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ABSTRACT 

Due to the high penetration of renewable energy sources, such as photovoltaic panels and wind turbines, in 

addition to the use of different electric power supplies in the power grid, there are major disturbances in 

the forms of electric waves. These variations and disturbances must be monitored and controlled for the 

efficient management of transmission and distribution of electrical energy, safety, and electrical protection 

systems. Nowadays, Phasor Measurement Unit (PMU) technology is an essential tool to develop the 

supervision, protection, and control of the electrical power grid. PMUs measure the amplitude and angle of 

current and voltage waveforms on a Coordinated Universal Time (UTC) time scale and speedily measure 

the fundamental frequencies and their rates of change using fast and accurate estimation algorithms. This 

paper presents a phasor estimation using a Modified Cooley-Tukey Fast Fourier Transform algorithm 

based on the Generalized Discrete Fourier Transform (DFT) used in PMUs, using simulations in 

MATLAB. This algorithm was utilized to accelerate and simplify the computation of DFTs. To validate the 

performance under waveform disturbances, several tests with different waveforms and disturbances were 

simulated and interpreted according to the standard and compared with DFT. 

Keywords-phasor measurement unit; rate of change of frequency; total vector error; DFT; GDFT; CTGDFT 

I. INTRODUCTION  

Phasor Measurement Units (PMUs) are widely used for 
many years in electrical systems for control and monitoring, 
with accurate and fast fundamental component measurements 
[1, 2]. The phasor estimation is the main component of a PMU 
[3], so DFT is the most widely used algorithm [1, 4]. PMUs 
were introduced in response to the need for more efficient and 
secure monitoring devices in power grids. Since the 
developments in synchronized measurement technology, wide-
area measurement systems are suitable to follow the dynamic 
behavior of electrical power systems using PMUs and PDC 
hierarchically [5, 6]. PMUs precisely measure the amplitudes 
and phase angles of the waveforms of the electrical network 
(current, voltage, and frequency) at various points [7, 8] using 
time stamping. Measured and calculated data are transmitted 
through a synchronized GPS transmission medium to a PDC 
[9]. Information from multiple PMUs located throughout the 
electrical power system is analyzed and processed at the PDC 
to detect electrical disturbances [10] and improve the protection 

and control functions of an electric power system [6]. The 
IEEE 1344-1995 was the first published standard for 
conventions relating to original synchrophasor measurements 
[11, 12]. In 2005, IEEE C37.118-2005 was introduced and 
replaced the existing synchrophasor standard [1, 12]. In 2011, 
two new standards were published to address the measurement 
requirement (IEEE C37.118.1-2011) and synchrophasor 
communications (IEEE C37.118.2-2011 ) [11, 13, 14]. 

This study investigated the modified Cooley-Tukey Fast 
Fourier Transform (FFT) algorithm, based on a Generalized 
Discrete Fourier Transform (GDFT) framework, for PMU 
phasor estimation. The conventional Cooley-Tukey algorithm 
accelerates and simplifies the DFT calculation, but has 
disadvantages such as slow dynamics and sensitivity to 
frequency variations. The use of the Cooley-Tukey FFT 
algorithm based on the GDFT was proposed in [15] to 
overcome these drawbacks. Simulations were carried out to 
highlight the performance of the suggested algorithm over 
standard DFT techniques. 
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II. PHASOR MEASUREMENT ARCHITECTURES  

A. Block Diagram of PMU 

The functional diagrams of PMUs may differ from one 
manufacturer to another. Figure 1 shows a basic block diagram 
of a PMU [13]. A PMU generally consists of three main 
blocks: measurement, calculation, and communication [16]. 

 

 
Fig. 1.  Phasor Measurement Unit Components. 

 The Measurement Unit receives analog data inputs such as 
three-phase voltages, three-phases, and neutral currents 
from the secondary measurement transformers (VT and 
CT), which are later filtered to eliminate and prevent 
aliasing errors by antialiasing filters [13, 17]. 

