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Abstract-Soil uncertainties play an important part in the analysis
and design of geotechnical structures. The effect of uncertainties
on the geotechnical structures and their influence on the
probability of failure or reliability of the structure is of great
interest for geotechnical researchers. Probabilistic-based slope
stability analysis incorporates the uncertainties present in the
soil, as expressed in terms of mean, variance, and
autocorrelation. In this paper, reliability analysis of a finite
cohesive soil slope based on the probabilistic approach is
presented using the First Order Second Moment (FOSM)
method, First Order Reliability Method (FORM), and Monte
Carlo Simulation (MCS) method. Stability analysis has been
performed using the ordinary method of slices to calculate the
Factor Of Safety (FOS) of the slope under undrained conditions.
The reliability analysis has been implemented in the MS-excel
spreadsheet environment and was mainly focused on the two
models, namely the deterministic model for calculating the FOS
of the slope and the uncertainty model for generating the random
variables of uncertain soil parameters. The reliability index (f) of
the soil slope and its corresponding probability of failure (P, was
calculated using the above methods. The obtained result shows
that the MCS method has significantly shown better performance
than FOSM and FORM because of its robustness and simple
approach to calculate Pyand f of the slope.

Keywords-reliability index; FOSM; FORM; MCS; probability
of failure

1. INTRODUCTION

Soil characteristics are influenced by various factors (e.g.
characteristics of their origin rock, erosion and weathering
actions, and sedimentation condition) and therefore, its
properties vary spatially at different depths, something that is
also referred to as inherent spatial variation of the soil. These
inherent variations of the soil cannot be reduced as they are
independent in nature, therefore, classified as aleatory
uncertainty [1]. Apart from the inherent variability of the soil,
several other uncertainties such as measurement uncertainty,
statistical uncertainty, and transformation model uncertainty
affect the design and analysis work of geotechnical structures.
The measurement uncertainties [2] arise due to system errors,
sample mishandling, and testing errors which can be reduced
by improving the knowledge on testing techniques and
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equipment, therefore, are classified as epistemic uncertainties
[1]. The statistical uncertainty [2] is a part of the measurement
uncertainty, which may arise due to the unavailability of the
adequate number of sample data. The insufficiency of the
model to represent the system's actual conditions, results into
transformational model uncertainties [3]. These uncertainties
can be reduced if proper correlations between the relevant
parameters can be established. It has been shown that the
epistemic uncertainties do not affect the geotechnical
structures. The response of geotechnical structures is
significantly affected by the inherent spatial variability of the
soil [4-6]. These uncertainties affect the soil properties and
ground stratification and subsequently influence the design of
geotechnical structures. Slope stability determination is based
on FOS. In the deterministic method of analysis, FOS is
expressed as the ratio of the resisting moment to the
overturning moment. When FOS > 1, the slope is considered as
safe [7]. In the probabilistic approach of slope analysis, the
uncertainty present in the soil is expressed in terms of its mean
and standard deviation and is modeled using the autocorrelation
function [8]. Probabilistic slope stability analysis is used to
address the various uncertainties present in the soil [9, 10] and
calculate the Py and 8 of the slope. Many probabilistic based
reliability methods have been developed to estimate the values
of B and Py for geotechnical structures specially for the slope
problem, such as FOSM [1, 11-13], FORM [1, 13-15], and
MCS [13, 16-18].

In this study, probabilistic based reliability analysis of a
finite cohesive soil slope is done using FOSM, FORM, and
MCS. The uncertainties present in the undrained shear strength
of the soil at vertical depth have been considered. The spatial
variations in undrained shear strength of the soil (S,) are
modeled by the one-dimensional random field theory and the
autocorrelation function. The saturated unit weight (Ysq:), Sy,
coordinates of the centre of slip surface (x,y,) and the radii of
the slip surface () are used to prepare the sample data. The
slope stability model has been prepared and analyzed in a MS-
Excel spreadsheet which is divided into two parts, the
deterministic and the uncertainty model. The obtained § and Py
were compared.
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II.  METHODOLOGY

