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ABSTRACT 

Slope stability analysis is traditionally carried out with the ultimate equilibrium methods. In these 

approaches, the global assessment of slope stability is obtained through the evaluation of the factor of 

safety. The strength parameters that allow the evaluation of resistant forces along the hypothetical slip 

surface are considered unique and constant. The shape of the stress-strain curve of the soil may 

substantially affect the stability of the soil mass over, particularly in the case of the potential of a 

progressive failure. As a part of this work, the influence of uncertainties on the peak and post-peak 

strength parameters and the impact of a progressive failure on the failure probability of a hypothetical slip 

surface are discussed. The conventional method of Morgenstern-Price of slope stability analysis consisted 

of locating the critical slip surface by evaluating the minimum factor of safety. The probability of failure 

was estimated using three different techniques, i.e. FORM, FOSM, and Monte Carlo simulation. This 

study improved the assessment of the impact of progressive failure on the risk of slope failure. The 

reliability analysis of slices allowed for locating the failure area and observing the direction of failure 

propagation. 
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I. INTRODUCTION  

Slope failure has become one of the most important 
problems in geotechnical engineering. The limit equilibrium 
method is commonly used in slope stability analysis due to its 
simplicity and high efficiency. The assumptions and 
simplifications of conventional limit equilibrium slope stability 
methods may not be sufficient to represent the behavior of 
complex slope problems. Since this method is a statically 
indeterminate problem, assumptions on the inter-slice shear 
forces are employed to render the problem statically 
determinate. The classical limit equilibrium method only 
considers the ultimate limit state of the slope and provides no 
information on the development of progressive failure [1]. 
Some researchers [1-3] extended the limit equilibrium method 
to analyze the stability of strain-softening slopes, and assumed 
that the soil strength decreases directly to the residual value 
from the peak value. With the recent advancements in 
computational approaches, it is possible to model slope 
stability problems more realistically by adopting numerical 
simulation methods [4-6]. 

Due to depositional and post-depositional processes, soil 
characteristics such as density, mineral composition, moisture 

content, stress history, and shear strength change 
geographically. In addition, there are other factors, including 
the insufficient number of samples and measurement errors, 
which make more difficult to determine the soil properties 
precisely. In practice, measurements are taken only at selected 
locations, and thus, the soil properties are known only at these 
locations and can therefore be considered as random quantities. 
Then, utilizing their correlation structures, soil characteristics 
may be efficiently described in terms of their spatial variations 
[7, 8]. True security is unknown because the simplifications of 
these methods take into account neither the variability of soil 
strength nor the role of the deformation behavior of the mass of 
slip soil. The progressive failure mechanism is also dominant 
for the slope stability, because the interfaces between 
components in slopes exhibit strain-softening behavior [7]. The 
shape of the stress-strain curve of the soil may substantially 
affect the stability of the soil mass over, particularly in the case 
of a potential progressive failure. The many sources of 
uncertainty that emerge in these types of problems are 
systematically evaluated using a reliability approach to a slope 
stability analysis that takes into account the spatially correlated 
soil variables. Measurement errors and bias that often occur 
during soil investigations are now incorporated into the 
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probabilistic model of soil properties in addition to the spatial 
variability and the effects of spatial averaging. Probabilistic 
methods are increasingly recognized as a useful tool to 
explicitly consider the effect of uncertainties on slope stability 
assessment. Many methods regarding slope reliability analysis 
have been developed [8-13]. Such approaches allow the 
engineers to better understand and quantify the risks.  

In order to analyze slope stability, the current research 
suggests integrating several mechanical methodologies with 
reliability analysis methods. This paper examines the issue of 
slope stability in a probabilistic framework and aims to 
quantify the influence of uncertainties of strength parameters, 
and the incidence of progressive failure on stability. The 
analysis employed the Morgenstern-Price slope stability 
deterministic approach. Probabilistic methods FORM (First 
Order Reliability Method), FOSM (First Order Second 
Moment), and the Monte Carlo Simulation (MCS) technique 
were used to perform slope reliability analysis at different 
uncertainty levels of the basic parameters. 

