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Abstract-This study presents a one-dimensional quantitative
analysis of unsaturated flow in natural stones using a numerical
model (Finite Difference Method) and a mass balance for the heat
flow. For that, we considered heat and moisture transfer between
the external environment and a porous media (sandstone and
limestone) with homogeneous characteristics. For unsaturated
water flow, Richards’ equation and the formulation proposed by
Gardner for volumetric water content and hydraulic conductivity
were considered. The results of the numerical analysis showed
that the evaporation of porewater throughout summer days
(January 3™ and 4™) considerably reduced the temperature of
the roof by about 8°C. The accumulated conductive heat flow and
the volumetric water content also had a reduction due to the
evaporation process. This fact indicates that evaporation can be
useful in providing thermal comfort and, consequently, in
improving the energetic efficiency of buildings with natural
stones as envelope.

Keywords-Richards’ equation; heat transfer; thermal comfort;
porous Media

I INTRODUCTION

Natural stones are used as major components of building
envelopes of several historical constructions. The porosity of
these natural stones can be greater than those found in other
cladding materials, which might influence the decrease of
water content absorbed by the capillarity due to evaporation.
Some studies have suggested that the moisture transfer between
cladding materials and the external environment plays a major
role in the thermal comfort inside these buildings [1]. The use
of evaporative processes in roofs to enhance thermal comfort in
buildings is not an innovation per se, and numerical and
experimental modeling of these solutions is frequent in
research nowadays. A review of the evaporative method to
improve thermal comfort due to the reduction of heat flux
through the roof was discussed in [2], whereas authors in [3]
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presented a review of evaporative cooling systems for
buildings. Numerical studies became more frequent in the
literature due to the improvement of personal computer
processing capacity in recent years. Authors in [4] presented a
model based on the Finite Differences Method to evaluate the
external surface temperature of a roof using the accumulated
internal surface heat flux and the evaporation rate. Authors in
[5] carried out a two-dimensional numerical model of
evaporation on a plate of the heat exchanger. They showed that
ambient temperature, relative humidity, and wind speed have a
significant impact on the evaporation and on the reduction of
plate temperature. Authors in [6] showed the efficiency of
Phase Change Materials (PCM) in the thermal comfort of
buildings. Similar results were achieved by other researchers,
e.g. in [7-12] among others.

Moisture exchange with the external environment has a
great importance to the thermal comfort inside buildings,
mainly because the water absorbed by the pores of the rock (or
other cladding materials like concrete) migrates to the surface
and evaporates. As a result, the absorption of the latent heat
cools it [4, 8]. Since the reduction of CO, emissions has
become a priority to many countries due to the concern of
climate change, many studies have focused on improving
thermal comfort in building environment with minimal energy
consumption. Meantime, there are only a few researches that
take in account the influence of the moisture in thermal flow.
Following this trend and improving the works already done in
this field, the present paper suggests a novel method to evaluate
the evaporative process applied to thermal exchanges in a
building’s roof. To do so, we present a numerical study where
we solved the Richard’s equation by Finite Difference Method
in a one-dimensional model. We compared two types of
material envelop in two different days, one humid and other
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dry, and analyzed the influence of external weather conditions
in the variation of internal temperature.
II. THEORETICAL FRAMEWORK

Modeling heat and moisture transfer in porous materials is
considered a complex task mainly because several phenomena
must be evaluated, such as:

e Energy balance

e Solar and nocturnal atmospheric radiation

e Gray body radiation emission by the roof

e Heat conduction in roof slab

e Convective heat transfer between roof and atmosphere
e Heat transfer in evaporative processes

e Water flow in unsaturated porous media.

The following sections briefly describe each of these
processes and their equations adopted in this work.

A. Energy Balance

In steady-state conditions, the energy flow balance is
written as the sum of the heat flows involved in the thermal
exchanges, as indicated in Figure 1 and expressed in (1)

"1+q"+q'c—qr=q". 1)
where q"; is the solar radiation flow, q" is the conductive heat

flow, q". is the convective heat flow, q", is the gray body
radiation flow, and q", is the evaporative heat flow.
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Fig. 1. Heat flow on the roof of a building.