A. Deterministic Model

Deterministic modeling is the process of estimating the
FOS for a defined set of parameters using limit equilibrium
methods. No concept of probability is used in the deterministic
analysis. The FOS is calculated using the ordinary method of
slices [19]:
> cr AL+ Y(W cos a) tan @/

YWsina

FOS = (1)

where ¢’ is the effective cohesion, AL is the length of the arc, @’
is the effective frictional angle, W is the weight of the slice, a
is the inclination of the slice base. For cohesive soil under
undrained condition, (1) can be further modified as:

@)

where S, is the undrained shear strength of the soil. Visual
Basic Application (VBA) codes have been written for
determining the FOS values with respect to different center
coordinates (x,y) and radii of the slip surface (r) and the
lowest value as FOS which corresponds to the critical slip
surface having coordinates (x.,y.) and radius (r,) were
identified.

B. Ucertainty Model

The uncertainty model is used to generate the uncertain
parameters which are considered as random variables in
reliability analysis. Based on the distribution type, correlation
details, and statistics of the random variables, the random
samples of the uncertain parameters are obtained in the
spreadsheet. In this study, the S, of the soil is taken as an
uncertain parameter with respect to the depth z;. Let § =
[Su(z),Su(22), ..., Su(2z,)]T represent the vector of S, at
different depths z; = z4,z,,...,z,. When S, is log-normally
distributed, it can be represented as [9,20-21]:

S=exp(ul + oL N) (3)

Y Sy AL
YWsina

FOS =

where u and o are the mean and standard deviation (SD)
of In[S,(z)], 1 is the n-column unit vector, N is the n -
dimensional standard normal vector, L is an X n dimensional
lower triangular matrix generated by the Cholesky
decomposition of R = LL”. The correlation between In[S,,(z;)]
and ln[Su (zj)] at respective depth z; and z; is given as:

2|zi—z]-|
E = RU = e(_T) (4)
where R is the correlation matrix and A is the correlation
length. A is defined as the length up to which the soil
parameters are fully correlated.

III.  RELIABILITY ANALYSIS

A. FOSM

The FOSM is a very simple method for calculating
reliability based on the Taylor’s first-order series expansion.
The f is calculated using FOSM [1,8,13,22-23] as:

ﬁ _ Mros—1 (5)

OF0S

where Upos and op(g are the mean and SD of FOS.

B. FORM

In FORM, B is calculated in terms of length as the shortest
distance measured from the origin of the failure surface and the
design point. 8 is expressed in matrix formulation [22] as:

; =" o [Himk ;
[)’=w\/[ - ] K 1[7] i=12,..,n (6)
XEF
where F represents the failure domain, x; represents a set of
random variables, y; represents the mean of the random
variable, o; represents the SD of the random variable and [R] is
the correlation matrix of uncertain parameters.

C. MCS

MCS is a mathematical procedure of continuously
evaluating an empirical operator having a random variable of
known probability distribution. For obtaining preferred
accuracy level Py, the number of samples to be generated by
MCS should be at least equal to 10/P; [18]. For example, for
obtaining Py of 0.001 accuracy, the total number of samples to
be generated by MCS should be at least equal to 10,000. Figure
1 shows the flowchart of the slope stability analysis using
MCS. The P of the slope is calculated as the ratio of number
of samples having FOS < 1 to the total number of generated
samples. The § corresponding to the Py is calculated as:

=@ A-P) (7)

where @ is the standard normal cumulative distribution
function.

I Specify slope geometry and soil properties |

| Specify probability distribution of soil uncertainties |
Generate X sets of random samples as per
probability distribution

v

Using one set of random samples as input data, search for minimum FOS
and its corresponding critical slip surface using limit equilibrium method

v

[ Generate N sets of FOS values using N sets ]

of random samples generated earlier

!

Evaluate probability of failure (Pf) of slope by calculating the
probability of FOS value less than unity i.e. P; = P(FOS < 1)

¢

Calculate reliability index
B=#7(1-Fp)

Fig. 1. Systematic representation of MCS for slope stability analysis.

