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Abstract: In this paper we introduce the hypo-g-norms on a Cartesian product of algebras of bounded
linear operators on Hilbert spaces. A representation of these norms in terms of inner products, the
equivalence with the g-norms on a Cartesian product and some reverse inequalities obtained via the
scalar reverses of Cauchy-Buniakowski-Schwarz inequality are also given. Several bounds for the
norms 0p, ¥p and the real norms 7., and 60y are provided as well.
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1. INTRODUCTION

In [13], the author has introduced the following norm on the Cartesian
product B (H) := B(H) x --- x B(H), where B(H) denotes the Banach
algebra of all bounded linear operators defined on the complex Hilbert
space H:

(T, ..., Th)|Ine := sup IMT1L+ -+ Tl (1.1)
(>\la---7>\n)EIBn

where (T1,...,T,) € B™(H) and
B, := {(/\1,...,)\n) eCn Y NP < 1}

is the Euclidean closed ball in C™. Tt is clear that || - ||, is a norm on B (H)
and for any (T4, ...,T,) € B™ (H) we have

(T, T)llne = (T T e » (1.2)
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where T} is the adjoint operator of T3, 7 € {1,...,n}.
It has been shown in [13] that the following inequality holds true:

< || Tla'--a Hne >~ (13)

for any n-tuple (11, ...,T,) € BM™(H) and the constants ﬁ and 1 are best
possible.
In the same paper [13] the author has introduced the Euclidean operator

radius of an n-tuple of operators (71,...,T),) by

Wne (T1,...,Ty) = sup <Z| (Tjz, x) ) (1.4)

[lz]|=1

and proved that wy, . (+) is a norm on B (H) and satisfies the double inequal-
ity:
< Wn,e (Tl,. . .,Tn) < H(Tl,. . .,Tn)”

n,e —

(1.5)

n,e

1
5 H(Tlv'” 7TH)H

for each n-tuple (T1,...,T},) € B™(H).
As pointed out in [I3], the Euclidean numerical radius also satisfies the
double inequality:

1
1 || ’
2\/n ; 77

for any (T4, ...,T,) € B"™(H) and the constants 2f

Now, let (E, || -||) be a normed linear space over the complex number field
C. On C™ endowed with the canonical linear structure we consider a norm
| - |- As an example of such norms we should mention the usual p-norms

<wne(Th,...,Ty) < (1.6)

n 3
> TT;
j=1

and 1 are best possible.

max {|A\1],. .., |An|} if p= o0,
1

(i ) if p € [1,00).

The Euclidean norm is obtained for p = 2, i.e.,

1
n 2
[Alln2 = (Z I/\k!2> :

k=1

[Allnp :=
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It is well known that on E™ := E x --- x E endowed with the canonical linear
structure we can define the following p-norms:

max {|z1],..., |zn|} if p = o0,
[l = ,
(22:1 |g;k|p)P if pe[l,00).
where x = (21,...,2,) € E™.
Following the paper [5], for a given norm | - ||, on C", we define the

functional || - ||, : E™ — [0,00) by

Z)\ x;

where = (z1,...,2,) € E" and A = (A1,...,\,) € C™.
It is easy to see that [5]:

|lz|[pn = sup , (1.7)

Al <1

(i) |z|lpn > 0 for any z € E™,

(i) [l +yllan < l2llnn + [yllnn for any =,y € B,

(ili) ||ax||nn = |a|||z||p,n for each o € C and z € £,

and therefore || - ||, is a semi-norm on E™. This will be called the hypo-semi-
norm generated by the norm || - ||, on E™.

We observe that ||lz[|p, = 0 if and only if 377 ; Ajz; = 0 for any
(As -5 A) € B(|| - ||ln)- If there exists AY, ..., A2 = 0 such that (A},0,...,0),
(0,29,...,0), ..., (0,0,...,2%) € B(|| - ||n) then the semi-norm generated by
| - ||n is & norm on E™.

If p € [1, 00] and we consider the p-norms ||- ||, , on C", then we can define
the following hypo-g-norms on E™:

, (1.8)

with ¢ € [1,00]. If p = 1, then g = o0; if p = oo, then ¢ = 1; if p € (1,00),
then % + % =1.
For p = 2, we have the hypo-Euclidean norm on E", i.e

(1.9)

[2llfne = sup
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If we consider now E = B(H) endowed with the operator norm || - ||, then
we can obtain the following hypo-g-norms on B™ (H)

> NT;
j=1

with the convention that if p =1, ¢ = o0, if p =00, ¢ =1 and if p > 1, then
Lyl=1

For p = 2 we obtain the hypo-Euclidian norm ||(-,...,)||n defined
in (L2).

If we consider now E = B(H ) endowed with the operator numerical radius
w(+), which is a norm on B(H), then we can obtain the following hypo-q-
numerical radius of (T1,...,T,) € B™(H) defined by

(T, ..., Tn)|lhng == sup where p,q € [1,00], (1.10)

[Alln,p<1

n
Whnq(T1,...,Tn) = sup w(Z)\jTj) with p,q € [1,00], (1.11)
[Alln,p<1 J=1

with the convention that if p=1, g = 00, if p =00, ¢ =1 and if p > 1, then
Lyl=1
For p = 2 we obtain the hypo-FEuclidian norm

n
wh,n,e(le'-»Tn) ‘= sup w(ZAﬂ}) (1.12)
j=1

[Alln,2<1

and will show further that it coincides with the Euclidean operator radius of
an n-tuple of operators (T1,...,T,) defined in .

