EXTRACTA MATHEMATICAE do1:10.17398 /2605-5686.35.2.229
Vol. 35, Num. 2 (2020), 229—-252 Available online September 16, 2020

Multifractal formalism of an inhomogeneous multinomial
measure with various parameters

A. SAMTI

Analysis, Probability & Fractals Laboratory LR18ES17
University of Monastir, Faculty of Sciences of Monastir
Department of Mathematics, 5019-Monastir, Tunisia

amal_samti@yahoo.fr

Received May 18, 2020 Presented by Mostafa Mbekhta
Accepted July 7, 2020

Abstract: In this paper, we study the refined multifractal formalism in a product symbolic space
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1. INTRODUCTION

The multifractal formalism of a measure p aims to establish a relationship
between the dimension of level set of the local Holder exponent of p to the
Legendre transform of what is called the ”free energy” function. A problem
initially raised and studied for physical motivations [8, O, 1], 12} 10]. It will
be convenient to give a brief description of the multifractal formalism. Let X
be a metric space. The local Holder exponent o, (z) at the point € X is

defined to be
o, () = Tim log u(B(z, 1))
r—0 log r
where B(z,r) stands for the ball of radius r centered at x. The measure p is
said to satisfy the multifractal formalism at o > 0, if the Hausdorff dimension
(dim) and the packing dimension (Dim) of the level set E(«) which is defined
by
E(a) = {x € supp(p) : au(z) = a},
are equal respectively to the value of the Legendre transform at « of a scale
function 7, associated to the measure p, i.e.,

dim E(a) = Dim E(a) = 7, (),
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where f*(x) = inf(zy + f(y)) is the Legendre transform of a function f and
y

supp(p) is the topological support of p.

The upper bound for dim F(«) (respectively Dim E(«)) is obtained by a
standard covering argument as Besicovisch’s covering Theorem and Vitali’s
Lemma [13]. However, the lower bound is usually much harder to prove, it is
related to the existence of an auxiliary measure such as a Gibbs measure [13]
or a Frostman measure [3] which is supported by the set to be analyzed.

For this reason, F. Ben Nasr et al. [4] improved the Olsen’s result in de-
scribing a class of measures satisfying the multifractal formalism and proposed
a new sufficient condition that gives the lower bound. In such a situation,
they concluded that B,(q) = b,(q), where b, and B,, are Olsen’s functions.
Besides, they constructed inhomogeneous Bernoulli products, such measures
whose both multifractal dimension functions b, and B, agree at one or two
points only. Which implies a valid refined multifractal formalism no more
than two points. In [5], Ben Nasr and Peyriere constructed an example of
a “bad” measure on the interval {0, 1}N for which the Olsen’s functions b,
and B, differ and the Hausdorff dimensions of the sets F(a) are given by
the Legendre transform of b,, and their packing dimensions by the Legendre
transform of By, i.e., b,(¢q) < Bu(q) for all ¢ € {0,1} and

dim E(a) = b, (o) and Dim FE(a) = B,(«a), for some a > 0.

Shen [I4] and Wu et al. [I7, 18, [I9] revisited this example such that the
functions B, and b, can be real analytic. Motivated by these examples N.
Attia and B. Selmi [I], 2] introduced and studied a new multifractal formalism
based on the Hewitt-Stromberg measures and showed that this formalism is
completely parallel to Olsen’s multifractal formalism based on the Hausdorff
and packing measures.

In the present work, let 2 < r; < r9 be two integers, we consider a class
of measures defined on a product symbolic space A; x As endowed with the
distance product where A; = {0,...,r; — 1} for i = 1,2, and constructed on
the rectangles that flatten as their diameters tend to zero. However, these
rectangles do not allow the calculation of the Hausdorff dimension, hence the
difficulty of the problem. The aim of this paper is to study the validity of the
refined multifractal formalism of this class of measures.

