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Abstract—Numerical analysis and analytical solution were 
performed to study the free convection in transient Couette flow 
of an electrically conducting fluid confined between two vertical 
parallel plates. Constant heat flux on the wall with uniform 
vertical motion in its own plane and periodic temperature on the 
stationary wall were applied. The dimensionless governing 
momentum and energy equations are solved numerically using a 
fully implicit finite difference method. An analytical solution 
using eigenfunction expansion method is carried out for 
temperature profile in case of constant plate temperature. 
Analytical and numerical results converge at a satisfactory 
degree. The effect of different physical parameters on the 
transient velocity and temperature, such as Grashof’s number 
(Gr), magnetic parameter (M), Prandtl number (Pr) and 
temperature frequency are also studied. It is found that the 
velocity increases with an increase in Gr and time, while it 
decreases with an increase in Pr and M. 

Keywords-magnetohydrodynamics (MHD); Couette flow; free 
convection  

I. INTRODUCTION  

Magnetohydrodynamic (MHD) flow of a viscous 
incompressible electrically conducting fluid has many 
industrial and engineering applications. One of the main MHD 
fluid dynamics problems is the Couette flow, in which one of 
the two parallel plates is moving relatively to the other. Some 
important applications of the Couette flow are MHD power 
generators and pumps, aerodynamic heating, electrostatic 
precipitation, polymer technology and petroleum industry. The 
effect of the magnetic field on the natural convection flow 
between two vertical plates under various conditions has been 
studied extensively. For instance, the Laplace transform 
technique was used to obtain expressions for velocity and 
temperature fields and their related quantities for the unsteady 
free convective flow of an incompressible viscous fluid 
between two vertical parallel plates for impulsive start of one 
of the plates [1]. The combined effect of natural convection and 
uniform transverse magnetic field on the Couette flow of an 
electronically conducting fluid between two parallel plates for 
impulsive motion of one of the plates was studied in [2], in 
which expressions for velocity and temperature fields were 
presented for two different cases, under the assumption of 

negligible induced magnetic field. The effects of magnetic 
interaction number, slip factor and relative temperature 
difference on velocity and temperature profiles, and entropy 
generation in MHD flow of a fluid with variable properties 
over a rotating disk was studied in [3], where velocities, 
temperature profiles, and average entropy generation rate were 
obtained for different parameter values [3]. The effect of the 
magnetic field and of the internal heat generation on the free 
convection flow in a rectangular cavity filled with a porous 
medium was investigated in [4]. Results indicated that there is 
an inverse relationship between the Nusselt number and the 
Hartmann number. The reverse occurs with an increase in 
magnetic field inclination angle. The impact of a varying 
magnetic field on forced convective heat transfer was 
investigated in [5]. Results indicated an increase in the Kelvin 
forces associated with a thermal boundary layer thickness 
decrease (higher Reynolds Number). 

The Couette flow of an electrically conducting fluid 
between two parallel plates in the presence of a transverse 
magnetic field in case of constant heat flux has been studied 
extensively. A closed form solution for the transient free 
convection flow of a viscous fluid between two infinite vertical 
parallel plates in the presence of radiation was presented in [6]. 
The flow is set up due to the free convective currents occurring 
as a result of the application of constant heat flux at one wall 
and constant temperature on the other wall. An exact solution 
to the problem of natural convection in unsteady Couette flow 
between two long vertical parallel plates in the presence of 
constant heat flux and thermal radiation was presented in [7]. It 
was found that the configuration of the flow field is 
significantly effected significantly by the interaction between 
radiation, buoyancy forces and the applied shear force induced 
by a uniform vertical motion of the hot wall. Authors in [8] 
studied the unsteady oscillatory Couette flow between vertical 
parallel plates with constant radiative heat flux for an optically 
thick fluid. The perturbation method was used to find an 
analytical solution for the velocity and temperature functions 
and it was found that the increasing of the thermal radiation 
parameter increases the fluid flow of thick fluids such as blood. 
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Other studies were carried out in order to investigate the 
effect of varying plate temperature on the behavior of Couette 
flow [9-13]. The effect of free convection on heat transfer and 
flow through a highly porous medium bounded by two vertical 
parallel porous plates assuming periodic temperature at the 
moving plate was investigated in [9]. Authors in [10] 
investigated the problem of MHD free convection and 
oscillatory flow of an optically thin fluid bounded by two 
horizontal porous parallel walls under the influence of an 
external imposed transverse magnetic field in a porous medium 
with periodic wall temperature. An exact solution to the 
problem of unsteady free convection flow and heat transfer in a 
viscous incompressible fluid between two long vertical parallel 
plates was presented in [11]. The temperature at one of the 
plates increases linearly with time while that at the other plate 
remains constant at the initial fluid temperature. Authors in 
[12] studied the effect of free convection on the heat transfer 
and the flow through a highly porous medium bounded by two 
vertical parallel porous plates in presence of a transverse 
magnetic field. The approximate solutions for velocity and 
temperature were obtained by assuming periodic temperature at 
the moving plate. Authors in [13] studied the magnetic field 
effect on an unsteady free convection flow of a viscous 
incompressible electrically conducting fluid with dissipative 
heat between two long vertical parallel plates where the 
temperature of one of the plates oscillates about a constant non-
zero mean temperature. Radiation effects on free convection 
MHD Couette flow with variable wall temperature in the 
presence of heat generation have been studied in [14]. Authors 
in [15] analyzed the effects of thermal radiation and constant 
mass diffusion on the transient laminar free convective flow in 
a vertical channel with variable temperature. Authors in [16] 
studied the MHD effect on unsteady free convection between a 
pair of infinite vertical Couette plates. The temperature of the 
plates was assumed to vary with time. 

