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Abstract-This paper describes the development of a simple
quadrilateral strain-based element for plane stress and strain
problems. This element has five nodes, four located at its corners
and one at the center. Each of the four corner nodes had two
essential external degrees of freedom (u, v), while the center node
had three degrees of freedom (u, v, 6); the static condensation
method was used for the internal node. This element was used for
both linear and dynamic analysis. Its performance was assessed
using a variety of membrane and axisymmetric analysis
problems. The obtained results demonstrated the good
performance and accuracy of the proposed element.

Keywords-strain approach; drilling rotation; quadrilateral
element; linear analysis; dynamic analysis; axisymmetric

I. INTRODUCTION

Numerical methods, such as finite elements, finite volumes,
finite differences, and discrete element methods are powerful
and efficient computational tools for solving engineering
problems. However, the finite element method is the most
popular because of its robust mathematical basis and
applicability, which is reflected in its extensive use in various
applications [1-3]. In [4], the linear (constant-strain) triangle
and the bilinear rectangle were formulated, based on the
displacement approach in standard elements, whereas in [5] the
standard bilinear quadrilateral was produced. They have been
extensively used as plane-stress, plane-strain, and
axisymmetric-solid models for two-dimensional structures.
However, computational experience soon showed that these
elements are excessively stiff for problems where linear strain
gradients dominate the response. Furthermore, over-rigidity
grows rapidly as the rate of aspect degrades. These behaviors
are referred to as mesh distortions and bending problems.

Much effort has been put into improving these or creating
new simple elements. Some studies showed that other
strategies, such as hybrid stress elements [6-8], assumed strain
or enhanced assumed strain elements [9-11], quasi-conforming
elements [12, 13], and generalized conforming elements [14-
16] provide special advantages compared to classic finite
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elements. The development of efficient and straightforward
finite elements to analyze structures is a primary motivation for
scientific research in solid mechanics. A class of elements was
developed using the strain-based approach. This approach
produces displacement fields enriched by higher-order terms,
without the necessity of introducing non-essential degrees of
freedom, hence obtaining elements with more accurate results
on displacements. The resulting elements from this approach
are free from shear locking and parasitic shear. The state of
strains for this approach is composed of rigid body motions,
constant strains, and higher-order strains. This approach was
used in [17] for curved structures, and it was extended for plan
elasticity [11, 18-21]. A summary of this early work was
presented in [22, 23], with three-dimensional elasticity
problems [24-26], plate bending [9, 27-30], and shell structures
[31-34]. Other studies presented the treatment of non-linear
problems [31, 35-36], composite materials [37], functionally
graded plates [29, 38], and fracture mechanics [39]. These
elements are stable and have good efficiency, and the strain
approach is very practical for the development of robust finite
elements which are insensitive to common problems such as
mesh sensitivity and different locking problems.

This paper presents a quadrilateral element based on strain
formulation. The proposed element has two degrees of freedom
(u, v) at each of the corner nodes. Moreover, to enrich the strain
field (ey, &, and p,) of the element, an internal node was
introduced with three degrees of freedom (u, v, ) to improve
accuracy and reduce computational effort for the analysis of the
plane structure, which will be subsequently eliminated by static
condensation [11, 18]. After condensation, the element
becomes a simple four-node quadrilateral element. Each node
contains the two essential translational degrees of freedom, and
hence the element is free of any parasitic and shear problems
and is insensitive to mesh distortion. Various numerical
problems (plane elasticity, axisymmetric, and dynamics)
verified the high accuracy and efficiency of the proposed
element compared to other existing plane elements.
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II.  FORMULATION OF THE DEVELOPED ELEMENT

The proposed Strain Based Five Node (SBFN) element is
quadrilateral with two degrees of freedom at each of the corner
nodes, corresponding to two translations (u, v), and additional
in-plane translations (u, v) associated with the rotation degree
of freedom 6, at the internal node, as shown in Figure 1.

A. Case of Plane Elasticity

The strain components relations and compatibility equation
for plan elasticity are respectively given as:

Jdu
(e,=2
&=5
du ov
Wo=5 ¥ 5
BZEX ﬁ ) 62yxy -0
ay? ax%  dx-dy

(©))

where u and v are the displacements in the x and y axes
respectively, &, and ¢, are the normal strains, and y,, is the shear
strain. The rigid body modes displacement field is determined
by setting the three deformations in (1) to zero, followed by
integration:

u=a-azy
V:az+a3x (3)
9=a3
The following equation is used for the element's drilling
degree of freedom:
1(0v ou
o-1E) @

Jx 0dy

Figure 1 shows the geometry of the proposed SBFN
element and the corresponding nodal displacements:
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Fig. 1. The strain based five node element.

