y,x,v) by
Remarks and then (zy) - ay(v) + (yx) - ay(v) = aa(z) - (y-v) + aa(y) -
(2 v). Thus (2 + ) - ay(v) = (2y) - v (v) + (42) - av(v) = aa(z) - (y-v) +
as(y) - (x - v). Therefore (V,ay) is a left special Hom-Jordan A*-module by
Theorem [4.3] 1I

Now, we give the definition of a Hom-Jordan bimodule.
DEFINITION 4.5. Let (A, u, ) be a Hom-Jordan algebra.
A Hom-Jordan A-bimodule is a Hom-module (V,ay) with a left structure

map p;: AV — V, a®v + a-v and a right structure map p, : V® A =V,
v ® a — v - a, such that the following conditions hold:

proTL = p, (16)
ay(v-a)-aalbc) +ay(v-b) - aalca) +ayv(v-c)- aalab)
— (av(v) -be) - 0(a) + (v (v) - ca) - a3 (D) (17)
+ (av(v) -ab) - a4(c).
ay(v-a)-aa(be)+ ay(v-b) - aalca) + ay(v-c) - aalad)
= ((v-a)-aa(b) - af(c) + ((v-c) - aa(b) - aZ(a)  (18)
+ ((ac)aa(b)) - o (v),
for all a,b,c€ Aand v e V.

In term of the module Hom-associator, using the relation and the
fact that the structure maps are morphisms, the relations and are
respectively

O(abe) asav(aala),av(v),be) =0, (19)
asay(v-a,aq(b),aa(c) +asayv(v-c,aalb),aala))

(20)
+asay(ac,ax(b),ay(v)) =0.
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Remarks 4.6. (i) One can note that and are the same identities
as @D and respectively.

(ii) Since p, o 71 = p;, nothing is lost in dropping one of the compo-
sitions. Thus the term Hom-Jordan module can be used for Hom-Jordan
bimodule.

(iii) Since the field is of characteristic 0, the identity implies

asay(aa(a),ay(v),a?) =0.

(iv) If «q = Idg and oy = Idy then V is reduced to the so-called Jordan
module of the Jordan algebra (A, u) [7, §].

EXAMPLES 4.7. Here are some examples of Hom-Jordan bimodules.

(i) Let (A,pu,a4) be a Hom-Jordan algebra. Then (A, a4) is a Hom-
Jordan A-bimodule where the structure maps are p; = p, = u. More generally,
if B is a Hom-ideal of (A, u,4), then (B,a4) is a Hom-Jordan A-bimodule
where the structure maps are pj(a,x) = p(a,z) = p(x,a) = pr(x,a) for all
(a,z) € Ax B.

(ii) If (A, p) is a Jordan algebra and M is a Jordan A-bimodule [§] in the
usual sense then (M, Idy) is a Hom-Jordan A-bimodule where A = (A, i, Id )
is a Hom-Jordan algebra.

(iii) If f: (A, pa,aq) = (B,up,ap) is a surjective morphism of Hom-
Jordan algebras, then (B, ap) becomes a Hom-Jordan A-bimodule via f, i.e,
the structure maps are defined by p; : (a,b) — upg(b, f(a)) and p, : (b,a) —
up(f(a),b) for all (a,b) € A x B.

As in the case of Hom-alternative algebras, in order to give another exam-
ple of Hom-Jordan bimodules, let us consider the following

DEFINITION 4.8. An abelian extension of Hom-Jordan algebras is a short
exact sequence of Hom-Jordan algebras

0= (V,ay) —= (A, pia, ) = (B, pp, ap) — 0

where (V,ay) is a trivial Hom-Jordan algebra, ¢ and 7 are morphisms of
Hom-algebras. Furthermore, if there exists a morphism s : (B, up,a) —
(A, pa,aq) such that mos = idp then the abelian extension is said to be split
and s is called a section of 7.