The objective of this study is to investigate the transient 
free convection MHD Couette flow with the presence of both 
periodic temperature and constant heat flux on walls. A 
numerical analysis of the dimensionless equations is performed 
and verified by an analytical solution in case of constant plate 
temperature. 

II. MATHEMATICAL FORMULATION 

Consider a two-dimensional MHD flow of an 
incompressible electrically conducting viscous fluid between 
two long vertical parallel plates separated by a distance h as 
shown in Figure 1. A conductive liquid with density ρ, dynamic 
viscosity µ , and electrical conductivity σ fills the region 
between the plates. The coordinates x, y are aligned, 
respectively, along the plate axis, and width. The plate is 
placed in a uniform transverse magnetic field of flux density Bo 
in the y direction. At time t≤0, the two walls and the fluid are 
assumed to have the same stationary temperature T0. At time 
t>0, the plate at y=0 starts moving with a constant velocity and 
a constant heat flux, while the plate at y=h is heated with 
periodic temperature and maintained stationary. To setup the 
mathematical model of the problem, the following assumptions 
are made: 

• The fluid physical properties are constant. 

• The fluid flow is unsteady, laminar, incompressible, 
viscous, electrically conducting and fully developed. 

• The magnetic Reynolds numbers are small, hence the 
induced magnetic field is negligible. 

 

 
Fig. 1.  Schematic diagram of the system 

Based on the above assumptions and applying the magnetic 
field with a presence of periodic plate temperature, the transient 
governing equations of the MHD flow that present the fluid 
motion and temperature are: 
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where u is the axial velocity, T is the fluid temperature, υ is the 
kinematic viscosity, k is the thermal conductivity, and Cp is the 
speicific heat, with initial and boundary conditions: 
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To write the governing equations in dimensionless form, 
the following dimensionless variables are introduced: 
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The dimensionless equations become: 
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The corresponding boundary conditions can be specified as: 
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III. NUMERICAL ANALYSIS 

Finite difference technique is applied to solve the 
dimensionless momentum and energy equations to determine 
the velocity and temperature distributions for different 
parameter values. A uniform grid consisting of a large number 
of nodes in the y direction is used. Crank-Nicolson method is 
used to solve the equations with a large amount of time steps. 
Crank-Nicolson method is fully implicit and numerically 
stable. It has a higher order of accuracy when the solutions are 
directly obtained from the Thomas algorithm. 

IV. ANALYTICAL SOLUTION 

The numerical solution can be verified by its comparison 
with the analytical solution for the case of constant wall 
temperature (ε=0). The analytical eigenfunction expansion 
method is used to solve the energy equation. The dimensionless 
time dependent energy equation can be written as: 
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The boundary conditions for constant wall temperature can 
be written as follows: 
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Since the boundary conditions are non homogeneous, we 
can convert them to homogeneous by introducing: 
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Then the energy equation becomes: 
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And the boundary conditions can be specified as: 
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Let J�+, .� � ∅�+�O�.� . Taking the derivatives and 
substituting into (11) yields the eigenvalue problem as: 
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where λ is the separation constant. The solution of the above 
equation will be: 
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which satisfies the non-homogeneous initial condition 
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The coefficient of heat transfer (Nusselt number), is given 
by: 
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Using the dimensionless temperature expression, the 
Nusselt number at moving and stationary plates can be written 
as: 
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V. RESULTS AND DISCUSSION 

In this section, the effect of different dimensionless 
parameters on the velocity and temperature profiles is 
discussed. The numerical solution using Crank-Niclson 
technique for velocity and temperature profiles is computed for 
different values of magnetic parameter, Prandtl number, 
Grashof number, and temperature frequency. The following 
parameter values are used to get the results: Gr=5, Pr=7, M=1, 
ω=10, ε=0.2, τ=1. Figure 2 illustrates the effect of Grashof 
number on the dimensionless velocity profile. It is seen that the 
effect of increasing Gr would be to increase the velocity U 
when all other parameters are held constant. Figure 3 shows the 
effect of magnetic field on the velocity profile which clearly 
indicates that the increase in the applied magnetic intensity 
would result in a decrease in velocity. 