II. RELIABILITY INDEX AND PROBABILITY OF 
FAILURE 

Soils are heterogeneous materials, created by complex 
geological processes. Their properties change from one point to 
another. Due to the uncertainty inherent spatial variability, and 
the limited information available, soil properties can be 
considered as random variables. The probability theory 
provides a mathematical framework for quantifying 
uncertainty. The probabilistic approach is based on a 
deterministic model, in which the various uncertain parameters 
are modeled as random variables X = [X1, X2, X3, ..., Xn]. 
Considering the simple case of a resistance R subjected to an S, 
consisting of independent random variables or dependent and 
distributed according to given laws of probability, the failure 
probability free operation, reliability, is equal to the probability 
of occurrence of the event R ≥ S. R and S are characterized by 
their first moments, i.e. R and S, R and S, respectively [14]. 

A widely accepted and simple definition of the reliability 
index is the ratio of the expected safety margin to the standard 
deviation of the performance function. Several numerical 
methods have been developed for estimating the statistical 
moments of a performance function dependent on multiple 
random variables. For practical purposes, the two important 
statistical moments to be estimated are the expected value and 
the variance (square of standard deviation) [14-21]. The 
fundamental problem of reliability theory lies on the 
calculation of the integral multiple of probability to estimate 
the probability of failure Pf: 

( ) 0

[ ( ) 0] ( )f

g X

P P g X f x dx


      (1) 

where g(X) is the performance function associated with an 
operating rule, the relation g(X) = 0 constitutes the state limit. 

Various solution methods have been proposed to estimate 
Pf and the Reliability Index. Among the most widely used 
methods are FOSM, FORM, and MCS [14, 15]. 

III. SLOPE STABILITY ANALYSIS 

Once the geometry and conditions of the basement of a 
slope were determined, slope stability can be assessed. The 
main objectives of slope stability analysis include the 
assessment of rupture risk, through the calculation of the 
overall safety factor for a slope and the locations along the 
potential slip surface areas with high potential rupture [16]. 
There are several methods of slope stability analysis, based on 
the calculation of the limit equilibrium. Most of these methods 
use a technique called slices. In these methods, the safety factor 
is calculated using one or more equations of static equilibrium 
applied to the soil mass. The limit equilibrium methods need 
first to define the surface for which the safety factor will be 
evaluated. The safety coefficient calculations are repeated for a 
sufficient number of slip surfaces arbitrarily selected to locate 
the surface having the minimum safety factor. The slip surface 
shape depends on the geometry, stratigraphy of the problem, 
physical characteristics, and capabilities of the analytical 
method used. Forms of the slip surface may be circular or non-
circular. The methods of static equilibrium decompose the soil 
mass above the sliding surface, in a finite number of slices. The 
analysis problem of slope stability is statically indeterminate. 
The various limit equilibrium methods use different 
assumptions or constraints to remove the indeterminacy. 

IV. PROGRESSIVE FAILURE 

Since the sixties, several authors have observed that the 
failure of slopes is a consequence of the development of large 
shear stresses well before the start of the failure, eventually 
leading to what is called the progressive failure [16-18]. More 
recently, many authors confirm that the rupture of the slopes is 
often a progressive nature [22]. The analysis of slope stability 
is often associated with the stress-strain curve of the soil for 
very large deformation which mobilizes a residual strength. If 
the material, along with a sliding surface, is best represented by 
a stress-strain curve having a peak, it will be impossible to 
engage the same shear strength on the entire surface. After the 
mobilization of the shear strength available to the peak, the 
mobilized shear strength decreases and tends towards the peak 
with shear strength increasing ground deformation. For 
simplicity, we assume that the strength reduction, the peak to 
residual, is instantaneous (Figure 1). 

 

 
Fig. 1.  Stress-strain curve used in the model. 

Assessing the reliability of a slope in a progressive failure is 
a difficult task. When the shear strength mobilized locally 
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corresponds to the maximum shear strength of the soil, there is 
a failure due to local stress concentrations likely to spread. The 
differential shear force is systematically transferred to the 
neighboring elements. 

V. PROGRESSIVE FAILURE PROBABILITY 

The slope stability problem can be considered as a system 
with multiple slip surfaces. The failure probability of the 
critical slip surface is considered as an estimate of the failure 
probability of the system. This approach assumes that the 
failure probabilities along the different slide surfaces are 
strongly correlated [23, 24]. The common approach in the 
probabilistic analysis is to locate the critical surface and then 
calculate the failure probability corresponding to this surface. 
However, the surface having a minimum safety factor may not 
be the surface of maximum failure probability [25]. The critical 
surface probability is associated with the highest failure 
probability or the lowest reliability [24, 26-29]. A model based 
on the bivariate failure probability of successive slices was 
presented in [17, 18]. This model has been developed to 
include the gradual overall probability by considering the slope 
of the spread out along the entire sliding surface. Fracture 
propagation is only a consequence of the interdependence of 
different age breakdowns of a sliding surface. The bivariant 
calculated probabilities relate to progressive successive events. 
This probability depends on the order in which the various 
tranches occur in sequence during the rupture propagation. 

