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Abstract: We obtained a generalization of the stability of some Banach lattice-valued func-
tional equation with the addition replaced in the Cauchy functional equation by lattice
operations and their combinations.
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1. INTRODUCTION

All along (X, Ax, V) will stand for a normed Riesz space and (), Ay, Vy)
for a Banach lattice with X and Y their respective positive cones. Let us
pose the following problem.

PROBLEM 1. Given three numbers ¢, p, ¢ € (0, c0), two Riesz spaces G

and G9 with G5 being endowed with a metric d(-,-), four lattice operations

G A, € {N¢y, Ve, } and AL, AL, € {NGy, VG, }, does there exist some
real number § > 0 such that, if a mapping F' : G; — G satisfies

d(<F((7q|xt|)A61(77q|y|)))A2;2(F((rqm) ’5‘1(7761|y|)))7
(1.1)
(P (2]) A%, (n”F(\yl))) <4

for all x, y € G1 and all 7, n € [0, 00), then an operation-preserving functional
T : G1 — G4 exists with the property that

d(T(z), F(z)) <e
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for all x € G and all 7, n € [0, 00)?

If in (1.1) we let 7 = n = 1, then the above problem reduces to the problem
posed and treated in [5].

The study of functional equations and inequalities in lattice environments
is motivated by the fact that many addition-related results or theorems can
be extended and can be proved mutatis mutandis. For more references about
the earliest extensions of the kind, we would refer the reader to the papers
[1, 2, 3, 4].

The main goal of this paper is to show how Ulam-Hyers-Aoki styled version
of perturbation (1.1) leads to the unique solution of the functional equation

(T (1) A% (r19)) ) A% (T (1) A% (1)) )
= (7T (|2])) AF (T ()

for all z, y € X and all 7,7 € [0, 00), where A%, AY € {Ax,Vx} and
A%, Ay € {Ay, Vy} are fixed lattice operations.

(1.2)

Remark 1.1. If we let n = Tand y = x in equation (1.2), then we observe
that

T (v |x]) = 77T (|=[) (1.3)
for all x € X and all 7 € [0, c0).

The results we obtained are straightforward generalizations of Agbeko [3,
5, 6] and Salahi et al [16]. For an additional reference we would like to mention
the paper [7] where we proved separation and stability results for operators
mapping a semi-group with values in a Riesz lattice.

We recall that a functional H : X — )Y is cone-related if H (XT) =
{H (Jz]) : . € X} C YT (see more about this notion in [3, 4]).

Some few references about Hyers-Ulam stability problems and solutions
can be found, e.g. in [8, 11, 13, 14, 15].

Our theorems will be deduced from the following Forti’s result [10].

THEOREM 1.1. (Forti) Let (X, d) be a complete metric space and S an
appropriate set. Assume some functions f: S - X, G: S — S, H: X - X
and ¢ : S — [0, co) satisfy the inequality

d(H(f(G(x))), f(2)) < 8(x), (1.4)
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for all x € S. If function H both is continuous and satisfies the inequality
d(H (u), H (v)) < ¢(d(u,v)), uveX, (1.5)

for a certain non-decreasing subadditive function ¢ : [0, co) — [0, c0) and the
series

Z(pj(é(Gj (ac))) (1.6)

is convergent for every x € S, then there exists a unique function F' : § — X
solution of the functional equation

H(F(G(z)))=F(z), wzeb, (1.7)
and satisfying the following inequality:
A(F @), f () <3¢ (5(C7 (@))). (18)
§=0

The function F' is given by
F(z) = lim H"(f(G"(x))). (1.9)

n—oo

2. THE MAIN RESULTS

THEOREM 2.1. Given a pair of real numbers (p, q¢) € (0, o0) x (0, 00),
consider a cone-related functional F' : X — ) for which there are numbers
Y > 0 and a with qo € (p, 00) such that

| Pl A% 0 1D) A5 F (72 A% (1))

(2.1)
—(F(2) A5 (P (D) | < 2070 (lall* + )
for all z, y € X and all T, n € [0, co). Then the sequence (2"PF (27" [z])),,cn
is a Cauchy sequence for every x € X. Let the functional T : XT — YT be
defined by
T (|z|) = lim 2"PF (2_"‘7 ]:1:|) (2.2)
n—oo

for all x € X. Then T both is the unique solution of (1.2) and satisfies

inequality
2Py

| (j2)) = F (2D || < 50—

[ (2.3)

for every x € X.
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THEOREM 2.2. Given a pair of real numbers (p, q¢) € (0, o0) x (0, 00),
consider a cone-related functional F' : X — ) for which there are numbers
B €10, o), ¥ >0 and o with g € (0, p) such that

| P (el A (D) ASF (712 AT (1))

(2.4)

(P F (1) A5 (P F (D) | < 8+ 0270 (2l + ly))

forallz, y € X and all T, n € [0, 00). Then the sequence (27"PF (2" |z])),, cx

is a Cauchy sequence for every fixed v € X. Let the functional T : X+ — Y+
be defined by

T (jz]) = lim 27" F (2Mz)) (2.5)

for all x € X. Then T both is the unique solution of (1.2) and satisfies

inequality
p2r ]2

for every x € X.