Using the fundamental inequality between the operator norm and numer-
ical radius w(T') < ||T'|| < 2w(T') for T € B(H) we have

w(i/\jTa)S ihﬂ}- 32“’(2”:AJTJ>
j=1 j=1 J=1

for any (T1,...,T},) € B™(H) and any A = (A1,...,\,) € C". By taking the
supremum over A with ||[All,, <1 we get

Whong(T1, ., T0) S N(T, - To)llhngg < 2whpg(Th, ., Th) (1.13)

with the convention that if p=1, g = 00, if p =00, ¢ =1 and if p > 1, then
1 1

=42 =1.

P q
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For p = ¢ = 2 we recapture the inequality (|1.5).
In 2012, [8] (see also [9, 10]) the author have introduced the concept of

s-g-numerical radius of an n-tuple of operators (11,...,T,) for ¢ > 1 as
1/q
weq(T1,...,Ty) == sup (Z’ (Tjx,x) > (1.14)
ll=l|=1

and established various inequalities of interest. For more recent results see
also [12 [14].

In the same paper [8] we also introduced the concept of s-g-norm of an
n-tuple of operators (T1,...,T,) for ¢ > 1 as

1/q
z||=|lyll=

In [8], [9] and [10], by utilising Kato’s inequality [11]

(T, )P < (T2 (170, y) (1.16)

for any z,y € H, o € [0, 1], where “absolute value” operator of A is defined
by ||A]| := vV A*A, the authors have obtained several inequalities for the s-g-
numerical radius and s-¢g-norm.

In this paper we investigate the connections between these norms and
establish some fundamental inequalities of interest in multivariate operator
theory.

2. REPRESENTATION RESULTS

We start with the following lemma:

LEMMA 1. Let = (B1,...,08n) € C™.
(i) If p,g>1 and%—l—%z 1, then

sup | > @By = [1Bllng- (2.1)
=1

el p<1

In particular,

n
sup Z a;jfj| =

ladl,, <1 | =
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(ii) We have

sup
lle]

= [|Blln1 and  sup = [[Blln,cc- (2.3)

el 1 <1

n,1—=

n
> b
j=1

noof

Proof. (i) Using Holder’s discrete inequality for p,q > 1 and % + é =1

we have
n n 1/10 n 1/’1
Y a8 < (Z\aa’\p> (Z\/leq> :
j=1 j=1 j=1

which implies that

n
sup Zo‘jﬁj < [|Blln.qg (2.4)
ledlnp<1|;=7
where a = (1,...,a,) and = (b1, . . ., Bn) are n-tuples of complex numbers.
For (B1,...,8n) # 0, consider o = (a1, ..., a,) with
B:3.19—2
oy BB

(S Bele)

for those j for which 3; # 0 and a; = 0, for the rest.
We observe that

Z?:l |5j|q

~_ Bilg _
2 (Sry 186 ) "

(1Bl

n 1/‘1
_ (zw) Bl
j=1

and

3

IE T

n
lelih, =D layl” = Z
P j=1 j=1 (Zk‘:l |ﬂl€|

— P - Bl
j=1 Zk 1|Bk| =1 Zk 1 1Bl )

Therefore, by (2.4) we have the representation ([2.1)).

(151)"

(k1 18%]")

Jj=1

=1.
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(ii) Using the properties of the modulus, we have

n
> b
i=1

n
< max |o; Z I
je{l,...,n} ‘ j‘ = | ]‘ ’

which implies that
n
> a8
j=1
where a = (v, ..., ) and 8= (S1,...,Bn). B
For (B1,...,08n) # 0, consider a = (v, ..., ) with a; 1= éﬁ for those j
for which 3; # 0 and a; = 0, for the rest.

sup
lle]

< [1Blin.1, (2.5)

<
n,0o =

We have
I /I R o
Zayﬁj = Z |5,|ﬂj = Z 1851 = 11Blln,1
j=1 j=1'"J j=1
and _
_ I Bj
lallnee = max |aj|= max |—=|=
je{l,....n} je{l,n} |15

and by (2.5 we get the first representation in ([2.3)).

Moreover, we have

n
> aib;
=1

n
< ;| max i
<3 oyl _max 155,
j=1
which implies that

sup

n
> B
ledln <1521

where a = (v, ..., ) and 5= (S1,...,0n).
For (B1,...,08n) # 0, let jo € {1,...,n} such that

< [IBllno05 (2.6)

= max il = 155! -
Bl = max 1851 = 185

Consider a = (a1, ..., a,) with o, = —,gﬂo and o = 0 for j # jo. For this
J0
choice we get

) -
S oyl = 1B
2 1= 15, ]

=1 and /Bjo = ‘Bj0| = ||/B||n,oo7

n
> aibi
j=1

_ ’53'0
’Bj0’
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therefore by ([2.6) we obtain the second representation in . |

THEOREM 2. Let (Ty,...,T,) € B"™(H) and z,y € H, then for p,q > 1
and%+$:1 we have

<(Z%) >|=<j2n;|<m,y>|q>l/q 2.7)
H(Gon))l-

<<Z% ) >‘=i|<m,y>| (2.9)

J=1

llalln p<1

and in particular

sup

el o<

n 1/2
(Z (Tjz,y)| ) . (2.8)

We also have

IIaII <1

n,00 —

and

sup
lall, <1

<<Zajn>x,y>‘= max {|(Tj, )} (2.10)
= je{l,.m

Proof. If we take g = ((T1x,y), ..., (Thx,y)) € C" in (2.1, then we get

n l/q
<Z !<Tj9€72/>q) =181l = sup_ Za Bi
j=1

el <

= sup (T, y)

ey, p<1

sup
lall, ,<

n
< Z a;Tjz, y> ,
1\ 7=
which proves

The equahtles and - follow by (12.3] .

