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Abstract—The purpose of this study is to present a new approach 
for fuzzy control charts. The procedure is based on the 
fundamentals of Shewhart control charts and the fuzzy theory. 
The proposed approach is developed in such a way that the 
approach can be applied in a wide variety of processes. The main 
characteristics of the proposed approach are: The type of the 
fuzzy control charts are not restricted for variables or attributes, 
and the approach can be easily modified for different processes 
and types of fuzzy numbers with the evaluation or judgment of 
decision maker(s). With the aim of presenting the approach 
procedure in details, the approach is designed for fuzzy c quality 
control chart and an example of the chart is explained. Moreover, 
the performance of the fuzzy c chart is investigated and 
compared with the Shewhart c chart. The results of simulations 
show that the proposed approach has better performance and 
can detect the process shifts efficiently.  

Keywords-component; fuzzy set theory; statistical process 
control; fuzzy control charts; average run length 

I. INTRODUCTION  

Recently, quality improvement has become the main 
interest of firms all over the world. There are several benefits 
of achieving better standards: increase in revenue, productivity, 
customer satisfaction and market share. Statistical methods 
such as design of experiments, hypotheses testing and 
statistical process control play an important role in quality 
improvement. The primary tool of statistical process control is 
quality control charts which were first introduced by Walter A. 
Shewhart [1]. A control chart provides information on changes 
of process mean and variance so that corrective actions can be 
undertaken as early as possible which leads to reduce 
variability, improve productivity and quality. On the other 
hand, statistical process control problems include uncertainty as 
most of the real world systems. If there is uncertainty in the 
process or if quality characteristics are described by human 
subjectivity, then the process cannot be defined accurately by 
Shewhart control charts. Therefore, fuzzy set theory is used to 
explain and model problems. The idea of fuzzy set theory was 
first introduced in [2], afterwards the theory was used in 
development of many procedures, approaches and fields to 
define and model systems. Applications of fuzzy theory on 
statistical process control have taken attention and been 

investigated widely which resulted in a new perspective in 
quality improvement. Many studies [3-10] were mainly 
focused on the adaptation of linguistic terms such as perfect, 
good, medium etc. to control charts. In [3, 4], authors proposed 
two fuzzy control chart approaches: probabilistic approach and 
membership approach. As an extension of these studies, a new 
approach for considering linguistic terms to express the process 
outcomes was introduced [5, 6]. In another study on linguistic 
data [7], fuzzy control chart generation procedures were 
compared. In [8], authors studied on linguistic terms and 
suggested fuzzy approaches for attributes. Recently, an 
approach called transition probability approach based on 
Markov chain theory was developed [9]. 

Attribute control charts were discussed in [10, 11] and 
reviewed in [12]. A fuzzy approach for the determination of 
variable sampling interval was developed by a composition 
function [13]. In [14], authors suggested a fuzzy control chart 
based on fuzzy regression analysis with neural network and 
degree of fuzziness, and generated the fuzzy data by combining 
experts’ opinion and measurements. In another study, direct 
fuzzy approach (DFA) was introduced for c control charts 
without using any defuzzification method [15]. Studies on 
fuzzy statistical quality control were reviewed in [16, 17] and 
the open fields and challenges for future work were discussed 
briefly. In [18-21], authors studied on fuzzy approaches for 
attributes control charts and emphasized the critical role of 
fuzzy data. A fuzzy c chart monitored with weighted 
possibilistic mean and weighted interval valued possibilistic 
mean of fuzzy numbers was introduced in [22]. There are many 
studies on monitoring variable control charts for uncertain 
observations. The former fuzzy control charting approach for 
variables is based on plotting control charts by considering 
uncertain process parameters for both variables and attributes 
[23]. In [24], authors developed a fuzzy chart with Pearson 
goodness of fit statistic which includes a warning line besides 
its upper control limit. Different procedures for variable control 
charts in which the Shewhart control limits are modified with 
uncertainty and randomness were proposed in [25-27]. 
Contributions to fuzzy process control works from a different 
point of view were also proposed, e.g. fuzzy EWMA, CUSUM 
control charts [28], adaptation of the run rules and recognition 
of the unnatural patterns of fuzzy control charts [29-31]. 
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Authors in [32] investigated fuzzy multivariate control charts, 
in [33], nonparametric Shewhart control chart for fuzzy data, 
and control charts autocorrelated fuzzy observations in [34]. 