Solar radiation is by far the most important heat source in
buildings. For this reason, there are several models available to
calculate this parameter [14], which have been used [15] to
study the sol-air temperature in a natural stone (marble).
Following the work of [13], the authors evaluated the induced
stress by daily variation of temperature in external facades
using a model developed by [16], which is the model that
supported the development of the simplified model by [14] for
clear-sky radiation. According to several solar radiation
models, a building envelope (wall or roof) absorbs 3 different
types of radiation from its surroundings, as shown in (2):

q"1=a.(Ip-cosO,+1; +1z) (2)

where a, is the shortwave radiation absorbance, I}, is the direct
solar radiation attenuated by the atmosphere, 8, is the zenith
angle, I; is the diffuse sky radiation, and I is the solar
radiation reflected by surrounding buildings.

Night sky radiation can be considered by (3) [17]:
q"1noct = a1+ KGZ) -8.78 X 10_13Tm5'852RH0-07195 3)

where KG is an index that depends on the cloud cover, T, is
the air temperature, and RH is the relative humidity.

Radiation energy is transmitted via electromagnetic waves,
and it can be represented by gray body radiation. It is defined
by the modified Stefan law presented in (4) [18]:

q'y = 0eTy (4)

where ¢ is the radiation emissivity, o is the Stefan-Boltzmann
constant (5.67x10*W/m’K*), and T, is the surface temperature
of the outer (outdoor) portion of the roof.

Fourier law describes heat conduction in a continuum
medium, and it can be represented by (5) and (6):

q"= T =T O

where Tj,; is the indoor temperature, R,, is the thermal
resistance of the roof, and [ is the roof slab thickness.

The hypothesis of steady-state flow assumed in the present
work seems reasonable, since a great part of the transient
condition (over 90%) is dissipated in less than two hours.

Convective heat transfer between roofs and the external
environment can be calculated by two distinct formulations:
artificially or naturally induced convection. Both models assess
the convective heat transfer by (6):

q"c =h(Tw —Ty) (6)
where h. is the convective heat transfer coefficient.

Heat transfer by forced convection was estimated through a
dimensionless model in [10, 20], where h, is estimated by (7)
for Nusselt number (Nu):

Le 1o\ 0-25

Nu = h =2 = 0.036 - Pr*3(Re®® — 9200) (Mﬁ) )
where Lg, is the equivalent length, k, is the air thermal
conductivity, Pr is the Prandtl number, Re is the Reynolds
number, [, is the absolute air viscosity in the atmosphere, and
U, is the absolute air viscosity at the roof temperature. The

0.25
viscosity correction (Zﬁ) can be neglected for gases.
w

The equivalent length refers to the longest building length
in the wind direction for a finite length building, expressed by:

] ®

where B is the building plan width, L is the building plan
length, and 6 is the wind direction.

L —min[ 5 L
eq — sinf’ cos @

The free convection coefficient is estimated by the model
presented in [20, 21]:
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Nu = c(Gr-Pr)™ (9)
Sh =c(Gr-Sc)™ (10)

where Gr is the Grashof number, Sk is the Sherwood number,
and ¢ and n are constants (see Table I).

Grashof number (G7) is defined by (11) [17]:

(Tw—Teo)
Gr = Bgleg” 5= (11)
where g is the gravitational acceleration (9.81m/s%) and f8 is the
coefficient of the thermal expansion of the air, which is the
inverse of the temperature for an ideal gas.

The estimates of the evaporative flux and the heat transfer
due to this process are calculated using an iterative process,
given that one depends on the other. According to the model
presented in [22], the evaporation flow is estimated in a very
similar way to the convective flow process, which involves
forced or free convection. The evaporative flow is calculated
by:

14
F, = — (w) (12)
eq

where F,, is the evaporative mass flux, D, is the molecular
diffusivity of water vapor in the air, and y,,, ¥« are the mass
concentration of water vapor at the surface and in the free
atmosphere respectively.

In this study, the forced convection uses the dimensionless
Sherwood number (Sh) for mass transfer, as presented in (13):

Sh = 0.0365¢%*3(Re%® — 9200) (13)
where Sc is the Schmidt number.

Mass concentration of water vapor (absolute humidity or y)
can be expressed as in:

_ Mw,ugir
X RT

(14)

where M,, is the molar mass of water, u®" is the partial
pressure of water vapor, and R is the universal gas constant.