The paper is organized as follows. In Section 2, we give some notations and
definitions which will be useful. In the third section we consider a sequence
of finite partitions of a product symbolic space made of rectangles and we
show through an example that the almost squares allow the calculation of the
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Hausdorff and packing dimensions. In Section 4, we consider a variant of the
refined multifractal formalism as already introduced by Ben Nasr and Peyriere
[5] which we adapt it to almost squares and estimate the dimensions of the
level sets E(«). Finally, we apply our results to a class of inhomogeneous
measures defined on the product symbolic space.

2. NOTATIONS AND DEFINITIONS

In this section, we will recall the Hausdorff and packing measures and
their dimensions. Let (X, d) be a separable metric space. The diameter of a
non-empty set £ C X is given by

diam E = sup {d(z,y) : =,y € E},

with the convention that diam(()) = 0.
We define the closed ball with center x € X and radius » > 0 as

B(z,r) ={y e X : d(z,y) <r}.

A finite or countable collection of subsets {U;}, of X is called a d-cover of
E C X, if for each ¢ we have diamU; < 6 and E C |J,; U;.

Suppose that E is a subset of X and s is a non-negative number. For any
0 > 0 we define

H;(F) = inf {Z diam(U;)® : {U;}, is a d-cover of E} .

As 0 decreases, the class of d-covers of E is reduced. Therefore, this infimum
increases and approaches a limit as § \, 0. Thus we define

H(B) = lim H3(E).

We term H®(E) the s-dimensional Hausdorff measure of E. Then we define
the Hausdorff dimension of E as

dim(F) =sup{s >0 : H*(F) =00} =inf{s >0 : H*(E) =0}.

Remark 1. Notice that the covering of E with centered balls in F allow
the calculation of the Hausdorff dimension of E, for more details see [7].
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We will now define the packing measure. First, let define a d-packing of
E C X to be a finite or countable collection of disjoint balls {B(z;,7;)}, of
diameter at most § and with centers in F. For s > 0 and § > 0, let

P3(E) = sup {Z(Qri)s : {B(z4, 1)}, is a -packing of E} .

i
From this the s-dimensional pre-packing measure P° of F is defined by

PY(E) = lim Pi(E).

Finally, we define the s-dimensional packing measure P*(FE) of E by

Pi(E) :inf{ZP"’(E,-) . EC GE}
i i=1

The packing dimension of E, denoted by Dim(F), is defined in the same way
as Hausdorff dimension, that means

Dim(F) =sup{s >0 : P(E) =oco} =inf{s >0 : P*(E) =0}.

For more details about the Hausdorff, packing measures and their dimen-
sions see [15] [16], [7].

3. CALCULATION OF THE HAUSDORFF AND PACKING DIMENSIONS ON THE
PRODUCT SYMBOLIC SPACE ON DIFFERENT BASIS

For practical reasons, we shall need basic notions about the set of words
on an alphabet. Let 2 < r; < 79 be two integers. For ¢ € {1,2}, given
A; ={0,...,7; — 1} a finite alphabet. For all n € N* each element in A}
is denoted by a string of n letters or digits in A; that we call a word; by
convention AY is reduced to the empty word 0. Let AF = J,,~o A" be the set
of finite words built over A; and A; = AN the symbolic space over A;.

The set Af U A; is endowed with the concatenation operation: If w € A
and W' € Af UA;, we denote by w.w' the word obtained by juxtaposition of
the two words w and w'.

For each finite word w € Af, [w] is the cylinder w-A; = {w -’ : W' € A;}.
Furthermore, if w = wy---wg--- € A; and n € N then Win stands for the
prefix wy - wy of w for n > 1 and the empty word otherwise. Each set A;
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is endowed with the ultrametric distance d; : (z,2') € A? — 7, | l, where

z A 2’ is defined to be the longest prefix common to both z and 2’ and |z| the
length of a word z € A7 UA;. Then the product symbolic space A x Ay is
endowed with the ultrametric distance.

d((z,y), (',y)) = max(di (z, 2), da(y, /).