Remark 2.1. If the conditions of Theorem 2.1 or Theorem 2.2 hold true,
then F'(0) = 0.

Proof. The proof is similar to its counterpart in [5, 6] under the conditions
of Theorem 2.1 or Theorem 2.2 when 5 = 0. Under the condition of Theorem
2.2 with 8 > 0, we need to prove that F' (0) = 0. Suppose in the contrary that
F (0) > 0 were true. Then by letting z =y = 0 and n = 7 in (2.4), inequality

|F(0) —7PF(0)|| < B

follows or, equivalently

B
1 (O)]

|TP — 1] < < 00,
which, as 7 tends to infinity, would lead to an absurdity, indeed. Hence the
relation F'(0) = 0 must be true. i

Remark 2.2. Let Z be a set closed under the scalar multiplication, i.e.
bz € Z whenever b € R and z € Z. Given a number ¢ € R let the function
v : Z — Z be defined by () = cz. Then 4/ : Z — Z the j-th iteration of v
is given by 77 () = ¢’z for every natural number j > 2.
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3. PROOF OF THE MAIN RESULTS

We shall use the technique in [5] to prove the main theorems.

Proof of Theorem 2.1. First, if we choose 7 =n = 2, y = x and replace x
by 279z in inequality (2.1) then we obviously have

|27 F(27a]) — F(lz])[| < 02877l (3.1)

Next, let us define the following functions:

G: Xt = Xt G(|z|) =279|z], for all z € X,
§: Xt =0, 00), 8 (|z|) = v2Pr—2||z||*, for all z € X,
¢ : [0, 00) = [0, o0), e (t) =271,

H:Yyt - YT, H(ly|) =2Py|, for all y € Y,

d(-,) : YEx YT = [0,00), d(lwl,lal) = [[lys] = lyal|, for all yi, g2 € V.

We shall verify the fulfilment of all the three conditions of the Forti’s theorem
as follows.

(I) From inequality (3.1) we obviously have
d(H(F(G(|2t]))), F(l=]) = [[HEF(G(2]))) = F(l=]]]
= |22 F(27z]) — F(lz))|
< 192p_anx||a = 6(|x]).

(D) d(H(lysl), H(ly2])) = 2°[[lyal = lyal|| = (|1, |y2])) for all y1,y2 € V.

(ITI) Clearly, on the one hand ¢ is a non-decreasing subadditive function on
the positive half line, and on the other hand by applying Remark 2.2 on
both the iterations G’ and ¢’ of G and ¢ respectively, one can observe
that

o ‘ ol < o) o 2P
Z(:)&(MGJOSCI))) = 02P74 |z 232(” 1N = | s, < oo
J= J=

Then in view of Forti’s theorem, sequence (H™(F(G"|x|)))nen is a Cauchy
sequence for every x € X and thus so is (2"PF(27"|z|))pen. Furthermore,
the mapping (2.2) satisfies inequality (2.3).
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Next, we prove that T solves (1.2). In fact, in (2.1) substitute z with
27y also y with 27 "%y, and fix arbitrarily 7, n € [0, co). Then

(TSR ) o (CUDOE D

2n4q 2n4q

() (or(2)

Multiplying both sides of this last inequality by 2™ yields
a2 NVA* (nd aleVA** (nd
(DRI ) o o DSE )

(073 y [0
+Hﬁ” )-

2"
2na 2na

p |:[’ *k yY |y‘ 2 H:!H ||yH

— 2(1-p)  9n(qa—p)

Taking the limit in (3.2) we have via (2.2) that

[T (2 A% (n]y])) AST (7= ) A% (n]y])) — (7P T (|2])) AT (P T (lyl)) || = 0

for all 7, n € [0, o) and all z, y € X, which is equivalent to (1.2). Thus T
also satisfies (1.3) in Remark 1.1. Finally we show the uniqueness, using a
technique in [16]. In fact, assume that there is another functional S : X — Y
which satisfies (1.2) and the inequality ||S(|z|) — F(|z|)| < d2f|z||*? for some
numbers g, 62 € (0,00) with gag > p, and for all z € X. In (2.3) let
01 := %, a1 = « and by choosing 7 = 27" in Remark 1.1 one can
observe that for all x € X

1S(l=]) = T(ja))]| = 2"7||S (27" z]) — T2~z
< 2| F(2™x|) — T(27"a])|
+2"7||S(27"]) — F(27"a])|
< 2P ||27 Mg || + 27 0g || 27 M ||
= 2(Pmaenn gy ||| 4 2Pma02Ingy |z 02,
Hence
S(Jz]) — T(ja])|| < 2P=90076, |1 4 20—a02)ng, ]|

which, in the limit, yields ||S(|z|) —T'(|z|)|| = 0 or equivalently S(|z|) = T'(|z|)
for all z € X.
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This was to be proven. |

Proof of Theorem 2.2. First, if we choose 7 =71 =271, y = x and replace
x by 2%z in inequality (2.4) then we obviously have

|27 F (2%)2]) — F(lz])|| < B +929°7P||]|*. (3-3)

Next, let us define the following functions:

G: Xt — Xt G(|z|) = 29z, for all z € X,
§: Xt =0, 00), 5(|x]) = B+ 9297 P||z||¥, forall z € X,
¢ : [0, 00) = [0, o0), p(t) = 27",

H: Yyt = YT, H(ly|) = 277)y|, for all y € ),

d('a ) YT y+ - [07 OO), d(|y1|a |y2|) = H’y1| - ‘y2|H7 for all y1, y2 € V.