A. The Proposed Model 

The proposed model treats the probabilistic progressive 
failure of a slope based on conditional probabilistic calculations 
of failure. The formulation of the statistical parameters of the 
safety factor, and in particular the correlation coefficient 
between the performance functions Gi and Gi-1 of slices i and  
i-1, is laborious. Extending the problem to 4 strength 
parameters (CP, P), (Cr, r), representing respectively the peak 
and the residual (post-peak) state, and their spatial variability is 
particularly cumbersome. Obviously, it is desirable to have a 
simpler model, in which complex calculations involving such 
correlations and joint probabilities of events are not required. 
The performance function Gi of a slice i is defined as the safety 
margin calculated assuming that the shear strength has reached 
the maximum peak: 

( )i p i iG R S      (2) 

The performance function Gj* of progressive failure is 
defined as the conditional safety margin related to failure 
propagation until the j th slice of the slip surface: 

   (3) 

where (RP)j is the shear strength of the slice j in peak,  
(Rr)1,j-1 is the sum of the residual shear resistance of units 1 to 
(j-1), Sj is the shear stress of slice j, S1,j is the sum of shear 
stresses along the slices 1 to j. 

B. Progressive Failure Probability  

Let as assume Fj as the conditional event for failure, the 
mobilization of peak strength, developed at the slice j, given 
that the (j-1) previous installments mobilize the peak strength 

after the residual strength. The conditional event Fj is expressed 
by �� = ���

∗ < 0	 . Ej is the event of progressive failure of 
slices 1 to j in the order listed and about 1 to j represents the 
order of reaching the breaking of each slice. The probability 
that the failure develops gradually from slice 1 to slice j is a 
conditional probability. If we consider the situation in which 
the failure is propagated to the jth slice, this occurs only if the 
slices 1 to (j-1) are beyond the post-peak, this particular 
situation allows to write: 
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Equations (4)-(6) are used to acquire (7): 
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Failure propagation, based on conditional events, is a 
process in which a number of slices are already at the state of 
failure, having a failure probability that should be considered 
equal to unity. The likelihood of progressive failure of the 
system composed of n slices knowing that the first j slices are 
already beyond the state of failure is: 


�������� = 
���|�� = �� = ⋯ = �� = 1��    (9) 

Hence:  


�������� = 
��� ����⁄ �
����� ����⁄ �
����� ����⁄ �  

… . 
����� ��⁄ �     (10) 

Calculations are performed in 3 distinct stages. In the first 
step, successive calculations of the probability or reliability 
index of the performance function Gi of each slice are made. 
After evaluating the failure probability of each slice, the 
direction of the rupture propagation is identified. A new index j 
is used to order the slices in descending order of failure 
probability of the slice. In the second stage, the calculation of 
conditional probabilities P[Fj /Fj-1] and the probabilities P[Ej] 
is performed. The final step in the simulation of the probability 
of progressive failure of the system composed of n slices, 
considering that for an increasing proportion, defined by a 
number of slices, the previously located surface potential shift, 
occurs beyond the peak strength and thereby engages only a 
residual strength. 

   *
1,1, 1j p r jjj

G R R S
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VI. ILLUSTRATIVE EXAMPLE 

The evaluation of the reliability index of slopes, taking into 
account the progressive failure, is made in two stages. In the 
first step, the limit equilibrium method of Morgenstern-Price is 
used to locate the critical slip surface. The geometrical 
parameters are assumed deterministic and their average values 
are shown in Table I. In the second step, a probabilistic 
analysis of the critical slip surfaces is carried out by means of 
physical models of the objective function for each of the 
developed considered deterministic methods. The analysis is 
made by taking into account the variation of the strength 
parameters and includes the impact of a progressive failure 
through an evolution of strength parameters of their initial 
values (Cp,p) at their peak to residual values (Cr,r). The 
probabilistic methods FORM, FOSM, and MCS were used. 
The parameters considered as random variables in the 
reliability analysis of slopes are shown in Table I. The change 
in the reliability index or the failure probability as a function of 
the variation coefficient of random variables is obtained while 
keeping the average random variables constant, and setting the 
coefficients of change in the other random variables at an 
arbitrary fixed value of 30%, and by changing the value of the 
variation coefficient of the variable into account. Random 
variable distributions are considered either normal or 
lognormal. Strength parameters to peak and post-peak are 
either independent or negatively correlated with a correlation 
coefficient ρ = -0.5. 