In the next, if w € A¥ and ' € A%, we call R(w,w’) the rectangle obtained
as the product of the cylinders [w] and [w']. We denote by

1 1
|R(w,w')|,, = sup <rk’ rk/> )

1 72
and
1 1
R(w,w' =inf | —,— ).
At =t (7 )

We say that a sequence {,},~, of finite partitions of A; x Ay made of
rectangles satisfies condition (1)) if

lim sup diam(R) =0 and ¢&,41 is a refinement of &,. (1)
n—00 Reg"l/

In all over this work, we will consider a sequence {&,}, -, of finite partitions
of A; x Ay made of rectangles verifying (1) and we put £ = (J,; & If R
belongs to &1, we define by p(R) the element of &, that contains it.

Let E be a nonempty subset of Ay x Ay and s a strictly positive real
number. For all € > 0, a finite or countable collection of rectangles {R; }j is
called an e-covering of E if diam(R;) < ¢ for all j and E C ; R;.

Let

Hi (E) = inf Zdiam(Rj)s : Rj € {,{R;}, is an e-covering of F
J

and
’HE(E) = lim HgE(E)

e—0

Finally, the dimension dim¢(E) is given by

dime(E) = inf {s >0 : HZ(E) =0} =sup{s >0 : HI(E)=oc}.
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Here, we define an e-packing of ' C A; X Ay to be a finite or countable
collection of disjoint rectangles {Rj}j of diameter not exceeding ¢ and with
R;NE # (. For € > 0, we define

7358 = sup Zdlam : Rj € {,{R;}, is an e-packing of E

Then fga (E) decreases as ¢ increases, so we may take the limit

fz( )—hmP (B).

e—0

Unfortunately, ﬁz (E) is not an outer measure, to overcome this difficulty
we define

= inf ZPE ECUE

The definition of packing dimension parallels that of Hausdorff dimension. So,
let Dim¢ (E) defined such that

Dim¢(E) = inf {s > 0 : Pi(E) = 0}
= sup {S >0: 775 oo}

In the following proposition we will give some conditions on a family & of
rectangles of the symbolic space A X Ag such that for every part E of Aj x Ag,
we have

dim(F) = dim¢(F) and Dim(F) = Dim¢(F).
PRroPOSITION 3.1. Suppose that

(i) lim sup log|R|,, /log|R|,, =1,

(i) Tim sup log|R | /1og|p(R)|y = 1.
Then for any part E of Ay x Ay, we have

Dim¢(F) = Dim(FE), (2)
dim¢ (F) = dim(FE). (3)
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Proof. In order to prove the equality , we start by proving that
Dim¢(F) < Dim(E).

Let ¢t > Dim(E) and n > 0 such that ﬁ > Dim(E). It follows from
assumption (i) that there exists an integer ngy such that for all n > ny and for
all R € &,, we have

14

Take {E;};, a cover of E and choose {Rj}, an e-packing of Ej; with
e < inf diam(R). For j € N, fix ;, € Ry N Ej, we denote by By, =

E€&ny
B(xk,|Rkl,,)- It is clear that { By}, is an e-packing of Ej.
As e < inf diam(R) we get for all integer k,

E€ng
|Relyi™ < [ Rel,y (4)
and
> " diam(Ry,)" <) diam(By) .
k k
Then,

and as € goes to 0, yields

Therefore,

consequently,
Dim¢(F) < t, for all t > Dim(E),

which implies that
Dim¢(F) < Dim(FE).

In order to obtain the other inequality, fix ¢ > Dim¢(£) and n > 0 such
that ﬁtn > Dim¢(F). Using assumption (ii) there exists an integer ng such
that for all n > ng and for all R € &, we have

[P(R)3;" < Ry - (5)
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Let {Ej}; be a cover of E and {By = B(xy,7k)}, an e-packing of Ej with
e < inf diam(R). If Ry is a rectangle such that

Ebng
Rk C B(xk,rk) and P(Rk) g B(.%'k,Tk), (6)
then {Ry}, is an e-packing of F;. Since € < Rir}éf diam(R), we have for all
e TLO
keN,
PRI < Rl (7)

Taking into account relations @ and , we have
3 diam(By)' < S diam(P(Ry))' < Y diam(Ry,) .
k k k

So,

t

As ¢ goes to zero,

Then, we obtain
_t
PUE) < Pg*" (E) < 4o0.