This paper introduces a new approach for constructing 
fuzzy control charts. The approach is proposed as an extension 
of Shewhart control charts and differs from the previous studies 
in flexible assumptions which do not restrict the type of the 
chart and application area. The charting procedure is based on 
membership degrees of fuzzy numbers, the pattern of -cut 
fuzzy numbers and fuzzy limits on the chart. The out of control 
condition is determined by a decision function which is 
developed by considering the distribution of membership 
degrees, the probability of type I error and 3 control limits. A 
simulation study is performed to demonstrate the performance 
of the approach.  

II. DESIGN OF FUZZY CONTROL CHART 

A. The Procedure 

The approach is flexible and not restricted to a specified 
type of control chart, because any assumptions about the type 
of quality characteristic or the distribution of quality 
characteristic are not required. For this reason, the approach 
can be modified easily for control charts with different 
purposes. During the development process several different 
fuzzy control charts are plotted and different applications are 
examined. A sensitivity analysis is performed based on the 
applications and then effects of fuzzy numbers and parameters 
of membership function are investigated. If measurements and 
control limits of an approach are fuzzy numbers then the most 
essential part of constructing a fuzzy control chart is to define 
the intersection situations of fuzzy limits and numbers. If all 
the fuzzy numbers are between the fuzzy limits, then the 
process is in control and the membership degree of being in 
control is 1. Similarly, if any fuzzy number is completely out of 
the fuzzy control limits then the process is out of control and 
the membership degree is 0. However, it is not easy to define 
the process if any fuzzy number intersects with the fuzzy 
control limits. The approach classifies these situations by a 
formula and assigns a membership degree to each fuzzy 
number in such a way that the importance of having a fuzzy 
number between the fuzzy limits, and the importance of 
intersecting with fuzzy limits are differentiated with the 
perspective of the decision maker. The proposed fuzzy control 
chart plots measurements of a quality characteristic in the form 
of -cut fuzzy numbers. The fuzzy control chart represents the 
fuzzy control limits and center line by two parallel lines which 
show upper and lower values of -cut fuzzy limits. -cut fuzzy 
numbers are illustrated with lines perpendicular to the limits.  

Let  is a trapezoidal fuzzy number, such that =( , , , ), then -cut trapezoidal fuzzy number is an interval 
in the form of = + ( − ), − ( − ), = , . If 
measurements are denoted by trapezoidal fuzzy numbers, then 
fuzzy control limits,  and , and the fuzzy center line,  
of fuzzy ̅ and R charts are defined as:  

̅ = − , − , ̅ − , ̅ −  

̅ = , , ,̅ ̅ 
̅ = − , + , ̅ + , ̅ + 

= ( , , , ) = ( , , , )= ( , , , )
where = ∑ ⁄ , = max −  and = , , , , = 1,… , . Similarly, fuzzy control limits and the center line of 
fuzzy c control chart are calculated by: 

= − 3 ̅, − 3√ ,̅ ̅ − 3 , ̅ − 3√ 	  = , , ̅, ̅ = + 3√ , + 3 , ̅ + 3√ ,̅ ̅ + 3 ̅ 
Triangular fuzzy numbers are special cases of trapezoidal 

fuzzy numbers. Trapezoidal fuzzy numbers are reduced to 
triangular fuzzy numbers when = ,. Let  is a triangular 
fuzzy number, denoted by = ( , , ), then -cut triangular 
fuzzy number is an interval such that = , . So that the 
fuzzy control limits of c chart,  and , are triangular fuzzy 
numbers: 

= − 3√ ,̅ − 3 , ̅ − 3√ = , , ̅ = + 3√ , + 3 , ̅ + 3√ ̅ 
The approach is not limited to any specified type of fuzzy 

numbers, but for the simplicity, the procedure is explained by 
triangular fuzzy numbers. If  is the -cut range of ith fuzzy 
number, then this range is defined as: 

= , + , + ,  

where, ,  is the part of the range of -cut fuzzy number that 
intersects with any of the -cut fuzzy control limits, and , , ,  are the parts of the range of -cut fuzzy number that are 
between and out of the -cut control limits, respectively. 
Figure 1 represents an example of the definitions on triangular 
fuzzy numbers. For the first fuzzy number, (FN1), , > 0, , = 0  and , > 0  and for the second one, (FN2), , = 0 , , > 0  and , > 0 . The membership 
function, which is the weighted sum of ranges, , , ,  and ,  is stated as follows:  

= , ( ) ,( )  

where = − ,  and = min − ,  
and are defined to standardize the membership function, and  
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is the weight of -cut fuzzy number that intersects with any 
one of the -cut control limits. Even though, the value of  is 
based on the production processes and expert's experiences, the 
value is expected to be in [0, 0.5], and so that 0 < (1 − ) <⁄ 1.  