TABLE I.  PARAMETERS AND MEAN VALUES 
CONSIDERED IN THE SLOPE STABILITY ANALYSIS 

Parameter Symbol Variable 
Mean 

value 

Cohesion term in peak Cp Random 20kN/m2 

Friction angle in peak Øp Random 25° 
Cohesion term in post-peak Cr Random 10kN/m2 

Friction angle in post-peak Ør Random 10° 
Weight γ Deterministic 18kN/m3 

Slope angle β Deterministic 26.56° 
Slope height H Deterministic 20m 

 

 
Fig. 2.  The critical slip surface Morgenstern-Price method. 

A. Deterministic Analysis of Slope Stability 

The results of the deterministic study of the slope stability 
obtained by Morgenstern-Price method are represented below. 
The equilibrium of forces and moments is examined for each 
slice and the whole system, by dividing the soil mass into 250 

slices. The critical slip surface is shown in Figure 2. The results 
of the deterministic analysis of slope stability have yielded a 
value of safety factor Fs = 2.01. 

B. Probabilistic Analysis of Slope Stability 

The results of the reliability analysis of each slice are 
shown in Figures 3-8. These figures show, for each value of the 
variation coefficient of strength parameters, variations in the 
reliability index of each slice of the system depending on the 
physical number of slices and the number of slices ordered in 
ascending order of reliability index. The main results are: 

 

 
Fig. 3.  Variation of the reliability index of the slice as a function of the 
physical number of the slice (normal distribution of independent random 
variables). Variation coefficient of the cohesion terms in peak Cov = 10%.  

 
Fig. 4.  Variation of the reliability index of the slice as a function of the 
physical number of the slice (normal distribution of independent random 
variables). Variation coefficient of the cohesion terms in peak Cov = 30%.  

 The change in the shape of the reliability index as a 
function of the physical number of slices can locate the first 
slice passed in the failure state. It corresponds to the slice of 
the least reliability index.  

 The change of the reliability index takes place 
simultaneously in both directions, relative to the first phase 
triggering failure. 

 A strong decrease in the reliability index of slices is 
observed for high variation coefficients of strength 
parameters in post-peak. This decrease reflects the high 
sensitivity of the reliability index of a slice to the strength 
parameters in post-peak relatively to peak strength 
parameters. 
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 Taking into account the correlation between the strength 
parameters results in an increase in the reliability index of 
slices. This increase is more sensitive to low variation 
coefficients. 

 For all cases considered, the FORM, FOSM and MCS 
methods give very similar results, regardless of the 
distribution type of random variables, normal or lognormal, 
and regardless of the correlation matrix considered. 

 

 
Fig. 5.  Variation of the reliability index of the slice as a function of the 
physical number of the slice (normal distribution of independent random 
variables). Variation coefficient of the cohesion terms in peak Cov = 10%.  

 
Fig. 6.  Variation of the reliability index of the slice as a function of the 
physical number of the slice (normal distribution of independent random 
variables). Variation coefficient of the cohesion terms in peak Cov = 30%.  

 
Fig. 7.  Variation of the reliability index of the slice as a function of the 
physical number of the slice (normal distribution of independent random 
variables). Variation coefficient of the cohesion terms in post-peak Cov = 
10%.  

 
Fig. 8.  Variation of the reliability index of the slice as a function of the 
physical number of the slice (normal distribution of independent random 
variables). Variation coefficient of the cohesion terms in post-peak Cov = 
30%.  

 
Fig. 9.  Variation of the progressive failure probability of the system as a 
function of the number of slices past failure state (normal distribution of 
independent random variables). Variation coefficient of the cohesion term in 
peak Cov = 10%. 

 
Fig. 10.  Variation of the progressive failure probability of the system as a 
function of the number of slices past failure state (normal distribution of 
independent random variables). Variation coefficient of the cohesion term in 
peak Cov = 30%. 

The probabilistic analysis results of the progressive failure 
of the system are shown in Figures 9-14. These figures show, 
for each value of the variation coefficient of strength 
parameters peak or post-peak changes in the failure probability 
of the system based on the number of slices past at failure state. 
The main derived results are: 
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Fig. 11.  Variation of the progressive failure probability of the system as a 
function of the number of slices past failure state (normal distribution of 
independent random variables). Variation coefficient of the cohesion term in 
peak Cov = 10%. 