Hence,
Dim(FE) < Dim¢(E)

which achieves the proof of equality .
Now, we will be interested in proving the equality .
It is easy to see that H'(E) < ’HE(E) then dim(F) < dim¢(E). Let’s prove
that
dim¢(F) < dim(F).

Fix t > dim(F) and n > 0 such that ﬁ +(2-2(1+n)3) > dim(E). Let e

be a positive number such that ¢ < ir}c_f diam(R). Pick an e-covering {R;},
e no

of E and set B; = B(xz;,|R;|,,) such that R; C B;.
For all j € N, there exists a family of disjoint rectangles {Rjx}, . L such
that
U Rk c B, P(Ry) ¢ B; and B; C | P(Rj).
keL; keL;
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In a first step, we will calculate the number of P(Rj;) that cover Bj. We
denote by A the Lebesgue measure on A; x A,. Using relations and ,
we have

AP (Rj)) M < A(Rjp)

and

diam(B;)2+° < A(Rjp,). (8)

Let s and s’ be two positive integers such that

rl_(SH) <|Rjly <7y ° and TQ_(SIH) <|Rji|y, < r;sl.
We have
Z ARjr) < A(Bj) < 7’1_57'2_5/ < (r179) diam(B;)*. 9)
kGLj

It follows from inequalities and @ that

Z diam(Bj)Q(H")3 < riry diam(B;)?.
kEL]'

Hence,
3
card(L;) < riry diam(B;)?~ 247,

In a second step, we have

’P(RJ )|}V:,H7 S ‘RJMM § diam(Bj)

and |
PRy < D diam(B;) .
kel keL;
So,
2 diam(Ryp)" < 3 3 PRyl
J J kel
B S AT ——
J
and

— 4 (2—2(14n)3)
HE () < (rira)HE "(B).
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Letting € tend to 0 implies
HL(E) < (rirg)yHT 27050 (),

Finally, we obtain
dimg(E) < t.

And the result yields. 1

Next, we set a generalization of the Billingsley Theorem [6] in our case.
For this purpose, we introduce the following notations. If F is a non empty
subset of Ay x Ay and z = (z1,22) € E, let £ = |J,,> & be a family of
rectangles satisfying assumptions (i) and (ii) of Proposition [3.1] and R, () be
the rectangle of &, containing x.

In the sequel, we define by P (A1 x Ag) the set of Borel probability measures
on Ay x Ay. For all u € P(A; x Ag) and € > 0, and E € A; X Ay, we define

pf(E) = inf Z,u(Rj) : Rj € {,{R;}; an e-covering of E » ,
J

pH(E) = lim 4t (E)

€
e—0

and

esssup A(x) = inf {t eER: pf{z e E: Alx) >t}) = 0} .
zeB,ut

PROPOSITION 3.2. Let E be a subset of Ay x Ay and p € P(A1 x Ag),
we have

' o log p1(Rn
(a) dime(E) < sup lim inf ef il Oy

. . lo n\T
(b) Dimg(E) < suplimsup m :

reE n—oo
If u*(E) > 0, then we have

(c) dimg(E) > esssupliminf % ;

ervMﬁ n—oo

. . lo, Ryn(x
(d) Dimg(E) > esssuplimsup m )
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1 n
Proof. Let us prove assumption (a). Take 6 > 2161}1; linni) gf log(()cgi;i/; I(IIR(R(:();)))’

then for all x € FE, there exists k > n such that

u(Ry(x)) = diam(Ry(2))°.

Let € be a positive number, there exists {Rj}j a family of pairwise disjoint
rectangles such that £ C |J; R; with

u(Rj) > diam(R;)’  and  diam(R;) <e.