The SBFN element has eleven independent degrees of
freedom, and therefore the displacement field should contain
eleven independent constants. Since the three constants a;, a,,
and a; represent the displacement field of the rigid body
modes, as shown in (3), the remaining eight constants ay,
as,...,a;; denote the imposed strains of the elements that are
expressed as:

_ 20, 2. 2
ex=aytasytagxt—> (x*+y?)

&,=agTasx-agy+ azﬁ ) (5)

Y =2ant2ay (x2-y*+y-x+xy)

The strain functions for the present element, given above,
satisfy the compatibility equation (2). These can be written in
matrix form:

{e}=[Ql{a} (©)

where [Q] presents the matrix relating the strain fields to the
unknown constants, given by:
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Integrating (5) and substituting (3), the final displacement
functions can be obtained:

2 2 3 2 3
I u=a1—a3y+a4x+a5xy—y7a7+y7a8+ (X?+%—%+yz) ajptany

2x3 yx2

2 2 3
v=az+a3x-"7a5+a6y+a7xy-y7a9+ (T +-x2+ Yz) ajgtax ®)

.
tezag-asx+a7y+am( x2+y?-y=x)
These can be written in matrix form as:

{u}=[Tl{a} )

where [T] is expressed as:

m=(fF) o

[R]
and:
[P]=10—yxxy0—2 5 0 6+2 3+y y an
XZ y.2 y3 yXZ 2X3 2
01 x 0 7YXy 0 T ettt x

RI=(0 0 1 0 x 0 y 0 0 x2x+y%y 0) (12)

The nodal displacements and the vector coefficients {a} are
related as:

{a.}=[Cl{a} (13)

where:
{qc}:{ul7V1au27V25u35V47u4av57u5565}T (14)
{a}={a1,aZ,a3,a4,a5,a6,a7,a8,ag,a10,a11}T (15)
where [C] (11x11) 1is the matrix that relates nodal
displacements to the constants (a; to a;;) as follows:
[P(Xllyl)]
[P(x2,y2)]
[P(x3,y3)]
Cl= 16
=1 pogyr | 19
[P(xs5,y5)]
[R(x5,y5)]

From (13), the following can be obtained:

{a}=[C1"{q.} (7
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By substituting (17) into (6) and (9):
{U3=[P][C]{ge}=[N{g.} (18)
and:
{g}=[Q[C]*{q.}=[Bl{ge} (19)
where:
[N]=[P][C]™; [BI=[QI[C]" (20)
The stress-strain relationship is given by:
{o}=[Dl{e} (1)

where [D] is the elasticity matrix given in Appendix A for
plane stress and plane strain, respectively. The procedures to
obtain the element stiffness matrix, are:

The standard weak form for static can be expressed as:
Jye 8{e}'{o}dV= [, 8{U}'{f,}dV (22)
By substituting (18), (19), and (21) into (22) we get:
8{q}"(f,e [BI"[DI[B]AV){qe}=58{qe}"(f,. [NI"{f,}dV) (23)
where:
[Ke]=(J,. [BI"[D][B]dV) (24)
[Ke]=t.[CI"(J [QI"-[D]-[Qldxdy)[CI" (25)
where ¢ is the thickness:
[Ke]=t.[CIT[K,IICT*  (26)
[Kol=JJ [Q]"-[D]-[Qldxdy (27
Using numerical integration:
[Kol=J} [ [QI"[D][Q]det|J|dgdn (28)

where J presents the Jacobean. The element nodal body forces
vector is:

{Fu}= [ IN]"{E3AV=[C]"(f,c [PI"{,}AV) (29)

After assembly over all elements, the global stiffness [K] is
used in global equations for static, given as:

[Kl{q}=[F] (30)

B. Case of Axisymmetric Formulation

The strain components in the case of axisymmetric
formulation are given as:

(e,=2
T or

av
SZ:E

__O0u , 0v (31)
lyrz dz Or
en=12

67 ¢

and the element stiffness matrix in the axisymmetric case is:

[Ke] = (fye [BI'[D][B]r.dV) (32)

where r is the radial coordinate, and [D] is the axisymmetric
elasticity matrix given in the Appendix. It is worth noting here
that the integrals calculations in the used programs use the
Gauss numerical integration. In the case of forced vibration, the
complex response method is used [48].