TABLE L CONSTANTS ¢ AND 1 FOR FREE CONVECTION ON A
HORIZONTAL PLATE AT UNIFORM TEMPERATURE BY [20, 21]
Surface orientation Gr.Pr c n Regime
Hot surface up 10°to 2x107 0.54 1/4 Laminar
Cold surface down | 2x10" to 3x10" | 0.14 | 1/3 | Turbulent
Hot surface down | 3,145,310 | 027 | 1/4 | Laminar
or cold surface up

The partial pressure of water vapor (u&") is calculated with
the relative humidity (RH) given by:

air
Uy

air
Upo

RH =

5)

where u% is the saturation pressure of water vapor. In the
present study, this variable is given by Tetens equation, as
shown in [23, 24]:

17.27'T
T+237.3

ugd = 0.61078 exp ( ) a6)

where T is the temperature (°C).

According to [22], the difference of air density above the
roof must be considered for simultaneous heat and water vapor
transfer analysis. Hence, the concept of virtual temperature is
introduced to conveniently express the difference in density
between dry and moist air at temperature T. This relationship is
represented by:

T uair
Ty=—————~T(1+(1—-¢g,)2) 17)
Y (1—(1—8w)u5a > ( Y )

where ¢, is the ratio of molecular weights of water vapor and
air, taken as 0.622, and 1, is the absolute pressure of the air-
vapor mixture. Hence, T, — T, in (11) should be replaced by:

Tow = Ty = (T = T,,) + S TtE) g5

where udll and ugy, are the partial vapor pressure near the roof

and in the atmosphere respectively.

Heat loss/gain due to evaporation/condensation is expressed
by:

q'. = hvap "Fpy (19)
where h,,, is the enthalpy of water evaporation.

B. Water Flow in Unsaturated Porous Media

A great number of numerical models considering the
unsaturated flow in porous media rely on Richards’ equation,
which can be represented in a mixed form by [25]:

=5k =52] eo

where 6,, is the volumetric water content, ¢ is the time, K is the
hydraulic conductivity and y is the water matric suction, that is,
the difference between air pressure and pore water pressure.

a6y,
at

The unsaturated formulation was proposed by Gardner [35]
where the volumetric water content of a porous medium can be
estimated as:

Oy = 0, + (65 — Hr)eaw 2D

where 0, is the residual water content, 6 is the saturated water
content, @ is the air entry suction parameter, and i is the
matric suction.

In the formulation proposed by [35], water hydraulic
conductivity (K) is represented by:

K=ke (22
where k; is the saturated hydraulic conductivity.

III.  MATERIALS AND METHODS

The input data used in this work are representative of a
typical summer day in Brazil. The analysis was conducted
using porous rock materials (sandstones and limestones), which
are used in several historical buildings. A C++ code was
implemented to solve the differential equations.
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C. Assumptions Assumed Prior to the Analysis

The following assumptions were considered to simplify the
modeling:

e The flow is one-dimensional

e The heat flow is in steady-state condition

e The water flow is in a transient regime

e The airflow is negligible

e The indoor temperature (T;;,;) is constant at 23°C
e The porous media are considered homogeneous

e The thermal conductivity of the porous media is constant
concerning the volumetric water content and temperature.

D. Weather Data

In the present study, meteorological data of Ouro Preto —
Minas Gerais, Brazil (latitude: 20°23'8", longitude: 43°30'13",
altitude: 1.200m above sea level) are considered. The location
was chosen because many of the preserved historical buildings
in Brazil are located in this area. Meteorological data, including
wind velocity (U) and direction (8), relative humidity (RH),
and air temperature (To,) were obtained from a weather station
at the Federal University of Ouro Preto. The proposed
methodology was aEplied in the interval between January 3",
2013 and January 4", 2013, to evaluate the evaporative-cooling
roof effect. The input data used in this paper are presented in
Figure 2. On January 3", the air temperature varied from 27°C
to 17°C, mean wind velocity was about 3.8m/s from 10:00 to
19:00, relative humidity varied from 34% to 100%, and the
maximum solar radiation of 870W/m® occurred at 11:13.
Similar behavior was verified for January 4‘“, in which the air
temperature varied from 25°C to 17°C and the mean wind
velocity was about 4m/s, relative humidity varied from 55% to
100%, and the solar radiation was almost coincident with the
preceding day. According to these data, we can conclude that
January 4™ was wetter, colder, and less windy than January 3".