EXAMPLE 4.9. Given an abelian extension as in the previous definition,
the Hom-module (V,ay ) inherits a structure of a Hom-Jordan B-bimodule
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and the actions of the Hom-algebra (B, up,ap) on V are as follows. For any
x € B, there exist T € A such that x = 7(Z). Let x acts on v € V by
x-v:=puA(z,i(v)) and v-z := pa(i(v), ). These are well-defined, as another
lift 2/ of a is written 2/ = &+’ for some v/ € V and thus z-v = pa(&,i(v)) =
pa(z’,i(v)) and v -z = pa(i(v), Z) = pa(i(v),z') because V is trivial. The
actions property follow from the Hom-Jordan identity. In case these actions
of B on V are trivial, one speaks of a central extension.

The next result shows that a special left and right Hom-Jordan module
has a Hom-Jordan bimodule structure under a specific condition.

THEOREM 4.10. Let (A, pu,aq) be a Hom-Jordan algebra and (V,avy) be
both a left and a right special Hom-Jordan A-module with the structure maps
p1 and py respectively such that the Hom-associativity (or operator commu-
tativity) condition holds

p2o(p1®aa)=pro(as®p2). (21)
Define the bilinear maps p;: AQV — V and p, : V@ A—V by
pr=p1+peom and p.=prom+ps. (22)
Then (V,ay, pi, pr) is a Hom-Jordan A-bimodule.

Proof. 1t is clear that p; and p, are structure maps and holds. To
prove relations and , let put pj(a®@v) :=aov,ie,aov=a-v+v-a
for all (a,v) € A x V. We have then p,(v®a) :=voa=a-v+v-a for all
(a,v) € A x V. Therefore for all (a,b,v) € A x A x V, we have
ay(voa)oag(be) + ay(veb)oas(ca) + ay(vec)oas(ad)

=ay(v-a)-as(bc) + ay(a-v)-as(be) + aq(be) - ay(v-a)
+ aa(be) - ay(a-v)+ay(v-b) - aslca) + ay

( (b-v) - as(ca)
+ ag(ca) - ay(v-b) +as(ca) - ay(b-v) +ay(v-
(

v-c)-as(ab)
+ay(c-v)-aa(ab) + as(ab) - ay(v-c)+ aalab) - ay(c-v)
(by a straightforward computation)
={ay(v-a)- - aalbc)+ay(v-b) - as(ca) + ay(v-c)-aalab)}
T {aa(be) - (av (v) - aa(@)) + aalca) - (av(v) - aa(b)
+ aa(ab) - (ay(v) - aalc)} +{aa(be) - ay(a-v) + aa(ca) - ay(b-v)
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+ag(ab) -ay(c-v)} + {(aala) - av(v)) - ca(be)
T (@a(b) - av(©)) - aalca) + (@a(e) - av (v)) - aalab)}
(rearranging terms and noting that p; and ps are morphisms)
= {(av(v) - be) - ai(a) + (av (v) - ca) - @4 (b) + (av (v) - ab) - % (c)}
+{(be- av(v)) - a(a) + (ca- ay(v)) - a4 (b) + (ab- av(v)) - a%(c)}
+{ad(a) - (be- av(v) + % (b) - (ca- ay(v)) + a%(c) - (ab- av(v))}
+{a%(a)- ( v(v)- bC) +aZ(b) - (av(v) - ca) + aZ(c) - (av(v) - ab)}
(by (9), (11) and (1))
={(av(v) o bC) %) + (av(v) o ca) - @5 (b) + (av (v) o ab) - a%(c)}
+{ad(a) - (av(v) o be) + a% () - (av(v) o ca) + aZ(c) - (av(v) o ab)}
(by the definition of ¢)
= (o (v) 0 be) o a4 (a) + (ay (v) o ca) o a%(b) + (ay (v) o ab) o a?(c)
(again by the definition of ¢).

Therefore, we get . Finally, we have:

ay(voa)oag(be) + ay(veb)oas(ca)+ ay(voc)oas(ad)
=ay(v-a)-ag(bc) + ay(a-v)-as(be) + as(be) - ay(v-a)
+aa(be) - ay(a-v)+ay(v-b) - aalca) + ay(b-v) - aa(ca)
+aa(ca) - ay(v-b) +aa(ca) - ay(b-v)+ay(v-c) - aslab)
+ ay(c-v) - aalab) + aas(ad) - ay (v - c) + aa(ab) - ay(c-v)
(by a straightforward computation)
={ay(v-a) as(bc)+ ay(v-b)-as(ca)+ ay(v-c)- aslab)}
+ {(av(a-v) - aa(b)aa(c) + (av(b-v)) - aalc)aala)
+ (ay(c-v) - as(a)as(b)} +{aa(be) - ay(a-v) + aa(ca) - ay(b-v)
+ aa(ab) - ay(c-v)} + {aa(d)aa(c) - ay(v-a)
+aa(c)aa(a) - av(v-b) + aal(a)aa(b) -ay(v-c)}
(rearranging terms and using the multiplicativity of a4)