 

 

Fig. 1.  Examples of  on triangular fuzzy numbers. 

 is a random variable and has a probability distribution 
based on the process. This yields to have multiple values for 
membership degree of a fuzzy number which means fuzzy of 
fuzziness. Hence, the proposed fuzzy membership function 
necessitates the use of type-2 fuzzy set theory. Type-2 fuzzy 
sets, first introduced in [35] are the higher order of type-1 fuzzy 
sets. In type-1 fuzzy sets the membership degree for each 
element is a crisp number in [0, 1], whereas the membership 
degree of type-2 fuzzy sets for each element is a fuzzy set in [0, 
1]. For the simplicity of the approach and to increase the 
applicability, it is assumed that , which is determined by the 
decision maker(s), is a single constant value. This assumption 
reduces the procedure to type-1 fuzzy theory. After the 
calculation of membership degrees for each fuzzy number, the 
next step of the procedure is to describe the state of the process 
by the decision function given in (7) and monitoring the 
process. 

Process = in	control,				 if	 < 1out	of	control, if	0 < 

where,  is a parameter such that 0 1. 

B. Estimation of Decision Function Parameter 

The determination of the decision function parameter,  is 
an important part of the approach because if a value assigned is 
greater than it should be then the probability of type I error 
increases. This situation has the same effect with moving the 
control limits closer to the center line on Shewhart control 
charts. On the other hand, when the estimate is less than it 
should be, the probability of type I error decreases, and the 
probability of type II error increases. In this section, the 
estimation of the parameter is explained with the studies on 
membership degrees and their probability distributions. In the 
development process of the approach a detailed study is 
performed to estimate	 . Different data sets are experimented 
and fuzzy control charts are plotted under various process 
scenarios. Data sets from binomial, Poisson and normal 
distributions with a variety of parameter values are generated 
randomly for constructing fuzzy p, np, c, u, ̅, R and s control 
charts. Membership degrees of fuzzy numbers are calculated 
and the distribution of these membership degrees is 
investigated individually. Sixty one different continuous 
probability distributions are fitted to all data sets by EASYFIT 

5.5. As a consequence of the applications, it is statistically 
proved that for all Shewart control charts, the distribution of 
membership degrees is beta distribution with two shape 
parameters which is left skewed with one peak. In order to 
standardize the estimates, all the data sets are considered 
together and the parameters are estimated by the maximum 
likelihood method which provides = 3.6974  and =1.1807. Figure 2 illustrates the histogram of a random sample 
of membership degrees of 1000 triangular fuzzy numbers 
which are randomly generated from different distributions. The 
membership degrees are calculated by the corresponding 
control charts.  

 

 

Fig. 2.  Histogram of membership degrees and B (3.6974, 1.1807) (=0.33 
and =0.60). 

The next step is to determine the value of the decision 
function parameter . It is estimated by the probability of 
observing a point outside the control limits when the process is 
in control, which is 0.0027 type I error probability of Shewhart 
control chart. The decision function for a fuzzy control chart is: 

Process = in	control,				 if	0.1856 < 1out	of	control, if	0 < 0.1856
III. AN APPLICATION OF FUZZY C CONTROL CHART 

In this section, an application of the approach is presented 
by fuzzy c control chart. The number of defective products in 
each package is assumed to be expressed by fuzzy numbers. 
The defects or nonconformities occur according to Poisson 
distribution, which forms the basis of the c control chart. In 
order to plot a fuzzy control chart, a set of fuzzy data is 
generated randomly from the Poisson distribution. It is 
assumed that the process is in control when c=25 and triangular 
fuzzy numbers are formed by subtracting and adding 1.5 times 
of standard deviation of the data. A random sample of 30 -cut 
triangular fuzzy numbers and membership degrees are given in 
Table I. Fuzzy control limits and fuzzy central line are 
illustrated in Figure 3 and obtained as follows: =(0.114, 11.815, 23.977) , = (18.317, 27.567, 36.817) , =(31.156, 43.318, 55.020)  and . = 7.135, 16.680 , . =23.867, 31.267 , . = 38.453,47.999 . In this application, 
the membership degrees of fuzzy numbers are computed by the 
assumption that the importance of having a number between 
the fuzzy limits is twice the importance of intersecting with 



Engineering, Technology & Applied Science Research Vol. 8, No. 5, 2018, 3360-3365 3363  
  

www.etasr.com Pekin Alakoc & Apaydin: A Fuzzy Control Chart Approach for Attributes and Variables 
 

fuzzy limits, which means = 1 3⁄ . Fuzzy c control chart is 
given in Figure 4. The membership degrees of 12 fuzzy 
numbers are 1 which means these numbers are completely 
between the -cut fuzzy control limits. The rest of the values 
are smaller than 1, but not . Consequently, the fuzzy c control 
chart shows a pattern in which -cut fuzzy numbers are 
randomly distributed and the process is in control. 