 The Computation Unit includes Analog-to-Digital 
Converters (A/D), Quadrature Oscillator, and Phasor 
Processor [18, 20]. 

 The computed synchrophasor and other information are 
transmitted to the PDC to be interchanged between other 
PMUs for monitoring, control applications, and system 
protection using communication units [13, 16]. 

B. Wide Area Measurement Systems 

The Wide Area Monitoring System (WAMS) collects real-
time information on the status of the network at strategic 
points, with precise time stamping by GPS satellites. WAMS 
improves network analysis, integrating PMUs to detect any 
instability. The WAMS uses synchronized measurement data 
and modern communication systems to supervise, monitor, and 
analyze the current state of the wide-area power system and 
serves for the operation, control, and protection of the power 
system in real-time [18, 19]. WAMS systems mainly consist of 
three components [13]: Phasor Measurement Unit, 
Communication network, and Phasor Data Concentrator. 

1) Phasor Measurement Unit (PMU) 

The PMU is a measuring device for electrical power 
systems, capable of performing phasor measurements of 
voltages and currents in large and distributed power system 
networks. The voltage and current waveforms of the power 
system are sinusoidal. A sinusoidal waveform is written as: 

���� � �� �	
�2�� � ��   (1) 

where Xm is the amplitude, f is the frequency, φ is the angle, 
and t is the time. The representation of the phasor in the 
complex plane is: 

� � ��√� ���     (2) 

� � ��√� ��	
 � � � 
�� �� � �� � ���   (3) 

where Xr and Xi are the real and the imaginary components of 

the complex form, and 
��√�  is the RMS value. Figure 2 shows 

the phasor representation of a sinusoidal input signal at the 
angular frequency in the complex plane [10, 17]. In the case of 
a phase current or voltage, the projection of the phase vector on 
the ordinate axis (imaginary axis) gives the value of the current 
or voltage at that instant. 

 

 
Fig. 2.  Phasor representation of a sinusoidal signal. 

2) Communication Network 

PMUs are usually located in substations that are 
geographically distant from the PDC. Communication 
networks are required to transmit information and 
measurements collected by PMUs from the substations to the 
control center [18]. Power grid monitoring and control require 
a high-speed communication framework that allows reliable, 
secure, and fast sharing of synchronized monitoring data 
between PMUs and PDC. 

3) Phasor Data Concentrator 

Figure 3 shows the implementation of PDCs in a wide area 
monitoring system. The PDC collects discrete events and 
phasor data from PMUs, and probably other PDCs, and 
transmits them to other applications via a communications 
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protocol [10, 21]. Depending on the location of the PMU, the 
communication link between the PMU and the PDC may be a 
wired connection, a serial or Ethernet cable, or a wireless link. 

 

 
Fig. 3.  Implementation of PDCs in WAMS. 

Each PMU has two communication interfaces: One 
interface for communication of the PMUs via IEEE C37.118 
and another to communicate with the digital control system. 
The central evaluation system collects the data, archives them, 
and displays them on a graphical user interface. This system 
can also be used to automatically monitor the electrical system 
and redistribute information to other PDCs or a numerical 
control system [10]. Communication of PMUs with PDCs, 
according to the IEEE C37.118 standard, is a client-server 
communication in which the PDC works as a client and the 
PMU as a server [10, 22]. 

III. PERFORMANCE INDICES OF MEASUREMENT 
EVALUATIONS  

A. Total Vector Error (TVE) 

C37.118.1-2011 defines the total vector error to calculate 
the phasor estimation error and to evaluate the performance of 
the phasor estimation. TVE compares the theoretical value of 
an input signal with its estimated value at the same time [10]. 
TVE is calculated by considering the error of estimating the 
amplitude and phase angle [13]. The TVE at time n is defined 
as : 

������ � � �!"�#�$�"�#�%&' �!(�#�$�(�#�%&
 �"�#�%&' �(�#�%&   (4) 

where �!����  and �!����  are the real and the imaginary 
components of the estimated phasor, and ����� and ����� are 
the theoretical values at time ���. Figure 4 shows the TVE 
representation. 