={((v-a) - aa(b)) - &% (c) + ((v-¢) - aa(b)) - &y(a) + a7 (v) - ((ac)aa(b))}

-~ -~

1 2 5
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+04(c)  (aa(b) - (v-a)) +af(a) - (aalc) - (v-b))

+a4(c) - (aa(a) - (v-b) + o%(a) - (aa(d) - (v-c))
4

( (

) - aa(b) - ad(c) + ((voc) - aa(b)) - a(a)
+a4(c) - (aa(b) - (voa)) +ad(a) - (aa(d) - (voc))

(

+a4(b) - ((c-v) - aa(a))
+a4(0) ((a-v) - aa(b))

(by (1))

b) - (aaa) - (v-c))}  (by (10), (12, (14) and (15))



HOM-JORDAN AND HOM-ALTERNATIVE BIMODULES

= ((voa)-aa(b)) - ai(c) + ((voc) - aa(b)) - a%(a)
+ady(c) - (aa(b) - (voa)) +aZ(a) - (aa(b) - (voc))
+ai(v) o ((ac)aa(b) + ay(a) - ((v-c) - aa(b))

6

+(aa(b) - (v- ) - ay(a) + (aa(b) - (v a)) - a%(c)
7 8

+a4(0) - ((v-a) - aa(b) + (aa(b) - (c-v)) - a(a)
9 7

+ad(a) - ((c-v) - aa(b) +a%(c) - ((a-v) - aa(d))
6

9
+(aa(b) - (a-v)) - %(c))  (again by (1))

Y
= (voa) - aa(t) - a%(e) + ((vo ) - aa(h)) - o (a)
10 11
+0A(e) - (@a(b) - (voa) +a%(a) - (aad) - (voc))
13 E
+a%(v) o ((ac)aa(y)) + a4 (a) - (vo o) - aa(h))
12
T (@a®) - (v00)) - 4(a) + (aalb) - (voa)) - GA(€)
3 p
+aA(e) - (voa)- aa(b))
13
— ((voa) o a(d)) - aA(e) + ((voc) o aa(d)) - dA(a)
+a3(a) - (voc) o aa(®)) +ad(e) - (voa)oan(b))
+a%(v) o ((ac)aa(h))
— ((voa)oa(d)) o a%(e) + ((voc)oaa(b)) o a(a)
+a%(v) o ((ac)aa(h))

which is . |

89

The following result will be used below. It gives a relation between Hom-

associative modules and special Hom-Jordan modules.
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LEMMA 4.11. Let (A, u, ae4) be a Hom-associative algebra and (V, ay) be
a Hom-module.

(i) If (V,av) is a right Hom-associative A-module with the structure maps
pr then (V, ay) is a right special Hom-Jordan A™-module with the same
structure map py.

(ii) If (V,ay) is a left Hom-associative A-module with the structure maps
pi then (V,ay) is a left special Hom-Jordan At-module with the same
structure map pj.

Proof. Tt also suffices to prove and .
(i) If (V,ay) is a right Hom-associative A-module with the structure map

pr then for all (z,y,v) € AXAXV, ay(v)-(axb) = ay(v)-(ab)+ay (v)-(ba) =
(v-a)-aa(b)+ (v-b)-aa(a) where the last equality holds by ([5). Then (V, av)
is a right special Hom-Jordan A™-module.

(ii) If (V,ay) is a left Hom-associative A-module with the structure map
py then for all (z,y,v) € Ax AXV, (axb)-ay(v) = (ab)-ay (v)+(ba)-ay (v) =
aa(a)- (b-v)+aa(b)-(a-v) where the last equality holds by (4)). Then (V, o)
is a left special Hom-Jordan AT-module. N

Now, we prove that a Hom-associative module gives rise to a Hom-Jordan
module for its plus Hom-algebra.