We have
Zdiam(Rj)6 < ZM(RJ-) < 00.
J J

Therefore, ’HgE(E) < 0o. Finally, when € — 0, we get dim¢(F) < 6 and the
result easily follows.

. . log ju( Ry (7))
To prove the assumption (b), take § > sup limsu - . For
P ption (b) S P g (diamn (Ra(1)))

all x € F, there exists n € N such that, for all £ > n one has

1(Ri(x)) > diam(Ry(z))’.
Consider the set
E(n) = {x € E : for each k > n, pu(Rp(z)) > diam(Rk(x))é} .

Let {Ei}, be a cover of E and {R;}; be an e-packing of E(n) N Ej; with
e < infpeg,, diam(R). One has

> diam(R;)° <Y p(R;) < 0.
J J
From which ng(E(n) N Ey) < co. Then we get fg(E(n) N Ey) < oo when
e — 0. Since E = J,, E(n), we obtain
Hence (b).

1 R
Let us prove assumption (c¢). Take § < esssup liminf Og,u (Fn(2))
veBut e log(diam(Ry(2)))

., . limin log pu( Ry (x))
%‘{GE'%wﬂ%@wﬂmm»>%'

and set
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Let

E, = {x € Es : for each k > n, u(Ri(z)) < diam(Rk(m))é} .

It is clear that Es = (J, E,. As we have pf(Ejs) > 0, there exists n € N such
that u*(E,) > 0. Then, for any e-covering {R;}, of Ey, one has

pE(E,) < ZM(RJ') < Zdiam(Rj)‘s-

Therefore,
pE(ER) < H (En).

So,
0 < pf(En) < HYUE),

which implies
dimg(E) Z dimg(E(;) Z dimg(En) Z 1)

and assumption (c) yields.

I n
In order to prove assumption (d), let § < esssup lim sup Og,M(R (2)) ,
vEBut 0o log(diam(R,,(z)))

e Jos(u(Ba()))
o= { € B s (diam(R, (x)) 5} |

and put

We have uf(Es) > 0, so there exists a subset F' of Ej such that pf(F) > 0. If
x € F, then for all n € N there exists £ > n such that

u(Ry,(x)) < diam(Ry ())° (10)

Let € > 0 and {Rj}j an e-packing of F satisfying . So,
PE(F) < u(Ry) <) diam(R;)°.
J J

Then
HE(F) < Py (F).
This implies
0 < pf(F) < PY(F).
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Hence, if F = Uj F;, one has

0 < ph(F) <> pf(Fy) < ng(Fj)-
J J

Thus,
PY(F) > 0.

Therefore,
Dim¢(Es) > 9,

from which the result follows and we achieve the proof of Proposition |

As a consequence of Proposition [3.2] we obtain the following corollary. We
adopt the following convention

log0
logp

~+00, for each p > 0.

COROLLARY 1. Let v € R. If pu is a probability Borel measure on A; X Ag
such that p(FE) > 0, we consider a family & of rectangles verifying the assump-
tions of Proposition and

o log pu(Rn(x))
be {“Al A2t I g (diam( R (2)) ‘”}’

we have
dim¢(E) = Dim¢(F) = .
Next, we will be interested in adding an example of application of

Corollary

ExAMPLE. Let {£,},,~, be a sequence of finite partitions of A; x Ay made

of rectangles in the form [w] x [&'], for all (w,w’) € A(f(n) x Ay and € = U,,>1 ns
where the integer g(n) is defined such that, for n € N*

1 1
n Og(TQ) < (n) <n Og(TQ)
log(r1) log(r1)
It is clear that the family & satisfies the assumptions of Proposition [3.1

For a > 0, we consider the set

w,w’

Ny
E, = {x € A; x Ag ¢ lim () = ay . for all (w,w') € Ay x Ag}

n—oo N
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where for (w,w') € Ay x Ay, N%* (z) stands for the number of appearances
of the couple (w,w’) in the product word x,, X yp, and @ = (o,w) (ww')e A x A
is a family of positive numbers such that

Z oy = 1.