COROLLARY 3. Let (Ty,...,T,) € B™(H) and = € H, then for p,q > 1
and%—k%zl we have

<<Z%> >|=<j§n;|<:fjx,x>|Q>l/q (2.11)

llall <1
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and, in particular

n n 1/2
sup <<Z%Tj)x,w>=(2|<m,x>|2) L 21
”O‘Hn,2§1 jZl j:1
We also have
sup <<Z%Tj>wax>‘=2|mm,x>| (2.13)
llall, 00 <1 = o
and
sup o o,z )| = max Tjx,x 2.14
Bl <<g ) >‘ Jmax ([Tl (2.14)

COROLLARY 4. Let (Th,...,T,) € B(”)(H) and x € H, then for p,q > 1
and%—l—%zl we have

sup
el <

n 1/q
Za Tjx|| = sup <Z|<T]x,y)lq> (2.15)

= \

and in particular

n 1/2
= sup (Z\<zj,y>|2> . 210)

sup
el 2 <1 IIyH L\ j=1
We also have
sup Tjx|| = sup Z| (Tjz,y)| (2.17)
el o<1 ||y|| 155
and
sup Tijr| = max {HT || }. (2.18)
lall, 1 <1 Jellm

Proof. By the properties of inner product, we have for any v € H, u # 0
that

Jull = sup [(u,y)].
llyl|=1
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Let x € H, then by taking the supremum over |y|| = 1 in (2.7) we get for

p,g>1with I+ 1 =1 tha

l/q n
sup (Z\ Tl‘ Y| > = sup sup <<ZajTj>x,y>
lyll=1 llyll=1 \ llal, <1 =1
n
= sup sup <<ZajTj>:c,y>
llel,, <1\ llyll=1 j=1
n
= sup (Zaﬂ})x
||O‘Hn,pS1 j=1

which proves the equality (2.15]).

The other equalities can be proved in a similar way by using Theorem

however the details are omitted. |

We can state and prove our main result.

THEOREM 5. Let (T1,...,T,) € B"™(H).

(i) For ¢ > 1 we have the representation for the hypo-q-norm

1/q
(T, T g = (D Ty, y)| )
|I$H Hyll 1
= H(T17 R Tn)HSaq
and in particular
n 1/2
[(T1, ... T)|lne = sup <Z!<Tj$,y>2> ,
lell=llyl=1 \ ;=1

We also have

1T To)lnoo = max {1}

(2.19)

(2.20)

(2.21)
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(ii) For ¢ > 1 we have the representation for the hypo--numerical radius

1/q
(Z|Tﬂ3$ ) (2.22)

' T)

Whnq(T1,...,Tn) = sup

IIwII 1

= ’U)s’q(Tl, Ce .

and in particular

n 1/2
Wn, e (T1,...,Tn) = ||SlHlp (ZHTVJ'T’xHZ) : (2'23)
z||=1 .
7j=1
We also have
Whpoo (Th,...,Tn) = max {w(TJ)} (2.24)
je{l,...,n}

Proof. (i) By using the equality (2.15)) we have for (11,...,T,) € B/ (H)

that
1/q 1/q
(Z]T:L’y > = sup (Z]T:ﬁy )
IIIII HyH 1 llzll=1 Hyll 1
n
= sup sup Zajzj
lzll=1 \ llall, ;<1 ;=1
n
= sup sup ZajijL’
ledl, p <t \ llzl=1 ] ;=
n
= sup ZajT]
”O‘“n,pgl 7=1
= H(Tlv‘ .- ,Tn)”h,n,qa

which proves (2.19). The rest is obvious.
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(ii) By using the equality (2.11)) we have for (11,...,T},) € B (H) that

n 1/q n
sup < |<T]$,5L‘>|q> = sup sup <<Zaﬂ})x,x>
lell=1 \ ;=1 Jzll=1 \ [lall,, ,<1 =

n
= sup sup <<Zo¢jTj> x,x>
e, , <1\ llzlI=1 j=1

n
1 -
J=1

el p<

which proves ([2.22)). The rest is obvious. 1

Remark 6. The case ¢ = 2 was obtained in a different manner in [5] by
utilising the rotation-invariant normalised positive Borel measure on the unit
sphere.

We can consider on B (H) the following usual operator and numerical
radius g-norms, for ¢ > 1

n 1/q
(T, To)llng == (:2{: ”I}Hq> )

j=1

n 1/q
W o(Th, ..., Ty) == (Zwm) ,

j=1

where (T1,...,T,) € B™(H). For ¢ = co we put
I(Th, - To)llneo == max  {|IT;][},
Jje{l,...

Wnoo(Th, ..., T) == max  {w(T)}.

COROLLARY 7. With the assumptions of Theorem [5| we have for ¢ > 1
that

1
@ T)llng < (T To)lling < (T - To)llng - (2:25)
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and

1
mw"»fI(Tl’ o Tn) Swppg(Th, . 1) < wng(Th, ..., Th) (2.26)
for any (T4, ...,T,) € B™(H).
In particular, we have [5]

1
%H(Tla cee 7Tn)||n72 < ||(T17 cee 7Tn) |h,n,e < H(Tb ) Tn)||n,2 (227)
and
1
%wnJ(Tl, Ty < wh,n,e(Tla Ty < wn72(T1, o Th) (2.28)

for any (T1,...,T,) € B™(H).