IV. PROBLEM STATEMENT

A finite cohesive slope [21], has been taken in this study to
assess its reliability having uncertainty in undrained shear
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strength in vertical depth. The cross-section and soil properties
of the slope are shown in Figure 2. The slope stability analysis
is carried out using the ordinary method of slices in undrained
situation. Hard stratum is assumed to be present at 15.0m
below the soil. The total 15.0m soil layer is divided into 30
layers, each having thickness equal to 0.5m. The undrained
shear strength with depth is log-normally distributed having an
exponential correlation. The correlation length is taken as
2.0m.

20 ¢
~ 15+ »> -
6 /
£ 10 v $=0
s Sy =20.0 KN/m?
o
m 5 Ysar = 18.0 kKN/m?
O 1 i 1 ' J
0 5 10 15 20 25
Horizontal Distance (m)
Fig. 2. Cross-section for the slope stability problem.

V. RESULTS AND DISCUSSION

The critical slip circle is obtained by choosing different
combination of center coordinates (x, y) and radius of the slip
surface (r) to obtain minimum FOS. Table I shows the range
of (x, y) and r taken in this study.

Based on this data, an area having the lowest FOS has been
identified, and a grid of small intervals of 0.2m has been taken
to further identify the critical slip surface. Figure 3 shows the
deterministic model worksheet of the example problem. Table
1T shows the FOS, the center coordinates (x.,y,), and the
radius () of the slip surface obtained with the deterministic
model.

TABLE II. CRITICAL SLIP CIRCLE AND FOS

Method FOS |r(m) |x, (m) |y (m)
Ordinary method (MS-Excel) | 1.248 | 16.0 | 2.6 8.8

After obtaining the FOS and critical slip surface, the
uncertainty model is developed. Figure 4 shows the uncertainty
model worksheet.
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Fig. 4.

Uncertainty model developed in MS-Excel.

100
80
60
40
20

Total 1850 Samples
Mean : 1.249
SD : 0.097

Frequency

D s 2 B2 B B o A N A M T o A A N S T
OO O ™= = NN T TN NN OO
O O v v v v v e e v v v e e e o v e -

FO

Fig. 5. FOS histogram showing the mean and the SD of the samples used

in FOSM.

The S, values obtained in the uncertainty model are copied
to the S, values in the deterministic model through linking of
their input/output cell. By doing this task, the values of FOS
generated in the deterministic model will become random and
using the F9 key in MS-Excel will produce random values of
FOS. By doing so, we could easily perform MCS, FORM, and
FOSM by continuously pressing F9 key, but instead, a VBA

TABLE 1. RANGE OF CENTER COORDINATES AND RADIUS OF THE
SLIP CIRCLE
Parameter Minimum Maximum Range
Coordinate x (m) 1.0 4.0 3.0
Coordinate y (m) 7.0 10.0 3.0
Radius r (m) 11.0 16.0 5.0
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Fig. 3. Deterministic model developed in MS-Excel.
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macro code has been run in the MS-Excel to calculate the
random values of FOS. For this study, a total of 1850 FOS
samples were generated and reliability analysis has been
performed using FOSM, FORM, and MCS. Figure 5 shows the
mean and SD obtained from the samples of FOS in FOSM. The
value of f was calculated as 2.56 and the value of Py as 1 —
@(2.56) = 0.52%. The B is estimated using (6). Each term in
(6) is computed using a code written in Matlab. The correlation
matrix [R], with dimensions of 31x31, was obtained using (4)
and is shown in Figure 6. The reliability is calculated for all the
1850 FOS samples and the minimum value is reported as the
reliability index. The 8 obtained using FORM is 2.62 which
corresponds to a Py value of 0.44%. Table Il summarizes the
result of MCS obtained for 1 = 2m. All the 1850 samples were
taken for MCS. For a specified target FOS (say 1.2), out of the
1850 samples, 374 samples got values less than 1.2. In other
words, it can be stated that these 374 samples failed. Therefore,
the Py is calculated as 374/1850 = 2.76%. This corresponds to a
value of 8 equal to 1.92.

A B c o E F G H ) K L M N o 3
CORRELATION MATRIX CALCULATION R;

45 4 35 15 1 05 0 0.5 1 15
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3 5 3 25 2
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6

7

8
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leation | Optimize x| UncensintyModel | simd . ®

Cholesky M.