E. Heat Flow and Evaporation

Considering an internal environment with constant
temperature T;,,,=23°C, a quasi-Newton-Raphson scheme was
used to find temperature T,,, as shown in (23):

1 "
=y Tint*+4 [+hTeo+30€Ty—hypapFey
Tw,i+1 - 1
Rw

(23)

+h+40eTy

F. Porous Roof Slab

Sandstone and limestone slabs are the unsaturated porous
media considered in this study. Both materials were assumed to
be homogeneous and without cracks. They were chosen
because they are abundant in Southeast Brazil, where Ouro
Preto is located. In order to characterize two hypothetical
constructions with these materials, some of their properties
were taken from the literature (Table II). Both models have a
thickness of 0.Im, a building plan width B of 8m, and a
building plan length L of 10m. Figure 3 shows the water
retention curves of sandstone and limestone used, obtained by
the use of van Genuchten parameters [33] described in [32].
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Fig. 2. Environmental conditions for January 3™ and 4", 2013: (a) Air

temperature, (b) relative humidity, (c) wind velocity and direction, (d) solar
radiation (I, - cos 8,) where 6, is the zenith angle.
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Fig. 3. Water retention curve for limestone and sandstone fitted with the
van Genuchten (VG) model.
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TABLE IL PROPERTIES OF SANDSTONE AND LIMESTONE USED IN THIS STUDY

Parameter Sandstone Limestone Unit Ref.
Thermal conductivity (k,.) 1.83 2.5 W/m.K [26, 27]
Radiation emissivity (&) 0.935 0.87 - [28, 29]
Saturated hydraulic conductivity (k) 8x10° 5x10” m/s [30, 31]*

Saturated water content (6,) 0.036 0.061 - [32]

Residual water content (6,.) 0 - [32]

Air-entry parameter () 0.084 0.005 m’ [32]

Porosity (1) 1.75 % [32]

Bulk density (p,) 2.3 g/cm’ [32]

*mean value

G. Unsaturated Flow
The calculation of unsaturated flow was based on the work
developed by Mannich [34]:

0y =0, + (05— 6,)e™, K = ke

Mannich uses a finite volume in spatial discretization and a
Crank-Nicholson scheme in time. In this scheme, the equations
system is solved simultaneously and the Richards' equation
(20) can be rewritten as (24):

aq

Y _
CW)5 =5 @
where q and C () can be defined as:
1= KW E+KW), CW) =57 ©5)

The equation for internal nodes, representing the capillary
potential calculated at the end of the time interval, can be
expressed as:

a0

Pyt = wptt + Epll + B (26)
where z/)i" is the matric suction in grid node i at time j.

The coefficients of (26) are expressed as:

WL-=F22,EL-=AZZZ,PL W +E Q)
<l il (vaovl j (¥l
Bi=T+E[ki+%( o +1)—ki_ ( +1)

kf“ + k”l] 8)

Half indexes like in ki]l denote that the hydraulic

2
conductivity is calculated with the average suction between

.1

+1 i+1 Jts . L 26
t,b] and ¥/"" . Hence, C; ? is the derivative C =a—1/‘)”
JH1, ]
Wty

calculated with the average suction i = .

The bottom of the slab was taken as a moist environment,
Wherel/)() = BO = 0, WO = 0, EO = O,al‘ldPO = 0.

For the top of the slab, evaporative mass flux (F,,) was
imposed, which means that the coefficients of (26) become
qj _kj 1
=0,P,=1,andB, = pj "2 | Az,

W, =1, E,

The coefficient g’ is represented by:
¢’ =F, (29

For the finite element difference grid, the time interval (At)
considered was of 15 minutes over the course of a day, and the
space interval (Az) was 0.01m for a total thickness L=0.1m for
sandstone roof slab. The main goal of the proposed
methodology is the consideration of the evaporative processes
through the coefficients of water flow in the heat flux.