(w,w’)EAl X Ag

We propose to calculate the Hausdorff dimension of the set E,. For this
purpose, we consider the Bernoulli measure p in A X Ao defined by

p(lwy - wn] X [w) - wh]) = H Qe ], for each n € N*.
k=1
We have
n a(n)
pllwr - woy) X Wi+ wn) = [ ey, T A
k=1 k=n+1

with A, = g Oy o, -
Wi

It is clear that

E, C {a: € Ay x Ay - lim —1BHI(E) }

where

Qg o log auy 1 1
= — : : — Ao log Ay
v Z log 7o + <Iogr2 logn)zw: w08 A

w,w’

So, according to the strong law of large numbers we have u(E,) = 1. By using
Corollary 1 we have,

dimg (Ey) = Dimg(Ey) = 7,
which implies from Proposition [3.1] that
dim(E,) = Dim(E,) = .

Thus, any Borel set of FE, with dimension inferior to =y is of measure p-zero.
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4. A VARIANT OF THE REFINED MULTIFRACTAL FORMALISM
IN THE PRODUCT SPACE Aj X Ay

4.1. PROBLEMATIC. In this section, we will consider a sequence {&,}, <,
of finite partitions of A1 x Ao made of rectangles satisfying condition and

we put § =5 &n-
In the following, we consider a Borel probability measure p on Ay x Ao
and one defines its support supp(u) to be the complement of the set

U{reg: pRr)=0}.

Then, we intend to underestimate the dimensions of the fractal sets E,,(v) for
some values of v, where

Eu(v) = {Q: € supp(p) : nh%oo loglz)cigr(n]?}%( ()J?))) B ’Y} '

Notice that the natural coverings of these iso-Holder sets are made of rectan-
gles which become thinner and thinner as their diameter tends to zero which
doesn’t allow the calculation of the Hausdorff and packing dimensions. For
this purpose, we will consider a variant of the refined multifractal formalism as
already introduced by F. Ben Nasr and J. Peyriere [5], adapted to rectangles.

Let us consider an auxiliary Borel probability measure v on Ay X Ag. If E
is a nonempty subset of A; x Ay then for ¢,t € R and € > 0, we introduce the
following quantities:

HZLE = inf { Z p(R;)! diam(R;)'v(R;) :
R; € {,{R;}, an e-covering of E},

HY (E) = lim HY. _(B),

22l =0 HVhE

and
Fz’ys = sup { Z n(R;)! diam(R;)'v(R;) :
R; €&, {Rj}j an e-packing of E},

?Z’L(E) = lim P%'

e—>0 M

(E).

v,e
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The function FZ’;, is called the packing pre-measure. In order to deal with
an outer measure, one defines

. =q.t
PLL(E)=inf{ Y PL(E) : EC|JE;

J J
Let ¢ be the following function

p(q) = inf {t € R : Py, (supp(u)) = 0} (11)

4.2. MAIN RESULTS. Let u be a Borel probability measure on A; x As.
For a, 8 € R, one sets

Eu(a, B) = E (@) N EW(B),

where

o) = {x oot - it XD o)

and

E.(B) = {x € supp(p) : fim sup 10;?51{:1&1}?;2136(2))) = B} '

THEOREM 4.1. Assume that ¢(0) = 0 and v*(supp(u)) > 0. Then one
has

dimg E,, (- ¢7(0), —£1(0))

- min logV(Rn@))
> f{lmoof log(diam (R (x)))

;erA—ﬁmx—ﬁm»}
and

Dimg Ey, (— ¢/(0), —¢}(0))

. . log Z/(Rn (x))
> inf {h:ln_)sogp log(diam(Ry,(z)))

;er¢—¢mx—%m»}

where /., @) are respectively the left-hand and right-hand derivatives of ¢.
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Remark 2. The same result holds with

¥(g) = inf {t € R : P’ (supp(p)) = 0}.