 
Fig. 4.  Calculation of TVE. 

B. Frequency Error  

In addition to the synchrophasor, PMUs also calculate the 
power system's frequency. Frequency Error (FE) is the 
difference between the estimated and the theoretical frequency. 
The sinusoidal signal of (1) may be written as [18]: 

���� � �� �	
 )���%    (5) 

The frequency of the signal (5) is determined as: 

��� � *�+ ,-.�/�-/ 0    (6) 

FE is defined as: 

1� � 2 3 42     (7) 

C. Rate Of Change Of Frequency Error (RFE) 

ROCOF, measured by PMU at a given time instant, is 
determined by: 

56761��� � -, 8&9:;�<�:< 0
-/ � -=�/�-/    (8) 

RFE is the difference between the theoretical and the 
estimated ROCOF value at a particular time instant [11]: 

51� � >,-=-/0 3 ,-=?
-/0>    (9) 

IV. PMU ESTIMATION ALGORITHMS 

Most phasor estimation algorithms utilized in commercial 
PMUs depend on the DFT estimation technique. The IEEE 
C37.118 standard does not recommend the use of a special 
algorithm or measurement in the PMU. Consequently, various 
estimation methods and algorithms are used in PMUs [12]. 

A. DFT Algorithm 

A sinusoidal waveform x(t) of kf0 frequency with a Fourier 
series can be written as: 

���� � @A �	
�2�BC�� � DA 
���2�BC�� (10) 

���� � EF�@A� � DA��G �	
�2�BC� � ∅�  (11) 
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where ∅ � �@�$*�3DA @A⁄ � . The phasor representation 
becomes: 

�J � *√� EF�@A� � DA��G��∅   (12) 

and the complex form of the phasor becomes: 

�J � *√� �@A 3 �DA�    (13) 

By applying the relationship of the Fourier series 
coefficients, the phasor formula is determined by: 

�J � *√� �K ∑ �#K$*#MC �$N&9OPQ    (14) 

and also: 

�J � √�K ∑ �#K$*#MC E�	
 ,�+A#K 0 3 � 
�� ,�+A#K 0G (15) 

where N is the number of samples, xn is the input signal, n is 
the sample number and k is the harmonic index. 

�� � √�K ∑ �#K$*#MC �	
 ,�+A#K 0   (16) 

�� � √�K ∑ �#K$*#MC 
�� ,�+A#K 0   (17) 

The phasor Xk becomes: 

�A � �� � ���     (18) 

The phasor magnitude of the phasor is given by: 

|�A| � S��� � ��� �    (19) 

And finally, the phase angle of the phasor is defined by: 

∅ � �@�$* �(�"     (20) 

B. Proposed Algorithm 

This study investigated the Cooley-Tukey FFT algorithm, 
based on a Generalized DFT (CTGDFT), for phasor estimation. 
GDFT is described by: 

�A � ∑ TK�#'U��A'V�K$*#MC �#   (21) 

where TK � �$&9(Q , and a and b are two arbitrary complex 
numbers (a = b = 0 gives the ordinary DFT) [23]. The second 
transform is presented by the Cooley-Tukey FFT algorithm to 
accelerate and simplify the computation of DFTs [24, 25]. This 
algorithm is based on the factorization of N, the length of the 
DFT as a product of a number less than N. Supposing that N is 
not a prime number, it is possible to write it as N = N1N2, 
where the two factors are greater than 1. The DFT formula is: 

�J � ∑ �#K$*#MC �$N&9OPQ     (22) 

This algorithm begins by dividing the range of integers 
from 0 to N-1 in two different ways. For time index n or 
frequency index k, the division is divided into N1 intervals of 
N2 length each. The variables n and k are expressed as: 