Proof. Let (Tt,...,T,) € B™(H) and z,y € H with ||z| = |ly| = 1.
Then by Schwarz’s inequality we have

n 1/’1 n l/q n 1/‘1
(zw,yw) s(Zrzj||q\y||q> :(zumuq) |
j=1 j=1 J=1

By the operator norm inequality we also have

n 1/q n 1/q
(Dmxuq) < <ZIITj\IqHqu> = (T3, T g
7=1 Jj=1
Therefore
n 1/q
<Z!<zj,y>q) < (T, To) llng
j=1
and by taking the supremum over ||z|| = |ly|| = 1 we get the second inequality
in (2.25).

By the properties of complex numbers, we have

n 1/q
max }{\(zj,yﬂ} < (Z’g}x,y)’q)

je{1,...n

2,y € H with [|z]| = [ly|| = 1.
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By taking the supremum over ||z| = ||y|| = 1 we get
sup ( max {\ (Tjz,y \}) <|(T1, - s T) g (2.29)
lzl=llyll=1 \JE{L,-wom
and since
sup < max {] Tjz,y ]}) max { sup |(T]a:,y>|}
el =llyll=1 \IE{Lm FE{Lnd { Jlzl=llyl=1
= ?llax TN} = (T, - Tot) [l nyoos
then by (2.29)) we get
(T, - T)llnoo < (1715 -+, To)llnag (2.30)

for any (T1,...,T,) € B™(H).
Since

n 1/q
1
1(T1, - To)llng i = (ZHTJHQ) < (nll(T1,... T2 00)
7j=1

= n'(Ty, ... » Tn)lInoos

then by (2.30) and (2.31)) we get

(2.31)

1
WH(TM s ’Tn)HThq < (T3, .. ’Tn)Hh,n,q

for any (T1,...,T;,) € B™(H).
The inequality ([2.26)) follows in a similar way and we omit the details. |

COROLLARY 8. With the assumptions of Theorem [B|we have forr > g > 1
that

r—gq
||(T1a o 7Tn)”h,n7r < ||(T1a s 7Tn)||h,n,q <nr ||(T17 o 7Tn)Hh,n,’r‘ (232)
and [14]
r—gq
wh,nW(Tl, . ,Tn) < wh,n,q(Th NP ,Tn) <nra wh,nW(Tl, NN ,Tn) (233)

for any (Tt ..., T,) € B™(H).
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Proof. We use the following elementary inequalities for the nonnegative
numbers aj, j =1,...,n and r > ¢ > 0 (see for instance [14])

n 1/r n 1/q n 1/r
r—q
(E ag) < <§ aj.) <na (§ a;> : (2.34)

Let (T1,...,T,) € B"™(H) and 2,y € H with ||lz|| = ||ly|| = 1. Then by (2.34)
we get

n 1/r n 1/q Ly n
<Z|<zj,y>|’”> < (Zl@w)l‘?) sM(ZMzj,mlr)
j=1 j=1 Jj=1

By taking the supremum over ||z|| = ||y|| = 1 we get (2.32)).
The inequality ([2.33)) follows in a similar way and we omit the details. |

Remark 9. For ¢ > 2 we have by (2.32)) and ([2.33))

q=2
H(le- .. aTn)Hh,n,q < ”(Tla cee 7Tn)||h,n,e <n 2 ||(T17 .. aTn)

1/r

hng (2.35)
and
Whng (Tt Tn) < Whne(Th o T) <07 wyg(Th, ... Ty)  (2.36)
and for 1 < ¢ < 2 we have
IT1 e T e < I(Th o T ling <0 % 1T T)llne (237)
and
2-¢q

Whpe(T1, -, Tn) S wppe(T, ..., Tn) <02 wyp(Th, ..., Tn) (2.38)

for any (T1,...,T,) € B™(H).
Also, if we take ¢ =1 and r > 1 in (2.32)) and ([2.33]), then we get

r—1
(T, Tl < (T Tl < 2o (T ) i (2:39)

and

r—

wh,n,T(Tla CIEIR aTn) S wh,n,l(Tla o 7Tn) S n-r

"Wy (Th, .. T)  (2.40)

for any (T1,...,T,) € B™(H).



216 S.S. DRAGOMIR

In particular, for r = 2 we get
(T, To) e < (T - To)llna < Vol(Th, - To)llne (2.41)
and
Wne(Th, ..., Tn) S wpp1(Th, ..., Tn) < Vnwpe(Th, ..., Ty) (2.42)
for any (11,...,T,) € B™(H).

We have:
PROPOSITION 10. For any (Tt,...,T,) € B"™(H) and p,q > 1 with
L1 1 _ 1 then we have
p g
1 n
||(T1>-">Tn)||h,n,q > nl/l’ ZT] (2.43)
and

Whong(T1, - Tn) > 1/p (ZT) (2.44)

Proof. Let \; =

by (L8) we get

.,n}, then 7%, [Aj|P = 1. Therefore

nl/p

1
Z 1/1?]

7j=1

ZT

(T, -+ To)llhng = sup

nl/p
Il <1 /

The inequality (2.44]) follows in a similar way. 1

We can also introduce the following norms for (11,...,T,) € BM™(H),

1/p
(11, ..., To)llsnp = sup (ZHTxIIp>

[l=]|=1

where p > 1 and

T F— ( max HTij)= e (T3]
|z|=1 \J€{L,..,n} Je{l,..

seees Tl

The triangle inequality || - ||s 5,4 follows by Minkowski inequality, while the
other properties of the norm are obvious.
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PROPOSITION 11. Let (11,...,T,) € B™(H).
(i) We have for p > 1, that
H(T17 ce 7Tn)||h,n,17 < H(T17 ce 7Tn)||87n71?
S H(T17 LR 7Tn)Hn,p7

(ii) For p > 2 we also have

1/2
1T Tl = [wnnpra (1T IT) (2.46)
where the absolute value |T| is defined by |T| := (T*T)l/z.