The proof of Theorem is an immediate consequence of the following
proposition.

PROPOSITION 4.1. Assume that p(0) = 0 and v#(supp(x)) > 0. Then one
has

VH(Eu(—¢}(0), —¢(0))) = 0.

Proof. Take 6 > —¢j(0), there exist two positive reals ¢ and ¢’ such that
§ >0 > —¢)(0) and 0t > p(—t) which implies P;ﬁ,’élt(supp(u)) = 0. So,
there exists a partition {£} }j of supp(u) such that

—t,6't

> P, ()<L
J

It results that P;j&(Ej) =0 for all j.

Now, consider the set

Es = {x € supp(p) : limsup log(diam(Ro(2)) 5} .

If x € Ejs, for all n € N there exists k > n such that

u(Ry(x)) < diam(Ry ()’

Let E be a subset of E5 and set F; = EN Ej. For 0 <e < Pinéf diam(R) and
for all j, one can find an e-packing {Rj, }, of F; such that

u(R;,) < diam(R;,)’.

So, we have
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Then
VF(Es) = 0.

We conclude that

(o ) o

In the same way, one proves that

)

Proof of Theorem Assume that ¢(0) = 0 and v#(supp()) > 0. Then
we have according to Proposition

VH(EL(—¢,(0), —¢}(0))) > 0.

So, it is easy to see from Proposition [3.2] that

- o logu(Rn(z))
dime B, (—¢..(0), —¢;(0)) > €ess sup lim inf . ,
e l € B, (—pp(0),—gl (0))pt o0 log(diam (R, (2)))
and
1 n
Dim¢ E,,(—¢,.(0), —¢;(0)) > ess sup lim sup 0g v(Fn(z))

€ B (1 (0),—g)(0))h n—oo log(diam(Rn(x)))

However, as a property of esssup, we know that if v*(E,(—¢.(0), —¢}(0)))
> 0, then

inf {lim inf log V(R x)) }
2€Eu(~¢,(0),—¢)(0)) | n—=0 log(diam(Ry(x)))

o log v(R(x))
< ess sup lim inf -
€ B (~¢)(0),—gj(0)) vt o0 log(diam (R (2)))

and the proof of the theorem follows. N
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5. AN EXAMPLE

In this section we give a large class of measures satisfying the result of
Theorem Let {&,},~; be the sequence of finite partitions of A; x Ag

made of rectangles of the form [w] X [W], for all (w,w’) € A(f(n) x AL and

¢ = | &n, where the integer ¢(n) is defined such that, for n € N*
n>1

log(ra)
log(r1) log(r1)

For (i,7) € Ay x Ag, take (p; ), ; and (qi ), , two sequences of non negative
numbers such that

me‘ = Z%’,j =1 and A= Zpi,j = Z(Ji,j-
0,4 0J J J

Let (T),)n>1 be a sequence of integers defined by

<gq(n)<n

n

T,
Ty=1,T, <Thi1 and lim —— =0.

n—00 Tn+1

Consider the family of parameters o, j,
Dinjn it Top—1 <k < Ty,
Qi g = .
Qix s it Ty, <k <Topyr.
We define the measure p on A; x Ay as follows
n
/‘([il ip) X[ Jn]) = H Qg g -
k=1
It is easy to see that
,u([il . “iq(n)] x [j1 - - ]n]) — M([il ] X [f1 - 'jn]) . )\in+1 .. )\iq(n)'
In the sequel we will impose those monotony hypotheses
P00 <Po1 < < Pora—1 < P10 <t < Plpg—1 <t
- < prlfl,O <0< p’rlfl,’r‘gfla
40,0 < go,1 < < oro—1 < g0 < < Qlpp—1 <t

- < dri1—1,0 < < dri—1,r2—1,

0,0 < 40,0 and Dri—1,r9—1 > Qri—170—1,
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which prove the existence of a real xg such that T'(z9) = W (x(), where