PROPOSITION 4.12. Let (A, pu,c4) be a Hom-associative algebra and
(V, p1,p2,v) be a Hom-associative A-bimodule. Then (V,p, pr,av) Is a
Hom-Jordan A" -bimodule where p; and p, are defined as in .

Proof. The proof follows from Lemma , the Hom-associativity condi-
tion (6] and Theorem |

The following elementary result will be used below. It gives a property of
a module Hom-associator.

LEMMA 4.13. Let (A, p,4) be a Hom-Jordan algebra and (V, ay ) be an
Hom-Jordan A-bimodule with the structure maps p; and p,. Then

apoasay o Idagyea = asay o (a%n ® a%” ® a%n) . (23)
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Proof. Using twice the fact that p; and p, are morphisms of Hom-modules,
we get

ayoasay o ldagvea
=ayo(pro(m®@aa)—po(aa®pr))
=apopro(p®as)—afopo(as®p,) (linearity of af})
=pro(afop®@ai™) —pro(af ®afop,)
= pro(pro(af ®af) @ai™) = pro(af™ @ pro(aff @ aly))
= (pro(p@aa)—po(aa®p))o(af" @aP" @af")

=asayv o (a9 ® o @ aq").
That ends the proof. |

The next result is similar to the one of Proposition but an additional
condition is needed.

PROPOSITION 4.14. Let (A, u,a) be a Hom-Jordan algebra and (V, cy)
be a Hom-Jordan A-bimodule with the structure maps p; and p,. Suppose
that there exists n € N such that aj; = Idy. Then the maps

pl(n) =po(ay®Idy), (24)
P = pro (Idy ® alf) (25)

give the Hom-module (V, ay) the structure of a Hom-Jordan A-bimodule that
we denote by V().

Proof. Since the structure map p; is a morphism of Hom-modules, we get:

ay opl(n) =ayopo(ay®Idy) (by (24))

=p o (a?ﬁl ® av)
=p0 (Ozz ®Idv) o (04A ®O¢V)

= pl(n) o (g ® ay)

Then, pl(n) is a morphism. Similarly, we get that p

holds for V(™). Next, we compute

o

is a morphism and that
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O(a,b,c) as 5 y(n (OZA((I), ay (U), ab)
=G (ane (P (01" (@a(a), v (1), aa(be) = pi" (0% (@), o™ (v (v). b))}
=Olanerlpr(p]” (@a(a), av (v), o (be)) = pi(ay (@), o) (v (v). be))}

)
Otapey{pr(pi(aft! )= (@52 (a), pr(ay (v), a4 (b))}

(
=O(a,b,e) Lor (o1 (
= pu(aa(ai™(a)), pr(av (v), a4 (be
=0 (ape)asav (0 (a), av (v), a4 (be))
=O(ab,e) asAy(aZH(a), o/&“(v), a’j(bc))  (by the hypothesis ay = af:™)
= ap(Oap,e) asayv(aala), ay(v),be))  (by and the linearity of o)

=0 (by in V).

Then we get (19) for V(™). Finally remarking that
as 5y (pr (0, a), aa(b), a(c))
=asy v (v-aj(a), aa(b), aalc)
= P (P (v - afi(a), @a(b), 0% (0) = pi(av (v) - k™ (), ulaa(b), ala(c))
= pr(pr(v - ali(a), a§FH(b), a57%(c))
= pr(av(v) - a"H(a), p(ayT (), a5 (c))
= aav(v-ai(a), a7 (b), 0T (),

and similarly
as gy (07 (v,€), aa(b), @a(a)) = asay (v - a4 (c), ay™ (b), ol (a))
as gy (ac, aa(b), av(v)) = asay (i (a)ai(c), oy (b), av(v))
is proved for V(™ as it follows:
as 4y (pr (v, ), aa(b), aa(c)) + as 4y (p) (v, ¢), aa(b), aa(a))
+ as 4y (ac, aa(b), ay(v))
= av(v- ai(a), oy (b), a4 (0) + asay (v - afi(c), oy (b), oy (a))