TABLE I. SAMPLE 1: -CUT TRIANGULAR FUZZY NUMBERS AND 
MEMBERSHIP DEGREES () 

No     No     
1 14.30 18.00 21.70 0.8392 16 18.30 22.00 25.70 1.0000
2 32.30 36.00 39.70 0.9158 17 39.30 43.00 46.70 0.5000
3 14.30 18.00 21.70 0.8392 18 38.30 42.00 45.70 0.5104
4 16.30 20.00 23.70 0.9743 19 27.30 31.00 34.70 1.0000
5 10.30 14.00 17.70 0.5689 20 19.30 23.00 26.70 1.0000
6 27.30 31.00 34.70 1.0000 21 16.30 20.00 23.70 0.9743
7 32.30 36.00 39.70 0.9158 22 21.30 25.00 28.70 1.0000
8 25.30 29.00 32.70 1.0000 23 10.30 14.00 17.70 0.5689
9 32.30 36.00 39.70 0.9158 24 33.30 37.00 40.70 0.8482
10 17.30 21.00 24.70 1.0000 25 38.30 42.00 45.70 0.5104
11 21.30 25.00 28.70 1.0000 26 12.30 16.00 19.70 0.7040
12 36.30 40.00 43.70 0.6455 27 18.30 22.00 25.70 1.0000
13 19.30 23.00 26.70 1.0000 28 19.30 23.00 26.70 1.0000
14 15.30 19.00 22.70 0.9068 29 33.30 37.00 40.70 0.8482
15 19.30 23.00 26.70 1.0000 30 37.30 41.00 44.70 0.5779

 

 
Fig. 3.  Fuzzy control limits and central line. 

 
Fig. 4.  Fuzzy c control chart for the data in Table I. 

The application is repeated for the second data set 
generated from Poisson distribution with c=27. Thirty 
triangular fuzzy numbers are generated randomly for the 
second set and the membership degrees of these numbers are 
calculated. Table II presents -cut triangular fuzzy numbers 
and membership degrees of the second sample. Fuzzy c control 
chart in Figure 5 shows the -cut fuzzy control limits and the 
central line which are calculated by the first data set. The 
membership degrees of the corresponding fuzzy numbers that 
are smaller than  are also presented on the chart. Figure 5 
indicates that “the process is out of control”. This result is due 
to the 48th and 58th fuzzy numbers which have membership 
values smaller than . The 48th number is completely out of -
cut fuzzy upper control limit with = 0.000. On the other 

hand, the -cut of the 58th fuzzy number intersects with the -
cut fuzzy lower control limit with a membership degree of 
0.1253. Moreover, the pattern of the chart provides information 
about the randomness of the process. In Figure 5 there is a shift 
in the process mean up to 43th fuzzy number and then, a clear 
increasing trend. After the 48th number a descending trend can 
be observed. Consequently, all these symptoms and the 
membership degrees point toward the nonrandomness and out 
of control state in the process output. 

TABLE II. SAMPLE 2: -CUT TRIANGULAR FUZZY NUMBERS AND 
MEMBERSHIP DEGREES () 

No     No     
31 18.84 23.00 27.16 1.0000 46 33.84 38.00 42.16 0.7812
32 10.84 15.00 19.16 0.6540 47 31.84 36.00 40.16 0.9004
33 24.84 29.00 33.16 1.0000 48 49.84 54.00 58.16 0.0000
34 23.84 28.00 32.16 1.0000 49 44.84 49.00 53.16 0.1929
35  7.84 12.00 16.16 0.5000 50 23.84 28.00 32.16 1.0000
36 22.84 27.00 31.16 1.0000 51 24.84 29.00 33.16 1.0000
37 14.84 19.00 23.16 0.8925 52 27.84 32.00 36.16 1.0000
38 18.84 23.00 27.16 1.0000 53 28.84 33.00 37.16 1.0000
39 21.84 26.00 30.16 1.0000 54 23.84 28.00 32.16 1.0000
40 19.84 24.00 28.16 1.0000 55 24.84 29.00 33.16 1.0000
41 20.84 25.00 29.16 1.0000 56 21.84 26.00 30.16 1.0000
42  6.84 11.00 15.16 0.4830 57 15.84 20.00 24.16 0.9521
43 27.84 32.00 36.16 1.0000 58  0.84 5.000  9.16 0.1253
44 32.84 37.00 41.16 0.8408 59 5.84 10.00 14.16 0.4234
45 23.84 28.00 32.16 1.0000 60 18.84 23.00 27.16 1.0000

 

 
Fig. 5.  Fuzzy c control chart for the data in Table II. 