III. NUMERICAL VALIDATION

Several tests were selected to evaluate the accuracy of the
element with different analyses such as plane strain, plane
stress, axisymmetric, and dynamic. A comparative study was
conducted between the proposed and the following elements:

TABLE L ELEMENTS USED IN THE COMPARATIVE STUDY
5-node quadrilateral element with in-plane rotation
SBQM [19] based on the strain approach.
Q4 Standard four-node quadrilateral element.
Q8 Standard eight-node quadrilateral element.
Q6 [20] Quadrilateral element with six nodes.
FRQ [10] 4-node quadnlater;l elqmeﬂlt based on the "Plane Fiber
otation” concept.
Q4WT [21] Quadnlater’al elemeqt with four nodes with
incompatible modes.
Q4PS [21] 4-node quadrilateral hybrid element.
Classic 8-node quadrilateral element in-plane stress
CPS8 [19] with exact integration (Abaqus).
SBRIEIR [40] Element with strain field aF four nodes with in-plane
rotation.
Q4CST [20] The constant strain quadrilateral.
Plane stress element and Verbeke plate element

QM5 [20] boundary element formulation.

SBQ5 [41] Strain-based quadrilateral element with five nodes.

SBE [42] Strain Based Element.

CQUAD4 [43] MSC/NASTRAN

A. Linear Elasticity Tests

1) Macneal’s Beam

The sensitivity of the proposed element to mesh distortion

was evaluated using the Macneal beam. Three distinct meshes
(rectangular, parallelogram, and trapezoidal) were adopted. The
Macneal and Harder test [44] is well-known as the standard for
testing the mesh distortion sensitivity. There were two loading
cases under consideration: pure bending and transverse linear
bending. Figure 2 shows the appropriate mechanical and
geometrical data, while Tables II and III show the results
obtained by the proposed versus the other elements.

TABLE IL NORMALIZED DEFLECTION FOR MACNEAL’S ELONGATED
BEAM SUBJECTED TO END SHEAR
Force shearing at the free end P=1
Element Mesh Type
Rectangular Parallelogram Trapezoidal (c)
(a) (b) P
SBQM [19] 0.993 0.964 0.972
Q4 0.093 0.035 0.003
Q8 0.951 0.919 0.854
SBE [42] 1 0.976 0.978
SBFN 0.993 0.993 0.994
Reference
. -0.1081
solution [44]
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2) Beam In-Plane Bending

The proposed element was validated in the console beam
problem subjected to a uniform vertical load using [21] and
[10]. The vertical displacement at the beam's free end was
computed using five meshes, as shown in Figure 3.
Timoshenko's beam theory was implemented for a reference

solution:

c

Vref _ L3

3EI

6P,L

5GA (33)

TABLE IIIL. NORMALIZED DEFLECTION FOR MACNEAL’S ELONGATED
BEAM SUBJECTED TO END PURE BENDING
Element Pure bending moment M=(0.2
Mesh Type
Rectangular Parallelogram Trapezoidal
(@) (b) ©
SBQM [19] 1 1 1
Q4 0.093 0.031 0.022
Q8 1 0.994 0.939
SBE [42] 1 0.989 0.989
SBFN 1 1 1
Reference
. -0.0054
solution [44]
(a) E=10" v=03 t=0.1
M
02 | I I I I | 1 o2
% 6 -l
®)
A M
% Z ] 11 Doz
(©
45°f\ A\45° M
% I 1 )02
Fig. 2. McNeal's cantilever beam: (a) rectangular (b) trapezoidal (c)
parallelogram.

Low sensitivity to mesh distortion was observed for the
strain-based elements SBQM, SBE, and for the standard eight-
node quadrilateral element Q8 for both loading cases in

Table IV shows the results obtained from the SBFN
element for several meshes (M1, M2, M3, M4, and M5). The
obtained results were compared to some other membrane
element outcomes, allowing to note the following:

e SBFN gave more accurate results than the Q4, FRQ, and
SBRIEIR elements.

e Similar results were noticed for Q4WT, Q4PS, and QS8
elements for regular meshes M1, M2, and M3.

e The SBFN element was more insensitive to distorted
meshes than other membrane elements for M4 and M5
meshes.