We shall verify the fulfilment of all the three conditions of the Forti’s theorem
as follows.

(I) From inequality (3.3) we obviously have

d(H(F(G(|z]))), F(|2l)) = [[H(F(G(|2])) - F(l=])|
= |27 F(2%|=]) — F(|])
< B+ 9297l = 6(|).

(ID) d(H(ly1]). H(ly2])) = 277|[ly1|~[yel|| = e (d(ly1], |y2])) forall y1,y2 € .

(ITI) Clearly, on the one hand ¢ is a non-decreasing subadditive function on
the positive half line, and on the other hand by applying Remark 2.2 on
both the iterations G’ and ¢’ of G and ¢ respectively, one can observe
that

ST (8(G(|a])) = B 277 4 w1 g Y 2laamri
j=0 j:() j=0

. per || x||*29*

o —1 20 _ 9qa

Then in view of Forti’s theorem, sequence (H" (F(G"|ac|)))neN is a Cauchy
sequence for every z € X and thus so is (2_"pF(2”q|x|))n€N. Furthermore,
the mapping (2.5) satisfies inequality (2.6).
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Next, we prove that T" solves (1.2). In fact, in (2.4) substitute x with 2"z
also y with 2™y, and fix arbitrarily 7, n € [0, c0). Then

|P(2 (1A% (7)) ) A F (2 (2 A% () )
— (TR (")) A% (2" y) |
< B+ 27Dy (2] + 27y ).
Dividing both sides of this last inequality by 2" yields

F(209((r9]2)) Az () ) AP (21 ((r11a) A% (ly))) )
2np

 (PR(2Mz)) AY (P F(2y))) H (3.4)
2np

< 827 1 2 HOY(Jaf@ + [y )20em

Taking the limit in (3.4) we have via (2.5) that

|7 (k) A% (7 ) AST () AR (7)) — (T (12) AT (P T(|y))| = 0

for all 7,7 € [0, o) and all z, y € X, which is equivalent to (1.2). Thus

T satisfies (1.3) in Remark 1.1. Finally we show the uniqueness, using a

technique in [16]. In fact, assume that there is another functional S : X — Y

which satisfies (1.2) and the inequality ||S(|z|) — F(|z])|| < B2 + 2| z||** for

some numbers ag, dy € (0,00), f2 € [0,00) with gas < p, and for all x € X.
qe

In (2.6) let 5y := %, 01 = 52%0=, a1 = « and by choosing 7 = 2" in

Remark 1.1 one can observe that for all z € X
[S(ll) = T(J2])|| = 27| S(2"]a]) — T(2"]a])
< 27| F(2M|x]) — T(2"x)) |
+27P(|S(2"a]) — F (2"l )
< 2*"7’(& + 51]]2”%]\0‘1) + 2*"p(ﬂ2 + (52”2”%”0‘2)
= 27P(B) + Bo) 4 6200 |01 4 520002 Pz |02,

Hence

1S (e) = T(|2])|] < 27" (81 + Ba) + 612007 7P || 4 520002721 | =
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which, in the limit, yields ||S(|z|) —T'(|z|)|| = 0 or equivalently S(|z|) = T'(|z|)
for all x € X. This completes the proof. |

To end our paper we give an example showing that stability fails to occur
in general.

EXAMPLE 1. Fix arbitrarily 7, n € (0, 2) and consider the function

F: [0, 00) = [0, 00), F(z) = 2", a="L.
q

Since F' is increasing the first equality in the chain below is valid, entailing
the subsequent relations:

F (=) v ('y) = (FF @) A (P ()|

= |(772) TV (nly)* T = (TPa Y A (pPy )|
< (rz)* \/( Y (TPt A (pPy T
< (2%2) v (20y) 4 (272 A (2Py T
< 2P q(xaH v ya+1) 4 2p+q( atl A ya+1)
= 2P

."L‘a+1 + ya—i—l)

for all z, y € [0, c0). Now, let T': [0, o0) — [0, co) be a function such that
T (piz) = pPT (x) for all x € [0, co) and all u € [0, c0). Since z = (azl/q)q,
and « is the ratio of p and ¢, we can then note that 7' (z) = z“T (1) for every

x € [0, 00). Now,
et -7 ((=))]

) 2P+qgga+1

o F@oTE@
x€(0, 00) 2prtagetl 0o

‘ma—i-l — T (1)’
2p+QxOC+1

sup '1— = 00.

T(l)‘
z€(0, 00)

- op+q T
The above example about the lack of stability on the real line in lattice en-
vironments is the counterpart of the example given by S. Czerwik [9] in the
addition environments for quadratic mappings.
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