Proof. (i) We have for p > 2 and z,y € H with ||z|| = ||y|| = 1, that

Tz, )" < T3 ||” lyl”
= [Tz |” < |51 =" = [ T5”
for j € {1,...,n}.
This implies
n

J

n n
(Tja,y)l? <D TP < YTy,
1 j=1 j=1

namely

n 1/p n 1/p n 1/p
(Z!<Tjw,y>\p> < (ZHE@“II”) < (ZHEH”) , (2.47)
j=1 j=1 Jj=1

for any x,y € H with ||z| = |ly|| = 1.
Taking the supremum over ||z|| = [|y|| = 1 in (2.47)), we get the desired
result ([2.45)).
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(ii) We have

(T, - To)lls,np

n 1/p n /2 1/p
~ sup (Znzjnp) = supl(Z(Hzjllz) )

1/2
= |:wh,n,p/2(|T1’2v'--’|Tn|2)} s
which proves the equality (2.46]). 1

3. SOME REVERSE INEQUALITIES

Recall the following reverse of Cauchy-Buniakowski-Schwarz inequality [2]
(see also [3, Theorem 5.14]):

LEMMA 12. Let a,A € R and z = (21,...,2n), ¥ = (Y1,...,Yn) be two
sequences of real numbers with the property that:

ay; < z; < Ay; for each j € {1,...,n}. (3.1)

Then for any w = (wi,...,wy,) a sequence of positive real numbers, one has
the inequality

n

n
2
0< Z w;z5
Jj=1 J

1
w;y; — (ijzjyj) <zA- a)’ (Z%?ﬁ) - (3.2)
1 j=1 j=1

The constant % is sharp in (3.2).

O. Shisha and B. Mond obtained in 1967 (see [15]) the following counter-
parts of (CBS )-inequality (see also [3, Theorem 5.20 & 5.21]):
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LEMMA 13. Assume that a = (ay,...,a,) and b = (by,...,by,) are such
that there exists a, A, b, B with the property that:

0<a<a; <A and 0<b<0b;<B forany je{l,...,n}, (3.3)

then we have the inequality

n n n 2 2 n
A
Sary b (Zb) < (ﬁ - @) 2 aibid b (34)
j=1 j=1 j=1 j=1 j=1

and

LEMMA 14. Assume that a, b are nonnegative sequences and there exists
v, with the property that

0<7<b <I'<oo for any j € {1,...,n}. (3.5)
j

Then we have the inequality

0§<Za§Zb§> Za”_47+r Z?. (3.6)
j=1  j=1 j=1 =1

We have:

THEOREM 15. Let (T1,...,T,) € B™(H).

(i) We have
2 1 2
0< ||(T17 s 7Tn)Hh,n,e - EH(TM e 7Tn)Hh,n,1
1 (3.7)
<l TR
and
1 2
0 S wn7e(T17 7TTL) - ﬁwh7n71(T17 7Tn)
1 (3.8)
< (T Tl
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(ii) We have
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0< 1T T e — (T Tl

< |(Th,....,To)llnocoll(Th,- ., Th)
and

0<wy (Th,...,Tn) — %wi,nvl(Tl,...,Tn)

<|\(T1,....,Tn)llnccwhni(Th, ..., Th).
(iii) We have
0 < I(T1 o T)lhme — —= (Tt To)
e 7 n

[

Z\fH(Tlv s 7Tn)Hn,oo
and
1
0 < wn’e(TI, ceny Tn) - %wh,n,l(Th “oey Tn)
1
< Z\/EH(TL e 7Tn)Hn,oo'
Proof. (i) Let (T1,...,T,) € B™(H) and put

R=
je

seeer Tl

1{111ax {HTH}_H Tla"'7T

(3.10)

(3.11)

(3.12)

If z,y € H, with ||z|| = |ly|| = 1 then [(Tjz,y)| < || Tjz| < [|T5]| £ R for any

je{l,...,n}

If we write the inequality (3.2)) for z; = [(Tjz,vy)|, w; =y; =1, A= R and

a =0, we get

0<nZ]T:cy

2
1
(T; < Zn2R?
(Z! ) 4

for any x,y € H, with ||z| = |ly|| = 1.
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This implies that

n 2
1 1
(T; < = (T “nR? 3.13
E! 5, )| _n<J§:1! xy>+4n (3.13)

for any =,y € H, with ||z|| = ||y|| = 1 and, in particular
T; (T; ~nR? 3.14
> (59 < (z| )+ 1)

for any =z € H, with ||z| = 1.
Taking the supremum over ||z| = ||y|| = 1 in (3.13)) and ||| =1 in (3.14),
then we get (3.7) and (3.8]).

(i) Let (Ty,...,T,) € B™(H). If we write the inequality (3.4) for a; =
|(Tjz,y)|, bj =1, b=B =1,a=0and A = R, then we get

0<nZ|Txy <Z\Txy ) <”RZ|<TJ'937?J>|7

J=1

for any x,y € H, with ||z| = |ly|| = 1.
This implies that

> (T, y)l? <<Z\Ta;y ) +RZ\T:cy\ (3.15)
j=1 J=1

for any =,y € H, with ||z|| = ||y|| = 1 and, in particular
S (G < (Sl ) ¢ YTl e
j=1 j=1 j=1

for any z € H with ||z|| = 1.
Taking the supremum over [|z| = ||y|| = 1 in (3.15)) and ||| =1 in (3.16)),
then we get (3.9) and (3.10)).