IV. RESULTS AND DISCUSSION

A. Roof Temperature

Figures 4 and 5 show, respectlvely, the results of the
temperatures calculated for January 3 and 4™ in sandstone and
limestone hypothetical roofs. The external air temperatures are
also plotted. Two different conditions were considered: with
and without evaporation. From 12:00 AM to 6:00 AM, the
external air temperature was about 20°C, but the theoretical
temperature on the external surface of the roof was about 13°C
for sandstone and 15°C for limestone. These almost constant
temperatures are explained by the absence of direct solar
irradiation. However, from 6:00 AM to 4:00 PM, the
temperature of the roof rises until it reaches a peak, and then it
falls. During a great part of this interval, the temperature
calculated for the external surface of the roof is higher than the
external air temperature for both conditions (with and without
considering evaporation). Temperature differences occur due to
the solar radiation effect, which starts to increase at 6:00 AM
and reaches its peak around 12:00 PM (coinciding with
maximum roof temperature). After that, the solar radiation
continuously decreases until it becomes negligible. From 4:00
PM on, the roof temperature is lower than the temperature of
the air for both hypotheses (with and without evaporation).

o)
o

10 Air temperature

=]
Limestone without evaporation

Temperature - T (
. '
| l '
|
E

Sandstone without evaporation  x Limestone with evaporation

Sandstone with evaporation
0
0:00 3:00 6:00 9:00 12:00 15:00 18:00 21:00 0:00
Time

Fig. 4. Temperature of the roof and air on a sunny day (January 3).
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These results show that the theoretical temperature is
almost the same for both materials if the evaporation effect is
considered. Without this effect, the difference in temperature
reaches 2°C. This can be explained by solar radiation, which
was the major phenomenon involved in the calculation. The
value of shortwave radiation absorbance (&) used was the same
for both materials. The reduction of temperature due to
evaporation on January 3" and 4™ (Figures 4 and 5), was about
8°C-7°C for sandstone and 6°C-5°C for limestone. In Figure 4,
the outliers observed at 11:30 AM and at 01:15 PM can be
explained by the changes in wind direction.

45
40
35
O30
=g
M
220 b E
[ et peemmen e K.
815 TR _ﬂmmm
& 10

- Air temperature a Sandstone without evaporation

wn

Limestone withou evaporation Sandstone with evaporation

x Limestone with evaporation

0:00  3:00 6:00 9:00 12:00 15:00 1800 21:00 0:00
Time

Fig. 5. Temperature in the roof and air on a mild and humid summer day
(January 4™).

B. Heat Transfer

Figure 6 presents the conductive heat flow calculated for
the examples described above. One can notice that the
accumulated conductive heat flow is positive until 9:00 am.
Afterward, a reduction in accumulated heat flow from 9:00 AM
to 15:00 PM on January 4" is noticeable. Then, it
asymptotically stabilizes near -0.4 and -0.2 for conditions
neglecting and considering the evaporation effect respectively.
This phenomenon occurred due to the absence of wind during
this period. Without wind, the roof’s temperature does not
change, and the system does not exchange heat.”

0.1

=]
—

01/03 Limestone
©01/03 Limestone - evaporation

-01/04 Limestone

(Q"M (W.h/m?)
) - \
(]

01/04 Limestone - evaporation

=
»l

= 01/03 Sandstone 'l
u
+01/03 Sandstone - evaporation =% .

4 01/04 Sandstone

Accumulated Conductive heat flux -

= 0104 Sandstone - evaporation
-0.5
Time

Fig. 6. Accumulated conductive heat flow in sandstone and limestone
roofs on two different summer days (January 3 and 4™).

On January 3rd, the decrease in accumulated heat flux
occurred until 03:00 PM. It reached a minimum, and then
increased until 06:00 PM, and stabilized in —0.25 for both
materials. This happened in a condition without evaporation,
and O for limestone and 0.05 for sandstone when the

evaporation process was taken into consideration. This
occurred because the system only reaches stability when wind
velocity is zero. The cumulative conductive heat flow is lower
for processes that consider the evaporative effect than for those
which do not, mainly because the roof loses a lesser amount of
energy to the environment due to the lower gradient of
temperature between the surfaces. Similarly, if evaporation is
not considered, the heat flow is higher because the temperature
of the external surface of the roof is also higher. Therefore, it is
possible to conclude that the evaporation process causes the
reduction of temperature, that is, it consumes heat.