1 1 o
1 i _ Y l i
Z Z Og” Pisj <log r1 logry > Z p¥ o8

and

1 1 @t
1 — - =L -log \i.
Z Z -log,., gij + (log o o 7“2) ; =i, 8
2,7 k

),

For this real xg, we denote by

0 Z0
i = and Gy =
Y ) 1,j =
Zplvj qu,]
3

Our aim is to estimate the dimensions of the sets E,,(y) for certain values
of v. To be done, we consider an auxiliary measure v on A; X Ay defined as

p with the parameters p; ; and ¢; ; instead of p; ; and g; ; by

where

. ) P it Top—1 <k <Thy,
Qg g = .
it Ty, <k <Topq1.

iy,

Let \; = > Dij = > di;- Then, we have the following result.
J J

THEOREM b5.1. For every

i ey
vy e _]‘OgT‘Q qri—1,ro— l)\rlg 11 7_10gr2 40,0 )\ .

we have

dim E,,(v) > min {h(p), h(¢)}

and
Dim E,(y) > max {h(p), h(q)},
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where

~ - - 1 1 ~ -
Y e ) DO
2y (3

and

~ ~ . 1 1 ~ ~
1) ==t i (7~ gy ) e

i,J
In order to prove this theorem we will calculate the function ¢ defined in
equation . For that, we need to use the following lemma.

LEMMA 5.1. Fort € R, one has

log Y p(Ra)'v(Rn).

Ry, Nsupp(u)#0

t) = limsu
o(1) alvts o P

Proof. For t € R, we denote by

®(t) = limsup
n—oo Nlogrs

log Y u(Ra)'w(Ry).

RnNsupp(p)#0

We will prove that
o(t) = @(1).

Let’s begin by proving that ¢(t) < ®(¢).
For av > 0 satisfying ®(¢) < «, there exists ng € N such that for all n > ny,

! log Z w(Ry)'v(R,) < a.

nlogry T un(n) 20
So,
Z (R v (Ry)ry ™™ < 1, for each n > ng.
RpNsupp(u)#0
Then
P (supp(p)) < 1,
and

a = p(t),
which gives that
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Next, we prove that ¢(t) > ®(¢). Let o > (¢), then

72(/-7
P, (supp(u)) = 0.

For € > 0, there exists an e-packing {R,}, of supp(x) such that

> u(R)w(Ry)ry " <1
RN supp(p)#£0

Thus 1
1 n t n) < Q.
Togr; o8 > wR)'Y(R) <
RpNsupp(p)#0
So,
. t
hYILn_>SOlC1>p nTogr log Z w(Ry)'v(R,) <«
RyNsupp(p)#£0
and
P(t) < a,

which prove Lemma 1

Now, we are able to prove Theorem It is easy to see that

1 1 -
t - t o~ t
¢(t) = sup| log,, Zpi,jpivj’ log,., Z %% | + <log r log 7”2) logzi: o

i,j ,J
and
¢(0) =0.

By the way, using the definitions of the sequences (p; ;) and (g; ;) and a simple
computation of the derivative of ¢ at 0 we obtain

1 1 -
'(0) = Bijlogy, pij + <10gr1 logr2> § i log A;.

1,J

Let v = —¢'(0), it is clear that

logET‘Q; _1 10g§r2§ _1
log(r log(r
Y € - 10g7"2 q”’l—IJ’Q—lArlg—ll y logr2 q0,0)\O ! .
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Besides, using the strong law of large numbers we can see that

I R,
lim inf “08r, ViftnT)) V(B ()

n—oo —n

= min {A(p), (q)}

and
Y log,, v(Rn(x))
imsup —2———--

n—00 -n

= max {h(p), h(q)},

for v-almost every x.

Then, it follows from Theorem and Proposition [3.2] that
dim E,,(y) > min {n(p), h(q)}

and
Dim E, (7) > max {h(5), h(2)}

which achieve the proof of Theorem
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