(iii) If we write the inequality (3.6) for a; = [(Tjz,y)|, b =1, b= B =1,
v =0 and I' = R we have

1
2

O<<nZ\TJEy > Z\Txy>|< nR

j=1
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for any z,y € H, with ||z|| = ||y = 1.
This implies that

(Z |<Tja:,y>12) < jﬁz (T, )| + VR, (3.17)
j=1 j=1

for any =,y € H, with ||z|| = ||y|| = 1 and, in particular

(Zlﬂ}'%w)lz)
j=1

for any z € H with ||z|| = 1.
Taking the supremum over [|z|| = ||y|| = 1 in (3.17)) and ||z| =1 in (3.18),

then we get (3.11) and (3.12). 1

Before we proceed with establishing some reverse inequalities for the hypo-
Fuclidean numerical radius, we recall some reverse results of the Cauchy-
Bunyakovsky-Schwarz inequality for complex numbers as follows:

Ify,'e Cand oj € C, j € {1,...,n} with the property that

1
2

1 < 1
< 7n JZ; [(Tj, x)| + Z\/ﬁRa (3.18)

0 < Re[(I' = a;) (@ —7)] (3.19)
= (Rel' = Req;) (Reaj —Rey) + (ImI' — Im o) Ima; — Im )

or, equivalently,
v+T

1
. — < - |I' - 3.20
aj - T2 < 510 (3.20)

for each j € {1,...,n}, then (see for instance [4, p. 9])

n n
2
nd gl =12 o
7j=1 j=1

In addition, if Re (I'y) > 0, then (see for example [4, p. 26]):

2
< —n? |0 — 4. (3.21)

e

r'y)

IN

F )T o, 2
03 los? i{Re[(Hﬁez” I
- 2 (3.22)

Re

< i ()

n
2
i=1
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Also, if I # —~, then (see for instance [4], p. 32]):
- Nl
2
4 . 3.23
(n;|a3| > Z()&] —4 |F+’Y’ ( )
Finally, from [7] we can also state that
2
nZ|a]| - Zaj <n[|I‘+*y|—2 Re ( Fy} (3.24)
J=1 J=1
provided Re (I'y) > 0.
We notice that a simple sufficient condition for (3.19)) to hold is that
Rel' > Rea; > Revy and ImI" > Ima; > Imy (3.25)

for each j € {1,...,n}.

THEOREM 16. Let (T71,.

., Tp) € B™(H) and v, T' € C with ' # ~.
Assume that

T 1
<T _HI> 5\F—’y| for any j € {1,...,n}. (3.26)
(i) We have
2 1 o< 1 2
el T < (ST )+ Jair ol @2
j:

(ii) If Re(I'y) > 0, then

Whne(T1,. s Tn) < 2\;'\3;7' (ZT) (3.28)
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(iii) If ' # —~, then

wh,n,e(Tb cee Tn

10—
(ZT) PR (3.30)

%\

Proof. Let x € H with ||z|| = 1 and (Ty,...,T,) € BM™(H) with the
property (3.26). By taking o = (Tjz, x) we have

B

r
(=25 1)as)
lzl|=1 2

r 1
—w<Tj—7; ) < 5=

for any j € {1,...,n}.
(i) By using the inequality (3.21]), we have

< sup

2
1 2

“nll —
+ 4n| ol

n 1 n
> Tz <~ D (T, x)
j=1

=1

n 2
j=1
for any € H with ||z|| = 1.

By taking the supremum over ||z|| = 1 in (3.31)) we get

(510

L 2 - 1 2
=—w?| Y Tj |+ nll =,
j=1

(3.31)

1 1 )
- “nll =
- +4n\ ol

1 2
nll =
+ 4n| 7

2
sup (Z]me ><n||sup1

llzll=1

which proves (3.27]).
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(ii) If Re(I'y) > 0, then by (3.22) we have for o; = (Tjz,z), j € {1,...,n}
that

" 1T +~)2
§ (Tjz,z)|* < § T
J:1’ T = 4n Re(T'7) (T, z)

, (3.32)

LIC+9P) /<
- — T
4n Re (T'y) ; b

for any z € H with ||z|| = 1.

On taking the supremum over ||z|| = 1 in we get (3.32).
Also, by - we get

n 2

1
2

J=1

n

> (Tje,x)

n

ZT:J;J:

[\F + 7| —24/Re (I'¥) }

Y

j=1 J=1
for any € H with ||z|| = 1.
By taking the supremum over ||z|| = 1 in this inequality, we have

sup Z| (Tjz, )

llzll=1
1 n 2 n
(T { T+ y] -2 ] (T;
||xH 1 nz z,x)y| + ||+ Z T, )
j=1 7j=1
n 2
S— sup ZTJJJ,JU {|F+’y|—2 ] sup ZT$£C
Mzll=1] \j= [lz]I=1

:1w2(in)+[|r+w—2 <rv>}w(in>,

which proves (3.29)).
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(iii) By the inequality (3.23) we have

1
S ) <5 (|32 @] + HESL
i, T S —— s —
= ! vn = 3T 4 T+~
1 u 10—~
= — Tjx,x -
Vn <Jz::1 ’ > 4 |7+

for any x € H with ||z|| = 1.
By taking the supremum over ||z||=1 in this inequality, we get (3.30). I

Remark 17. By the use of the elementary inequality w(T) < ||T| that
holds for any T' € B(H), a sufficient condition for ) to hold is that

For T'e B(H) and p > 1 we can consider the functionals

r
T; — 7+H — T -~ for any j € {1,...,n}. (3.33)