C. Water Flow

Figure 7 shows the cumulated evaporative rate through roof
thickness throughout the day. We can see that the maximum
evaporation rate is close to 4.5L/m” for sandstone on a summer
day in Ouro Preto (January 3™). The minimum evaporative rate
of 2.5L/m* was verified for limestone on January 4". One can
notice that the cumulated evaporative rate was smaller on
January 4" than on January 3™ in both materials. The
difference occurred due to the difference in the temperature
verified in these two days, which was 2°C lower on January 3".
The relative humidity was 20% higher and there was less wind
throughout the day. It can be pointed out that, for January 4",
the accumulated evaporative rate was smaller than on January
3" for both materials, because on the 4™ the temperature was
2°C lower, the relative humidity 20% higher, and there was
less wind during that day.

4500 4 01/03 Limestone

3500 < (01/04 Limestone

01/03 Sandstone

o
5
o
E
g
&' 250
N ;v‘I = 01/04 Sandstone
:; 1500
g 500
-

-500

0:000 3:00 6:00 9:00 12:00 15:00 18:00 21:00 0:00

Time

Fig. 7. The accumulated evaporative rate in sandstone and limestone roofs
on January 3" and 4™

0.0358
0.0357
a

0.0356 @ f
0.0355 Py
0.0354 &

) Gl ,-_‘,"‘7{
0.0353 9, 4%
0.0352
0.0351
0.035

0.0349
0:00 3:00 6:00 9:00 12:00 15:00 18:00 21:00 0:00

Time

X
% January 3rd x %

o January 4th

Volumetric water content (6,,)

Fig. 8. Volumetric water content (6,) on January 3™ in sandstone roof.
Figures 8 and 9 show the volumetric water content for

sandstone and limestone roofs on January 3™ and 4"

respectively. It is noticeable that the volumetric water content
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did not reduce significantly due to the evaporation on
sandstone (about 2%). On the other hand, for the limestone roof
model, the reduction was of about 15% on January 3 around
12:00 pm.

0.062
e~ ]
g 006 5 g
b= o A
B 0.058 ofll
8 o086 " .-‘.;‘
;E B ‘$0 o’o A
Z 0054 ,A‘“'* st
-2 a January 3rd A a
4§ 0.052 ’ P
E} * January 4th
© 0.05
- 0:00 3:00 6:00 9:00 12:00 15:00 18:00 21:00 0:00
Time

Fig. 9. Volumetric water content (6,,) on January 4th in limestone roof.

D. Discussion

The current study uses weather data and properties of
facade materials to calculate roof temperature. Its main purpose
is to model how evaporative roofs improve thermal comfort in
buildings. Following the world trend of NZEB (Net Zero
Energy Buildings) [35], this study shows that the internal
environment temperature may be reduced by the evaporative
process. The choice of appropriate envelope material can
reduce the use of air-conditioning. The main contribution
presented here is the method of accounting for the evaporative
process in the boundary condition of water flow in a finite
volume scheme for unsaturated materials. Similar works [1, 34]
do not consider the coupled effects of water flow and
evaporation associated to heat flow.

V. CONCLUSION

This study presented a numerical calculation, in one-
dimensional Finite Difference Method, for unsaturated flow
using Richards’ equation and Gardner’s formulation for
volumetric water content and saturated hydraulic conductivity.
For the heat flow, the balance of 5 heat fluxes (solar radiation,
conductive, convective, gray body radiation, and evaporative)
were considered. The heat and moisture transfer model was
carried out for 2 different natural stones (sandstone and
limestone) in a hypothetical building located at a historical city
in Brazil (Ouro Preto-MG) and under two conditions: with and
without evaporation.

This study showed that, for both materials, the evaporation
process of the porewater throughout the day considerably
reduces the temperature of the roof. Around 12:00 pm, the roof
temperature dropped approximately by 8.5°C on January 3 and
7.5°C on January 4 due to the evaporation of the water
contained within the pores of the sandstone roof. The
temperature was 2°C higher on sandstone roofs when
compared to limestone roofs. On January 3, during an entire
summer day, we observed a maximum accumulated
evaporation rate of about 4.5L/m” of sandstone roof area.
Moreover, the maximum reduction of water content for the
limestone roof was about 15%, around 12:00 pm.

The numerical analysis results show that the evaporation of
porewater throughout summer days considerably reduces the
temperature of the roof and the accumulated conductive heat
flow. The results indicate that evaporative processes can be
useful in order to provide hygrothermal comfort with energetic
efficiency for buildings having sandstone or limestone as
envelope material for the summer day design conditions.
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