W� � �* � ��X*; 0 ≤ �* ≤ X* 3 1; 0 ≤ �� ≤ X� 3 1B � B*X� � B�; 0 ≤ B* ≤ X* 3 1; 0 ≤ B� ≤ X� 3 1   (23) 

The DFT Formula can be written in terms of n1, n2, k1, k2 
as: 

�A8K&'A& � ∑ ∑ �#8'#&K8�$N&9�P8^P&Q8��O8Q&^O&�QK&$*#&MCK8$*#8MC    (24) 

So, also:  

�A8K&'A& � ∑ TK8
#8A8K8$*#8MC TK#8A& ∑ �#8'#&K8K&$*#&MC TK&

#&A&       (25) 

where TK � �$N&9Q , TK8 � �$N&9Q8 , and TK& � �$N&9Q& . The inner 
summation was reduced to a standard DFT of N2 size. 
Furthermore, the splitting of the first exponential into two 
factors unveils that the outer summation is also a standard DFT 
of N1 size, of the product of the DFT of N2 size multiplied by 
the twiddle factors. Applying the composition N=N1N2, the 
Cooley-Tukey re-indexings n1+n2N1 and k1N2+k2 can be used 
in (21). Then, the formula utilized in the modified Cooley-
Tukey FFT algorithm based on GDFT is given by: 

�A � TKAU ∑ TK8#8A8K8$*#8MC TK#8A& ∑ �#TK&#&A&K&$*#&MC TK#V% (26) 

where k=k1N2+k2 and n=n1+n2N1. 

V. SIMULATION RESULTS OF DISTURBANCE 
FAULTS 

A. Simulation Parameters 

The selected simulation parameters were: 

 Nominal frequency: f0 = 50Hz 

 Number of samples: 400 samples/cycle 

 Sample rate: 20kHz 

The input signal is generated from a two-phase voltage (line 
voltage) of a secondary Potential Transformer (URMS = 100V) 
with a cosinusoidal form, i.e. the phase AB.  

B. Disturbance Faults and Evaluation Performance  

To evaluate the operation reliability of the PMU, different 
disturbance faults should be examined with the application of 
the proposed algorithm. As the performance and evaluation of 
PMUs are tested under disturbed power system conditions, 3 
different disturbance faults were examined. For each case, 
voltage input signal, phasor magnitude, phasor angle, TVE, 
estimated frequency, and ROCOF were simulated. This paper 
shows only the simulation results of the TVE and the estimated 
frequency to evaluate the performance of the PMU. The 
frequency is estimated according to (6) and tracking is carried 
out by iterative DFT with re-sampling, as presented in [26], 
with a modification in the first cycle of frequency calculation 
(3 phasors are calculated in the first cycle to obtain the 
measured frequency). The simulation results of the disturbance 
faults were as follows: 

1) Disturbance Faults 1 

The idea of this steady-state test was to examine the effect 
of the input signal magnitude variations and its phase angle 
around its nominal values while keeping the frequency 
constant. This test signal was then generated with a modified 
magnitude of ±20% of the nominal and a phase angle of 45°, as 
in [27], at t1= 0.2s and t2= 0.5s:  
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_��� � 80√2 �	
�2� � � 4⁄ �   (27) 

In the first disturbance fault, a variation of amplitude and 
phase were introduced to the voltage input signal. Figure 5 
shows that the amplitude and phase values measured by the 
PMU were identical to the theoretical values, the evaluation 
parameters were in the norms, and TVE was almost 0%. Table 
I shows that the maximum value of the Frequency Error (FE) 
of the proposed algorithm was 0.0003Hz. 

 

(a) 

 

(b) 

 

(c) 

 

Fig. 5.  Simulation results under Disturbance Faults 1: (a) estimated phasor 
magnitude, (b) estimated phasor angle, (c) total vector error. 