<

E=10"t=1 P =10*

—

e x

(33.33.10) (66.67.10)

Clamped

A

100
(50.10)

trapezoidal and parallelogram mesh. A neglected sensitivity in
all mesh types was registered for the SBEN element, and more (M1) M2) M3)
accuracy was observed in cases (b) and (c) compared to the (50.0) (33.33.0) (66.67.0)
other elements. However, the transverse shears locking (75.10) (50.10) (83.33.10)
resulting from over rigidity of the standard four-node |Z(M4) MS5)
quadrilateral element Q4 affected its results. e (16.67.0) (50.0)
Fig. 3. Beam in-plane bending (data and meshes).
TABLE IV. VERTICAL DISPLACEMENT OF A BEAM IN PLANE BENDING
Mesh Type FRQ[10] | Q4[21] | Q4WT[21] | Q4PS[21] | Q8[21] | SBRIEIR[19] | SBQM[19] | SBFN
M1 2.76 0.10 3.03 3.03 3.03 2.86 3.02 3.03
M2 344 0.38 378 378 37 3.57 3.77 3.78
M3 3.56 0.75 3.92 3.92 3.84 3.71 391 391
M4 1.09 0.12 0.30 0.49 0.64 2.92 3.04 4.53
M5 1.61 0.22 1.79 1.94 1.76 3.04 3.14 4.27
Reference solution [21] 4.03
3) Cook's Skew Beam TABLEV.  TIP VERTICAL DEFLECTION OF THE COOK'S SKEW BEAM
The non-prismatic beam is a popular benphmark problem Mesh -Vertical displacement af point C
for evaluating planar elements. Several studies [45-57] have
treated this problem. Due to the lack of an analytical solution, Element 2x2 Axd 88 16x16
the reference solution was obtained using the CPS8 element of Q4 11.80 18.29 2208 | 2343
ABAQUS with a 64x64 mesh. The mechanical properties, the SSQUAD [14] 25.65 24.27 24.01 23.96
geometrical, and the loading data used in the treated structure CQUADA4 [43] 21.05 23.02 2369 | 2394
are presented in Figure 4. The results of the vertical deflection SBQM [19] 232173 | 234350 | 23.7376 | 23.9817
at point C are shown in Table V. The SBFN element provided a CPS8[19] 23.35 2454 | 23.8793 | 23.8596
good agreement with the reference solution, although the mesh SBFN 23.9298 | 23.9282 | 23.9267 | 23.9411
was coarse compared to the Q4, SSQUAD [14], CQUAD4 Reference solution [48] 23.9652

[43], SBQM [19], and CPS8 [19] elements.
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E=1
v=0.33

Fig. 4.

Cook's skew beam.

B. Axisymmetric Elasticity Test

1) Simply Supported Circular Plate Uniformly Loaded

A simply supported circular plate under uniform load
having a thickness t=1 was considered. Two distinguishable
meshes were used for the discretization of the plate. At first, a
rectangular mesh with a distortion e=0 followed by a
trapezoidal mesh with a distortion e=0.025 was applied, as
shown in Figure 5. The exact solution was taken from [49] as:

vl () (-] o0

Wmax:W(O)
T 4 L
W, = PG (35
64-D-(1+0)
where p and r, are respectively the uniform load and radius of
the plate, and D is the flexural rigidity expressed as:

_ Em
D= 12(1-2v) (36)
1‘2 uniformly distributed transverse loading
EEEEEEEEREEERNEEEENEE.
E=10
v=0.25

e i

; I

>

whereas the Q4 element gave poor results. The SBFN element
gave the best results for the cases where bending was
dominant.

1) Axisymmetric Cylindrical Shell

A thin cylindrical shell R/e = 168 was subjected to a
moment in the end [20], as shown in Figure 6. This is a
problem of a thin shell with axisymmetric loading where the
exact solution can be found using the theory of shells in the
infinite length case. A quadrilateral element through the
thickness was used. The result of the theoretical solution of the
shells [49] was used to compare with the numerical radial
displacement for the formulated and various types of elements.
The obtained results are shown in Table VII and Figure 7. The
formulated element provided excellent results, which will be
more pronounced in bending cases.

r,u

%f‘ y
| 167.7051 )
Z al - M=2000/Unit of arc length
1 K {Eu.zsu

v=0.25

- 17 at 3=51

| = 7

A

Fig. 6. Cylindrical shell analysis.