+asay(a(a)a(c), o (b), av (v))
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= ay(v-aj(a),aa(e(b)), aa(e(c)))
+asav(v-ai(c), aa(ai(b)), ealaii(a)))
+asav(aij(a)ali(c), aa(a’i(b)), oy (v))
= 0(by in V).
We conclude that V(™ is a Hom-Jordan A-bimodule. I

EXAMPLE 4.15. Consider the Hom-Jordan algebra A" of the Examples
and the subspace V' = span(ej,e3) of A. Then (V,uy,ay) is a Hom-
ideal of A" where puy = pa), and ay = aay,. It follows that (V, pi, pr, av)
is a Hom-Jordan A™'-bimodule where p; and p, are defined as in Examples
We have a%, = Idy, then by Proposition the structure maps pl(2) =
pro (o ® Idy) and p7(~2) = pr o (Idy ® o) give the Hom-module (V, ay ) the
structure of a Hom-Jordan A*-bimodule that we denote by V(2),

COROLLARY 4.16. Let (A, p,a4) be a Hom-Jordan algebra and (V, oy )
be a Hom-Jordan A-bimodule with the structure maps p; and p, such that
ay Is an involution. Then (V,ay) is a Hom-Jordan A-bimodule with the
structure maps pl(Q) = pro (o ®Idy) and p$«2) = pro (Idy ® o?).

EXAMPLE 4.17. Consider the Hom-Jordan algebra BT of the Examples
and the subspace V' = span(ej, e2) of B. Then (V, uy, ay) is a Hom-ideal
of BY where uy = pp), and ay = ap),. Therefore (V, pi, pr, av) is a Hom-
Jordan B*-bimodule where p; and p, are defined as in Examples Note
that ay is involutive, i.e., a%/ = Idy, then by Corollary m the structure
maps pl(z) = po (el ® Idy) and p£,2) = pro (Idy ® a%) give the Hom-module
(V,ay) the structure of a Hom-Jordan BT-bimodule.

The following result is similar to theorem It says that Jordan bimod-
ules can be deformed into Hom-Jordan bimodules via an endomorphism.

THEOREM 4.18. Let (A, 1) be a Jordan algebra, V' be a Jordan A-bimod-
ule with the structure maps p; and p,, as be an endomorphism of the Jordan
algebra A and ay be a linear self-map of V' such that ay o p; = pjo (aq @ ay)
and ay o pr = pyo (ay @ aa). Write Ay, for the Hom-Jordan algebra
(A, oy, va) and V,,, for the Hom-module (V, cvy). Then the maps:

pL=ay op and pr = Qy © pr

give the Hom-module V,,,, the structure of a Hom-Jordan A, ,-bimodule.
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Proof. 1t is easy to prove that the relation for V4, holds and both
maps p;, pr are morphisms. Remarking that

ASAVay, = ¥ oasay (26)

we first compute

Olabic) ASA Ve, (@a(a), av (v), pa, (b, €))
=Oae) @v (asay(aa(a), av(v),aa(be))) (by [26))
=O(ape) Oy ((asay(a,v,bc))  (by [23))
= i (O(ape) (asay(a,v,be))

=0 (by (19) inV)

and then, we get for Vi, . Finally, we get

aS AV, (Pr(v,a), 04 (b), a(c)) + asav,, (pr(v, ¢), aa(b), aa(a))
+ asa v, (Haa(a; ), aa(b), av(v))

= af(asav(pr(v,a),aa(b), aa(e)) + i (asa v (pr (v, ), aa(b), aa(a)))
+ap(asay(pas(a,¢),aa(b),av(v))  (by ([26))

= af(asav(av(v-a),aa(b),aa(c)))
+ap(asay(av(v-c),aa(b),aa(a)))
+ai(asay(@a(ac), aa(b), ay(v)))

= (asayv(v-a,be))+ad(asay(v-c b, a))
+ o} (asay(ac,b,v))  (by3)

= o (asay(v-a,bc) +asay(v-c,b,a)+ asay(ac,b,v))

=0 (by in V)

which is for V. Therefore the Hom-module V,,, has a Hom-Jordan
A, ,-bimodule structure. 1

COROLLARY 4.19. Let (A,u) be a Jordan algebra, V be a Jordan A-
bimodule with the structure maps p; and p,., as be an endomorphism of
the Jordan algebra A and ay be a linear self-map of V' such that ay o p; =
pro(aa®ay) and ay o p, = pro (ay @ ay).