TABLE I.  ESTIMATED FREQUENCY, FREQUENCY ERROR, 
AND ROCOF ERROR UNDER DISTURBANCE FAULTS 1 

Method 
Frequency (Hz) 

FE (Hz) 
RFE 

(Hz/s) Min Max 

DFT 50 50 0 0.00002 
CTGDFT 49.9997 50 0.0003 0.00034 

2) Disturbance Faults 2 

This test examined the variation of the magnitude of the 
voltage input signal when the input signal frequency is 45Hz: 

_��� � 80√2 �	
�2� � � 6⁄ �   (28) 

Figure 6 shows the efficiency of the results obtained. Table 
II shows that the maximum FE was on the order of 0.0003Hz. 

 

(a) 

 

(b) 

 

(c) 

 

Fig. 6.  Simulation results under Disturbance Faults 2: (a) estimated phasor 
magnitude, (b) estimated phasor angle, (c) total vector error. 

TABLE II.  ESTIMATED FREQUENCY, FREQUENCY ERROR, 
AND ROCOF ERROR UNDER DISTURBANCE FAULTS 2 

Method 
Frequency (Hz) 

FE (Hz) RFE (Hz/s) 
Min Max 

DFT 45 45 0 0.00002 
CTGDFT 44.9997 45 0.0003 0.00034 
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3) Disturbance Faults 3 

Standard harmonic distortion tests require signals with 10% 
harmonics ranging from the second to the 50th harmonic. In 
this last test, only test signals containing 10% of the third and 
fifth harmonic components were generated, and a random noise 
was introduced into the voltage input signal with a slight 
variation in amplitude (-5%) and angle (+2°) at the t= 0.2s: 

_��� � 95√2 �	
�2� � � 5.625⁄ ��10√2 �	
�6� � � 3⁄ ��10√2 �	
�10� � 5 � 6⁄ � � ����  (29) 

where e(t) is the random noise. When the voltage input signal is 
superposed on a set of the third and fifth harmonic components 
and random noise with amplitude and phase variations, TVE 
was less than 0.15%, as shown in Figure 7. 

 

(a) 

 

(b) 

 

(c) 

 

Fig. 7.  Simulation results under Disturbance Faults 3: (a) estimated phasor 
magnitude, (b) estimated phasor angle, (c) total vector error. 

Table III shows that the maximum FE of the proposed method 
was again in the order of 0.0003Hz. 

TABLE III.  ESTIMATED FREQUENCY, FREQUENCY ERROR, 
AND ROCOF ERROR UNDER DISTURBANCE FAULTS 3 

Method 
Frequency (Hz) 

FE (Hz) RFE (Hz/s) 
Min Max 

DFT 49.9995 50 0.0005 0.00047 

CTGDFT 49.9997 50 0.0003 0.00026 

 

The IEEE C37.118.1-2011 standard specifies a TVE limit 
of 1%, an FE limit of 0.005Hz, and a limit of 0.01Hz/s for the 
ROCOF Error (RFE). The obtained TVE and FE limits were 
0.15% and 0.0003Hz, respectively. 

VI. CONCLUSION 

This study investigated the performance of the proposed 
Cooley-Tukey FFT algorithm based on GDFT for phasor 
estimation under conditions of power system disturbance. The 
performance of a PMU was examined and simulated by 
applying a voltage signal in different case studies. The 
performance and the evaluation of the results were analyzed 
according to the PMU standard (IEEE C37.118.1-2011) by 
calculating performance indices like TVE, Frequency Error 
(FE), and ROCOF Error (RFE). The performance of the 
proposed algorithm was tested under static and dynamic power 
system conditions, which is important for protection relay 
applications. The results obtained by the proposed method 
showed that the measurement evaluation parameters and PMU 
performance under power system disturbance conditions, such 
as integer harmonics component, frequency variation, input 
signal variation (amplitude and phase), and noise conditions, 
were in the limits according to the PMU standard (IEEE 
C37.118.1-2011). It should also be noted that the results of the 
PMU tests were very encouraging. Future work could 
investigate the implementation of the proposed algorithm in an 
embedded system as part of a PMU architecture. 
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