TABLE VII.  RADIAL DISPLACEMENTS (U) FOR THE AXISYMMETRIC
CYLINDRICAL SHELL
Radial displacements u
Analytical
Q4CST QM5 Q4 .
Z [19] [19] [19] Q6 [19] SBFN SO?IIE]OH
0 39.97 98.56 46.47 100.01 100.08 100.00
3 26.04 47.87 29.17 48.98 49.01 48.88
6 14.98 13.49 15.69 14.19 14.40 14.31
9 6.56 -7.29 5.69 -6.54 -6.54 -6.57
12 0.47 -17.77 -1.31 -17.15 -17.17 -17.16
15 -3.65 -21.17 -5.82 -20.70 -20.72 -20.68
18 -6.16 -20.21 -8.35 -19.88 -19.90 -19.85
21 -7.40 -16.97 -9.39 -16.83 -16.80 -16.75
24 -7.68 -12.92 -9.33 -12.85 -12.86 -12.82
27 -1.27 -8.98 -8.55 -9.00 -9.01 -8.95
30 -6.40 -5.65 -7.32 -5.72 -5.73 -5.63
33 -5.27 -3.12 -5.87 -3.23 -3.24 -3.06

_ 2.5 R 2.5 | 2.5 P 2.5 2
| < > < »
Fig. 5. Simply supported uniformly loaded circular plate.
TABLE VI NORMALIZED VERTICAL DISPLACEMENT AT THE CENTER
'A' FOR THE UNIFORMLY LOADED CIRCULAR PLATE
Mesh type - u 4
Element Rectangular Trapezoidal
Q4 0.696 0.694
Q8 1.0079 1.0183
SBFN 0.9889 0.989
Reference solution [49] —738.280

Table VI shows the obtained results of displacement. It can
be noted that the SBFN element gave excellent results close to
the exact solution, similar to those provided by the Q8 element,

The obtained results clearly show that the Q4 and Q4CST
elements gave very erroneous values. These elements have
difficulty representing the bending phenomena. SBFN, QMS,
and Q6 showed very good levels of accuracy with the
theoretical solution. The excellent results are remarkable for
the formulated element in the case where bending is
predominant.
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Fig. 7. Radial displacements (u) for the axisymmetric cylindrical shell.

C. Dynamic Numerical Validation

1) Forced Vibration of a Rectangular Solid in-Plane Strain

This benchmark tested the proposed element in a
rectangular beam in-plane strain case to analyze forced
vibrations using the complex response method. The modeled
results were compared with those obtained by Q8 [50] and Q4,
SBQS5, and SBRIE [41]. Fig. 9. Figure 8 shows the geometric
components of the evaluated beam and its mechanical
properties. The beam was subjected to a vertical harmonic
force F=cos(wt), where force-frequency was 0.3, time step was
1/20, the period was 2m/m, and the ratio of depreciation was
5%. Figure 9 shows the displacements for step time results. It is

noticed that the proposed SBFN agreed well with the Q8
element.

4.0 o
* L 4 L
1.0
* L L B
E =1kN/m? 1
v =03
p=1t/m? F = cos(wt)

Fig. 8. Geometrical and mesh presentation of the console beam subjected
to forced vibration.

20 = @
SN B
e

\u\‘\\‘&_‘ : .S];FN /A
SaRee7 4
/

Displacerment
=

8
e
v

IR

40 2
\b‘o/d
2 1 1 2 ¥ 1 B 32
Step_Time
Fig. 9. Displacement as a function of time for a console beam.

IV. CONCLUSION

This study proposed a new quadrilateral plane element
using an assumed strain approach. Rigid body motions,
constant strain, and application of compatibility conditions to
the assumed strain field guaranteed and optimized monotonic
convergence to the solution. The formulated element had five
nodes with eleven degrees of freedom, whereas the fifth node
of the element was located in the center having three degrees of
freedom (u, v, 6). This central node was eliminated using the
static condensation method. Therefore, the proposed became a
simple four-node element with two essential degrees of
freedom (u, v) in each of the four corner nodes. The SBFN
linear quadrilateral element showed acceptable performance,
was insensitive to mesh distortion, and had an excellent
convergence characteristic in all numerical examples. The
proposed membrane element's precision was often close to that
of the second-order quadrilateral plane element QS8, in static
and dynamic analysis for plane and axisymmetric structures.
Furthermore, the obtained numerical results of the proposed
element were consistent and give better results when bending
dominated.

APPENDIX

For the case of plane stress problem, the elasticity matrix
[D] is:

0
0
O @n

1 v
—_E v 1
[D] - (1—V2) 0

For the case of plane strain problem, the elasticity matrix
[D] is:

1-v) v 0
= —E v (1 - V) 0
(D] 1+v)(1-2v) 0 0 (1-2v) (A-2)

2

For the case of axisymmetric problem, the elasticity matrix
[D] is:

v \'4
[1 = = 0]
Tamwma-v |2 X1 0 (A.3)
1-v 1-v
1-2v
o o o ;7
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