 
Fig. 12.  Variation of the progressive failure probability of the system as a 
function of the number of slices past failure state (normal distribution of 
independent random variables). Variation coefficient of the cohesion term in 
peak Cov = 30%. 

 
Fig. 13.  Variation of the progressive failure probability of the system as a 
function of the number of slices past failure state (normal distribution of 
independent random variables). Variation coefficient of the cohesion term in 
post-peak Cov = 10%. 

 For all the considered cases, FOSM and MCS give very 
similar results, regardless of the type of distribution of the 
random variables. 

 The failure probabilities of the system obtained by the 
reliability methods FOSM and MCS differ from those 
obtained by FORM, and they become similar when over 
90% of the slices of the system are under the condition of 
failure. 

 The inclusion of a negative correlation between the strength 
parameters in probabilistic analysis, results in a decrease in 
the failure probability of the system. 

 

 
Fig. 14.  Variation of the progressive failure probability of the system as a 
function of the number of slices past failure state (normal distribution of 
independent random variables). Variation coefficient of the cohesion term in 
post-peak Cov = 30%. 

The results of the system reliability analysis are shown in 
Figures 15-20. These figures show, for each strength parameter 
of the limit state function, changes in the reliability index of the 
system depending on variation coefficient. The main derived 
results are: 

 The reliability index is strongly dependent on the strength 
parameters in post-peak relative to the peak strength 
parameters, regardless of the type of distribution of the 
random variables and regardless of the considered 
correlation matrix. 

 

 
Fig. 15.  Variation of the reliability index of the system as a function of the 
variation coefficient of the cohesion terms in peak. Independent random 
variables. 
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Fig. 16.  Variation of the reliability index of the system as a function of the 
variation coefficient of the cohesion terms in peak. Negatively correlated 
random variables. 

 
Fig. 17.  Variation of the reliability index of the system as a function of the 
variation coefficient of the cohesion terms in post-peak. Independent random 
variables. 

 
Fig. 18.  Variation of the reliability index of the system as a function of the 
variation coefficient of the cohesion terms in post-peak. Negatively correlated 
random variables. 

 In post peak, the cohesion term has a strong influence on 
the reliability index of the system with respect to the 
friction angle. 

 The distribution of strength parameters has a strong 
influence on the reliability index. 

 For all the considered cases, FOSM and MCS give very 
similar results, regardless of the distribution of the random 
variables. 

 The reliability index of the system obtained by FOSM and 
MCS differs from that obtained by FORM. 

 

 
Fig. 19.  Variation of the reliability index of the system as a function of the 
variation coefficient of the cohesion terms in post-peak. Independent random 
variables. 

 
Fig. 20.  Variation of the reliability index of the system as a function of the 
variation coefficient of the cohesion terms in post-peak. Negatively correlated 
random variables. 

CONCLUSION 

The study of reliability analysis of slope stability has, in the 
case of a progressive failure, to assess the effects of the 
uncertainties of strength parameters and the reliability index. 
The main conclusions from this paper are: 

 The traditional design of slopes that uses safety factors can 
be misleading. The slopes designed with large safety factors 
are not exempt from failure risk. 

 Reliability analysis provides a logical framework to 
introduce uncertainties in the design process and improve 
the perception of risk in traditional design methods. 

 The limit state function considered in the probabilistic 
analysis of slope stability depends more on post-peak 
strength parameters that in peak strength parameters. 

 The integration of the residual strength parameters of (Cr, 
r) in the proposed model has better simulation results than 
the progressive failure process of slopes. 
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 The reliability analysis of slices allowed locating the area 
triggering a failure and observing the direction of failure 
propagation. 

 The existence of a subsystem which limits the evaluation of 
the system behavior to that of the subsystem. 

 The residual strength parameters of the soil are the most 
dominant variables and the order of influence of the other 
variables depends on the choice of distribution. 

 The Monte Carlo Simulation method is simple and robust, 
but requires a large number of simulations. 

 The difference between the results obtained by the 
reliability methods FORM, FOSM, and MCS decreases 
with increasing number of slices in failure. 

 The probabilistic analysis is a tool for decision support 
under uncertainty. It helps the problem's structure and 
guides the engineer in his judgment. 
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