4. INEQUALITIES FOR 0, AND %, NORMS

p(T) = Wi 1(|<Tflr,y>|]“r|<T"w,3/>!p)1/p= T T oy (41)
z||=|lyl|=

* 1 *
9p(T) := sup (||T|P + |T*z|”)"" = ||(T,T")|

llzl|=1

2 (4.2)

It is easy to see that both §, and ¥, are norms on B(H). The case p = 2
for the norm ¢ := 02 was considered and studied in [5].
Observe that, for any 7' € B(H) and p > 1, we have

w2y (T,T%)) = sup ([T, z)|P + (T 2, )" )"

[|lz[|=1
= sw ({Ta) +(Ta))"” (43)
—ol/p sup |(Tz,z)| = 21/pw(T).
lzll=1

Using the inequality ((1.13)) we have
2YPy(T) < 6,(T) < 21FYPyy(T) (4.4)
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for any T'€ B(H) and p > 1.
For p = 2, we get

V2w (T) < §(T) < V8w(T)
while for p = 1 we get
20(T) < 6(T) < 4w(T)

for any T' € B(H).
We have for any T' € B(H) and p > 1 that

* * 1
(T, Ty, = (ITIP + [ T7[P) = 2V/7| 7|
and by ([2.25)) we get
IT|| < 8,(T) < 2/7||T|

for any T'€ B(H) and p > 1.
For p = 2, we get
1T < 6(T) < v2||T|

while for p = 1 we get
1T < 61 (T) < 2T

for any T' € B(H).
From (2.32)) we get for r > ¢ > 1 that

r—q

5r(T) < 5q(T) <24 57‘(T)

for any T' € B(H).

227

(4.5)

(4.6)

(4.10)

For any T' € B(H) and p,q > 1 with % + % =1, then by (2.43) we have

In particular, for p = ¢ = 2 we get

2

oS

8(T) = —- T+ T,

for any T € B(H).
By using the inequality (2.45) we get

6p(T) < 0,(T) < 27|17

(4.11)

(4.12)

(4.13)
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for any T'e€ B(H) and p > 1.
For p =1 we get
51(T) < 91(T) < 2|T]

for any T' € B(H).
For p > 2, by employing the equality (2.46|) we get
L2\ 1172 1/2
Ip(T) = [wn e (ITPIT°P) | = [22Pw(1TP) ] = 227
for any T' € B(H).

On utilising (3.7)), (3.9) and (3.11]) we get

1 1
0 < 63(T) - SOH(T) < ST,

0 < §%(T) — *51 T) < |[Té:(T)

and

01(T) < £HTH

0<8(T) — y

Sl

for any T € B(H).
Observe, by (4.3) we have that

wn2.e((T,T%)) = V2u(T),

for any T' € B(H).
Assume that 7' € B(H) and ~,I" € C with " # v such that

r T 1
w(T =200, w(r = 2 r) < Sr— ),
2 2 2
then by (3.27)) we get
1
w?(T) < |Re(T)|* + i 7%

where Re (T) := T+T*

If Re (I'y) > 0, then by (3-28) and (3.29)

1 |
w(T) < ,u

=== IRe (D)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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and
wA(T) < [[Re (D) + | [0 +41 =2/ T7)] [ IRe (D). (4:22)
If T # —~, then by (3.30) we get

w(T) < [Re (T + LIE=0
- 8 I ++|°

(4.23)

Due to the fact that w(A) = w(A*) for any A € B(H), the condition (4.19))
can be simplified as follows.
If m, M are real numbers with M > m and if

M 1
w(T—m; I) < 3 (M —m),

then
w?(T) < [Re (T)| + (M —m)? (4.24)
If m > 0, then
1m+M
w(T) < 5" e (7)) (4.25)
and
2
(1) < [IRe (D)) + (VAT - vin) | IRe (7). (4.26)
If M # —m, then
1(M —m)?

w(T) < ||Re(T)| + 3 (4.27)

m+M

For other numerical radius and norm inequalities, the interested reader
may also consult [I] and [6] and compare these results. The details are not
provided here.

5. INEQUALITIES FOR REAL NORMS

If X is a complex linear space, then the functional ||-|| is a real norm, if
the homogeneity property in the definition of the norms is satisfied only for
real numbers, namely we have

laz|| = |||zl for any o € R and z € X.
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For instance if we consider the complex linear space of complex numbers C
then the functionals

2], = (IRe ()P + [Im ()P )?, p>1,
2|00 == max{[Re ()|, Im (2)|},  p= oo,

are real norms on C.
For T' € B(H) we consider the Cartesian decomposition

T =Re(T)+ilm(T)
where the selfadjoint operators Re (T') and Im (7") are uniquely defined by

T+T* T-T"
= —; and Im (T) = 5

Re (T)
We can introduce the following functionals
1
1Tl = ([Re (D)7 + [t (T)[P)'7", p>1,
and
|7, 0 == max {[[Re (T)||, [Im (T)]| },  p= o0,

where ||-|| is the usual operator norm on B(H). The definition can be extended
for any other norms on B(H) or its subspaces.
Using the properties of the norm ||-|| and the Minkowski’s inequality

(|a+b|p+|c+d]p)1/p§ (’a|p+|0’p)1/1?+<’b|p+|d|p)1/p

for p > 1 and a,b,c¢,d € C, we observe that | - ||, p € [1,00] is a real norm
on B(H).
For p > 1 and T' € B we can introduce the following functionals

mplT) = sup (IRe (T, )l + [t (T, y)”)"”
z||=|ly||=

= sup  (|(ReTa,g)” +|(Im T, y)P )"
lzll=llyll=1

= ||(Re T7 ImT)Hh,Q,p ’
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0, p(T) := sup (]Re (Tx,z)|P + [Im (T'z, ) ]p)l/p
l|lz]|=1