Moreover, suppose that there exists n € N such that o, = Idy. Write
Ay, for the Hom-Jordan algebra (A, jiq,,aa) and V,,, for the Hom-module
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(V,ay). Then the maps:

(n) n+1

=pro (@ @ay) and " = p. o (av @ afH) (27)

give the Hom-module V,, the structure of a Hom-Jordan A, ,-bimodule for
each n € N.

Proof. The proof follows from Proposition and Theorem |

Similarly to Hom-alternative algebras, the split null extension, determined
by the given bimodule over a Hom-Jordan algebra, is constructed as follows:

THEOREM 4.20. Let (A, p,a) be a Hom-Jordan algebra and (V, ay) be a
Hom-Jordan A-bimodule with the structure maps p; and p,. Then (A®V, fi, &)
is a Hom-Jordan algebra where
i (AeV)®?2 = AV, i(a+m,b+n) := ab+a-n+m-band & : ABV — ADV,
a(a+m) = aala) + ay(m)

Proof. First, the commutativity of i follows from the one of y. Next, the
multiplicativity of & with respect to fi follows from the one of o with respect
to p and the fact that p; and p, are morphisms of Hom-modules. Finally, we
prove the Hom-Jordan identity for E =A@V as it follows

asg(fi(z +m,z+m),a(y +n),a(z +m))
= a(a(fp(z +m,x +m),ay +n)),& (@ +m)) — pa@(ile +m,z +m)),
fi(a(y +n), oz +m)))

= A(Ale® +z-m+m-x,aaly) — ilaa(@?) + av(n)), o4 (z) + iy (m))
+ay(@-m)+av(m- ), i(aaly) + av(n), aa(z) + av(m))

= i(z’aa(y) +a? - ay(n) + (z-m) - aaly) + (m-z) - aa(y), a
+aj(m)) — ia(2?) + av(z - m) + ay(m-z),aa(y)aa(z)
+aa(y) -av(m) +av(n) - aa(z))

= (eaa(y))a’i (z) + (z2aa(y)) - af (m) + (2° - av(n)) - @4 (2)
+((z-m) - aay)) - ad(z) + ((m-x) - aaly)) - o’ (z))
— aa(@®)(aa(y)aa(z)) — a@?) - (aa(y) - av(m))
—aa(@®) - (av(n) - aa(z)) — av(z-m) - (aa(y)aa(z))

—ay(m-z)- (aa(y)aa(z))

mwv

()
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= asa(2®, aa(y), va(@)) + asay(2?, aa(y), av(m))
+asay(a®, ay(n), aa(z)) + asay(z-m, aa(y),oa(z))
+asav(m-z,aa(y), aa(z))
=asay(m-z,aa(y),aa(z)) +asayv(m-z, aa(y), aa(z))
0
+asay(a®, av(n), aa(r)) + asav(@®, aay), av(m))

~~

0

+asa(x? as(y),aa(z)) =0,

0

where the first 0 follows from (20)), the second from (see Remarks
and the last from the Hom-Jordan identity in A. We conclude then that
(A® V., i, &) is a Hom-Jordan algebra. I

Similarly as Hom-alternative algebra case, let give the following:

Remark 4.21. Consider the split null extension A @ V' determined by the
Hom-Jordan bimodule (V,ay ) for the Hom-Jordan algebra (A, p, 4) in the
previous theorem. Write elements a + v of A@® V as (a,v). Then there is an
injective homomorphism of Hom-modules i : V' — A@V given by i(v) = (0,v)
and a surjective homomorphism of Hom-modules 7 : A @V — A given by
m(a,v) = a. Moreover, i(V') is a Hom-ideal of A®V such that AGV/i(V) = A.
On the other hand, there is a morphism of Hom-algebras o : A — A®V given
by o(a) = (a,0) which is clearly a section of m. Hence, we obtain the abelian
split exact sequence of Hom-Jordan algebras and (V,ay) is a Hom-Jordan
bimodule for A via .
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