 

 
Fig. 2.  Velocity profile for different Grashof numbers (Gr) 

The effect of the Prandtl number Pr on the velocity profile 
is shown in Figure 4. It shows that increasing Pr would 
decrease the velocity. The effect of Pr on the temperature field 
is illustrated in Figure 5. It is observed that as Pr increases, the 
temperature in the fluid decreases. Also, it is seen that Pr has a 
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significant influence on the temperature of the plate with 
constant heat flux for higher values of Pr as shown in Figure 5.  

 

 
Fig. 3.  Velocity profile for different magnetic parameter (M) 

 
Fig. 4.  Velocity profile for different Prandtl numbers (Pr) 

 
Fig. 5.  Temperature profile for different Prandtl number (Pr) 

The transient velocity and temperature profiles are shown 
in Figures 6 and 7 for different locations on the fluid. It is 
noticed that the effect of increasing time is to increase the 
velocity and temperature until they reach a steady state, and the 
required time is reduced as we move towards the stasionary 
plate which has a periodic temperature. It is noticed also that 
both velocity and temperature have oscillatory behavior with 
higher amplitude nearby the stationary plate which decays as 
we move away from the plate. 

 

 
Fig. 6.  Transient velocity at different points on the Y coordinate 

 
Fig. 7.  Transient temperature at different points on the Y coordinate 

To study the effect of plate temperature frequency on the 
transient temperature profile, the pulsed volume must be 
cleared. As shown in Figure 8, as the frequency increases, the 
temperature difference appears to fade away with time. Hence, 
it seems that the temperature at high frequency is continuous 
rather than oscilating. 

 

 
Fig. 8.  Transient temperature for different values of temparature 
frequency 

A comparison of the transient temperature results of the 
Crank-Niclson solution (fully implicit method) with analytical 
solution in the case of ε=0 for temperature profile is shown in 
Figure 9. It is seen that the results are in good agreement with 
each other. 

 

 
Fig. 9.  Comparison of temperature numerical and analytical results 

VI. CONCLUSIONS 

A fully implicit numerical solution to the problem of 
transient free convective Couette flow of a viscous 
incompressible fluid confined between two vertical parallel 
plates in the presence of constant heat flux and periodic 
temperature on the walls has been prersented. The 
dimensionless governing partial differential equations are 
solved by the Crank-Niclson technique and verified by an eigen 
function expansion method. The effect of different parameters 
such as magnetic parameter, Grashof number, Prandtl number 
and time are studied. The conclusions of the study are: 
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• The effect of MHD on the fluid flow appears through the 
magnetic parameter effect. Magnetic field exerts a retarding 
influence on the fluid velocity, which means that a slightly 
conductive fluid is not affected by the presence of the 
magnetic field. That could mean that control of the flow can 
be obtained by controlling the magnetic flux and by a good 
choice of electrical conductivity.  

• Increasing the Grashof number will cause an increase on 
velocity. 

• Increasing the Prandtl number will decrease velocity and 
temperature. 

• The periodic behavior of the plate temperature is reflected 
on transient velocity and temperature profiles.  

NOMENCLATURE 

Bo magnetic flux density (T) 
Cp specific heat, (J. kg-1. K-1) 
Gr Grashof  number 
K thermal conductivity, (W.m-1. K-1) 
M magnetic parameter 
Pr Prandtl number  
T time, (s) 
T temperature, (K) 
Tw wall temperature, (K) 
T0 initial fluid temperature, (K) 
u velocity component in the x direction, (m.s-1) 
U dimensionless velocity 
x, y cartesian coordinates 
Y dimensionless coordinate 
ε small reference parameter 

ω  frequency of oscillation, (rad.s-1) 

ω dimensionless frequency 
φ, δ separation variables 
Ɵ dimensionless temperature 
τ dimensionless time 
λ separation constant 
ν kinematic viscosity, (m2.s-1) 
σ electrical conductivity, (siemens.m-1) 
ρ density, (kg. m-3) 
µ dynamic viscosity, (kg. m-1.s-1) 
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