= sup (](ReTx,pr—l—|<ImT:U,x)|p)1/p
ll=|=1

= wp2,p(ReT,ImT)
and

krp(T) = sup (|[ReTx|” + |[ImTz|”)"* = |(Re T,Im T)|

$,2,p "
[|lz[[=1

The case p = 2 is of interest since for T' € B(H) we have

1/2
ma(T) = suwp  (|Re(Ta,y)|* + [Im (Ta,y)* )
lzl=llyll=1

= sup |[(Tz,y)| = ||T],
llzll=llyll=1
1/2
0r2(T) := sup <|Re (T, z)* + |Tm <Tl’,:L’>|2)
[lzfl=1

= sup [(Te,a)| = w(T)
[|lz]|=1

and

) 5\ 1/2
kr2(T) := sup (HReTmH + || Im T'z|| )
lz]|=1

= sup (<(ReT)2x,a:> + <(ImT)2x,x>)l/2

llz]l=1

= sup (<[(ReT)2 + (ImT)Q}x,x>)l/2

llz]l=1

1/2
2 ||

- H(ReT)2 + (ImT)QH .
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For p = co we have

tee(T)i=  sup_ (max{ [Re(Ta, 5}l [Im (T2,3)] })

= maX{ sup  [(ReTz,y)|, sup [(ImTz,y)| }
ll=ll=llyll=1 l=ll=llyll=1
— max {|Re 7|, [Im T },
and in a similar way

Or.00(T) = kiroo(T) = max {|Re T|, [Im T } = T, -

The functionals n,.p, 0, and k., with p € [1, 00| are real norms on B(H).
We have

» p\ /P
M (1) = sup  ([Re(Ta,y) + |m (Ta, )P )
l=ll=llyll=1

1/p
s( sip [Re (T, )P+  sup |1m<Tw,y>rp>
lzll=llyll=1 lzll=llyll=1

= (|[Re (D)|]” + |[m (D) [*)/? = ||T],.,
and

Tl = sup_ (max{[Re (Tl i (T}
z||=||y||=

» p\ /P
< s (Re(To g+ i (Ta )" ) ™ = eplT)
x||=||y||=

forany p>1and T € B(H).
In a similar way we have

17100 < 0rp(T) < IT,.,

r,oo —

and
HTHr,oo S ’%T,p(T) < HT”r,p

for any p > 1 and T € B(H).
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If we write the inequality (1.13) for n = 2, T} = ReT and T = Im T then
we get
Orp(T) < 1rp(T) < 20,,(T) (5.1)

for any p > 1 and T € B(H).

Using the inequalities (2.25)) and (2.26) forn = 2,71 = ReT and T5 = ImT

then we get
1

WHTHr,p S T’T’P(T) S ||T||'r'7p (52)

and 1
51751l < 60p(T) < T, (53)

forany p>1and T € B(H).
If we use the inequalities (2.32) and (2.33)) for n = 2, T} = ReT and
To =Im7T then we get for t > p > 1 that

t—

et(T) < 1pp(T) < 27 1 y(T) (5.4)

and —
0r4(T) < 0,,(T) <27 6,4(T) (5.5)

for any T € B(H).

For p = 1 we have the functionals

11 (T) = e 1(|<ReT:r:,y>|+|<ImT:I:,y>|) = [ReT, Im T)[|}, 51 ,
z||=|ly||=

0r1(T) := sup (|[(ReTz,z)| + |[(ImTz,z)|) = who1(ReT,ImT)
llzll=1

and

k1 (T) 1= Hs1”1p (|ReTz|| + [[mTz|) = [[(ReT,ImT)]|,,, .
z||=1

By utilising the inequalities (3.7)), (3.9) and (3.11) for n = 2, T} = ReT
and 75 = Im T, then

1 2
0< |7 - 5773,1(T) < S (max {|ReT|, [Im T} )", (5.6)

N | =

1
0< 7|~ 577371(T) < max {|Re T, [Im T|| }r1(T) (5.7)
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and
V2 V2
0< I~ Lona (1) < o max {[Re T, [T} (58)
for any T' € B(H).
Also, by utilising the inequalities (3.8)), (3.10) and (3.12)) for n =2, 71 =

ReT and T5 = Im T, then

1 1
0 < w?(T) - 562,(T) < 5 (max {|Re T, [Im T} )*, (5.9)
0. < wA(T) — 562,(T) < max {[Re ||, [T }6,4(T)  (510)
and
2 2
0<w(T) - \gem(T) < { max {||ReT|[, [ Im T } (5.11)

for any T € B(H).
If m, M are real numbers with M > m and if

M M 1
HReT—m+ 1|, HImT—m+ 1‘§2(M—m), (5.12)
then by (3.27)) we get
1 1
w?(T) < 3 |Re T + Im T)|* + 5(M—m)2. (5.13)
If m > 0, then (3.28) and (3.29) we have
1 m+M
w(T) < — ReT +ImT 5.14
1)< =" || (.14
and
1 2
wX(T) < [QHReT—l—ImTH + (\/M— m) ]HReT—i—ImT\. (5.15)
If M # —m, then by (3.30) we get
1 1(M —m)?
T) < — T+ ImT - |. d
w( )_ﬁ<||Re +Im ||+4 M m ) (5.16)

Finally, we observe that a simple sufficient condition for ([5.12)) to hold, is
that
ml < ReT, ImT < MI

in the operator order of B(H).
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