IV. FUZZY CONTROL CHART PERFORMANCE  

The most effective and commonly used performance 
measure is the average run length (ARL), which is the average 
number of points plotted on a control chart before an out of 
control condition is observed. If the process observations are 
uncorrelated, then ARL is calculated as given below  

ARL = = (one	point	plots	out	of	control)
If the process is in control, ARL  is denoted by ARL  

where 	ARL0 = 1 (Type	I	error	probability)⁄ . It is desired to 
have a large value for ARL0 which gives fewer false alarm 
rates. On the other hand, if an assignable variable occurs, then 
the probability of being in the out of control state increases and 
more numbers give out of control signals. When the process is 
out of control, the ARL  is denoted by ARL  and defined by ARL = 1 (1 − Type	II	error	probability)⁄ . In order to reduce the 
time to detect out of control situation, small values for ARL  
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are required. In this section, the performance of fuzzy c control 
chart is calculated and the fuzzy control chart is compared with 
Shewhart c control chart. All the computations are carried out 
by C++ programming language and one million simulation 
runs are performed for each ARL. The fuzzy numbers are 
generated randomly, and it is assumed that the process is in 
control when the mean number of nonconformities is = =14 and the process is out of control when = +  where = 1, 2,… , 9. Firstly, reference quantities of the fuzzy chart 
are determined to have the same ARL  with Shewart control 
chart. These are = 0.6, = 0.1856 and = 1 3⁄ . Then, the 
process parameter is shifted and run lengths are averaged to get ARL . Table III presents the summary of the results. The second 
column gives Shewart c control chart ARL values which are 
calculated by (12) and (13): 

= P < LCL/ + P > UCL/ = P LCL < < UCL/ 

TABLE III. PERFORMANCE OF SHEWART AND FUZZY C CONTROL 
CHARTS 

Shift ( ) ARL Shewhart c Control Chart ARL Fuzzy c Control Chart
0 370.1580 374.6512 
1 160.6629 139.1889 
2 76.1332 69.5200 
3 39.6020 36.0776 
4 22.4160 21.4669 
5 13.6749 14.0383 
6 8.9138 9.4132 
7 6.1615 6.7849 
8 4.4863 5.2133 
9 3.4206 4.3388 

 

It can be concluded that for small shifts of the parameter, 
the fuzzy control chart ARL  is significantly less than Shewart 
control chart ARL , which means fuzzy control chart 
performance is better than Shewart control chart. As the shift 
increases the ARL  values approach Shewart control chart and 
both of the charts result to almost the same performance. 

V. CONCLUSIONS AND DISCUSSION 

Many real life problems cannot be modeled or defined by 
classical methods. For this reason, fuzzy logic has been applied 
to real life applications and science. Fuzzy control charts that 
are constructed with fuzzy set theory reflect the uncertainty 
better than Shewhart control charts. This paper presents a fuzzy 
approach that integrates fuzzy set theory and the basics of 
Shewhart control charts. The approach is developed by a 
decision function and a membership function based on -cut 
fuzzy numbers, fuzzy 3 control limits, and intersection 
situations of fuzzy numbers and fuzzy control limits. An 
example is included to demonstrate the applicability and 
efficiency of the proposed fuzzy control charts. Moreover, the 
performance of fuzzy control charts is investigated and the 
fuzzy c control chart is compared with the Shewhart c control 
chart. 

The approach is investigated with various applications in 
the development stage. The functions, parameters and decisions 
are tested for verification and validation of the approach. As a 
result of these studies, some advantages of the proposed 
approach are derived. At first, the type of fuzzy numbers is not 
specified. The choice of fuzzy numbers depends on the 
decision maker. Second, process is defined without using any 
transformation techniques, which minimizes the loss of 
information and biased decisions. The membership function is 
calculated by weighted mean of ratios. Third, with respect to 
the process the weights can be changed. The approach is easy 
to understand and calculate. It is flexible and does not require 
any important assumptions that restrict the application area. 
Therefore, the approach can be modified easily for different 
processes and applied to both variables and attributes control 
charts with small modifications. Another advantage of the 
approach is that the decision function has two linguistic 
decisions, “the process is in control” and “the process is out of 
control”. Depending on the process, the number of decisions 
can be increased or a warning decision can be added. Finally, 
the process is defined by the membership function which 
provides more flexibility compared to Shewhart control charts 
and previous studies.  
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