Fig. 6.  Correlation matrix [R].
TABLE III. SUMMARY OF MCS RESULTS
. . Number of
Simulation Target
A . Samples Samples < | Pf (%) B
technique FOS target FOS
1850 1.1 51 2.76 1.92
1850 1.2 374 20.22 0.83
1850 1.3 977 52.81 -
2m MCS 1850 1.4 1538 83.14 -
1850 1.5 1764 95.35 -
1850 1.6 1839 99.40 -
1850 1.7 1848 99.89 -
100
.80
G-
g 60
g40
(5
20
0
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Fig. 7. FOS histogram from MCS.

The histogram of the FOS obtained from the 1850 MCS
samples is illustrated in Figure 7. It can be seen that out of the
1850 samples, 13 have FOS values less than 1. The Py is

To 10 m depth ) =

-ololel lslololelolololalalolololole

calculated as 13/1850 = 0.7%. This corresponds to a value of
B equal to 2 .46.

Table IV summarizes the results of the obtained f and Pf
using the 3 different reliability methods. The value of Pr varies
from 0.44% to 0.70% having maximum relative difference
among different methods of about 37%. There is a decrease of
26% in Pr in FOSM as compared to MCS. Similarly, a
difference of 37% in Pr in FORM as compared to MCS is
observed. The 8 of the slope varies from 2.46 to 2.62.

TABLE 1V. TESULTS OBTAINED FROM DIFFERENT RELIABILITY
METHODS
Method Samples B Py(%) [Relative difference in Py (%),
FOSM 1850 2.56 0.52 -26.0
FORM 1850 2.62 0.44 -37.0
MCS 1850 2.46 0.70 #

#Base value for calculating relative difference

VI. RESULT COMPARISON

Authors in [22] assessed the reliability of a cohesive soil
slope having spatial inherent variation in the undrained shear
strength. The height of the slope is considered 10m having a
slope angle of 26.6°. The hard stratum is present 20m below
the top of the soil. They analyzed the slope and calculated the
FOS using the ordinary method of slices. Further, they
calculated the reliability index of the slope using FOSM,
FORM, and MCS. They concluded that various uncertainties
can be taken into account rationally in probabilistic slope
stability analysis through MCS. MCS method provides a robust
and conceptually simple way to estimate the reliability index or
slope failure probability.

Authors in [13] studied the reliability-based probabilistic
method of analysis of a finite soil slope by considering the
uncertainties in cohesion and angle of the internal friction of
the soil. The height of the slope is considered to be 5m having a
slope inclination of 1V:2H. The unit weight of the soil is taken
as a constant and the hard stratum is present 15m below the top
of the soil. They analyzed the slope using the ordinary method
of slices and calculated the reliability index and its
corresponding probability of failure of the slope using FOSM,
FORM, and MCS. They found that the MCS method
performed significantly better than FOSM and FORM.

VII. CONCLUSION AND FUTURE WORK

The current study mainly focuses on the reliability analysis
of a finite cohesive soil slope in MS-Excel spreadsheet
environment based on the probabilistic approach. The effect of
uncertainties arising due to the spatial variability of the soil was
examined. A comparative study on the results of slope analysis
using the FOSM, FORM, and MCS reliability methods was
presented. The obtained results show that MCS exhibited
improved performance in comparison with the other methods
due to its robustness and simple approach. When using the
MCS method, it becomes very easy to generate any number of
samples of the FOS and calculate their failure probability and
its corresponding reliability index.
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The study also presents the involvement of a large number
of random variables modeled with the random field theory. The
research also shows that the MCS method can assist in the
understanding of the nature of complex problems and assessing
the associated risk. This study will help in guiding the
geotechnical practitioners dealing with slope stability analysis
when various uncertainties are encountered in the soil and will
help them in their decision-making process.

In the future, the study will be further extended for a
cohesive-frictional soil slope and layered soil slope using other
sophisticated limit equilibrium methods, i.e. the Bishop’s
simplified method and the Morgenstern-Price method.
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